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Abstract

There are several different regression models that can be used with rates, proportions
and other continuous responses that assume values in the standard unit interval, (0, 1).
When only one class of models is considered, model selection can be based on standard
hypothesis testing inference. In this dissertation, we develop tests that can be used when
the practitioner has at his/her disposal more than one plausible model, the competing
models are nonnested and possibly belong to different classes of models. The competing
models can differ in the regressors they use, in the link functions and even in the response
distribution. The finite sample performances of the proposed tests are numerically eval-
uated. We evaluate both the null and nonnull behavior of the tests using Monte Carlo
simulations. The results show that the tests can be quite useful for selecting the best
regression model when the response assumes values in the standard unit interval.

Keywords: Beta regression. Johnson Sp regression. Gradient test. Likelihood ratio
test. Nonnested hypothesis test. Score test.



Resumo

Existem diferentes modelos de regressao que podem ser usados para modelar taxas,
proporcoes e outras variaveis respostas que assumem valores no intervalo unitario padrao,
(0,1). Quando s6 uma classe de modelos de regressao é considerada, a sele¢do do modelos
pode ser baseada nos testes de hipoteses usuais. O objetivo da presente dissertacao é
apresentar e avaliar numericamente os desempenhos em amostras finitas de testes que
podem ser usados quando ha dois ou mais modelos que sao plausiveis, sao nao-encaixados
e pertencem a classes de modelos de regressao distintas. Os modelos competidores podem
diferir nos regressores que utilizam, nas fungdes de ligacao e/ou na distribui¢ao assumida
para a variavel resposta. Através de simulagoes de Monte Carlo nés estimamos as taxas
de rejeicao nulas e ndo-nulas dos testes sob diversos cenérios. Avaliamos também o desem-
penho de um procedimento de selecao de modelos. Os resultados mostram que os testes
podem ser bastante tteis na escolha do melhor modelo de regressao quando a variavel

resposta assume valores no intervalo unitario padrao.

Palavras-chave: Regressao beta. Regressao Johnson Sp. Teste gradiente. Teste da
razao de verossimilhancas. Testes de hipoteses nao-encaixadas. Teste escore.
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Chapter 1

Introduction

Resumo

A presente dissertacao se ocupa da realizacao de inferéncias em modelagem de res-
postas que assumem valores no intervalo (0,1) de forma continua. O foco reside na
escolha de um entre varios modelos nao-encaixados. A avaliagdo dos desempenhos dos
testes foi realizada através de simulacoes de Monte Carlo das taxas de rejeicao nulas e
nao nulas, considerando diferentes cenarios em que os modelos competidores sao ditos

nao-encaixados.

1.1 Introduction

In many empirical applications, the interest lies in modeling behavior of a given vari-
able of interest (dependent variable, response) by taking into account its dependence on
other variables (independent variables, covariates, regressors). Such a modeling strategy
is known as regression analysis. The most commonly used class of models for continuous
responses that assume values in the standard unit interval, (0,1), is the beta regression
model proposed by Ferrari and Cribari-Neto (2004), where the response is assumed to
follow the beta law.

Alternative classes of regression models for rates and proportions can also be used,
some of which have only recently been introduced in the literature. For instance, the
class of simplex regression models whose underlying assumption is that the variable of
interest is simplex-distributed, was proposed by Barndorff-Nielsen and Jgrgensen (1991).
Simplex regression belongs to a wider class of models known as dispersion models; see
Jorgensen (1997). Song and Tan (2000) and Song, Qiu and Tan (2004) considered a
longitudinal version of the simplex regression model. Practitioners can also use the class
of unit gamma models, as proposed by Mousa, El-Sheikh and Abdel-Fattah (2016) and
Abdel-Fattah (forthcoming), in which it is assumed that the dependent variable follows a
unit gamma distribution (Grassia, 1977). Finally, the modeling process can be based on
the class of regression models proposed by Lemonte and Bazan (2016) which is based on

15



Chapter 1. Introduction 16

the assumption that the response follows the Johnson Sp distribution (Johnson, 1949).
Unlike the previous models, here it is assumed that the distribution median (not mean)
is affected by regressors. In all models, parameter estimation can be carried out by
maximum likelihood.

When only a single class of models is considered, hypothesis testing inference can be
performed using the standard testing strategies. For instance, one can test restrictions on
the parameters that index the model using the likelihood ratio test or an alternative test.
Such tests are useful when searching for the best fitting model. Our interest in this paper
lies in the situation in which the statistician has two or more models that are plausible
candidates for the statistical analysis he/she wants to carry out but the models belong to
different classes of models.

Cox (1961) and Cox (1962) started the literature on nonnested hypothesis testing
inference. According to Pesaran and Weeks (2001), such literature can be viewed of
consisting of three different branches: the modified log-likelihood ratio procedure or the
Cox test, the comprehensive models approach developed by Atkinson (1970) and later
employed by Davidson and MacKinnon (1981), and the encompassing procedure which
was initially considered by Deaton (1982) and Dastoor (1983) and was further developed
by Gourieroux, Monfort and Trognon (1983) and Mizon and Richard (1986).

The J test was proposed by Davidson and MacKinnon (1981) and later extended by
Hagemann (2012), who introduced the M .J test. Both tests were developed for the classic
linear regression model. Cribari-Neto and Lucena (2015) proposed the use of J-like and
M J-like tests in the class of beta regressions, i.e., when all candidate models are beta
regressions. More recently, Cribari-Neto and Lucena (2017) pursued a similar approach
for nonnested models that belong to the class of Generalized Additive Models for Location,
Scale and Shape (GAMLSS) models. We extend their results to cover the situation in
which the different nonnested models under consideration belong to different classes of
regression models. We show how such testing inference can be carried out. We also extend
their results by implementing the testing inference not only via the likelihood ratio test,
but also on the basis of the score and gradient tests. We numerically evaluate the tests
null and nonnull finite sample performances using Monte Carlo simulations. The score
test is shown to outperform the competition in small samples.

1.2 Organization of dissertation

This dissertation consists of six chapters, including this introduction. In Chapter 2 we
present the classes of beta, simplex, Johnson Sp and unit gamma of regression models.
Such models can be used for modeling variates that assume values in the standard unit
interval. We outline point estimation of the parameters by maximum likelihood. The
J and M J tests for nonnested hypothesis tests in the linear regression model and their
adaptation for classes of regression models that can be used with rates and proportions
are present in Chapter 3.
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In Chapter 4 we present the results of several Monte Carlo simulations that were
performed to evaluate the finite sample performances of J and M J tests. We report the
tests null and nonnull rejection rate for several scenarios in which the competing models
differ in their regression structures and there are at least two classes of regression models.
We also evaluate the finite sample performance of the M J model selection procedure. In
Chapter 5 we present and discuss two empirical applications. Finally, some concluding

remarks are offered in Chapter 6.

1.3 Computing platform

The simulations were carried out using the 0x matrix programming language version
7.1 for Windows and Linux operating systems. The 0x programming language was devel-
oped by Jurgen Doorking and it is freely available for academic usage at http://www.door
nik.com. For more information on 0x, see Doornik (2009). The graphics were produced
using the R statistical computing environment version 3.2.1 for Windows. R is a free
software environment for statistical computing and graphics. For details, see Core and
Team (2013). The typesetting environment chosen was KTEX (Lamport, 1986). KTEX is
a document preparation system developed based on TEX, which was developed by Donald
Knuth. It is freely available.



Chapter 2

Regression models for rates and

proportions

Resumo

Neste capitulo apresentamos quatro classes diferentes de modelos de regressao para res-
postas continuamente distribuidas no intervalo (0, 1), a saber: o modelo de regressao beta
proposto por Ferrari e Cribari-Neto (2004), o modelo de regressao simplex introduzido
como parte dos modelos de dispersao em Jorgensen (1997), o modelo de regressao John-
son Sp desenvolvido por Lemonte e Bazan (2016) e o modelo de regressao gama unitario
introduzido por Mousa, El-Sheikh e Abdel-Fattah (2016) e Abdel-Fattah (forthcoming).
Para cada um deles indicamos sua funcao de densidade de probabilidade e apresentamos
graficos das densidades para distintos valores dos parametros, fornecemos a funcao de
log-verossimilhanca para estimacao dos parametros de regressao, o vetor escore e a matriz

de informacao de Fisher ou a matriz de informacao observada.

2.1 Introduction

In what follows we shall briefly present four different classes of regression models that
can be used to model responses that assume values in the standard unit interval, namely:
the beta, simplex, Johnson Sp and unit gamma regression models.

2.2 The beta regression model

Ferrari and Cribari-Neto (2004) proposed the class of beta regression models by using
a new beta parameterization. The beta density in its standard parameterization is

I'(p+q) ,

! ¥ 0<y<t

flysp.q) =

18



Chapter 2. Regression models for rates and proportions 19

where p > 0, ¢ > 0 and T'(-) is the gamma function. Let u = p/(p + ¢) and ¢ = p + ¢;
thus, p = p¢ and ¢ = (1 — p)¢. The beta density in its new parameterization is

s T e T ARSI AL

where 0 < p < 1 and ¢ > 0. Here, IE(y) =  and Var(y) = [u(1 — )] /(1 + ¢) . Thus, p is
the distribution mean and ¢ can be interpreted as a precision parameter, since, for fixed

1, the larger the value of ¢, the smaller the variance of y.
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Figure 2.1: The beta density function for some parameter values of 1 and ¢.

Figure 2.1 shows different beta densities indexed by (i, ¢). Notice that the densities
can display quite different shapes depending on the values of the two parameters. In the
upper panels, the density displays ‘J shapes’ and inverted ‘J shapes’ and, for u = 0.5
and ¢ = 2, reduces to the standard uniform distribution. When p = 0.5 the density is
symmetric, when p < 0.5 it is right skewed and with g > 0.5 is left skewed. Finally, as

we noticed above, for fixed p the dispersion decreases when ¢ increases.
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Let y1,...,y, be independent sample random variables such that each y;, t =1,... n,
follows the density in (2.1), denoted as y; ~ B(u, ¢). Here, y; has mean p, and precision
¢. In the regression model proposed by Ferrari and Cribari-Neto (2004), p; is related to

a linear predictor as

k
g(m) = wufi=x B =m,
=1

where B = (B1,...,5)" is a vector of unknown regression parameters (3 € IR¥), x/ =
(241, ..., x4) is a vector of k observed covariates (k < m) which are assumed fixed and

known, 7, is a linear predictor and g(-) is a strictly increasing and twice-differentiable
link function that maps (0,1) onto IR. Some commonly used link function are: logit
g(p) = log(p/1 — p), probit g(u) = ® (i), where &1 is the standard normal quantile
function, log-log g(u) = — log[—log(x)], complementary log-log g(p) = log[—log(1 — )]
and Cauchy g(p) = tan[r(u — 0.5)]; see Atkinson (1985, Chapter 7).

Simas, Barreto-Souza and Rocha (2010) extended the above beta regression model to
allow for nonconstant precision. Their model is commonly known as the varying dispersion
beta regression model. It contains two submodels, one for the mean parameter and another
for the precision parameter. The latter can be expressed as

l
h(d) = Z cti75 = z/y =y,
j=1

where ¥ = (71,...,%)" is a vector of unknown regression (v € RY), z] = (21, ..., 2)
is a vector of [ observed covariates (I < (n — k)) which are assumed fixed and known, ¥,
is a linear predictor and h(-) is a strictly increasing and twice-differentiable link function

that maps (0,00) onto IR. The most commonly used precision link functions are: log

h(¢) = log(¢), square root h(p) = /¢ and identity h(¢) = ¢.
Parameter estimation can be carried out by maximum likelihood. The log-likelihood

function for a sample of n independent beta responses is

6(57 7) = Z gt(lubb ¢t)7
t=1
where

Ci(pe, @) = log D(@y) — log '(pus, @) — log T[(1 — pae) pe] + (paepr — 1) log s
+ [(1 — pe) e — 1] log(1 — ).

Let y; = log{y:/(1 — y¢)} and y; = log(1 — y;). Their first two moments are p; =
E(yp) = d(ude) = I = p)dil, vf = Var(yp) = @' (uedhe) + ' [(1 = p) ], i = E(y;) =
DI = p)r] = (en), vp = Var(y;) = ¢'[(1 = )] — &'(¢) and ¢ = Cov(y;, yp) =
—'[(1 — )], where (+) is the digamma function.
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The score function is obtained by differentiating the log-likelihood function with re-
spect to the model parameters. It can be expressed as

U (Uﬁw,v)) |
U, (8.7)

where
Up(B,7) = X 0T (y" — )
and
U,(8,7) = ZTHIM(y" — u*) + (y" — 1)),
Here, X is an n X k matrix whose tth row is x| = (241, ..., 24) and Z is an n x | matrix

whose tth row is z;| = (24, ..., 2y). Additionally, T, H, ® and M are diagonal matrices
defined as T' = diag{1/¢ (1)}, H = diag{1/h(¢:)}, = diag{¢:} and M = diag{p}.

Finally, y* = (41, -, 9n) s y" = W, oun) Lot = (ufs ) T and gt = (o)
Fisher’s information matrix is given by

K K
K=K(@B,v) = (Kﬁg KF”) :
B Y

with

Kgg = XTOTV*TdX,
Kpy =K 3=X"0T(MV*+C)HZ,
Koy =Z " HM?*V* +2MC + VYHZ,

where C' = diag{c¢;}, V* = diag{v}} and V* = diag{v;}. It is noteworthy that the
parameters 3 and ~ are not orthogonal, unlike the corresponding parameters in the class
of generalized linear models.

Under standard regularity conditions and when the sample size is large, the maximum
likelihood estimators are approximately normally distributed, i.e.,

(2= (()=)

where K ! is the inverse of Fisher’s information matrix.

2.3 The simplex regression model

The simplex regression model is based on assumption that the response is simplex-
distributed. The simplex distribution was introduced by Barndorff-Nielsen and Jgrgensen
(1991). Its regression model belongs to the wider class of dispersion models proposed by
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Jorgensen (1997) which also extends the class of generalized linear models developed by
Nelder and Wedderburn (1972).

A random variable follows the simplex distribution with mean p € (0, 1) and dispersion
parameter A > 0 if its probability density function is given by

Fys s A) = {myﬂ exp {—%d(y;u)} ,

where

S (y — p)?
Ay ) = y(1 = y)p*(1 — p)? (2:2)

is the deviance function. The simplex distribution is denoted by S~ (u, \).
The variance of y is

) ==~y (g b (i

where I'(a, b) is the incomplete gamma function, i.e., ['(a,b) = [°t* e "dt.

Figure 2.2 shows different simplex densities. Notice that, unlike the beta density, it
can be bimodal, as shows in the left upper panel. The simplex density is asymmetric
when p # 0.5 and symmetric when 4 = 0.5. For small values of ), it is asymmetric and
for larger values of A it is more symmetric.

Let y1, ..., Yy, be independent random variables such that y; ~ S™(u, A), t =1,...,n.
In the constant dispersion simplex regression model

k
g(p) = thzﬁz = X;rﬁ = Mts
i=1

where g(+) is a strictly increasing and twice-differentiable link function that maps (0, 1)
ontoR, B = (B1,...,5)" is a vector of unknown regression parameters, X, = (2, ..., Zu)
are values of k covariates, which are fixed and known, and 7, is a linear predictor.

Song, Qiu and Tan (2004) introduced the class of varying dispersion simplex regres-
sions, where the dispersion parameter )\; is modeled as

l
W) =z =2y =0y

j=1

Here, h(-) is a strictly increasing and twice-differentiable link function that maps (0, c0)

onto IR, v = (71,...,%)" is a vector of unknown regression parameters (v € R'), z] =
(241, -, 2u) is a vector of observations on [ covariates (I < (n — k)) which are assumed to

be fixed and known, ¢, is a linear predictor.

The log-likelihood function based on a sample of n independent observations can be
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Figure 2.2: The simplex density function for some parameter values of y and .

expressed as

UB,v) = Z Ce(paes Ae),

where

1 1 3 A
Cepae, Ae) = 5 log(A) — 5 log(2m) — 3 log[y: (1 — y;)] — Etd(yﬁ ),

with d(y; p) as defined in (2.2).
The score function with respect to the parameters that index the mean submodel is

Us(B,7) = XTATC(y — ),

where X is an n X k matrix whose tth row is x, T = diag{1/¢'(1¢)}, A = diag{)\;} and
C' = diag{c; } with
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The score function with respect to the parameters that index the dispersion submodel
is

U,(8.7) = Z" Ha,

where Z is an n x [ matrix whose tth row is z/, H = diag{1/h'(\,)} and a = (a1, ...,a,) ",
with
b dys )
ap = — — :
2\, 9

Fisher’s information matrix can be written in matrix form as

K=K(B,v) = (Kgﬁ KO ) :
Y

where Kgg = X "AWX and K., = Z'VZ, W and V being diagonal matrices whose ¢th

diagonal elements are, respectively,

wy = { 5 + L } L and v, = ;
A (= )] Q=) S g () M)

It is noteworthy that, unlike the beta regression model, the parameters 3 and -~ are
orthogonal.

Under standard regularity conditions and when the sample size is large, the maximum
likelihood estimators are approximately normally distributed, i.e.,

(2=

2.4 The Johnson Sy regression model

Johnson (1949) considered a system of transformations of the normal distribution that
includes the Sp class of distributions, which has bounded support, as a particular case.
Let X ~ N(0,1)and Y = t71[(X —1)/d], i.e., X = 1+ 6t(y), for some appropriate function
t(-) and parameters ¢ € R and 6 > 0. The Johnson Sg distribution, which has support
in the standard unit interval, is obtained by using #(y) = log[y/(1 — y)].

Lemonte and Bazan (2016) generalized the Johnson Sp distribution since instead of
assuming that X ~ N(0,1), the authors considered X ~ S(0,1,a), i.e., X is taken
to follow a distribution that belongs to the symmetric family of distributions for some
function a(-), which is know as the density generator of symmetric distributions; for
details, see Fang and Anderson (1990). Some distributions that belong to the symmetric
family distributions are normal, Cauchy, Student-t, generalized Student-t, among others.

When a(u) = (27)"Y2e7%/2, the generalized Johnson Sp distribution reduces to the
Johnson Sp distribution. We shall focus on such a probability law. The random variable
y is said to be Johnson Sp-distributed, denoted by y ~ JS(¢, ), if its probability density



Chapter 2. Regression models for rates and proportions 25

function is given by

da{[e + ot(y)]*}

f(y;0,0) = s =)
0Pt + 0t(y)]
—(1 — (2.3)

where ¢(-) denotes the standard normal probability density function, y € (0,1), t(y) =
logly/(1 —y)], d > 0, ¢ € IR. Lemonte and Bazan (2016) showed that the nth Johnson
Sp moment is given by

where w(u) = w(u;,8) = e/ /[1 +e=9/%] and a(-) is the density generator described
above. Thus, there is no closed-form expression for the distribution moments which must
be computed numerically.

The Johnson Sz median can be expressed in closed-form as &€ = (1 + ¢“/%)~1. Tt then
follows that

L= dlog (1 g 5) — 0t (¢), (2.4)

where t(-) is as defined previously. Thus, by plugging (2.4) into the probability density
function given in (2.3) we obtain

3 (d[t(y) — t(E)])
y(l—y) 7

f(y:€,0) = (2.5)
where 0 < £ < 1 is a location parameter and 6 > 0 is a dispersion parameter. Using such
a parameterization it is possible to define a regression model.

Figure 2.3 shows different Johnson Sp densities. Like the simplex density, it can be
bimodal (left upper panel). It assumes different shapes depending on the values of £ and
5. Like the beta and simplex densities, it can be symmetric ({ = 0.5) or asymmetric
(§#0.5).

Let y1,...,y, be independent random variable such that y;, for t = 1,... n, is dis-
tributed according to the density function given in (2.5) with median & and dispersion
parameter d;, that is, y; ~ JS(&, d;). In the Johnson Sp regression model,

l

(ft =N = thzﬁ and h(ét) Uy = Zztj’)’a

i=1 j=1

where B = (B1,...,5,)" and v = (y1,...,7)" are vectors of unknown regression pa-
rameters which are assumed to be functionally independent, 8 € IR* and v € R! with
k+1 < n, n; and 9; are linear predictors, x| = (24, ..., z4) and z;] = (241, ..., 2y) are
observations on k and [ covariates, respectively, g(-) is the median link function which
maps (0,1) onto IR and h(-) is the dispersion link function maps (0, 00) onto IR. The two
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Figure 2.3: The Johnson Sp density function for some parameter values of £ and .

link functions are strictly increasing and twice differentiable.
Based on a sample of n independent observations, the Johnson Sp regression model

log-likelihood function is

(B, v) = Z (&, 0t

where

01 (&, 61) = log(0y) + log[g({0:[t(v:) — t(€t>]}2)] — log[y:(1 — yi)],

& =g (n) and 6; = h™(¢;) being functions of B and 7.
The score function components are

Up(B,7) = X AWTE¢* and U, (B,7) = Z H&",

where T = diag {1/¢'(&)}, H = diag {1/W(6,)}, W = diag{—3w;}, A = diag {6;},
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& = (&, 60", 0" = (01,...,00)7, & = =2/[&(1 = &)], 6f = (1 — w})/0, and w, =
Oeft(ye) — t(&)]-

As in the previous regression models, let K(3,-) the Fisher information matrix for
(B,7). Under standard regularity conditions and when n is large, the maximum likelihood

estimators are approximately normally distributed, i.e.,

(?) ~ Ny <(B) : K(ﬁa’Y)_1>
Y Y

Since there is no closed-form expression for K (3, ), interval estimation and hypothesis

approximately.

testing inference are typically based on the observed information evaluated at (B, 7). The

observed information matrix is

J(B,) = (JBB Jﬁv) '

Jg'v ‘]‘/ v

It can be shown that Jgg = X "W TX, Jgy = X"WoTHZ and J,, = Z W3HZ, where
Wy = diag{wt(l)}, Wy = diag{w,@} and Wj = diag{wg?’)} with

w = _ o (1 — 28w, oy 9"(&)
' [€(1 = &)]P[g' (&) { 20, " 1} E(1—&) [g/(&)]*
w(g) _ 2wt

' (1 —¢&)

=it () - (5 e

2.5 The unit gamma regression model

The last regression model we shall present is the unit gamma model which was recently
proposed by Mousa, El-Sheikh and Abdel-Fattah (2016) and Abdel-Fattah (forthcoming).
The underlying assumption is that the variable of interest follows the unit gamma distri-
bution introduced by Grassia (1977) which is a logarithmic transformation of the gamma
distribution with support limited to the standard unit interval. The gamma probability

density function is

T

a —au, (1—1) 9
F(T)e (A (2.6)

a,7>0and 0 < u < co. Let y = log(1/u). It then follows that the probability density

fu; o, 7) =

function given in (2.6) becomes

fly;o,7) = F(g;)y"“l {log (1)] (H), (2.7)

Y
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where o, 7 > 0 and 0 < y < 1. The distribution mean and variance are given, respectively,

by T T 27
ot =[] s v ={ 25 - [35] )

Since regression models are typically constructed for modeling the population mean
and possibly the precision or dispersion, both Mousa, El-Sheikh and Abdel-Fattah (2016)
and Abdel-Fattah (forthcoming) considered a new parameterization for the density in

(2.7). Let a = u'/7/(1 — /7). Tt then follows that the unit gamma mean and variance
are given by

T T 2T
«Q @ o 1
E(y) = = p and Va = |— - |— = — | -
() L+1] p and Var(y) {LJFQ] [a+1} } Iz (2—/15) p
respectively. Notice that the variance is a function of the mean. It is also a function of
a precision parameter, 7: for fixed p, the variance decreases as the value of 7 increases.

The unit gamma probability density function then becomes

1/7 O

i) [#] L {1 (1)}7—1

Y, T) = ————y-n'" og | — ;
['(7) y

0<p,y<landrT>0.

Figure 2.4 shows different unit gamma densities. It is noteworthy the J, inverted J and
U shapes in the upper panels. The density is symmetric when g = 0.5 and asymmetric
when p # 0.5. We note that, for large values of 7 and regardless value of u, the density
becomes more symmetric.

Mousa, El-Sheikh and Abdel-Fattah (2016) and Abdel-Fattah (forthcoming) intro-
duced the fixed and variable dispersion unit gamma regression models. In what follows we
shall focus on the latter. Let y,...,y, be independent variates such that y, ~ UG(p, 7¢).
The mean p; and precision 7; parameters can be modeled using two submodels, as in the

previous models. The regression structure is

k l
g(m) =Y wufi=x/B=mn and h(n) = zy =27 =1,
=1

j=1

where 3 and v are regression parameters, x, and z; the tth rows of the corresponding
matrices of explanatory variables, ¢g(-) and h(+) strictly increasing and twice-differentiable
link functions, and 7; and ¢, are linear predictors for u; and 7, respectively.

The unit gamma regression log-likelihood function is

UB,v) =D el ),
t=1
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Figure 2.4: The unit gamma density function for some parameter values of y and 7.

where

(e, 7)) = 1 log(dy) — log I'(7y) + (dy — 1) log(yy) + (7: — 1) log [ log 4] ,

di = ™ (L= ™), = g7 () and 7 = B (),
The components of the score function corresponding to 3 and ~ are

where X, Z, T and H diagonal matrices (previously defined) and p = (py, ...

Us(B,v) = X 'Tp and U, (B,v) = Z"Haq,

,Pn) | and



q:(q17"'7Qn)T

, whose tth elements are

dy
Pt =

Chapter 2. Regression models for rates and proportions

1
— |1+ —d;1
ﬂz/nJrl [ + T t Ogyt} 5

log[—log(y:)] — L_ltdt log(,ut)] 1+ dilog(y,)

/,Ll/Tt
T8
Te oy
Fisher’s information matrix can be expressed as

K K X" WgsX XTWg 7
K = K(8,7) = ( A ﬁw) _ < A By
K‘Yﬁ K’r'r
where

Z"W,X ZTWWZ,) ’

qr =

. gt ft 1 1 :| } T
= 21t , Wap = W5,
mi [ } {gw] [h'm) v
27 =9
W, = diag { {:t il +

d; 1
= —p; and 74 = = Nal2A Ogi(ut).
"
As in the beta and Johnson Sp regression models, the parameters 3 and - are not
orthogonal.

Under standard regularity conditions and when the sample size is large, the maximum
likelihood estimators are approximately normally distributed, i.e.,

B

|~ Net B K1
B Y
approximately.
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Chapter 3

Nonnested hypothesis tests for models

used with rates and proportions

Resumo

Neste capitulo introduzimos, na Sec¢ao 3.2, o teste J proposto por Davidson e MacKin-
son (1981) e na Sec¢ao 3.3, o teste MJ desenvolvido por Hagemann (2012) para o modelo
de regressao linear classico. Tais testes podem ser usados com modelos nao encaixados. Na
Secao 3.4 apresentamos a adoptacao desses testes para modelos de regressao para dados
continuos limitados ao intervalo (0, 1), sendo este o objetivo da presente dissertagao.

3.1 Introduction

The J and M J tests were originally proposed by Davidson and MacKinnon (1981) and
Hagemann (2012), respectively, for testing nonnested hypotheses in the classical linear re-
gression model. They were later extended to beta regression models by Cribari-Neto and
Lucena (2015) and to the class of Generalized Additive Models for Location, Scale and
Shape (GAMLSS) models by Cribari-Neto and Lucena (2017). The tests proved useful for
distinguishing between different beta regressions and GAMLSS that are not nested. All
competing models, however, are taken to belong to the same class of regression models.
In what follows we shall pursue a different investigation, namely: we shall investigate the
usefulness of nonnested hypothesis testing inference for distinguishing between models
that belong to different classes of regressions models. Since the some of the competing
models may belong to different classes of models they are not nested in a wider, encom-
passing general class. It is thus important to evaluate the usefulness of the nonnested
hypothesis tests in this more challenging setup. It is noteworthy that it is not uncommon
for practitioners to have at their disposal a few plausible models that belong to different
classes of models. For instance, when modeling rates and proportions statisticians may
consider beta and simplex regression models. They may end up with one or two models
from each class that seem to provide good fits. How to distinguish between them? This
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is our motivation in this dissertation.

3.2 J test

The J test was introduced by Davidson and MacKinnon (1981) for the classical linear
regression model. It is based on the construction of an artificial that encompasses all
competing nonnested models. Suppose there are M (M > 2) nonnested regression models
that can be used to model the behavior of y = (y1,...,%,)". Let M = {1,..., M} and
let m* denote the true model. We are then interested in testing the null hypothesis
Ho : m = m* versus Hy : m # m* for a given model m € M. To that end, consider the
following encompassing model:

y=1- > a|XuBnt+ > aXB+u (3.1)
le M\{m} leM\{m}
where oy, [ = 1,..., M, are additional parameters, X,, is the n x k,, matrix of explanatory

variables of the mth model, 3; is a vector of k,, unknown parameters and u is a vector of
random errors. Since a and 3, in (3.1) may not be identifiable, Davidson and MacKinnon
(1981) proposed to replaced B; (I # m) by the corresponding least squares estimates. We
thus have

y=11="> a|XuBu+ Y, aXiBi+u, (3.2)
leM\{m} leM\{m}
which can be estimated by ordinary least squares. One can then test Hy : a,,, = 0 against
a two-sided alternative.
Let

oy (T
Um =n 2 (y PleY)leM\{m} I
2m - nil (yT-PleQmMm-Pl’y> 5
Ll e M\{m}

where P,, = X,, (anXm)*1 X! and M, = I,, — P, are the usual projection matrices and
Q= diag{@7,,} is a diagonal matrix of square residuals defined by @y = y: — X/, B
The J test statistic for testing the validity of model m is

J=uv) % v, (3.3)
Under null hypothesis, J is asymptotically distributed as x2, ;. The null hypothesis is
rejected at nominal level av if J exceeds the 1—a upper x3,_; quantile. When that happens
the model fit is considerably improved upon inclusion of additional information obtained

from the alternative models, and model m is rejected. The J test must be carried out for
each candidate model. The final inference may be the acceptance of one of the models,
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more than one model or none model.

3.3 MJ test

The M J test of Hagemann (2012) considers a different null hypothesis. The interest
lies in testing Hy : m* € M against Hy : m* ¢ M. That is, one tests whether the
true model is one of the candidate models. Under the null hypothesis, it is; under the
alternative hypothesis, in contrast, all models listed in M are incorrect. Under the null
hypothesis, J,« is asymptotically distributed as x4, ;. In contrast, all remaining test
statistics, i.e., J,, for m € M\{m*}, are such that lim,,_,,, IP(/,, > b) = 1 Vb € IR. Notice
that the test statistic that corresponds to the correct model has a well defined asymptotic
null distribution whereas all other test statistics diverge to co. As a consequence, the
natural candidate for true model when the null hypothesis is not rejected is that associated
to the minimal J test statistic. The M J test can thus be carried out as follows:

1. For each m € M, fit the regression model in (3.2) and compute the J statistic given
in (3.3).

2. Obtain the M J test statistic as M J = min{Jy, ..., Jys}, where Jy, ..., Jy are the
M J test statistics.

3. Reject the null hypothesis Hj at significance level o if MJ > X%\/[_M_a, where
X?VI—I,l—a is the 1 — o upper x2,_, quantile.

Failure to reject the null hypothesis when performing the M J test indicates that one
of the candidate models is the true model. In that case, one is left with the following
question: Which model is the true model? Such a question can be answered by con-
sidering an M J-based model selection strategy. Since, under the null hypothesis, the
minimal J test statistic is the only J statistic to have a well defined asymptotic dis-
tribution, the model that corresponds to it can be taken as the true model. Indeed,
Hagemann (2012) showed that such a model selection strategy will consistently choose
the true model whenever the correct model is in the set of candidate models, that is,
lim,,_, o IP (m =m*MJ < X?M—l,l—a) = 1, where m indicates the selected model.

3.4 Nonnested hypothesis tests in models for rates and
proportions.

Nonnested hypothesis are arguably more useful in regression models for responses
that are rates or proportions than in the classical linear. This is so because, as seen in
previous section, regression models for variables that assume values in the standard unit
interval involve extra layers of complexity. For instance, such models typically include two
submodels: one for the mean and another one for the precision/dispersion. Each model in
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turn includes a link function, which is a common source of nonnestedness. Cribari-Neto
and Lucena (2015) considered J and M J testing inference for beta regressions. In what
follows, we shall explain how such testing inference can be performed and we shall also
take one step further and consider nonnested testing inference for responses that assume
values in the standard unit interval when some of the competing models belong to different
classes of regression models.

J and M J tests can be performed in more elaborated regression models as outlined by
Cribari-Neto and Lucena (2015), who considered nonnested hypothesis testing inference
in beta regressions. A similar approach can be used for the other models described
Chapter 2. As before, suppose there are M competing regression models for a response
that assumes values in the standard unit interval:

H; : () = XiBr =y
h(p) = Ziyi =,

[=1,...,M, where g; and h; are strictly increasing and twice-differentiable link functions
for the location and precision submodels, respectively, [ and p are location and precision
vectors for the [th regression model, X; and Z; are matrices of explanatory variables, 3,
and =, are unknown parameter vectors, and 7; and ¢J; are linear predictors for the location
and precision submodels, respectively. It is important to note that nonnested models can
differ in explanatory variables and/or link functions.

The J test of the model specified in H; can be performed as follows. At the outset,
the parameters that index the competing models are estimated by maximum likelihood.
One thus obtain I, and f,, (m=1,...,M,m # ). Such fitted values are then used to
augment the model under scrutiny, i.e., they are included in the model specified in H; as
additional covariates. Finally, we test the exclusion of the added testing variables (i.e.,
the added regressors). To that end, one of the following test statistics can be used:

Js, = UTK™'U, (3.4)
Jo, =0T [(8,4) - (B,9)], (3.5)
Tom, = 2{0(B,4) — ((B,7)}- (3.6)

They are, respectively, the score, gradient and likelihood ratio test statistics. Here, hats
and tildes indicate, respectively, evaluation at the unrestricted (augmented model) and
restricted (Model H;) maximum likelihood estimates of (3,7). Let My and Mp() de-
note the number of location and precision submodels that differ from the corresponding
submodel of the {th model (the model specified in H;). Notice that the augmented model
is obtained by including My additional explanatory variables in the location submodel
and Mp( extra regressors in the precision submodel. We reject the model specified in H;
at significance level o if Ji > X31, 41100 1-a-
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As noted earlier, our interest lies in the case where the competing models may belong
to different classes of regression models. For instance, the practitioner may have at his/her
disposal a beta, a simplex and an unit gamma regression that seem to fit the data well.
When all candidate models differ in at least one of the submodels, the above procedure
is to be used. It is possible, nonetheless, that the candidate models belong to different
classes of models but use the same regression structures for the two submodels (mean
and precision/dispersion), i.e., they only differ in the assumption made on the response
distribution. When that is the case, we propose augmenting the two submodels of each
model with testing variables obtained from the other competing models and then test
their exclusion. The test critical value is thus obtained from the X%( m—1) distribution.

The M J test can be used to test the null hypothesis that one of the candidate models
is the true model. As noted earlier, the M J test statistic is the minimal J test statistic.
Thus,

MJs = min{Js,,...,Js,, },
MJg =min{Jg,, ..., g, }
MJLr = min{JLR17 ceey JLRM}7

where Jg,, Jg, and Jpg, are defined in (3.4), (3.5) and (3.6), respectively. The null
hypothesis is rejected if MJ > X(,Qu,l—cw where w equals the number of degrees of freedom
in the J test associated with the smallest J statistic. When the null hypothesis is not
rejected, M J-based model selection can be carried out: the model that corresponds to
the smallest J test statistic is selected.

All nonnested hypothesis testing inferences described above were designed to select a
particular model from a set of candidate models when all candidate models belong to the
same class of models (e.g., they are all linear regressions or they are all beta regressions).
In contrast, our interest lies in the situation where one is modeling a response that assumes
values in the standard unit interval and has at his/her disposal plausible candidate models
that are not only nonnested, but belong to different classes of models.



Chapter 4

Numerical results

Resumo

Neste capitulo apresentamos os resultados numéricos da avaliacao dos desempenhos
em amostras finitas dos testes J e M.J apresentados na Secao 3.4 através de simulacoes
de Monte Carlo. Foram calculadas as taxas de rejeicao nula e nao nula dos testes, con-
siderando M = 2 e M = 3 modelos concorrentes. Os modelos concorrentes diferem na
distribui¢ao assumida pela variavel resposta (beta, simplex, gama unitaria e Johnson Sg),
como também nos regressores usados e nas funcoes de ligacao no submodelo da locacao
e/ou no submodelo da precisao/dispersao. Também, sdao apresentados os resultados do
desempenho do procedimento de selecao de modelos.

4.1 Introduction

In what follows we shall present the results of several Monte Carlo simulations that
were performed to evaluate the finite sample performances of J and M J tests based on the
score (5), gradient (G) and likelihood ratio (LR) test statistics. We consider situations
where M = 2 (there are two competing models) and M = 3 (there are three competing
models). The interest lies in modeling responses that assume values in the standard unit
interval. The nonnested models may differ in the covariates and/or in the link functions
they employ. They may also belong to different classes of models. That is, the competing
models are not restricted to a given class of models.

We consider several different situations in our numerical evaluations. They are deter-
mined by the classes of regression models under evaluation (‘case’) and by the models’ link
functions and regressors (‘scenario’). Table 4.1 presents the different cases and scenarios
used in our simulations.

We performed 10,000 Monte Carlo replications for each data generating process. Each
competing model was taken to be the true model in a set of simulations. Hence, when
M =2 (M = 3) two (three) sets of simulations were performed, each based on 10,000 repli-
cations. The sample sizes are n = 50, 100 and 250 for scenarios 1 through 6. For scenario
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Table 4.1: Cases and scenarios used in the numerical evaluations.

CASES SCENARIOS
I beta vs. simplex 1. Different regressors in the location submodels.
Two models I 11.nit gamma vs. beta 2. D%ﬂerent regressors ?n the preciiiion/dispersi-(n.l snl)r.no(leli%.
(M =2) III  simplex vs. unit gamma 3. Different regressors in the location and precision/dispersion submodels.
IV beta vs. Johnson Sp 4. Different link functions in the location submodels.
V  Johnson Sp vs. simplex 5. Different link functions in the precision/dispersion submodels.
Three models VI beta vs. simplex vs. unit gamma 6. Different link functions in location and precision/dispersion submodels.
(M =3) VII beta vs. simplex vs. Johnson Sp 7. Only different in the distribution.

7, we consider n = 100, 250 and 400. The covariates values used in location and precision
(or dispersion) submodels were obtained as random standard uniform draws and were kept
fixed through the experiment. We randomly generated 50 values all covariates, and then
replicated such values (twice, five and eight times) to obtain larger samples. This was done
so that the heterogeneity strength, which is measured by A, = [max Var(y;)]/[min Var(y;)],
would remain constant for all sample sizes. All log-likelihood maximizations were carried
out using the BFGS quasi-Newton method with analytical first derivatives and all tests
were performed at the a = 1%, 5% and 10% significance levels.

For cases I, II, III and VI, we shall report simulation results on the finite sample
performances of J and M J tests based on score, gradient and likelihood ratio statistics; for
cases IV, V and VII, we shall only report results obtained using the gradient and likelihood
ratio test statistics, since in Johnson Sg regression models we oftentimes obtained negative
values for the score test statistic even when n = 250. Recall that since there is no closed
form expression for the expected information matrix in that class of models the score test
uses the observed information. As noted by Morgan, Palmer and Ridout (2007), the score
statistic may assume negative values when it is based on the observed information. That
happens when performing score testing inference in Johnson Sp regression models.

The tests critical values were obtained from the test statistics limiting null distribution,
which is x2. For scenarios 1, 2, 4 and 5, ¢ = 1 when M = 2 and ¢ = 2 when M = 3. In
scenario 7, the competing models only differ in the response distribution. In that case,
we augment both submodels and test the exclusion of the added variables. Therefore, for
scenarios 3, 6 and 7, ¢ = 2 when M =2 and ¢ =4 when M = 3.

4.2 Models differ in their regressors

Table 4.2 contains the tests null rejection rates (%) for scenario 1 when M = 2 (two

competing models), the models being

[, [,
H, :log (1 t[ ) = Bo + Bz + Bazio H, :log (1 t[ ) = Bo + Bz + Bazis
- Wt — 2t

log (p1t) = Y0 + N12u log (p.t) = 72 + V324,
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t =1,...,n. The two competing models only differ in the location submodel: H; uses
9 whereas Hy uses x3. The parameter values for the location submodels are gy = 1.1,
B = =29, B = 0.7 = 4 and B3 = —2.8. Tt follows that [, and [,; assume values in
(0.18,0.81). The values of v, I =0, ...,3, were chosen so that, for both models, \, ~ 55
for all sample sizes.

The figures in Table 4.2 show that the size distortions decrease as the sample size
increases. Overall, for all sample sizes in cases I, II and III the score-based J and M.J
tests are less size-distorted than the corresponding tests based on alternative test statistics.
The gradient test is the second best performer; it slightly outperforms the likelihood ratio
test. In cases IV and V the gradient-based test was also slightly superior to the likelihood
ratio test. For instance, in case II, when the true data generating process is unit gamma,
n = 50 and o = 5%, the score-based J and M J null rejection rates are equal to 5.89%
whereas the corresponding figure for the likelihood ratio test is 7.17%.

Table 4.3 contains the tests null rejection rates when there are three competing models
for scenario 1. The first two models are as before and the third model is

[
Hj :log (1 _3t[ t) = Bo + Bsxn + Boxa
3

log (p3¢) = Va4 + V5241,

t =1,...,n. The parameter values in Models H; and Hy are as before and, for Model
Hs, 55 = —2.7 and [ = 0.5 and [5; € (0.18,0.81). The size distortions of the tests based
on the LR statistic are considerably larger when there are three competing models than
when M = 2. That is, the likelihood ratio tests are noticeably less accurate when M = 3.
For instance, in case VI, when the data generating process is unit gamma, n = 50 and
a = 5% (10%), the LR-based M J null rejection rate is 10.14% (17.28%). All tests become
more accurate as the sample size increases.

Tables 4.4 and 4.5 contain the tests null rejection rates for scenario 2, situation in which
the competing models differ in the covariates used in the precision/dispersion submodels.

The models are

[ [,
H, :log (1 t[ ) = Bo + Bix + Bazeo H, :log (1 t[ ) = Bo + Brixn + Bazo
- Wt — 2t

log (p1t) = Y0 +N12u log (p.t) = 72 + V3242,

[
H; :log (1 jt[ t) = Bo + Brxn + Bazio
3

log (p3¢) = 74 + V523,
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t=1,...,n. When M = 2 the competing models are H; and Hy; when M = 3, all three
models are considered. The parameters values for the location submodels are 5y = 1.1,
B = —2.9 and 3 = 0.7. The parameter values in the precision submodels were selected
so that A\, ~ 55 in all three models. For that scenario, the performances of the J and M J
tests are quite similar for M = 2 (two competing models) and M = 3 (three competing
models). The size distortions are larger than when the models differ in the specification
of the location submodel. We also note that the score-based tests are quite conservative,
especially when the sample size is small. In contrast, the gradient and likelihood ratio
tests overreject the null hypothesis; they are noticeably liberal when n is small.

We shall now consider the situation in which both submodels differ in the regressors

they include (scenario 3). More precisely, the models at hand are as follows:

[ [,
H, :log (1 t[ ) = Bo + iz + Paxso H, :log (1 t[ ) = B + Bz + Bates
- ht — a2t

log (1) = Y0 + 112 log (p.¢) = 72 + V323,

[
H; :log (1 _St[ t) = Bo + Bsxpn + Boxa
3

log (p3) = Y4 + V52w,
t=1,...,n. The parameter values are as before.

The tests null rejection rates are presented in Tables 4.6 (M = 2) and 4.7 (M = 3).
When M = 2, for cases I to III and for all sample sizes the score-based J and M.J tests
outperform the corresponding tests based on the alternative testing criteria (likelihood
ratio and gradient). For instance, under case III, n = 50 and o = 5% the score-based tests
null rejection rate equals 5.02%, which is very close to 5% (nominal level). The gradient
tests outperform the likelihood ratio tests under cases IV and V.

When there are three competing models at hand (case VI), the score-based J and M .J
tests under beta and unit gamma data generating mechanisms were conservative when
n = 50, especially the MJ test. For instance, under the beta (unit gamma) law, the
M J-score null rejection rate at the 5% nominal level was 2.80% (3.47%). Under case VII,
the gradient and likelihood ratio implementations of the J and M J tests are considerably
liberal when the sample size is small (n = 50). Their size distortions are substantially

smaller in larger samples.
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4.3 Models differ in their link functions

We shall now consider scenarios 4, 5 and 6, where the regression models differ in the
link functions. At the outset, we consider

Hy : g1 (L) = Bo + frxa + Bazeo Hy : g2 (Le) = B + Bazy + Bsxio
log (p.t) = 70 + 1120 log (pa) = 72 + V324,

Hs : g5 (I5) = B6 + Brr + Psee
log (p3) = Y4 + V5201,

where ¢1(-), ga(+) and gs(-) are link functions. Table 4.8 contains the results for M = 2,
the competing models being H; and Hs. Under case I, g1 () is log-log, go(-) is Cauchy, and
Bo = 1.2, 1 = 2.0, B, = 0.6, B3 = 1.1, B4, = —2.9 and (5 = 0.7. For cases II through V,
g1(+) is log-log, go(+) is complementary log-log, the true parameters values for the latter
model being f3 = 0.9, 5y = —1.5 and 5 = —1.1. In all cases, [y € (0.18,0.81) for [ = 1,2
and the v’s values were selected so that A\, ~ 55.

It is noteworthy that, unlike the J test, the M J test is considerably undersized under
case I when the true model is beta, especially when the sample size is not large. For
instance, when n = 100 and o = 5%, the MJ null rejection rates are 2.28% (score),
2.13% (gradient) and 2.37% (likelihood ratio). Overall, the three testing criteria delivered
similar inferences and the tests proved to be reliable, especially when the sample size is
not small.

Table 4.9 contains the tests null rejection rates when there are three competing models.
The location link functions g1(+), g2(+) and gs3(-) are log-log, complementary log-log and
Cauchy for case VI, and Cauchy, log-log and complementary log-log for case VII. The
location true parameter values under case VI are Sy = 1.1, 5; = 2.9, 5 = 0.7, B3 = 1.2,
By = —2.0, 85 =0.6, Bg = 0.9, f7 = —1.5 and Sy = —1.1, and under case VII are 5y = 1.2,
B =—-20,5,=06,83=0.9, 8y =—15, 85 =—1.1, fg=1.1, By = —2.8 and s = 0.7 so
that [ € (0.18,0.81) for [ = 1,2,3. Again, the parameter values in the precision submodel
were selected so that A, ~ 55. The M J test is undersized when the sample size is small.
For instance, in case VI when the model is unit gamma, for n = 100 and o = 10% the
null rejection rate of the M.J score (gradient) [likelihood ratio] is 6.71% (7.08%) [7.52%).
When the J test is oversized it tends to be more so when based on the likelihood ratio
testing criterion. Overall, the tests display good finite sample performances.

We shall now focus on models that differ in the link functions used in the precision
submodels. The models are
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Hy @ g(ly) = Bo+ Bizn + Boxe Hy : g(lu) = B3+ Baxn + Bsx40
hi (p1t) = Y0 + xn ho (P26) = Y2 + Y3241,

where ¢(-) is the link function for the location submodel, and h4(-) and hy(-) are the link
functions for the precision submodels. For cases I, Il and V the location and precision
link functions of model H; (Hs) are log-log and square root (log-log and log). In case
IT1, the corresponding link functions are log-log and log (log-log and square root) for
model H; (Hy). Finally, in case IV, the location and precision link functions for model
H; (Hy) are complementary log-log and square root (complementary log-log and log),
respectively. For this scenario we do not present simulation results for three competing
models, since there are only three well-know link functions for the precision submodels
and the numerical evaluation would be similar to that when the competing models only
differ in the response distribution and such results will be presented later.

The tests null rejection rates are reported in Table 4.10. In some cases, the M .J test is
considerably undersized, especially when the sample size is small. The score implementa-
tion of the M J test tends to be more conservative than the gradient and likelihood ratio
tests. For instance, in case 11T when the true model is simplex, for n = 100 and o = 1% the
M J null rejection rates are 0.32% (score), 1.01% (gradient) and 1.24% (likelihood ratio).
The tests performances improve as the sample increases. For testing inference in small
samples it is recommended to use bootstrap resampling, as described in Cribari-Neto and
Lucena (2015).

In scenario 6 we consider competing models that differ in both link functions:

Hi : g1 (he) = Bo+ Bizu + Poxso Hy @ g2 (L) = Bs + Baxy + Bsio
hy (Pu) =Y + "1 Tu hy (Pzt) = Y2 + V341,

Hy : g5(I3) = B6 + Brzu + P
hi (P5¢) = Y4 + V520,

where g;(-) and hy(-), I = 1,2, 3, are the link functions, t = 1,...,n. As before, models H;
and Hs were used when only two competing models were considered. Table 4.11 contains
the tests null rejection rates for distinguishing between two models. In case I, model
H; uses the log-log and square root link functions whereas model Hy uses the Cauchy
and log link functions, the true parameter values being 5y = 1.2, 1 = —2.0, By = 0.6,
B3 = 1.1, By = —2.2 and f5 = 0.7. Cases II through V only differ from I in the location
link function used in Hy, which is complementary log-log. The true parameter values are
B3=0.9, B, =—1.5and B5 = —1.1.

The figures in Table 4.11 show that in case I the tests tend to be conservative, especially
when the sample size is small. In cases II and III, the score tests tend to be less size-
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distorted than the gradient and likelihood ratio tests. For instance, in case III when the
true model is simplex, n = 50 and o = 5%, the null rejection rates of the J and M .J score
(gradient) [likelihood ratio] tests are 4.50% (7.74%) [8.68%].

Table 4.12 contains the tests null rejection rates for selecting a model out of three
models. In case VI the location and precision link functions used are: logit and square
root (Hp), log-log and log (Hs), and complementary log-log and log (Hs). The true
parameter values are 5y = 0.9, 8y = —1.5, B = —1.1, 3 = 1.2, By = —2.0, B5 = 0.6,
B = 1.1, B; = —2.8 and fBg = 0.7. In case VII, the link functions and the true parameter
values are: for model H;, complementary log-log and square root with gy = 1.1, f; = —2.9
and [ = 0.7; for model Hy, log-log and log with 83 = 1.2, 5, = —2.0 and 5 = 0.6; finally,
for model Hj, logit and log with 8 = 0.9, 8; = —1.5 and g = —1.1. Under case VI,
the likelihood ratio tests are considerably oversized in small samples. For instance when
n = 50 and a = 10% the null rejection rate for the J (MJ) tests are 16.65% (16.37%) ,
16.24% (16.24%) and 17.31% (17.28%) when the true model was beta, simplex and unit
gamma, respectively. The score implementations of the J and M.J tests are the least
size-distorted. Under case VII, the gradient tests are more reliable than the likelihood
ratio counterparts in small samples. For instance, when the true data generating process
is simplex, n = 100 and o = 10%, the gradient (likelihood ratio) J and M J null rejection
rates are 11.20% and 11.18% (13.74% and 13.74%), respectively.
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4.4 Models only differ in their response distribution

In the last, scenario 7, we consider competing models which only differ in the response
distributions. The models are

H; : log (1 [_lt[l{) = Po + f1xu + Parie Ha @ log (1 — [zt) = fo + 171 + P
log (pse) = Y0 + N17a log (p5t) = 72 + V3241,
H; : log (1 [_t[3t> = Bo + Bz + Baie
log (p30) = 71 + V520,
t =1,...,n. The parameter values for the location submodels are 5y = 1.1, §; = —2.9

and By = 0.7 which cause [;; to assume values in (0.18,0.81) for [ = 1,2,3. The «’s values
were chosen so that A\, ~ 55 when M = 2 and A\, =~ 25 when M = 3.

The tests null rejection rates are presented in Table 4.13 for M = 2 competing models
and in Table 4.14 for M = 3 competing models. Here, we evaluate the tests finite samples
performance for samples sizes n = 100, 250 and 400. We consider larger samples since
there is a more challenging situation.

The score-based tests are quite conservative, especially the M .J test when the sample
size is small. For instance, in case I (III) when the true model is simplex, n = 100 and
a = 1% the M J null rejection rates based on the score, gradient and likelihood statistics
are 0.20%, 0.76% and 1.50% (0.19%, 0.73% and 1.70%), respectively. The size distortions
become smaller as the sample size grows for all criteria. On the other hand, the likelihood
ratio implementation of the J test is considerably liberal for n = 100 and three competing
models. For instance, under the unit gamma (Johnson Sg) law, the Jr g null rejection rate
at the 10% nominal level was 20.76% (21.61%); for n = 400 the corresponding rejection
rate was 15.49% (16.13%), these are closer to the nominal level, as expected. With both
M = 2 and M = 3 competing models, the gradient J and M.J tests tend to be less
size-distorted than the likelihood ratio tests.
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4.5 Model selection using the M.J statistic

The MJ test statistic can be used as a model selection criterion whenever the null
hypothesis that one of the candidate models is the true model is not rejected (Section
3.3). In that case, we select the model that corresponds to the smallest J test statistic.
We have numerically evaluated the effectiveness of such a model selection strategy. In
Tables 4.15, 4.16 and 4.17 we report the frequencies (%) of the correct model selection
based on the score, gradient and likelihood ratio M .J statistics, respectively, when two
competing models are considered for scenarios 1 through 6. Table 4.18 contains results
when three competing models are considered for scenarios 1 thought 6. Finally, Tables 4.19
and 4.20 contain the results for scenario 7 with M = 2 and M = 3, respectively. The
results are for nominal levels a = 5% and 10%.

The tests based on the three statistics deliver similarly regardless of whether there
are two or three models in scrutiny. When two competing models are considered, the
frequency of M J correct model selections in scenarios 1 through 3 (in which the competing
models differ in the explanatory variables used in the location submodel, in the precision
submodel, and in both submodels) were very close to 100%, even for the smallest sample
size (n = 50). In scenario 4, the frequency of correct model selection was also close to
100%, except for case I when the true data generating process was beta (for instance,
the frequencies of correct model selection based on the M J likelihood ratio criterion at
a = 5% are 64.97% for n = 50 and 76.60% for n = 100). In scenario 5, where the
competing models only differ in the link functions used in the precision submodels, the
frequencies of correct model selection for cases II, IV and V when the true data generating
process were unit gamma, beta and Johnson S for both significance levels were smaller
than 65% for n = 50. However, when n = 250 model selection proved to be quite accurate.
Under scenario 6, the frequencies of correct model selection were similar to those of the
first scenario, except for case I, where the frequency of correct model selection fell below
85% for samples of 50 observations. The weakest performance took place in last scenario
(7), where the competing models only differ in the response distributions. This is, we
note, a challenging situation, since the models only differ in the response distribution, the
regressors and link functions being the same. In cases Il and V, at least 100 observations
are required for the frequency of correct model selection to be above 50%.

Finally, when three competing models were considered, M .J model selection proved
reliable when the competing models differ in the specification of their regression structures
(scenarios 1 through 6), since, even in small samples (n = 50) such frequencies are very
closer to 100% for both significance levels. On the other hand, when the true data
generating process was Johnson Sp (case VI) and unit gamma (case VII) larger (n > 250)
sample sizes are required for the frequency of correct model selection to exceed 50%.
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Table 4.15: Frequencies (%) of correct model selection using the M Jg statistic as a model
selection criterion (given that the null hypothesis is not rejected at nominal level o) with
two competing models.

CASE a=5% a=10% a=5% a=10%
n 50 100 250 50 100 250 50 100 250 50 100 250
true model: beta true model: simplex
Sce. 1 99.99 100.00 100.00 99.99 100.00 100.00 99.90 100.00 100.00 99.95 100.00 100.00
Sce. 2 99.99 100.00 100.00 99.99 100.00 100.00 98.93  99.99 100.00 99.17  99.99 100.00
I Sce. 3 98.60  99.98 100.00 98.92 100.00 100.00 100.00  100.00 100.00 100.00  100.00 100.00
Sce. 4 66.11 7739  92.29 65.90 77.27  92.49 94.43  99.33 100.00 94.81  99.55 100.00
Sce. 5 91.19  99.20 100.00 91.13  99.36 100.00 85.71  89.93  96.66 85.13  89.53 97.14
Sce. 6 88.29  98.20 100.00 88.23  98.31 100.00 73.03 86.32 97.82 72.93  86.45 98.12
true model: unit gamma true model: beta
Sce. 1 100.00 100.00 100.00 100.00 100.00 100.00 99.89 100.00 100.00 99.93 100.00 100.00
Sce. 2 99.74 100.00 100.00 99.84 100.00 100.00 99.24 100.00 100.00 99.48 100.00 100.00
I Sce. 3 99.60 100.00 100.00 99.70 100.00 100.00 98.62 100.00 100.00 98.86 100.00 100.00
Sce. 4 99.99 100.00 100.00 100.00 100.00 100.00 96.94  99.93 100.00 97.47  99.97 100.00
Sce. 5 63.85 80.25 95.95 63.42  79.97  96.28 89.08 94.16  99.36 88.80 94.10  99.65
Sce. 6 100.00 100.00 100.00 100.00  100.00 100.00 97.26  99.91 100.00 97.79  99.94 100.00
true model: simplex true model: unit gamma
Sce. 1 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00
Sce. 2 99.92  100.00 100.00 99.94 100.00 100.00 98.95 100.00 100.00 99.27 100.00 100.00
I Sce. 3 100.00 100.00 100.00 100.00  100.00 100.00 99.95 100.00 100.00 99.96 100.00 100.00
Sce. 4 100.00 100.00 100.00 100.00 100.00 100.00 99.95 100.00 100.00 99.96 100.00 100.00
Sce. 5 93.69 97.43  99.98 93.51  98.02 100.00 68.34 85.15 97.75 67.98 84.89  98.29
Sce. 6 100.00 100.00 100.00 100.00  100.00 100.00 99.97 100.00 100.00 99.98 100.00 100.00
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Table 4.16: Frequencies (%) of correct model selection using the M Ji statistic as a model
selection criterion (given that the null hypothesis is not rejected at nominal level o) with
two competing models.

CASE a=5% a=10% a=5% a=10%

50 100 250 50 100 250 50 100 250 50 100 250
true model: beta true model: simplex
Sce. 1 99.99 100.00 100.00 99.99 100.00 100.00 99.90 100.00 100.00 99.95 100.00 100.00
Sce. 2 100.00 100.00 100.00 100.00 100.00 100.00 99.33 100.00 100.00 99.51 100.00 100.00
I Sce. 3 99.84 100.00 100.00 99.86 100.00 100.00 99.88 100.00 100.00 99.87 100.00 100.00
Sce. 4 65.22  76.60 91.95 65.11  76.65 92.12 98.64  99.97 100.00 98.82  99.99 100.00
Sce. 5 88.72  99.02 100.00 89.26  99.37 100.00 85.82  90.49 97.33 84.96 90.06 97.89
Sce. 6 84.31  97.27 100.00 84.63  97.67 100.00 73.20  87.03 97.83 7276 87.07 98.15
true model: unit gamma true model: beta
Sce. 1 100.00 100.00 100.00 100.00 100.00 100.00 99.92 100.00 100.00 99.93 100.00 100.00
Sce. 2 99.88 100.00 100.00 99.91 100.00 100.00 99.71 100.00 100.00 99.82  100.00 100.00
I Sce. 3 99.99 100.00 100.00 99.99 100.00 100.00 99.89 100.00 100.00 99.92 100.00 100.00
Sce. 4 100.00 100.00 100.00 100.00 100.00 100.00 97.41  99.96 100.00 97.75  99.97 100.00
Sce. 5 62.38 7885 95.21 62.18 7859  95.90 90.11  95.11  99.62 89.56  95.07  99.76
Sce. 6 100.00 100.00 100.00 100.00  100.00 100.00 98.35  99.96 100.00 98.72  99.97 100.00
true model: simplex true model: unit gamma
Sce. 1 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00
Sce. 2 99.99 100.00 100.00 99.99 100.00 100.00 99.53 100.00 100.00 99.66 100.00 100.00
I Sce. 3 100.00 100.00 100.00 100.00  100.00 100.00 99.99 100.00 100.00 99.99 100.00 100.00
Sce. 4 100.00 100.00 100.00 100.00 100.00 100.00 99.98 100.00 100.00 99.98 100.00 100.00
Sce. 5 9491 9848  99.98 94.72  98.86 100.00 67.44  83.70  97.47 67.20 83.53 98.28
Sce. 6 100.00 100.00 100.00 100.00  100.00 100.00 99.96 100.00 100.00 99.99 100.00 100.00
true model: beta true model: Johnson Sp
Sce. 1 99.99 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00
Sce. 2 99.97 100.00 100.00 99.98 100.00 100.00 99.83 100.00 100.00 99.85 100.00 100.00
v Sce. 3 99.84 100.00 100.00 99.86 100.00 100.00 100.00  100.00 100.00 100.00 100.00 100.00
Sce. 4 95.32  99.53 100.00 95.76  99.69 100.00 99.99 100.00 100.00 99.99 100.00 100.00
Sce. 5 62.77 7771  92.93 62.60 77.36 93.28 80.51 86.48 94.18 79.61  85.87 94.21
Sce. 6 96.89  99.89 100.00 97.36  99.95 100.00 94.36  99.72  100.00 95.11  99.83 100.00
true model: Johnson Sy true Model: simplex

Sce. 1 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00
Sce. 2 99.96 100.00 100.00 99.97 100.00 100.00 99.22  100.00 100.00 99.40  100.00 100.00
v Sce. 3 99.99 100.00 100.00 99.99 100.00 100.00 99.69 100.00 100.00 99.68 100.00 100.00
Sce. 4 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00
Sce. 5 62.07 80.68  96.49 61.87 80.40 97.50 91.90 94.48 98.77 91.36  94.49 98.98
Sce. 6 99.30 100.00 100.00 99.47 100.00 100.00 99.97 100.00 100.00 99.98 100.00 100.00
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Table 4.17: Frequencies (%) of correct model selection using the M Jp g statistic as a
model selection criterion (given that the null hypothesis

a) with two competing models.

is not rejected at nominal level

CASE a=5% a=10% a=5% a=10%

50 100 250 50 100 250 50 100 250 50 100 250
true model: beta true model: simplex
Sce. 1 99.99 100.00 100.00 99.99 100.00 100.00 99.91 100.00 100.00 99.95 100.00 100.00
Sce. 2 100.00 100.00 100.00 100.00 100.00 100.00 99.40 100.00 100.00 99.55 100.00 100.00
I Sce. 3 99.88 100.00 100.00 99.89 100.00 100.00 100.00  100.00 100.00 100.00  100.00 100.00
Sce. 4 64.97 76.60 91.94 64.95 76.67 92.18 99.98 100.00 100.00 99.98 100.00 100.00
Sce. 5 88.93  99.05 100.00 89.39  99.33 100.00 85.60 90.38  97.30 84.73 89.93 97.86
Sce. 6 84.22  97.23 100.00 84.59  97.60 100.00 75.52  86.74  97.85 75.26  86.89 98.14
true model: unit gamma true model: beta
Sce. 1 100.00 100.00 100.00 100.00 100.00 100.00 99.92 100.00 100.00 99.93 100.00 100.00
Sce. 2 99.88 100.00 100.00 99.91 100.00 100.00 99.74 100.00 100.00 99.83 100.00 100.00
I Sce. 3 99.98 100.00 100.00 99.98 100.00 100.00 99.95 100.00 100.00 99.96 100.00 100.00
Sce. 4 100.00 100.00 100.00 100.00 100.00 100.00 97.43  99.96 100.00 97.75  99.97 100.00
Sce. 5 62.59 78.88  95.23 62.34 78.61 95.84 89.84  95.04  99.60 89.31 94.99 99.75
Sce. 6 100.00 100.00 100.00 100.00  100.00 100.00 98.53  99.96 100.00 98.79  99.98 100.00
true model: simplex true model: unit gamma
Sce. 1 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00
Sce. 2 99.99 100.00 100.00 99.99 100.00 100.00 99.56 100.00 100.00 99.66 100.00 100.00
I Sce. 3 100.00 100.00 100.00 100.00  100.00 100.00 99.98 100.00 100.00 99.99 100.00 100.00
Sce. 4 100.00 100.00 100.00 100.00 100.00 100.00 99.98 100.00 100.00 99.98 100.00 100.00
Sce. 5 94.73 9837  99.98 94.53  98.80 100.00 67.58 83.68 97.39 67.35 83.50 98.23
Sce. 6 100.00 100.00 100.00 100.00  100.00 100.00 99.97 100.00 100.00 99.99 100.00 100.00
true model: beta true model: Johnson Sp
Sce. 1 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00
Sce. 2 99.98 100.00 100.00 99.98 100.00 100.00 99.83 100.00 100.00 99.85 100.00 100.00
v Sce. 3 99.90 100.00 100.00 99.90 100.00 100.00 100.00  100.00 100.00 100.00 100.00 100.00
Sce. 4 95.25  99.53 100.00 95.70  99.67 100.00 99.99 100.00 100.00 99.99 100.00 100.00
Sce. 5 6292 77.71 9291 62.73 77.36  93.25 80.22 86.40 94.17 79.37  85.80 94.15
Sce. 6 96.65 99.89 100.00 97.20  99.94 100.00 95.59  99.73 100.00 96.22  99.84 100.00
true model: Johnson Sy true Model: simplex

Sce. 1 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00
Sce. 2 99.97 100.00 100.00 99.97 100.00 100.00 99.32  100.00 100.00 99.43 100.00 100.00
v Sce. 3 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00
Sce. 4 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00
Sce. 5 61.99  80.47  96.42 61.79  80.18 97.48 79.58 83.59 91.17 78.45  82.85 90.86
Sce. 6 99.25 100.00 100.00 99.46 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00
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Table 4.19: Frequencies (%) of correct model selection using the M .J statistics as a model

selection criterion (given that the null hypothesis is not rejected at nominal level o) with

two competing models that only differ in the distribution.

CASE a=5% a = 10% a = 5% a = 10%
n 100 250 400 100 250 400 100 250 400 100 250 400
true model: beta true model: simplex
MJs  79.15 94.45 98.13 78.75 94.52 98.38 80.65 94.01 97.38 80.88 94.17 97.67
I MJg 7741 93.70 97.80 77.16 93.87 98.28 82.90 94.73 97.78 82.80 94.88 98.02
MJrg 76.14 93.14 97.64 75.96 93.41 98.19 83.32 95.13 97.92 83.29 95.19 98.16
true model: unit gamma true model: beta
MJs  67.14 7257 75.70 67.42 72.42 75.49 54.33 66.08 71.88 53.73 65.61 71.42
I MJs 69.20 73.85 76.46 68.80 73.43 76.13 52.59 65.01 71.03 52.37 64.74 70.70
MJpr 70.27 74.48 76.88 69.42 73.96 76.51 51.55 64.04 70.36 51.56 63.95 70.09
true model: simplex true model: unit gamma
MJs 7711 84.30 89.52 77.02 84.12 89.50 64.23 78.46 86.24 63.63 78.03 86.09
111 MJg 7847 85.07 90.32 77.92 84.78 90.29 62.69 77.58 85.55 62.32 77.26 85.37
MJpr 79.41 85.68 90.70 78.69 85.35 90.65 61.47 76.90 85.06 61.34 76.68 84.93
true model: beta true model: Johnson Sp
v MJs; 61.26 76.55 84.14 60.78 76.25 84.04 73.85 80.64 85.42 73.28 80.26 85.26
MJ,r 60.24 7591 83.67 60.05 75.67 83.56 74.55 81.05 85.90 73.82 80.60 85.66
true model: Johnson Sp true Model: simplex
v MJs 59.08 71.97 80.01 58.60 71.67 79.76 73.70 80.54 84.07 73.32 80.19 83.83
MJ,r 57.56 71.31 79.35 57.57 71.07 79.19 74.70 81.21 84.59 74.18 80.71 84.29

Table 4.20: Frequencies (%) of correct model selection using the M.J statistics as a model

selection criterion (given that the null hypothesis is not rejected at nominal level «) with

three competing models that only differ in the distribution.

CASE a= :5% a= {0% CASE a= ~5(/0 a= 1_0%
n 100 250 400 100 250 400 n 100 250 400 100 250 400
true model: beta true model: beta
MJs 6371 70.43 75.95 62.92 69.75 75.38
MJg 5839 67.62 74.04 58.07 67.18 73.71 MJs 76.86 91.96 96.64 76.69 92.05 96.76
MJrr 56.59 66.18 73.05 56.52 65.85 72.79 MJpr 75.65 91.53 96.49 75.51 91.66 96.61
VI true model: simplex VII true model: simplex
MJg 7354 84.48 90.35 73.78 84.61 90.66
MJg 7842 86.83 91.86 78.26 86.89 91.96 MJg 7745 85.56 88.97 77.34 85.53 89.04
MJrg 79.85 87.54 92.39 79.70 87.51 92.39 MJpp 7917 86.60 89.61 79.11 86.40 89.57
true model: unit gamma true model: Johnson Sy
MJs  29.60 52.93 64.99 30.08 53.28 65.32
MJg 3247 54.75 66.26 32.76 55.04 66.40 MJg 19.76 41.71 58.40 19.95 41.94 58.39
MJrr 3283 55.08 66.74 32.85 55.36 66.75 MJpr 19.55 41.61 58.16 19.77 41.85 58.25
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4.6 Nonnull rejection rates for J and M J tests

Finally, we report simulation results on the tests nonnull behavior (power). Ta-
bles 4.21, 4.22, 4.23, 4.24, 4.25, 4.26 and 4.27 contain the J test nonnull rejection rates
under scenarios 1 through 7, respectively, based on all three criteria (score, gradient and
likelihood ratio) for the 5% and 10% nominal leves and when there are two competing
models. For scenarios 1, 2 and 3, where the competing models differ in covariates that
they include, the J test proved to quite powerful even in small samples, since for n = 50
the nonnull rejection rates exceed 85% for all statistics and for all cases in consideration.
In scenario 4 and case I when the true model is beta it is necessary a large sample size to
achieve power greater than 70%. When competing models only differ in the link function
on the precision/dispersion submodels (scenario 5), the J test has low power when the
number observations is small, especially for cases II, IV and V, therefore, test becoming
more powerful as the sample size increases. In scenario 6, when the models use different
link functions in both submodels, the nonnull rejection rates are large for all samples
sizes. In the last scenario (7), where the competing models only differ in the response
distribution, the power of the J test increases slowly as the sample size grows.

The nonnull rejection rates for three competing models are presented in Tables 4.28
for case VI, 4.29 for case VII under scenarios 1 through 6, and in Table 4.30 for both cases
but under scenario 7, when the models only differ in the response distribution. Overall,
the J test is powerful even in small samples. Whenever the power is low, the test becomes
powerful as the sample size increases. For instance, for case VII and scenario 6, under the
beta (unit gamma) law, the Jy(Jp)-gradient nonnull rejection rates are 28.31% (21.64%)
for a sample of 50 observations, but quickly increases to 85.51% (80.71%) for samples of
250 observations. Again, as with two competing models, the power of the test under
scenario 7 increases slowly as the samples size grows.

Tables 4.31, 4.32, 4.33 and 4.34 contain the M J test nonnull rejection rates (powers) for
M = 2 for scenarios 1 and 2, 3 and 4, 5 and 6 and 7, respectively; the results for M = 3 are
presented in Tables 4.35 for scenarios 1 through 6 and in Table 4.36 for scenario 7. Recall
that the test null hypothesis is that one of the models under consideration is the correct
model. Thus, we performed Monte Carlo simulations using as true data processing process
a model which was different from all considered models. For scenarios 1 through 3, where
models differ in the explanatory variables used in the location or precision submodels, the
true data generating process differs from the models under testing by a single covariate
and the response values were generated from a distribution that differs from those of the
models under scrutiny. Under scenarios 4 through 6, the true data generating mechanism
uses link functions and response distribution that are different from those employed by the
models under investigation. For the last scenario (7), the true data generating process
has exactly the same regression structure as the competing models, but the response
distribution is different.

The following setups were used: Case I: response is Johnson Sp-distributed and com-
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plementary log-log and identity link functions for the location and precision submodels,
respectively; Case II: response distributed as Johnson Sy and logit and identity link
functions for the location and precision submodels, respectively; Cases IIT and V: beta-
distributed response and logit and identity link functions for the location and precision
submodels, respectively; Case IV: response distributed as unit gamma and logit and iden-
tity link functions for the location and precision submodels, respectively: Cases VI and
VII: Cauchy and square root link functions for location and precision submodels, respec-
tively, and response distributed as Johnson Sg (VI) and unit gamma (VII).

Overall, the M J test powers were similar for the different testing criteria (gradient,
likelihood ratio and score). In some cases, the power of the test was considerably small
when the sample size was small (n = 50), but increased as the sample size grew. Scenarios
5(M =2)and 7 (M = 2 and M = 3) proved to be particularly challenging, especially
scenario 7. The nonnull rejection rates increase slowly as the sample size increases, more
so with three competing models.! In some situations, however, the test displayed very
high power (i.e., very small type II error probability) even in small samples. In several
instances, for instance, the nonnull rejection rate exceeded 95% with only 50 observations
in the sample.

Table 4.21: Nonnull rejection rates for the J test at o = 5% and 10% for Scenario 1 and

two competing models.

CASE a=5% a=10% a=5% a=10%
50 100 250 50 100 250 50 100 250 50 100 250
true model: beta true model: simplex
Js 99.98 100.00 100.00 99.98 100.00 100.00 99.69 100.00 100.00 99.92 100.00 100.00
I Ja 99.98 100.00 100.00 99.98 100.00 100.00 99.74 100.00 100.00 99.92 100.00 100.00
Jrr  99.98 100.00 100.00 99.99 100.00 100.00 99.77 100.00 100.00 99.94 100.00 100.00
true model: unit gamma true model: beta
Js  100.00 100.00 100.00 100.00  100.00 100.00 99.58 100.00 100.00 99.84 100.00 100.00
11 Je  100.00 100.00 100.00 100.00 100.00 100.00 99.67 100.00 100.00 99.86 100.00 100.00
Jrr 100.00 100.00 100.00 100.00  100.00 100.00 99.72 100.00 100.00 99.88 100.00 100.00
true model: simplex true model: unit gamma
Js  100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00
I1I Je  100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00
Jrr  100.00 100.00 100.00 100.00  100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00
true model: beta true model: Johnson Sp
v Ja 99.97 100.00 100.00 100.00  100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00
Jrr  99.99 100.00 100.00 100.00  100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00
true model: Johnson Sp true model: simplex
v Je 100.00 100.00 100.00 100.00  100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00

Jrr 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00

!The results for n = 1,000 and n = 3,000 in Table 4.34 were obtained using 1,000 Monte Carlo
replications.
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Table 4.22: Nonnull rejection rates for the J test at o = 5% and 10% for Scenario 2 and

two competing models.

CASE a=5% a=10% a=5% a=10%
n 50 100 250 50 100 250 50 100 250 50 100 250
true model: beta true model: simplex
Js  99.76 100.00 100.00 99.94 100.00 100.00 88.98  99.94 100.00 96.38  99.97 100.00
I Je  99.95 100.00 100.00 99.99 100.00 100.00 97.40  99.98 100.00 98.73 100.00 100.00
Jrr 99.97 100.00 100.00 100.00 100.00 100.00 97.82  99.98 100.00 98.81 100.00 100.00
true model: unit gamma true model: beta
Js  95.35 100.00 100.00 98.91 100.00 100.00 90.85 99.99 100.00 97.26 100.00 100.00
II Je 99.64 100.00 100.00 99.85 100.00 100.00 98.77 100.00 100.00 99.52 100.00 100.00
Jrr 99.71 100.00 100.00 99.87 100.00 100.00 98.96 100.00 100.00 99.58 100.00 100.00
true model: simplex true model: unit gamma
Js  98.97 100.00 100.00 99.72 100.00 100.00 89.88  99.98 100.00 96.12 100.00 100.00
111 Je  99.89 100.00 100.00 99.97 100.00 100.00 97.39 100.00 100.00 98.86 100.00 100.00
Jrr 99.90 100.00 100.00 99.96 100.00 100.00 97.82 100.00 100.00 98.92 100.00 100.00
true model: beta true model: Johnson Sp
v Je 99.90 100.00 100.00 99.96 100.00 100.00 99.23 100.00 100.00 99.63 100.00 100.00
Jrr  99.93 100.00 100.00 99.96 100.00 100.00 99.31 100.00 100.00 99.65 100.00 100.00
true model: Johnson Sgp true model: simplex
v Je  99.83 100.00 100.00 99.92 100.00 100.00 96.80  99.99 100.00 98.61 100.00 100.00
Jrr 99.86 100.00 100.00 99.93 100.00 100.00 97.19  99.99 100.00 98.76 100.00 100.00

Table 4.23: Nonnull rejection rates for the J test

two competing models.

at a = 5% and 10% for Scenario 3 and

CASE a=5% a=10% a=5% a=10%
n 50 100 250 50 100 250 50 100 250 50 100 250
true model: beta true model: simplex
Js 89.49  99.95 100.00 95.04  99.98 100.00 100.00 100.00 100.00 100.00 100.00 100.00
I Ja 99.45 100.00 100.00 99.74 100.00 100.00 99.86 100.00 100.00 99.87 100.00 100.00
Jrr  99.70 100.00 100.00 99.85 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00
true model: unit gamma true model: beta
Js 96.86  99.98 100.00 98.66 100.00 100.00 89.09  99.93 100.00 94.52  99.98 100.00
II Ja 99.75 100.00 100.00 99.88 100.00 100.00 99.22  100.00 100.00 99.76  100.00 100.00
Jrr o 99.79  100.00 100.00 99.92  100.00 100.00 99.68 100.00 100.00 99.87 100.00 100.00
true model: simplex true model: unit gamma
Js  100.00 100.00 100.00 100.00  100.00 100.00 99.36  100.00 100.00 99.75 100.00 100.00
III Je 100.00 100.00 100.00 100.00  100.00 100.00 99.81 100.00 100.00 99.92 100.00 100.00
Jrr 100.00 100.00 100.00 100.00  100.00 100.00 99.82 100.00 100.00 99.93 100.00 100.00
true model: beta true model: Johnson Sp
v Ja 99.44 100.00 100.00 99.73 100.00 100.00 99.99 100.00 100.00 100.00 100.00 100.00
Jrr  99.73 100.00 100.00 99.86 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00
true model: Johnson Sp true model: simplex
v Ja 99.98 100.00 100.00 99.99 100.00 100.00 99.57 100.00 100.00 99.64 100.00 100.00
Jrr 100.00 100.00 100.00 100.00  100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00
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Table 4.24: Nonnull rejection rates for the J test at o = 5% and 10% for Scenario 4 and

two competing models.

CASE a=5% a=10% a=5% a=10%
n 50 100 250 50 100 250 50 100 250 50 100 250
true model: beta true model: simplex
Js 26.00 40.15  71.88 3549 51.16  80.35 83.59  98.53 100.00 89.82  99.32 100.00
I Ja 23.03 37.09 69.66 33.19 48.84 78.78 97.86  99.96 100.00 98.59  99.99 100.00
Jrr 2446 3794  70.16 3423 49.52  79.08 99.97 100.00 100.00 99.97 100.00 100.00
true model: unit gamma true model: beta
Js 99.92 100.00 100.00 99.99 100.00 100.00 87.06  99.39 100.00 92.52  99.80 100.00
1T Ja 99.98 100.00 100.00 100.00 100.00 100.00 88.47  99.46 100.00 93.33  99.85 100.00
Jrr o 99.98 100.00 100.00 100.00 100.00 100.00 89.09  99.49 100.00 93.56  99.85 100.00
true model: simplex true model: unit gamma
Js  100.00 100.00 100.00 100.00 100.00 100.00 99.69 100.00 100.00 99.89 100.00 100.00
111 Je  100.00 100.00 100.00 100.00  100.00 100.00 99.88 100.00 100.00 99.95 100.00 100.00
Jrr  100.00 100.00 100.00 100.00  100.00 100.00 99.88 100.00 100.00 99.94 100.00 100.00
true model: beta true model: Johnson Sp
v Ja 83.37  98.04 100.00 89.59  99.09 100.00 99.97 100.00 100.00 99.98 100.00 100.00
Jrr 8340 98.00 100.00 89.46  99.05 100.00 99.97 100.00 100.00 99.98 100.00 100.00
true model: Johnson Sp true model: simplex
v Je  100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00
Jrr  100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00

Table 4.25: Nonnull rejection rates for the

two competing models.

J test at a = 5% and 10% for Scenario 5 and

CASE a=5% a=10% a=5% a=10%

50 100 250 50 100 250 50 100 250 50 100 250
true model: beta true model: simplex
Js  81.05 98.75 100.00 85.82 99.27 100.00 19.70 50.38 92.93 38.24 67.80 96.93
I Jo  83.83 98.96 100.00 87.90 99.43 100.00 48.17 67.81 95.63 60.54 78.29 97.97
Jrr 83.53 98.96 100.00 87.73 99.39 100.00 45.41 66.27 95.46 58.63 77.28 97.89
true model: unit gamma true model: beta
Js 2511 5241 91.62 33.27 6249  95.20 25.43 68.40 99.02 48.93 83.55 99.65
11 Jo  26.80 52.34  91.57 35.89 63.21 95.21 62.30 84.00 99.51 72.74 90.48 99.79
Jrr 2639 51.49  91.23 35.45 62.59  95.08 59.02 82.96 99.48 71.04 90.02 99.78
true model: simplex true model: unit gamma
Js  44.33 90.87  99.98 69.70 96.56 100.00 3042 62.89 96.64 39.65 72.61 98.20
111 Jo  81.86 97.21  99.98 88.96 98.77 100.00 33.47 64.39 96.82 43.81 73.98 98.33
Jrr 7975 96.81  99.98 87.94 98.67 100.00 3298 63.58 96.66 43.31 73.56 98.27
true model: beta true model: Johnson Sp
v Jo 2354 46.74  85.97 33.32 57.26  91.27 33.25 50.12 84.04 44.89 62.32 90.66
Jrr 23.09 46.08  85.58 33.04 56.75 91.05 31.16 48.50 83.62 43.21 61.39 90.40
true model: Johnson Sp true model: simplex

v Jo  29.64 60.91 96.01 39.54 70.84 97.71 87.48 92.51 98.76 89.28 93.92 99.08
Jrr  29.09 60.12  95.85 39.04 70.21  97.69 28.77 39.01 T71.66 40.60 52.40 81.90




Chapter 4. Numerical results

67

Table 4.26: Nonnull rejection rates for the J test at a = 5% and 10% for Scenario 6 and

two competing models.

CASE a=5% a=10% a=5% a=10%
n 50 100 250 50 100 250 50 100 250 50 100 250
true model: beta true model: simplex
Js 68.12  94.78 100.00 76.09  96.91 100.00 22.16  46.92  89.88 3432 60.72  95.27
I Ja 69.93  95.08 100.00 77.69  97.15 100.00 30.75  53.21  91.19 43.02  66.34  95.89
Jrr  69.80 94.72 100.00 77.66  97.02 100.00 3476 53.20 91.14 46.86  66.32  95.85
true model: unit gamma true model: beta
Jg  100.00 100.00 100.00 100.00 100.00 100.00 85.62  99.82 100.00 93.87  99.92 100.00
11 Je 100.00 100.00 100.00 100.00 100.00 100.00 93.82  99.93 100.00 97.31  99.96 100.00
Jrr 100.00 100.00 100.00 100.00  100.00 100.00 95.12  99.94 100.00 97.66  99.98 100.00
true model: simplex true model: unit gamma
Js  100.00 100.00 100.00 100.00  100.00 100.00 99.90 100.00 100.00 99.98 100.00 100.00
111 Je 100.00 100.00 100.00 100.00 100.00 100.00 99.94 100.00 100.00 99.99 100.00 100.00
Jrr 100.00 100.00 100.00 100.00 100.00 100.00 99.95 100.00 100.00 99.99 100.00 100.00
true model: beta true model: Johnson Sp
v Jo 92.33  99.79 100.00 95.49  99.94 100.00 71.24  98.68 100.00 85.31  99.66 100.00
Jrr 9176 99.76 100.00 95.27  99.92 100.00 79.53  98.96 100.00 89.28  99.72 100.00
true model: Johnson Sp true model: simplex
v Ja 98.47 100.00 100.00 99.28 100.00 100.00 99.97 100.00 100.00 99.98 100.00 100.00
Jrr  98.31 100.00 100.00 99.22  100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00

Table 4.27: Nonnull rejection rates for the

two competing models.

J test at a = 5% and 10% for Scenario 7 and

CASE a=5% a=10% a=5% a=10%
n 100 250 400 100 250 400 100 250 400 100 250 400
true model: beta true model: simplex
Js  45.62 85.89 96.90 54.66 90.41 98.29 20.29 62.72 87.27 34.35 76.70 93.37
I Jo  44.09 85.51 96.77 54.15 90.39 98.30 3221 71.34 90.67 45.99 82.11 95.15
Jrr 4257 84.72 96.51 52.72 89.79 98.20 36.04 73.26 91.34 49.41 83.15 95.60
true model: unit gamma true model: beta
Js 459 9.63 15.44 11.43 19.22 26.73 8.83 15.37 21.38 14.89 23.88 31.21
I Je  10.39 14.24 19.80 18.81 24.53 31.43 8.21 13.80 19.64 14.86 22.59 29.58
Jrr 14.01 16.76 21.88 22.58 26.63 33.30 8.78 1294 18.72 15.29 21.89 28.74
true model: simplex true model: unit gamma
Js  11.42 32.86 52.32 22.74 4757 67.12 18.30 39.19 57.78 26.15 49.68 67.89
111 Jo  21.07 39.71 57.75 32.49 53.01 70.89 16.74 36.79 55.95 25.06 48.10 66.65
Jrr 2543 4229 59.82 36.57 55.31 72.33 16.09 35.32 54.40 24.70 46.76 65.34
true model: beta true model: Johnson Sp
v Jo 1512 33.57 49.82 23.08 44.60 61.67 15.25 26.23 39.86 25.25 38.36 54.01
Jrr 14.72 31.80 48.29 22.73 4341 60.36 18.78 28.36 42.15 28.24 40.37 55.75
true model: Johnson Sp true model: simplex
. Jo  12.03 2536 39.44 20.14 35.77 51.17 14.09 25.73 37.23 24.25 38.08 51.09
v Jrr 12.08 24.34 38.40 20.34 35.09 50.23 17.77 28.15 39.53 28.19 40.18 52.75
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Table 4.31: Nonnull rejection rates of the MJ test at o = 5% and 10% for scenarios 1

and 2 and two competing regression models.

a=5% a=10% a=5% a=10%
CASE n 50 100 250 50 100 250 50 100 250 50 100 250
SCENARIO 1 SCENARIO 2
MJs 342 17.83 57.95 8.20 29.17 68.79 17.49 37.13 T71.78 25.87 48.12 77.88
1 MJs; 3.36 1826 58.72 8.11 29.61 69.51 12.93 31.17 65.32 21.19 42.02 73.53

MJrr 3.21 1819 58.95 7.98 29.64 69.56 12.51 30.98 65.37 20.82 42.08 73.49
MJs 282 1396 42.12 7.33 24.00 56.37 253 1555 36.11 8.88 25.27 46.44
11 MJe 396 1555 43.37 10.20 26.75 57.45 13.03 22.39 40.05 21.76  32.28 50.97
MJrr 2.75 1441 42.80 7.52 24.67 56.98 8.98 21.54 39.65 17.17  30.69 49.40
MJs 3.00 13.54 57.59 6.31 2334 71.31 4112 77.88 99.21 52.56 84.78 99.60
111 MJg 271 1335 57.55 6.17 23.10 71.32 39.58 80.07 99.54 52.05 86.49 99.76
MJrr 2.62 13.06 57.43 6.06 22.85 71.30 39.19  79.80 99.54 51.73 86.30 99.76
MJe 210 1245 49.11 5.17 21.56 59.66 7.61 19.11 44.03 14.12 2813 53.61
MJrr 190 12.36 49.24 5.09 21.50 59.72 7.76 19.12 44.10 14.19 28.29 53.70
MJe 281 1225 54.63 6.09 20.50 67.32 17.18 39.58 70.03 27.15 50.23 76.22
MJrr 2.63 12.06 54.34 5.90 20.24 67.30 1711 39.18 69.85 26.87 50.06 76.18

v

Table 4.32: Nonnull rejection rates of the MJ test at « = 5% and 10% for scenarios 3

and 4 and two competing regression models.

a=5% a=10% a=5% a=10%
CASE n 50 100 250 50 100 250 50 100 250 50 100 250
SCENARIO 3 SCENARIO 4
MJg 1.20 6.40 43.37 3.15 14.07 59.66 76.65  95.49  99.97 85.38  97.77 100.00
1 MJg 028 4.38 39.25 1.37 11.00 56.46 78.68 9591  99.98 86.43  97.88 100.00

MJrr 019 395 38.72 1.05 10.46 56.25 78.03  95.78  99.98 86.10  97.84 100.00
MJg 0.00 13.95 99.89 0.24 62.27 99.93 96.85  99.99 100.00 98.93 100.00 100.00
II MJg  5.63 9240 99.90 30.83 96.74 99.94 98.12  100.00 100.00 99.28 100.00 100.00
MJrr 0.80 84.07 99.90 8.62 96.12 99.94 97.22 100.00 100.00 98.96 100.00 100.00
MJs 411 7.09 18.75 7.74 12.05 27.18 20.30  55.53  97.33 33.04 68.79 98.73
111 MJe 351 594 1594 6.95 10.67 24.25 18.72  55.47 9741 31.79  68.76  98.77
MJrgr 278 565 15.58 6.15 10.13 24.03 17.23 5410 97.25 30.27  68.03 98.74
MJg 979 2483 67.11 15.83 34.85 76.76 2276 61.95 98.21 37.22 7538  99.35
MJrr 858 23.73 66.59 14.75 33.89 76.43 21.99 61.46  98.19 36.84 74.84  99.33
MJg 399 916 23.37 7.92 15.09 33.15 13.25  27.96  42.29 2231 37.28  50.99
MJrp 348 8.80 23.07 7.60 14.82 32.92 11.88  26.63  41.47 21.08 36.17  50.52

v
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Table 4.33: Nonnull rejection rates of the MJ test at o = 5% and 10% for scenarios 5

and 6 and two competing regression models.

a=5% a = 10% a=5% a = 10%
CASE n 50 100 250 50 100 250 50 100 250 50 100 250
SCENARIO 5 SCENARIO 6

MJg 1.61 0.70 11.63 3.00 3.01 23.62 68.57 94.23  99.99 78.96 96.63  99.99

I MJg 0.61 0.22 11.05 1.38 1.21 24.61 65.94 93.65 99.99 76.23 96.26  99.99
MJrr 0.89 0.27 11.03 1.77  1.32 24.22 65.76 93.40 99.97 75.63 96.10  99.99

MJg 2.17  9.40 45.13 6.95 21.10 60.23 40.72 94.11 100.00 61.72 97.69 100.00

1I MJg 1.26 2.81 41.87 3.22  9.72 59.69 65.02 96.76 100.00 79.52 98.69 100.00
MJpr 463 14.79 5091 11.85 25.88 63.76 57.09 96.18 100.00 73.27 98.43 100.00

MJg 0.52  7.52 50.67 2.59 19.30 67.79 41.81 85.48  99.92 51.96 90.28  99.97

III MJg 0.34  9.54 59.07 2.24 2249 72.25 33.04 83.79 99.95 44.94 89.76  99.98
MJpr 023 T7.44 57.30 1.57 20.08 71.44 32.10 82.81  99.95 44.10 89.15  99.98

v MJrr 15.63 25.15 45.14 25.12 34.71 53.56 27.62 7721  99.88 42.06 86.55  99.97
MJg 33.79 60.09 87.69 43.79 66.39 90.91 26.93 7271  99.54 37.50 81.16  99.78

i MJs  33.79 60.09 87.69 43.79 66.39 90.91 26.93 72.71  99.54 37.50 81.16 99.78
v MJrr 33.64 60.22 87.50 43.72 66.42 90.86 2291 69.27  99.52 33.82 79.46  99.77

Table 4.34: Nonnull rejection rates of the M.J test at « = 5% and 10% for scenarios 7.

a=5% a=10%
CASE
n 100 250 400 100 250 400
MJg 3.21  3.21  4.87 7.63 7.42 11.02
I MJg 445 3.60 5.21 8.66 7.97 11.60
MJg 487 3.87 542 9.64 8.12 11.42
MJs 10.48 35.72 5897 21.56 51.42 71.62
II MJs 19.56 38.35 58.21 31.51 52.70 70.54
MJrr 1871 43.01 63.86 31.03 57.00 74.39
MJg  13.27 19.38 28.06 19.17 28.68 37.85
111 MJg 8.24 15.46 23.84 13.76  24.49 34.50
MJrr 616 13.21 21.53 11.27 22.23 32.20
v MJg 5.61 3.92 3.82 11.08 &8.75  8.20
MJrr 658  4.44 4.20 12.01 9.32 8.66
v MJg 17.04 36.78 52.93 25.79 49.15 64.94
MJrr 1452 34.85 51.93 23.75 47.96 64.12
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Table 4.35: Nonnull rejection rates of the MJ test at o = 5% for Scenarios 1 through 4

and 6 and three competing regression models.

a=5% a=10% a=5% a=10%
SCENARI® 50 100 250 50 100 250 50 100 250 50 100 250
CASE VI CASE VII
MJgs 2.93 4572  99.57 10.93  65.42  99.92
1 MJg 2.62 5447  99.91 10.99 73.66 99.98 MJs; 4.51 28.05 89.14 10.84 44.08 93.01

MJrp 174 5384  99.93 9.65 73.68 99.98 MJrp 4.56 28.41 89.25 10.96 44.65 93.01
MJg 7.04 11.54 2299 13.13  19.02  32.38

2 M 6.65 11.09  21.05 11.76 ~ 17.79  30.84 MJs 6.59 11.45 19.06 12.43 19.91 29.18
MJrp 6.61  11.02 21.16 11.84 1767 30.79 MJyr 6.44 11.48 19.17 12.27 19.56 29.00
MJg 0.99 714 74.09 222 1532 84.41

3 Mg 0.90 7.99  75.32 2.21 16.01 85.64 MJs 11.44 29.65 T71.15 18.48 39.93 78.89
MJrr  0.78 7.35  75.06 1.98 1542 8540 MJrr 10.11 28.70 70.45 16.71 38.99 78.44
MJs  97.56 100.00 100.00 99.20 100.00 100.00

4
MJe  98.62 100.00 100.00 99.55 100.00 100.00 MJg 19.82 69.54 99.18 37.82  82.29 99.70
MJrr 98.52 100.00 100.00 99.58 100.00 100.00 MJpp 18.57 68.77 99.19 3723 82.11 99.70
6 MJs  97.56 100.00 100.00 99.20 100.00 100.00

MJe  98.62 100.00 100.00 99.55 100.00 100.00 MJs 40.14 84.94 99.93 56.97 91.53 99.98
MJr 98.52 100.00 100.00 99.58 100.00 100.00 MJpp 49.84 87.62 99.93 64.10 92.66 99.98

Table 4.36: Nonnull rejection rates of the M.J test at o = 5% for Cases VI and VII for

scenario 7.

CASE VI CASE VII
SCENARIO
n 100 250 400 1,000 3,000 100 250 400 1,000 3,000
MJs 336 454 621 14.20 49.10
7 MJz 379 537 6.70 1520 48.70 MJs 246 3.38 4.87 10.50 67.00

MJrr 330 571 7.10 14.70 49.10 MJrr 249 347 4.00 10.80 67.20




Chapter 5

Empirical applications

Resumo

Neste capitulo aplicamos os testes anteriormente avaliados em dois conjuntos de da-
dos reais. O primeiro conjunto de dados foi apresentado por Smithson e Verkuilen (2006),
e os dados tendo sido obtidos de Pammer e Kevan (2004). Trata-se de um estudo de
habilidades de leitura em um grupo de 44 criangas disléxicas e nao disléxicas que fre-
quentaram a escola primaria na Australia. O segundo conjunto de dados provem de um
estudo de transplante autologo de células tronco do sangue periférico desenvolvido com
239 pacientes no Cross Cancer Instituto em Alabama, Canadd que receberam doses de

quimioterapia com diferentes frequéncias. Esses dados foram analisados por Allan et al.
(2002) e por Yang et al. (2005).

5.1 Introduction

In this chapter we shall present two empirical applications of the nonnested hypoth-
esis testing in the classes of models for rates and proportions discussed in the previous
sections. Maximum likelihood point estimation was carried out using the BFGS quasi-
newton method with analytic first derivatives. All computations were performed using
the 0x matrix programming language Doornik (2009). The plots were produced using the
R statistical computing environment (Core and Team, 2013).

5.2 Reading skills data in children

We shall now analyze data from a study realized by School of Psychology of the
Australian National University on reading ability of 44 Australian children that attended
primary school. The data were collected by Pammer and Kevan (2004) and analyzed by
Smithson and Verkuilen (2006) who used a beta regression model. Griin, Kosmidis and
Zeileis (2012), Cribari-Neto and Queiroz (2014) and Cribari-Neto and Lucena (2015) also
modeled such data using beta regressions.
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The variable of interest y are scores on a test of reading accuracy and the explanations
variables are: nonverbal intelligent quotient (IQ) scores converted to z scores (x;) and a
dummy variable that equals 1 for dyslexics and —1 for non-dyslexics (x3). Griin, Kosmidis
and Zeileis (2012) and Cribari-Neto and Queiroz (2014) modeled such data using a variable
dispersion beta regression model. Cribari-Neto and Queiroz (2014) included IQ) squared
as an explanatory variable in the precision submodel whereas Griin, Kosmidis and Zeileis
(2012) included the interaction between the two covariates in the precision submodel.
Since such models are nonnested, Cribari-Neto and Lucena (2015) compared them using
J and M J tests. Their results favor the model used by Cribari-Neto and Queiroz (2014),
which is given by

log (1 utu ) = Bo + Bixpn + Boxeo + B3 X Tyo
- Mt

log(¢) = 7o + V1T + Va2 + 73 (20)”.
Abdel-Fattah (forthcoming) modeled the same data using the following unit gamma

regression model:
log [—log(1 — )] = Bo + Brxy + Poxia + Baxy X x4
log(7) = Y0 + T1Te1 + Y2

In what follows we shall perform nonnested testing inference using the J and M J test.
We shall consider three candidate models, namely: the two models listed above (beta and
unit gamma) and a simplex regression model. The latter was selected within the class of
simplex models using the Akaike information criteria (AIC) and the Bayesian information
criteria (BIC). The following simplex regression model was selected:

log (1 Mtﬂ ) = Bo + Pixn + Pawia + B3y X Tyo
- Mt

VA= %0+ a + 2T + YsTa X T

Notice that each candidate model belongs to a different class of regression models.

Figure 5.1 contains the simulated envelope plots for the residuals from the three mod-
els. Notice that none shows evidence of model misspecification.

Since the sample size is small, testing inference shall be based on the score test statistic.
The J and M J test p-values are presented in Table 5.1. No model is rejected by the J
test. The null hypothesis that the one of the three models is the correct model is not
rejected by the MJ test at the usual significance levels. Furthermore, the smallest J
statistic corresponds to the unit gamma regression model. We thus conclude that unit
gamma regression models used by Abdel-Fattah (forthcoming) yields the best fit.

5.3 Autologous peripheral blood stem cell transplants

The data contain information obtained from 239 patients at the Edmonton Hematopoi-
etic Stem Cell Lab in Cross Cancer Institute (Alberta Health Services) and were analyzed
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Residuals (absolute values)
Residuals (absolute values)
Residuals (absolute values)
3
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Figure 5.1: Simulated envelope plots for the beta (left panel), unit gamma (center panel)
and simplex (right panel) regression models.

Table 5.1: J and MJ (score) statistics and corresponding p-values for reading accuracy
data.

J test
beta  unit gamma simplex MJ test
Statistic  5.9512 5.0567 6.0567  5.0567
p-value  0.2028 0.2815 0.1949  0.2815

by Allan et al. (2002) and Yang et al. (2005). The patients consented to autologous pe-
ripheral blood stem cell (PBSC) transplant after myeloablative doses of chemotherapy.
The period analyzed ranges from 2003 through 2008.

We consider the recovery rates for viable CD34+ cells as the variable of interest (y).
One of the explanatory variables contains information on the patients adjusted age (x;),
which equals the patient age minus 40 truncated at zero. The other covariate we consider
is the chemotherapy protocol (x3), which is a dummy variable that equals 0 if a patient
receives a chemotherapy on a one-day protocol and 1 if a patient receives it on a three-day
protocol. Silva (2016) modeled such data using the following simplex regression model:

M, : log (1 Mt,u ) = Bo + Bixs + Bazio

- Mt

log(At) =70+ nzn. (5.1)

In what follows we shall consider four candidate models, namely: the simplex (s)
regression model in (5.1), and also beta (b), a unit gamma (ug) and a Johnson Sg (J)
regression models. Notice that such models belong to separate classes of regression models.
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We shall distinguish between them on the basis of J and M J tests.
Using the AIC and the BIC, we arrived at follows competing regression models,

namely:
M, : tan [ (p — 0.5)] = Bo + Srza + Barae
log (¢) = 70 + 171,
Myg : — log [—log(&)] = Bo + Brra + e
VT =Y + N
and

M @ tan [m(pe — 0.5)] = Bo + Brxn + Batee
\/gt = Yo T N2

Notice that these models use the same regressors in both submodels location and dis-
persion, but differ in the link functions. The simplex model (M;) uses logit and log link,
the beta model (M) uses Cauchy and log link, the unit gamma model (M,,) uses log-log
and square root link and the Johnson Sp model (M ;) uses Cauchy and square root links.
Figure 5.2 contains residual simulated envelope plots for the three competing models.
They indicate that such models are correctly specified and can be used to model the be-
havior of the recovery rates for viable CD34+ cells in patients that accepted autologous
PBSC transplant.

Residuals (absolute values)
Residuals (absolute values)
Residuals (absolute values)

T T T T T T T T T T T T T T T T T T T T T
00 05 10 15 20 25 3.0 00 05 10 15 20 25 3.0 00 05 10 15 20 25 3.0
Normal quantiles Normal quantiles Normal quantiles

Figure 5.2: Simulated envelope plots for the M, (left panel), M,, (center panel) and M,
(right panel) regression models.

The competing models are nonnested and we shall distinguish between then using
J and MJ testing inference. The test statistics (gradient and likelihood ratio) and the
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corresponding p-values are presented in Table 5.2. No model is rejected at the 10%
nominal level. The M J test indicates that one of the four models is the correct model at
the usual nominal levels and the M .J model selection procedure selects the beta regression
model with Cauchy and log links as the best fitting model.

Table 5.2: J and M J statistics and corresponding p-values for autologous peripheral blood
stem cell transplants data.

J test
T T JMug T MJ test
Gradient 2.8025 7.8003 3.3395 3.2522 2.8025
(0.8332) (0.2531) (0.7652) (0.7766) (0.8332)
2.8906 8.0033 3.2969 3.3036 2.8906

Likelihood ratio g eo91) (0.2379) (0.7708) (0.7699)  (0.8224)




Chapter 6

Conclusions

There are various alternative classes of regression models for rates and proportions.
These models can differ in the regressors used, in the link functions and even in the
response distribution. In this dissertation, we develop tests that can be used when different
nonnested models under consideration belong to different classes of regression models. We
extend the J and M J tests, which were originally proposed for the linear regression model.
We also implemented these tests based not only in the likelihood ratio, but also in score
and gradient statistics. We use Monte Carlo simulations to evaluate the performance of
the null and nonnull rejection rates on finite sample tests. We presented how such testing
inference can be carried out. The J and MJ tests based on score statistic are shown to
outperform the competition in small samples. Besides, the tests based on the statistics
considered become more accurate as the sample size increases. The results revealed that
the M J test can be quite useful for selecting the best regression model when the response
assumes values in the standard unit interval. It works well in all cases, including for small

sample sizes. We present and discuss two empirical applications to illustrate these results.
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Appendix A

Ox programs

In this Appendix we present two of the simulations programs in Ox code used to
evaluate the finite sample performances of J and M J test presented in Chapter 4.

A.1 Models differ in the location submodels regressors.

/43K sk sk sk sk ok ok ok o o o o o K K kK oK sk sk ok ok ok ok ok o o o o o kK K oK sk sk ok ok ok o o o o o o o K kK K ok sk ok ok ok ok ok ok ok o o kK kK
PROGRAM: Simulagdob.1_RV_Esc_Grad_PDT_VCEst.ox

USE: Calculates the null and nonnull rejection rates for the J and MJ
tests, based on the score, gradient and likelihood ratio statistics
for two competing models for rates and proportions, which are:

M_1: Unit gamma model
logit(m_t) = beta_0 + beta_1*x_1 + beta_2xx_2
log(tau_t) = gamma_0 + gamma_1x*x_1

M_2: Beta model
logit(m_t) = beta_0 + beta_3*x_1 + beta_4*x_3
log(tau_t) = gamma_0 + gamma_1x*x_1

AUTOR: Olivia Lizeth Leal Alturo.

0BS: This program was developed from the program presented in the
master dissertation of Lucena (2013).

LAST MODIFIED: July 17, 2016.

**********************************************************************/

/* header files */

#include <oxstd.h>/* Standard library 0X */

#include <oxprob.h> /* Required for random number generation */

#include <oxfloat.h> /* Required for PI number in density simplex */

#include <quadpack.h>/* Required to compute variance of simplex and Johnson S_B
distribution */

#import <maximize> /* Required for nonlinear optimization */

/* global variables */

static decl s_vY; /* Random sample */

static decl s_mX1; /* Matrix X1 */

static decl s_mX2; /* Matrix X2 */

static decl s_mX3; /* Matrix X3 - PDT x/

static decl s_mZ; /* Matrix Z */

static decl s_mCovMU; /* Matrix of covariates of submodel for mu */

static decl s_mCovDIS; /* Matrix of covariates of submodel for precision/dispersion */
static decl mu_var, lambda_var, n; /* Calculate of variance of simplex distribution */
static decl gama_var, delta_var; /* Calculate of variance of Johnson S_B dist x*/

/* definition of constants */

83
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const decl NOBS = 250; /* Sample size */

const decl NREP = 10000; /* Number of Monte Carlo replications */

const decl rep = 50; /* Step for increasing the sample size */

const decl k = 3; /% Number of parameters in the submodel for mu */

const decl m = 2; /* Number of parameters in the submodel for precision/dispersion */
const decl 1 = 2; /x Number of competing models*/

const decl betal <1.1, -2.9, 0.7>; /* Parameter values of submodel for mu M_1 */
const decl beta2 <1.1, -2.8, 0.7>; /* Parameter values of submodel for mu M_2 */
const decl beta3 <1.1, -2.7, 0.5>; /* Parameter values of submodel for mu TP
(test power) */

const decl gamal <2.3, 5.2>; /% Parameter values of submodel for
precision/dispersion M_1 */

const decl gama2 = <2.3, 4.0>; /* Parameter values of submodel for
precision/dispersion M_2 */

const decl gama3 = <1.3, 2.0>; /* Parameter values of submodel for
precision/dispersion TP */

/* Unit gamma random number generatorx*/
rUnitGamma(const mu, const phi)
{
decl alpha, rg, y;
alpha = (mu~(1.0 / phi)) / (1.0 - (mu~(1.0/phi)));
rg = rangamma(l,1,phi, alpha);
y = exp(-rg);
return(y);

}

/* Johnson S_B Random number generator (TP) */
rGJSnor (const gamma, const delta)
{
decl u,z,y;
u=ranu(1,1);
z=(1/delta)*(quann(u) -gamma) ;
y=exp(z)/(1+exp(z));
return(y);

3

/* Moment of Johson S_B distribution */
%omGJSN(const u)

return(1.0/sqrt (2*M_PI))*exp(-(u~2/2.0))*( exp( (u - gama_var)/delta_var )/
(1.0 + exp( (u - gama_var)/delta_var ) ) ) n;

/* Variance of Johnson S_B distribution */
VarGJSNormal (const xi, const delta)

decl varG, i, txi, resMl, resM2, resultIntMl, resultIntM2, erroabsMl, erroabsM2;
varG = zeros(NOBS, 1);

txi = log( xi ./ (1.0 - xi) );

for (i=0; i < NOBS; i++)

gama_var = -(deltalil*txi[i]);

delta_var = deltalil;

n=1;

resM1=QAGI (MomGJSN, 1, 2, &resultIntMl, &erroabsMl);
n=2;

resﬁ2=QAGI(MomGJSN, 1, 2, &resultIntM2, &erroabsM2);
%f(resM1==O && resM2==0)

varG[i]= resultIntM2 - (resultIntMi1)-2;
else{i--; continue}
return varG;
/* log-likelihood function of unit gamma models with logit(mu) and log(tau) linksx*/
floglik_logit_logGU(const vtheta, const adFunc, const avScore, const amHess)
decl y = s_vY;

decl k = sizec(s_mCovMU); /* number of columns in the matrix of covariates of mu */
decl m = sizec(s_mCovDIS); /* number of columns in the matrix of covariates of tau */
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decl etal = s_mCovMU * vthetalO:(k-1)]; /* used to obtain mu */
decl mu = exp(etal) ./ (1.0 + exp(etal)); /* inverse of logit link */
decl eta2 = s_mCovDIS * vthetalk:(k+m-1)]; /* used to obtain tau */
decl tau = exp(eta2); /* inverse of log link */
decld=(mu."(1.0 ./ taw)) ./ (1.0 - (mu.” (1.0 ./ tau)) ); /* Decl of dix/
adFunc[0] = double(sumc( (tau .* log(d)) - loggamma(tau)
+ ((d - 1.0).% log(y))
+ ((tau - 1.0) .* log( -log(y))) )); /* log-likelihood */

/* Parameters used for calculation of the firts derivatives */
decl taul = (1.0 ./ tau);

decl tau2 = ((1.0 ./ tau) + 1.0 );

decl al (d ./ (mu .~ tau2) );

decl a2 = (1.0 + ( taul .* d .x log(y) ) );

decl a al .x a2;

decl T = diag( mu .* (1.0-mu)); /* 1/g’(mu) */

decl bl = ( taul .* d .* log(mu) ) .*x ( 1.0 + ( (d .* log(y) ) ./
( tau .* (mu .~ taul) ) ) );

decl b2 = ( log( (mu .~ taul) ./ d) ) + polygamma(tau,0);

decl b = log( -log(y)) - bl - b2;

decl H = diag(tau); /* 1/h’(tau)*/

*

if (avScore)

(avScore[0])[0:(k-1)] =s_mCovMU’*Tx*a;
(avScore[0]) [k: (k+m-1)] = s_mCovDIS’*Hxb;
}

if ( isnan(adFunc[0]) || isdotinf (adFunc[0]) )
return 0O;

else

return 1; /* 1 indicates success */

/* EML function of unit gamma model with logit(mu) and log(tau) links */
EstMV_logit_logGU(const ystar, const mX, const mZ)
{

decl betaols, gamaols, vtheta, dfunc, converge;
decl 1 = sizec(mZ);

/* initial guess for beta */

if(k > 1)

ols2c(ystar, mX, &betaols); /* OLS estimates */
else if(k == 1)

betaols = meanc(ystar);

/* Quantities for initial guess of gamma */
gamaols = zeros(l,1); /* initial guess for gamma*/
vtheta = betaols | gamaols;

s_mCovMU = mX; /* cavariates of mu submodel */
s_mCovDIS = mZ; /* cavariates of tau submodel */

/* maximum likelihood estimation */
converge = MaxBFGS(floglik_logit_logGU, &vtheta, &dfunc, 0, 0);
return vtheta | dfunc | converge;

}

/* log-likelihood function of beta model with logit(mu) and log(phi) links*/
floglik_logit_logB(const vtheta, const adFunc, const avScore, const amHess)

decl y = s_vY;
decl k = sizec(s_mCovMU); /* number of columns in the matrix of covariates of mu */
decl m = sizec(s_mCovDIS); /* number of columns in the matrix of covariates of phi */

decl eta = s_mCovMU * vthetalO:(k-1)]; /* used to obtain mu */

decl mu = exp(eta) ./ (1.0 + exp(eta)); /* inverse of logit link */
decl delta = s_mCovDIS * vthetalk:(k+m-1)]; /* used to obtain phix/
decl phi = exp(delta); /* inverse of log link */

decl i, funlog = zeros(NOBS, 1);

for(i = 0; i < NOBS; i++) /* logarithm of the density */

funlog[i] = log(densbeta(y[i], mul[i] * phi[i], (1 - mul[i]) * phi[i]));
adFunc[0] = double( sumc( funlog ) ); /* log-likelihood */

/* Parameters used for calculation of the firts derivatives */
decl ystar = log(y ./ (1.0 - y));
decl mustar = polygamma(mu.*phi,0) - polygamma((l.0-mu).*phi,0);
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decl ydag = log(1.0 - y);
decl mudag = polygamma((1.0 - mu).*phi,0) - polygamma(phi,O);

decl T = diag( mu .* (1.0-muw)); /* 1/g’(mu) */
decl F = diag(phi);

decl H = diag(phi); /* 1/h’(phi)*/

decl M = diag(mu);

if (avScore)

{

(avScore[0]) [0: (k-1)] =s_mCovMU’*T*F*(ystar-mustar) ;
(avScore[0]) [k: (k+m-1)] = s_mCovDIS’*Hx*(M*(ystar-mustar)+(ydag-mudag)) ;
}

if ( isnan(adFunc[0]) || isdotinf (adFunc[0]) )
return 0;

else

return 1; /* 1 indicates success */

/* EML function of beta model with logit(mu) and log(phi) links */
EstMV_logit_logB(const ystar, const mX, const mZ)

{

decl betaols, etaols, muols, varols, gamaols, phiols, phiolstar, vtheta,
dfunc, converge;

decl 1 = sizec(mZ);

/* initial guess for beta */

if(k > 1)

ols2c(ystar, mX, &betaols); /* OLS estimates */

else if(k == 1)

betaols = meanc(ystar);

/* Quantities for initial guess of gamma */

etaols = mX * betaols;

muols = exp(etaols) ./ (1.0 + exp(etaols)); /* inverse of logit link */
varols = ( ((ystar-etaols)’ * (ystar - etaols)) .* ((muols.*(1l.0-muols))."2) )
./(NOBS - k);

phiols = ( ( muols .* (1.0 - muols) ) ./ varols );

phiolstar = log(phiols); /* evaluation of phiols at log link */

if(1 > 1)

ols2c(phiolstar, mZ, &gamaols); /* Return in gamaolsr OLS estimates */
else if (1==1)

gamaols = meanc(phiols);

vtheta = betaols | gamaols;

s_mCovMU = mX; /* cavariates of mu submodel */

s_mCovDIS = mZ; /* cavariates of phi submodel */

/* maximum likelihood estimation */
converge = MaxBFGS(floglik_logit_logB, &vtheta, &dfunc, 0, 0);
return vtheta | dfunc | converge;

}

/*Function to compute the score statistics for unit gamma model with logit and
log links, t=0 only parameter in the mean, t=1 only parameters in the precision
and t=2 parameters in both mean and precision */

Score_logit_logGU(const t, const Est)

{

decl cx = sizec(s_mCovMU);

decl cz = sizec(s_mCovDIS);

decl etal = s_mCovMU* Est[0:(cx-1)];

decl muest = (exp(etal) ./ (1.0 + exp(etal)));

decl eta2 = s_mCovDIS * Estl[cx:(cx+cz-1)];

decl tauest = exp(eta2);

decl tauestl = (1.0 ./ tauest);

decl tauest2 = ((1.0 ./ tauest) + 1.0);

decl d = ( muest .~ tauestl) ./ ( 1.0 - (muest.” tauestl) );

/* Quantities for score vector */

decl al = ( 4 ./ (muest .~ tauest2) );

decl a2 = (1.0 + ( tauestl .* d .* log(s_vY) ) );

decl a = al .* a2;

decl T = diag( muest .* (1.0-muest)); /* 1/g’(mu) */

decl bl = ( tauestl .* d .* log(muest) ) .x ( 1.0 + ( (d .* log(s_vY) ) ./
( tauest .* (muest .~ tauestl) ) ) );

decl b2 = ( log( (muest .~ tauestl) ./ d) ) + polygamma(tauest,0);

decl b = log( -log(s_vY)) - bl - b2;

decl H = diag(tauest); /* 1/ h’(tau)*/
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/* Quantities for Fisher’s information matrix*/

decl t1 = (muest .* (1.0-muest)); /* 1/g’(mu) */

decl h = tauest; /* 1/h’(tau) */

decl a_tilde (d ./ (nuest .~ tauest2) );

decl b_tilde -a_tilde;

decl c_tilde = ( (d .* log(muest) ) ./ (muest .~ tauestl ) );

decl W_BB = diag( ( (a_tilde.~2.0)./ tauest).*(tl .~ 2.0) );

decl W_BG = diag( (b_tilde ./ tauest) .* ( (c_tilde ./ tauest) + 1.0 ) .* tl1 .* h );
decl W_GB = W_BG’;

decl W_GG = diag( ( ( (2*c_tilde) ./ (tauest .~ 2.0) ) + ( (c_tilde."2.0) ./

(tauest.”3.0) ) + polygamma(tauest,1) ) .x (b .~ 2.0) );

decl K_BB = s_mCovMU’*W_BB*s_mCovMU;
decl K_BG = s_mCovMU’*W_BG*s_mCovDIS;
decl K_GB = K_BG’;

decl K_GG = s_mCovDIS’*W_GG*s_mCovDIS;
decl K = (K_BB ~ K_BG) | (K_GB ~ K_GG);

decl invK = invert(K);

decl U_B = s_mCovMU’T*a;

decl U_G = s_mCovDIS’*Hx*b;

decl Score;

/* score statistic x/

if (t==0) { Score (U_B[k] [1)’>*(invK[k] [k]1)*(U_B[kI[1); }

if (t==1) { Score = (U_G[m][]) ’*(invK[k+m] [k+m])*(U_G[m][]); }

if (t==2) { Score = ( U_B[k][] | U_GIm][] )’*( (invK[k] [k] ~invK[k] [k+m+1]) |
(invK [k] [k+m+1] “invK [k+m+1] [k+m+1]) )*( U_B[k]I[] | U_G[m][] ); }

return Score;

/*Function to compute the score statistics for beta model with

logit and log links,

t=0 only parameter in the mean, t=1 only parameters in the precision and

t=2 parameters in both mean and precision */

Score_logit_logB(const t, const Est)

{

decl cx = sizec(s_mCovMU);

decl cz = sizec(s_mCovDIS);

decl etal = s_mCovMU* Est[0:(cx-1)];

decl muest = (exp(etal) ./ (1.0 + exp(etal)));

decl eta2 = s_mCovDIS * Estl[cx:(cx+cz-1)];

decl phiest = exp(eta2);

/* Quantities for score vector and Fisher’s information matrix */

decl ystar=log(s_vY ./ (1.0 - s_vY));

decl mueststar= polygamma(muest .* phiest,0) - polygamma((1.0 - muest) .* phiest,0);
decl ycruz = log(1.0 - s_vY);

decl muestcruz = polygamma((1.0 - muest) .* phiest,0) - polygamma(phiest,0);
decl PHI=diag(phiest);

decl M=diag(muest);

decl T=diag(muest .* (1.0 - muest)); /*1/g’(muest) */

decl H=diag(phiest); /*1/h’(phiest) */

decl VSTAR= diag(polygamma(muest .* phiest, 1) + polygamma((1.0 - muest) .* phiest,1));
decl C = diag(- polygamma((1.0 - muest) .* phiest,1));

decl VCRUZ = diag(polygamma((1.0 - muest) .* phiest,1) - polygamma(phiest,1));
decl K_BB s_mCovMU? *PHI*T*VSTAR*T*PHI*s_mCovMU;

decl K_BG = s_mCovMU’*PHI*T*(M*xVSTAR + C)*H*s_mCovDIS;

decl K_GB = K_BG’;

decl K_GG = s_mCovDIS’*H* ((M*VSTAR*M) + 2.0*M*C + VCRUZ)*H*s_mCovDIS;
decl K = (K_.BB ~ K_BG) | (K_GB ~ K_GG);

decl invK = invert(K);

decl U_B = s_mCovMU’*PHI*T*(ystar - mueststar);

decl U_G = s_mCovDIS’*H*((M*(ystar - mueststar))+(ycruz - muestcruz));

decl Score;

/* score statistic x/

if(t==0) { Score = (U_BLk][])’*(invK[k][k])*(U_B[k1[1); }

if (t==1) { Score = (U_G[m][]1)’*(invK[k+m] [k+m])*(U_G[m][1); }

if (t==2) { Score = ( U_B[k][] | U_GImI[] )’*( (invK[k] [k]~invK[k] [k+m+1]) |
(invK [k] [k+m+1] “invK [k+m+1] [k+m+1]) )*( U_B[k]I[] | U_G[m][] ); }

return Score;

/*Function to compute the gradient statistic for unit gamma model with
logit and log links */

Grad_logit_logGU(const Unres, const Res)

{

decl cx = sizec(s_mCovMU);
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decl cz = sizec(s_mCovDIS);

decl etal = s_mCovMU* Res[0:(cx-1)];

decl muest = (exp(etal) ./ (1.0 + exp(etal)));
decl eta2 = s_mCovDIS * Resl[cx: (cx+cz-1)];
decl tauest = exp(eta2);

decl tauestl = (1.0 ./ tauest);

decl tauest2 = ((1.0 ./ tauest) + 1.0);
decl d = ( muest .~ tauestl) ./ ( 1.0 -
/* Quantities for score vectorx*/

decl al = ( d ./ (muest .~ tauest2) );
decl a2 = (1.0 + ( tauestl .* d .* log(s_vY) ) );

decl a al .x a2;

decl T = diag( muest .* (1.0-muest)); /* 1/g’(mu) */

decl bl = ( tauestl .* d .* log(muest) ) .* ( 1.0 + ( (d .* log(s_vY) ) ./
( tauest .* (muest .~ tauestl) ) ) );

decl b2 = ( log( (muest .~ tauestl) ./ d) ) + polygamma(tauest,0);

(muest.” tauestl) );

decl b = log( -log(s_vY)) - bl - b2;
decl H = diag(tauest); /* 1/ h’(tau)*/
decl U_B = s_mCovMU’T*a;

decl U_G = s_mCovDIS’*Hx*b;

decl U =U_B | U_G;

decl Grad = U’*(Unres - Res);
return Grad;

/*Function to compute the gradient statistic for beta model with logit and log links */
Grad_logit_logB(const Unres, const Res)

{

decl cx = sizec(s_mCovMU);

decl cz = sizec(s_mCovDIS);

decl etal = s_mCovMU* Res[0:(cx-1)];

decl muest = (exp(etal) ./ (1.0 + exp(etal)));

decl eta2 = s_mCovDIS * Res[cx:(cx+cz-1)];

decl phiest = exp(eta2);

/* Quantities for score vector*/

decl ystar=log(s_vY ./ (1.0 - s_vY));

decl mueststar= polygamma(muest .* phiest,0) - polygamma((1.0 - muest) .* phiest,0);
decl ycruz = log(1.0 - s_vY);

decl muestcruz = polygamma((1.0 - muest) .* phiest,0) - polygamma(phiest,0);

decl PHI=diag(phiest);

decl M=diag(muest);

decl T=diag(muest .* (1.0 - muest)); /*1/g’(muest) */

decl H=diag(phiest); /*1/h’(phiest) */

decl U_B = s_mCovMU’*PHI*T*(ystar - mueststar);
decl U_G = s_mCovDIS’*H*((M*(ystar - mueststar))+(ycruz - muestcruz));
decl U = U_B | U_G;

decl Grad = U’*(Unres - Res);
return Grad;

main()

/* Declaration of variables used in the program */

decl dExecTime,i,j, poder,

falhaC1MCB, falhaC1MCGU,falhaC1AmpMCB, falhaC1AmpMCGU,

falhaC2MCB, falhaC2MCGU,falhaC2AmpMCB, falhaC2AmpMCGU,

acertoJC1BV, acertoJC1GUV, acertoMJC1V, acertoJC2BV, acertoJC2GUV, acertoMJC2V,
acertomC1V, acertomC2V,

acertoJC1BE, acertoJC1GUE, acertoMJC1E, acertoJC2BE, acertoJC2GUE, acertoMJC2E,
acertomClE, acertomC2E,

acertoJC1BG, acertoJC1GUG, acertoMJC1G, acertoJC2BG, acertoJC2GUG, acertoMJC2G,
acertomC1G, acertomC2G,

acertoMJC1_QV, acertoMJC1_QE, acertoMJC1_QG, acertoMJC2_QV, acertoMJC2_QE, acertoMJC2_QG;
/* Models parameters and MLE */

decl etalB, muB, eta2B, phi, etalGU, muGU, eta2GU, tau, irC1B, irC1GU,irC1AmpB, irC1AmpGU,
irC2B, irC2GU,irC2AmpB,irC2AmpGU;

/* Tests statistics */

decl estaJC1_BV, estaJC1_GUV, estaMJC1V, estaJC2_BV, estaJC2_GUV, estaMJC2V,
estaJCl_BE, estaJCl1_GUE, estaMJClE, estaJC2_BE, estaJC2_GUE, estaMJC2E,
estaJC1_BG, estaJC1_GUG, estaMJC1G, estaJC2_BG, estaJC2_GUG, estaMJC2G,

EJBC1V, EJGUC1V, EMJC1V, EJBC2V, EJGUC2V, EMJC2V,

EJBC1E, EJGUC1E, EMJC1E, EJBC2E, EJGUC2E, EMJC2E,

EJBC1G, EJGUC1G, EMJC1G, EJBC2G, EJGUC2G, EMJC2G;

/* Tests critical valuesx/

decl VC_MJC1V, VC_MJC2V, VC_MJC1E, VC_MJC2E, VC_MJC1G, VC_MJC2G;
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/* Auxiliar parameters*/
decl chi2, quantis, ystar, var_Beta, var_GU, v1, var_GJSN, file;

dExecTime = timer(); /* start clock */

ranseed("MWC_52"); /* Random number generator */

ranseed ({6548,8984}) ; /* seed */

/* Initializations */

/* Sample vector */

s_vY = zeros(NOBS, 1);

/* MLE %/

irCiB = irC1GU= irC2B = irC2GU =zeros((k+m+2), NREP);

irC1AmpB = irC1AmpGU = irC2AmpB = irC2AmpGU = zeros((k+m+(1-1)+2), NREP);
/* fail counter */
falhaC1MCB = falhaC1MCGU
falhaC2MCB = falhaC2MCGU
/* Tests statistics */
estaJC1_BV = estaJCl_GUV = estaMJC1V = estaJC2_BV = estaJC2_GUV
estaMJC2V = zeros(NREP,1);

estaJC1_BE = estaJC1_GUE = estaMJC1E = estaJC2_BE = estaJC2_GUE
estaMJC2E = zeros(NREP,1);

falhaC1AmpMCGU
falhaC2AmpMCGU

0;

falhaC1AmpMCB
f 0;

alhaC2AmpMCB

o
I
o

estaJC1_BG = estaJCl_GUG = estaMJC1G = estaJC2_BG = estaJC2_GUG =
estaMJC2G = zeros(NREP,1);

EJBC1V = EJGUC1V = EMJC1V = EJBC2V = EJGUC2V = EMJC2V = zeros(2,1);
EJBC1E = EJGUC1E = EMJC1E = EJBC2E = EJGUC2E = EMJC2E = zeros(2,1);
EJBC1G = EJGUC1G = EMJC1G = EJBC2G = EJGUC2G = EMJC2G = zeros(2,1);

/* Tests successes counter */
acertoJC1BV = acertoJC1GUV = acertoMJC1V = acertoJC2BV =
acertoJC2GUV = acertoMJC2V acertomClV = acertomC2V = zeros(3,1);
acertoJC1BE = acertoJC1GUE acertoMJC1lE = acertoJC2BE =
acertoJC2GUE = acertoMJC2E acertomClE = acertomC2E = zeros(3,1);
acertoJC1BG = acertoJC1GUG acertoMJC1G = acertoJC2BG =
acertoJC2GUG = acertoMJC2G = acertomClG = acertomC2G = zeros(3,1);
acertoMJC1_QV = acertoMJC1_QE = acertoMJC1_QG = acertoMJC2_QV =
acertoMJC2_QE = acertoMJC2_QG = zeros(3,1);

/* Tests critical values */
quantis = <0.99, 0.95, 0.90>’;
poder = 0;

/* Obtaining matrices of covariates */

s_.mXl = 1 7 (ranu(rep,k-1)); /* Matrix of mean submodel unit gamma */
s_mX2 = s_mX1[][0:1] ~ ranu(rep,1); /* Matrix of mean submodel beta x*/
s_mX3 = s_mX1[][0:1] ~ ranu(rep,1); /* Matrix of mean submodel - TP x*/
for(i = rep; i < NOBS; i += rep)

{

s_mX1 = s_mX1 | s_mX1[0:(rep-1)1[];

s_mX2 = s_mX2 | s_mX2[0:(rep-1)1[];

s_mX3 = s_mX3 | s_mX3[0:(rep-1)1[];

}

s_mZ = s_mX1[]1[0:1]; /* Matrix of precision submodel */

:regresa if (poder==0){ println("\n Inicio Tamanho"); }
if (poder==1){ println("\n Inicio Poder"); }

/* True parameter values in the size simulation - CASE I: unit gamma model

(whenever poder=0)*/
if (poder==0)
{

etalGU = s_mX1 * betal’;

muGU = (exp(etalGU) ./ (1.0 + exp(etalGU))); /+* inverse logit link */
eta2GU = s_mZ * gamal’;

tau = exp(eta2GU); /* inverse log link */

vl = (2.0 - muGU.~ (1.0 ./ tau))."(tau);

var_GU = muGU.*((1.0 ./ v1) - muGU); /* variance unit gamma */

chi2 = VC_MJC1V = VC_MJC2V = VC_MJC1E = VC_MJC2E = VC_MJC1G =
VC_MJC2G = quanchi( (quantis) , 1) ; /* Critical values of X-squared*/
}

/* True parameter values in the power simulation - Johnson S_B model
(whenever poder=1)x*/

if (poder==1)

{

etalGU = s_mX3 * betald’;

muGU = (exp(etalGU) ./ (1.0 + exp(etalGU))); /* inverse logit link */
eta2GU = s_mZ * gama3’;
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tau = exp(eta2GU); /* inverse log link */

vl = (2.0 - muGU.~ (1.0 ./ tau)). (tau);

var_GU = muGU.*((1.0 ./ v1) - muGU); /* variance unit gamma */
var_GJSN= VarGJSNormal (muGU, tau); /* variance Johnson S_B - TP %/

/* Critical values estimate in the size simulation */
/* LR testx*/

VC_MJC1V = quantilec( estaMJC1V , quantis’);

/* score test */

VC_MJC1E = quantilec( estaMJC1E , quantis’);

/* gradient test */

VC_MJC1G = quantilec( estaMJC1G , quantis’);

/* set counters equal to zero */

falhaCiMCB = falhaCiMCGU = falhaCl1AmpMCB = falhaC1AmpMCGU = O;

acertoJC1BV = acertoJC1GUV = acertoMJC1V = acertomClV = zeros(3,1);
acertoJC1BE = acertoJC1GUE = acertoMJC1E = acertomClE = zeros(3,1);
= acertoJC1GUG = acertoMJC1G = acertomC1G = zeros(3,1);

?certoJC1BG

/* CASE I: DATA GENERATION
println( "CasoI: ");
for(i = 0; i < NREP; i++)
{

*
~

if (poder==0) /*UnitGamma(mu, tau)*/

for(j = 0; j < NOBS; j++)
{ s_vY¥[j] = rUnitGamma(muGU[j], tauljl); }

}
if (poder==1) /*JohnsonS_B(mu, tau)*/
{

for(j = 0; j < NOBS; j++)

{

decl gama=tau[jl*log((1.0 - muGU[j])/muGU[j]);
s_vY[j] = rGJSnor(gama, tauljl);

}

3

/* Obtaining y* */
ystar = log( s_vY ./ (1.0-s_vY) ); /* logit transformation */

/* Unit gamma model MLE */

irC1GU[] [i] = EstMV_logit_logGU(ystar, s_mX1l, s_mZ);

if (irC1GU [k+m+1] [i] '= MAX_CONV && irCi1GU[k+m+1][i] != MAX_WEAK_CONV){
ﬁalhaClMCGU++;

i--;

continue;

/* Beta model MLE x/

irC1B[][i] = EstMV_logit_logB(ystar, s_mX2, s_mZ);

if (irC1B[k+m+1][i] !'= MAX_CONV && irCiB[k+m+1][i] !'= MAX_WEAK_CONV){
falhaClMCB++;

i--3

continue;

/* fitted unit gamma mu to included in beta estimation */
decl etalC1GU =s_mX1*irC1GU[O:(k-1)][i];
decl muC1GU =exp(etalCiGU) ./ (1.0 + exp(etalClGU));

/* fitted beta mu to included in unit gamma estimation */
decl etalC1B =s_mX2*irCiB[0: (k-1)][i];
decl muC1B =exp(etalC1iB) ./ (1.0 + exp(etalCiB));

/* augmented model MLE (by beta) in unit gamma model */
irC1AmpGU[] [i] = EstMV_logit_logGU(ystar, s_mX1"muC1B, s_mZ);

if (irC1AmpGU [k+m+(1-1)+1][i] != MAX_CONV && irC1AmpGU[k+m+(1-1)+1][i]
= MAX_WEAK_CONV){

falhaC1AmpMCGU++;

i--;

continue;
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/* augmented model MLE (by unit gamma) in beta model */
irC1AmpB[][i] = EstMV_logit_logB(ystar, s_mX2 muCiGU, s_mZ);

if (irC1AmpB [k+m+(1-1)+1] [i] !'= MAX_CONV && irC1AmpB[k+m+(1-1)+1][i]
= MAX_WEAK_CONV){

falhaC1AmpMCB++;

i--;

continue;

/* J and MJ statistics based on score and gradient statistics */
/* Restricted theta */

decl ResC1GU = irCiGULO0: (k-1)][i]
decl ResC1B = irCiB[0: (k-1)1[i] |

| 0 | irC1GU[k: (k+m-1)][i];
0 | irCiB[k: (k+m-1)][i];

/* Unrestricted theta */

decl IrresCiGU = irC1AmpGU[0: (k+m)][i];

decl IrresCiB = irC1AmpB[0: (k+m)][i];

/* Calculation of the two statistics */

s_mCovDIS = s_mZ;

/* J1 test  */

s_mCovMU = s_mX1"muC1B;

estaJC1_GUE[i] = Score_logit_logGU(0, ResC1GU);

estaJC1_GUG[i] Grad_logit_logGU(IrresC1GU, ResC1GU);
/* J2 test */

s_mCovMU = s_mX2"muC1GU;

estaJC1_BE[i] = Score_logit_logB(0, ResC1B);

estaJC1_BG[i] = Grad_logit_logB(IrresC1B, ResC1B);

/* MJ test */

estaMJC1E[i] = min(estaJC1_GUE[i], estaJC1_BE[i]);

estaMJC1G[i] = min(estaJC1_GUG[i], estaJC1_BG[i]);

/*NUMBER (OF NON-REJECTIONS OF THE GRADIENT TEST */

/* Number of non-rejections of the J test (tested model: unit gamma) */
if (estaJC1_GUG[i] < chi2[0] ) /* 1% sig. */

acertoJC1GUG[O0] ++;

if (estaJC1_GUG[i] < chi2[1]) /* 5% sig. */

acertoJC1GUG[1]++;

if (estaJC1_GUG[i] < chi2[2]) /* 10% sig. */

acertoJC1GUG[2] ++;

/* Number of non-rejections of the J test (tested model: beta) */
if (estaJC1_BG[i] < chi2[0] ) /* 1% sig. */

acertoJC1BG[0]++;

if (estaJC1_BG[i] < chi2[1]) /* 5% sig. */

acertoJC1BG[1]++;

if (estaJC1_BG[i] < chi2[2]) /* 10% sig. */

acertoJC1BG[2]++;

/* Number of non-rejections of the MJ test */
if (estaMJC1G[i] < VC_MJC1G[0]) /* 1Y% sig. */
acertoMJC1G[0]++;
if (estaMJC1G[i] < VC_MJC1G[1]) /* 5% sig. */
acertoMJC1G[1]++;
if (estaMJC1G[i] < VC_MJC1G[2]) /* 10% sig. */
acertoMJC1G[2]++;

if (poder==1)
{

/* Number of non-rejections of the MJ test - based on ChiQux/
if (estaMJC1G[i] < chi2[0]) /* 1% sig. */

acertoMJC1_QG[0]++;

if (estaMJC1G[i] < chi2[1]) /* 5% sig. */

acertoMJC1_QG[1]++;

if (estaMJC1G[i] < chi2[2]) /* 10% sig. */

?certoMJC1_QG[2]++;

/* Counting of model=unitgamma when HO is not rejected in MJ test */
if (estaMJC1G[i] < VC_MJC1G[0] && estaMJC1G[i] == estaJC1_GUG[il)
acertomC1G[0]++;

if (estaMJC1G[i] < VC_MJC1G[1] && estaMJC1G[i] == estaJC1_GUG[il)
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acertomC1G[1]++;
if (estaMJC1G[i] < VC_MJC1G[2] && estaMJC1G[i] == estaJC1_GUG[il)
acertomC1G[2] ++;

/* NUMBER OF THE NON-REJECTIONS OF THE SCORE TEST */

/* Number of non-rejections of the J test (tested model: unit gamma) */
if (estaJC1_GUE[i] < chi2[0] ) /* 1% sig. */

acertoJC1GUE[0] ++;

if (estaJC1_GUE[i] < chi2[1]) /* 5% sig. */

acertoJC1GUE[1] ++;

if (estaJC1_GUE[i] < chi2[2]) /* 10% sig. */

acertoJC1GUE[2] ++;

/* Number of non-rejections of the J test (tested model: beta) */
if (estaJC1_BE[i] < chi2[0] ) /* 1% sig. */

acertoJC1BE[0]++;

if (estaJC1_BE[i] < chi2[1]) /* 5% sig. */

acertoJC1BE[1]++;

if (estaJC1_BE[i] < chi2[2]) /* 10% sig. */

acertoJC1BE[2] ++;

/* Number of non-rejections of the MJ test */
if (estaMJC1E[i] < VC_MJCIE[0]) /* 1% sig. */
acertoMJC1E[0]++;
if (estaMJC1E[i] < VC_MJC1E[1]) /* 5% sig. */
acertoMJC1E[1]++;
if (estaMJC1E[i] < VC_MJC1E[2]) /* 10% sig. */
acertoMJC1E[2]++;

if (poder==1)

/* Number of non-rejections of the MJ test - based on ChiQux/
if (estaMJC1E[i] < chi2[0]) /* 1% sig. */

acertoMJC1_QE[0]++;

if (estaMJC1E[i] < chi2[1]) /* 5% sig. */

acertoMJC1_QE[1]++;

if (estaMJC1E[i] < chi2[2]) /* 10% sig. */

?certoMJC1_QE[2]++;

/* Counting of model=unitgamma when HO is not rejected in MJ test */
if (estaMJC1E[i] < VC_MJC1E[0] && estaMJC1E[i] == estaJC1_GUE[il)
acertomC1E[0] ++;

if (estaMJC1E[i] < VC_MJC1E[1] && estaMJC1E[i] == estaJC1_GUE[i])
acertomClE[1]++;

if (estaMJC1E[i] < VC_MJC1E[2] && estaMJC1E[i] == estaJC1_GUE[i])
acertomClE[2]++;

/* J and MJ statistics based on likelihood ratio statistic */

/* J1 test */

estaJC1_GUV[i] = 2%(irC1AmpGU [k+m+(1-1)]1[i]-irC1GU[k+m] [i]); /* M_1 */
/* J2 test */

estaJC1_BV[i] = 2*(irC1AmpB[k+m+(1-1)][i]-irCiB[k+m] [i]); /* M_2 x/

/* MJ test */

estaMJC1V[i] = min(estaJC1_BV[i], estaJC1_GUVI[i]);

/* Number of non-rejections of the J test (tested model: unit gamma) */
if (estaJC1_GUV[i] < chi2[0] ) /* 1% sig. */

acertoJC1GUV[0]++;

if (estaJC1_GUV[i] < chi2[1]) /* 5% sig. */

acertoJC1GUV[1]++;

if (estaJC1_GUV[i] < chi2[2]) /* 10% sig. */

acertoJC1GUV[2]++;

/* Number of non-rejections of the J test (tested model: beta) */
if (estaJC1_BV[i] < chi2[0] ) /* 1% sig. */

acertoJC1BV[0]++;

if (estaJC1_BV[i] < chi2[1]) /* b5} sig. */

acertoJC1BV[1]++;

if (estaJC1_BV[i] < chi2[2]) /* 10% sig. */

acertoJC1BV[2]++;
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/* Number of non-rejections of the MJ test */
if (estaMJC1V[i] < VC_MJC1V[0]) /* 1% sig. */
acertoMJC1V[0]++;
if (estaMJC1V[i] < VC_MJC1V[1]) /* 5% sig. */
acertoMJC1V[1]++;
if (estaMJC1V[i] < VC_MJC1V[2]) /* 10% sig. */
acertoMJC1V[2] ++;

if (poder==1)
{

/* Number of non-rejections of the MJ test - based on ChiQux/
if (estaMJC1V[i] < chi2[0]) /* 1% sig. */

acertoMJC1_QV[0]++;

if (estaMJC1V[i] < chi2[1]) /* 5% sig. */

acertoMJC1_QV[1]++;

if (estaMJC1V[i] < chi2[2]) /* 10% sig. */

?certoMJ01_QV[2]++;

/* Counting of model=unitgamma when HO is not rejected in MJ test */
if (estaMJC1V[i] < VC_MJC1V[0] && estaMJC1V[i] == estaJC1_GUV[i])
acertomC1V[0]++;

if (estaMJC1V[i] < VC_MJC1V[1] && estaMJC1V[i] == estaJC1_GUVI[il)
acertomC1V[1]++;

if (estaMJC1V[i] < VC_MJC1V[2] && estaMJC1V[i] == estaJC1_GUVI[il)
acertomC1V[2]++;

/* descriptive statistics MJ - GRADIENT x*/
EJBC1G[0]=meanc(estaJC1_BG);
EJBC1G[1]=varc(estaJC1_BG);
EJGUC1G[0]=meanc(estaJC1_GUG) ;
EJGUC1G[1]=varc(estaJC1_GUG);
EMJC1G[0]=meanc(estaMJC1G) ;
EMJC1G[1]=varc(estaMJC1G) ;

/* descriptive statistics MJ - SCORE */
EJBC1E[0]=meanc(estaJC1_BE);
EJBC1E[1]=varc(estaJC1_BE);
EJGUC1E[0]=meanc(estaJC1_GUE);
EJGUC1E[1]=varc(estaJC1_GUE) ;
EMJC1E[0]=meanc(estaMJC1iE) ;
EMJC1E[1]=varc(estaMJC1E) ;

/*descriptive statistics MJ - LR */
EJBC1V[0]=meanc(estaJC1_BV);
EJBC1V[1]=varc(estaJC1_BV);
EJGUC1V[0]=meanc(estaJC1_GUV);
EJGUC1V[1]=varc(estaJC1_GUV);
EMJC1V [0]=meanc (estaMJC1V) ;
EMJC1V[1]=varc(estaMJC1V) ;

/* True parameter values in the size simulation - CASE II: beta model
(whenever poder=0)*/

if (poder==0)

{

etalB = s_mX2 * betal2’;

muB = (exp(etalB) ./ (1.0 + exp(etalB))); /* inverse logit link */
eta2B = s_mZ * gama2’;

phi = exp(eta2B); /* inverse log link */

var_Beta = (muB.*(1.0 - muB)) ./ (1.0 + phi); /* variance beta*/

}

/* Go to - print result simulation of test power */
if (poder==1)
{

goto imprimir;

}

/* CASE II: DATA GENERATION */
println( "CasoII: ");

for(i = 0; i < NREP; i++)

{

if (poder==0) /* beta(mu,phi) */
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{
for(j = 0; j < NOBS; j++)
{

decl p,q;

p=muB[jl*phil[j];
q=(1.0-muB[j1)*phil[j];
s_vY[j] = rambeta(1,1,p,q);
}

}
if (poder==1) /*JohnsonS_B(mu, phi)x*/
{

for(j = 0; j < NOBS; j++)
{

decl gama=phi[j]l*1log((1.0 - muB[j])/muB[j]);
s_vY[j] = rGJSnor(gama, phil[jl);

}

}

/* Obtaining y* */
ystar = log( s_vY ./ (1.0-s_vY) ); /* logit transformation */

/* Unit gamma model MLE */

irC2GU[][i] = EstMV_logit_logGU(ystar, s_mX1l, s_mZ);

if (irC2GU[k+m+1] [i] != MAX_CONV && irC2GU[k+m+1][i] != MAX_WEAK_CONV){
falhaCQMCGU++;

i--;

continue;

/* Beta model MLE x/

irC2B[]1[i] = EstMV_logit_logB(ystar, s_mX2, s_mZ);

if (irC2B[k+m+1][i] '= MAX_CONV && irC2B[k+m+1][i] !'= MAX_WEAK_CONV){
falhaCQMCB++;

i--3

continue;

/* fitted unit gamma mu to included in beta estimation */
decl etalC2GU =s_mX1*irC2GU[0: (k-1)][il;
decl muC2GU =exp(etalC2GU) ./ (1.0 + exp(etalC2GU));

/* fitted beta mu to included in unit gamma estimation */
decl etalC2B =s_mX2*irC2B[0:(k-1)]1[i];
decl muC2B =exp(etalC2B) ./ (1.0 + exp(etalC2B));

/* augmented model MLE (by beta) in unit gamma model */
irC2AmpGU[] [i] = EstMV_logit_logGU(ystar, s_mX1"muC2B, s_mZ);

if (irC2AmpGU [k+m+(1-1)+1] [i] != MAX_CONV && irC2AmpGU[k+m+(1-1)+1][i]
!= MAX_WEAK_CONV){

falhaC2AmpMCGU++;

i--;

continue;

/* augmented model MLE (by unit gamma) in beta model */
irC2AmpB[] [i] = EstMV_logit_logB(ystar, s_mX2"muC2GU, s_mZ);

if (irC2AmpB [k+m+(1-1)+1] [i] !'= MAX_CONV && irC2AmpB[k+m+(1-1)+1][i]
!= MAX_WEAK_CONV){

falhaC2AmpMCB++;

i--;

continue;

/* J and MJ statistics based on score and gradient statistics */
/* Restricted theta */

decl ResC2GU = irC2GU[0:(k-1)]T[i]
decl ResC2B = irC2B[0: (k-1)]1[i] |

| 0 | irC2GU[k: (k+m-1)][i];
0 | irC2B[k: (k+m-1)][i];

/* Unrestricted theta */

decl IrresC2GU = irC2AmpGU[O: (k+m)][i];

decl IrresC2B = irC2AmpB[O: (k+m)][i];

/* Calculation of the two statistics */
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s_mCovDIS = s_mZ;

/* J1 test */

s_mCovMU = s_mX1"muC2B;

estaJC2_GUE[i] = Score_logit_logGU(0, ResC2GU);

estaJC2_GUG[i] = Grad_logit_logGU(IrresC2GU, ResC2GU);
/* J2 test */

s_mCovMU = s_mX2"muC2GU;

estaJC2_BE[i] = Score_logit_logB(0, ResC2B);

estaJC2_BG[i] = Grad_logit_logB(IrresC2B, ResC2B);

/* MJ test */

estaMJC2E[i] = min(estaJC2_GUE[i], estaJC2_BE[i]);

estaMJC2G[i] = min(estaJC2_GUG[i], estaJC2_BG[i]);

/* NUMBER OF NON-REJECTIONS OF THE GRADIENT TEST */

/* Number of non-rejections of the J test (tested model: unit gamma) */
if (estaJC2_GUG[i] < chi2[0] ) /* 1% sig. */

acertoJC2GUGL0] ++;

if (estaJC2_GUG[i] < chi2[1]) /* 5} sig. */

acertoJC2GUG[1]++;

if (estaJC2_GUG[i] < chi2[2]) /* 10% sig. */

acertoJC2GUG[2] ++;

/* Number of non-rejections of the J test (tested model: beta) */
if (estaJC2_BG[i] < chi2[0] ) /* 1% sig. */

acertoJC2BG[0]++;

if (estaJC2_BG[i] < chi2[1]) /* b5} sig. */

acertoJC2BG[1]++;

if (estaJC2_BG[i] < chi2[2]) /* 10% sig. */

acertoJC2BG[2] ++;

/* Number of non-rejections of the MJ test */
if (estaMJC2G[i] < VC_MJC2G[0]) /* 1% sig. */

acertoMJC2G[0] ++;

if (estaMJC2G[i] < VC_MJC2G[1]) /* 5% sig. */

acertoMJC2G[1]++;

if (estaMJC2G[i] < VC_MJC2G[2]) /* 10% sig. */

acertoMJC2G[2] ++;

/* Counting of model=beta when HO is not rejected in MJ test */
if (estaMJC2G[i] < VC_MJC2G[0] && estaMJC2G[i] == estaJC2_BG[il])
acertomC2G[0]++;

if (estaMJC2G[i] < VC_MJC2G[1] && estaMJC2G[i] == estaJC2_BG[il)
acertomC2G[1]++;
if (estaMJC2G[i] < VC_MJC2G[2] && estaMJC2G[i] == estaJC2_BG[il)
acertomC2G[2]++;

/* NUMBER OF NON-REJECTIONS OF THE SCORE TEST */

/* Number of non-rejections of the J test (tested model: unit gamma) */
if (estaJC2_GUE[i] < chi2[0]) /* 1% sig. */

acertoJC2GUE[0] ++;

if (estaJC2_GUE[i] < chi2[1]) /* 5% sig. */

acertoJC2GUE[1]++;

if (estaJC2_GUE[i] < chi2[2]) /* 10% sig. */

acertoJC2GUE[2] ++;

/* Number of non-rejections of the J test (tested model: beta) */
if (estaJC2_BE[i] < chi2[0]) /* 1% sig. */

acertoJC2BE[0] ++;

if (estaJC2_BE[i] < chi2[1]) /* 5} sig. */

acertoJC2BE[1]++;

if (estaJC2_BE[i] < chi2[2]) /* 10% sig. */

acertoJC2BE[2] ++;

/* Number of non-rejections of the MJ test */
if (estaMJC2E[i] < VC_MJC2E[0]) /* 1Y% sig. */
acertoMJC2E[0] ++;
if (estaMJC2E[i] < VC_MJC2E[1]) /* 5% sig. */
acertoMJC2E[1]++;
if (estaMJC2E[i] < VC_MJC2E[2]) /* 10% sig. */
acertoMJC2E[2] ++;

/* Counting of model=beta when HO is not rejected in MJ test */
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if (estaMJC2E[i] < VC_MJC2E[0] && estaMJC2E[i] == estaJC2_BE[il])

acertomC2E[0]++;
if (estaMJC2E[i] < VC_MJC2E[1] && estaMJC2E[i] == estaJC2_BE[i])
acertomC2E[1]++;
if (estaMJC2E[i] < VC_MJC2E[2] && estaMJC2E[i] == estaJC2_BE[i])
acertomC2E[2] ++;

/* J and MJ statistics based on likelihood ratio statistic */

/* J1 test */

estaJC2_GUV[i] = 2% (irC2AmpGU [k+m+(1-1)][1]-irC2GU[k+m] [i]); /* M_1 */
/* J2 test */

estaJC2_BV[i] = 2*(irC2AmpB[k+m+(1-1)][i]-irC2B[k+m] [i]); /* M_2 */

/* MJ test */

estaMJC2V[i] = min(estaJC2_BV[i], estaJC2_GUVI[i]);

/* Number of non-rejections of the J test (tested model: unit gamma) */
if (estaJC2_GUV[i] < chi2[0]) /% 1% sig. */

acertoJC2GUV[0] ++;

if (estaJC2_GUV[i] < chi2[1]) /* 5% sig. */

acertoJC2GUV[1]++;

if (estaJC2_GUV[i] < chi2[2]) /* 10% sig. */

acertoJC2GUV[2] ++;

/* Number of non-rejections of the J test (tested model: beta) */
if (estaJC2_BV[i] < chi2[0]) /* 1% sig. */

acertoJC2BV[0]++;

if (estaJC2_BV[i] < chi2[1]) /* 5% sig. */

acertoJC2BV[1]++;

if (estaJC2_BV[i] < chi2[2]) /* 10% sig. */

acertoJC2BV[2]++;

/* Number of non-rejections of the MJ test */
if (estaMJC2V[i] < VC_MJC2V[0]) /* 1% sig. */
acertoMJC2V[0]++;
if (estaMJC2V[i] < VC_MJC2V[1]) /* 5Y sig. */
acertoMJC2V[1]++;
if (estaMJC2V[i] < VC_MJC2V[2]) /* 10% sig. */
acertoMJC2V[2]++;

/* Counting of model= beta when HO is not rejected in MJ test */
if (estaMJC2V[i] < VC_MJC2V[0] && estaMJC2V[i] == estaJC2_BV[il)

acertomC2V[0]++;
if (estaMJC2V[i] < VC_MJC2V[1] && estaMJC2V[i] == estaJC2_BV[il])
acertomC2V[1]++;
if (estaMJC2V[i] < VC_MJC2V[2] && estaMJC2V[i] == estaJC2_BV[il)
?certomC2V[2]++;

/* descriptive statistics MJ - GRADIENT =/
EJBC2G[0]=meanc(estaJC2_BG) ;
EJBC2G[1]=varc(estaJC2_BG);
EJGUC2G[0]=meanc (estaJC2_GUG) ;
EJGUC2G[1]=varc(estaJC2_GUG) ;
EMJC2G[0]=meanc (estaMJC2G) ;
EMJC2G[1]=varc(estaMJC2G) ;

/* descriptive statistics MJ - SCORE */
EJBC2E [0]=meanc(estaJC2_BE) ;
EJBC2E[1]=varc(estaJC2_BE);
EJGUC2E[0]=meanc (estaJC2_GUE) ;
EJGUC2E[1]=varc(estaJC2_GUE) ;
EMJC2E[0]=meanc (estaMJC2E) ;
EMJC2E[1]=varc(estaMJC2E) ;

/* descriptive statistics MJ - LR */

EJBC2V[0]=meanc(estaJC2_BV) ;
EJBC2V[1]=varc(estaJC2_BV);
EJGUC2V[0]=meanc (estaJC2_GUV) ;
EJGUC2V[1]=varc(estaJC2_GUV) ;
EMJC2V [0]=meanc (estaMJC2V) ;
EMJC2V[1]=varc(estaMJC2V) ;

/* PRINTING RESULTS x*/
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if (poder==0)

if (NOBS==50){ file = fopen("Res_Sim5.1_n50.txt", "w"); }
if (NOBS==100){ file = fopen("Res_Sim5.1_n100.txt", "w"); }
if (NOBS==250){ file = fopen("Res_Sim5.1_n250.txt", "w"); }
}

/* Print results of test power*/
:imprimir

fprintln( file, " \n PROGRAMA OX: ", oxfilename(0) );

if (poder==0) {fprintln( file, " \n Simulacao 5.1: Modelos com dispers8o variavel -
Diferenca nos regressores do parametro de locagdo." ); }
if (poder==1) {fprintln( file, " \n Simulacao 5.1 (PDT): Modelos com dispersfo variavel -

Diferenca nos regressores do parametro de locagdo." );}

fprintln( file, " \n Teste MJ baseado na est. Gradiente, Escore e

Raz8o de verossimilhancga." );
fprintln( file, " \n MODELOS: BETA E GAMA UNITARIO " );

if (poder==1) {fprintln( file, " \n MODELO GERADOR DOS DADOS - JOHNSON S_B." );}
fprintln( file, "\n \n TAMANHO DA AMOSTRA: ", NOBS );
fprintln( file, "\n NUMERO DE REPLICAS MC:", NREP );

fprintln( file, "\n \n \t \t \t CASO I - MODELO VERDADEIR0O: GAMA UNITARIO");

fprintln( file, "\n PARAMETROS:" );

fprintln( file, "Y%c",{" betal:", " betal:", " beta2:", " gamaO:", " gamal:" }, "Jr",
{"Verdaderos: ", "Estimativas: ", "Var Est Estimativas: "},

"het", {"%12.4£" ,"%12. 45", Y1241, Y124 ,"Y12.45"}, (betal T gamal) |

(meanr (irC1GU[0:k+m-1][1))’ | (varr(irC1GU[O0:k+m-11[1))’ );

fprintln( file, "Y%c",{"Minimo \t","Maximo \t"}, "%r", {"Média(mu)'", "Dispers&o (tau)"},
"het" , {"%15.6f","%15.6f"}, (min(muGU) ~ max(muGU)) | (min(tau) ~ max(tau)) );

if (poder==0) {fprintln( file, "\n lambdal_GamaUnit: ", max(tau)/min(tau) );
fprintln( file, "\n lambda2_GamaUnit: ", max(var_GU)/min(var_GU) ); }

if (poder==1){ fprintln( file, "\n lambdal PDT: ", max(tau)/min(tau) );
fprintln( file, "\n lambda2_GamaUnit ", max(var_GU)/min(var_GU) );
fprintln( file, "\n lambda2_GJSN: ", max(var_GJSN)/min(var_GJSN) ); }

fprintln( file, "\n \t NUM. REPLICAS MC SEM CONVERGENCIA: " );
fprintln( file, "%c",{"Normal \t","Ampliado \t"}, "%r", {"GamaUnit", "Beta"},
"het', {"%8.1f","%8.1f"}, (£falhaCiMCGU|falhaCiMCB )~ (falhaC1AmpMCGU| falhaC1AmpMCB)) ;

fprintln( file, "\n \n RESULTADOS ESTATISTICA GRADIENTE: ")

fprintln( file, "Y%c",{"Est J_GamaUnit \t", "Est J_Beta \t", "Est MJ \t"}, "Vr",
{"Média","Variancia", "Minimo", "Maximo"},

"het", {"%15.6f","%15.6f", "%15.6f"}, ((EJGUC1G|min(estaJC1_GUG) Imax(estaJC1_GUG) ) ~
(EJBC1G|min(estaJC1_BG) |Imax(estaJC1_BG) )~ (EMJC1G|min(estaMJC1G) |max (estaMJC1G))));
fprintln( file, "\n ");

fprintln( file, "TAXA DE REJEIGAO (%) DOS TESTES. ");
if (poder==0){
fprintln( file, n%cu’{u 1% \t"," 5% \t", " 10% \t"}, u%ru’
{"TesteJGUG", "TesteJBG","TesteMJG", "AcertoMJG" },"%cf",
{"%15.2f" ,"15. 28", "Y15.2f", "%15.2f"},
( 100%(1 - (acertoJC1GUG/NREP)) )’ | (100%(1 - (acertoJC1BG/NREP)))’
| (100%x(1 - (acertoMJC1G/NREP)) )’ | (100*(acertomCiG./acertoMJC1G))?> ); }

if (poder==1){

fprintln( file, n%cu’{u 1% \t"," 5% \t", " 10% \t"}, n%ru’

{"PoderMJGUG", "PoderMJIGUG_Q" },"%cf",{"%15.2£","%15.2F", "%15.2£", "%15.2f"},
(100%(1 - (acertoMJC1G/NREP)) )’ | (100%(1 - (acertoMJC1_QG/NREP)) )’ ); }

fprintln( file, "\n Valor Critico MJ_G: " VC_MJC1G?);

fprintln( file, "\n \n RESULTADOS ESTATISTICA ESCORE: "),

fprintln( file, "Y%c",{"Est J_GamaUnit \t", "Est J_Beta \t", "Est MJ \t"}, "V/r",
{"Média","Varidncia", "Minimo", "Maximo"},

"het",{"%15.6f","%15.6f", "%15.6f"}, ( (EJGUCI1E|min(estaJC1_GUE) | max(estaJC1_GUE) ) ~
(EJBC1E|min(estaJC1_BE) Imax(estaJC1_BE))~ (EMJC1E|min(estaMJC1E) |max(estaMJC1E))));
fprintln( file, "\n ");
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fprintln( file, "TAXA DE REJEIQKU (%) DOS TESTES. ");
if (poder==0){
fprintln( file, n%cu’{u 1% \t"," 5% \t", " 10% \t"}, n%ru’
{"TesteJGUE", "TesteJBE",'"TesteMJE", "AcertoMJE" },"Y%cf",
{"%15.2f" ,"%415.2f", "%15.2f", "%15.2f"},

( 100%(1 - (acertoJC1GUE/NREP)) )’ | (100%(1 - (acertoJC1BE/NREP)))’ |
(100*(1 - (acertoMJC1E/NREP)) )’ | (100*(acertomC1E./acertoMJC1E))’ ); }

if (poder==1){

fprintln( file, n%cu’{u 1% \t"," 5% \t", " 10% \t"}, n%ru,

{"PoderMJGUE", "PoderMJGUE_Q" },"%cf",{"%15.2f", "%15.2f", "%15.2f", "%15.2f"},
(100*(1 - (acertoMJC1E/NREP)) )’ | (100*(1 - (acertoMJC1_QE/NREP)) )’ ); 1}

fprintln( file, "\n Valor Critico MJ_E: ", VC_MJCIE’);

fprintln( file, "\n \n RESULTADOS ESTATISTICA RAZAO DE VEROSSIMILHANGCA: "),

fprintln( file, "Y%c",{"Est J_GamaUnit \t", "Est J_Beta \t", "Est MJ \t"}, "/r",
{"Média","Variancia", "Minimo", "Maximo"},

"het" , {"%15.6f","%15.6f", "%15.6f"}, ( (EJGUC1V |min(estaJC1_GUV) | max(estaJC1_GUV) ) ~
(EJBC1VImin(estaJC1_BV) |max (estaJC1_BV))~ (EMJC1V|min(estaMJC1V) |max(estaMJC1V) )));
fprintln( file, "\n ");

fprintln( file, "TAXA DE REJEIQKU (%) DOS TESTES. ");

if (poder==0){

fprintln( file, n%cu’{u 1% \t"," 5% \t", " 10% \t"}, u%ru’
{"TesteJGUV", "TesteJBV", "TesteMJV", "AcertoMJV" },"Vcf",
{"%15.2f" ,"%415.2f", "%15.2f", "%15.2f"},

( 100*x(1 - (acertoJC1GUV/NREP)) )’ | (100*(1 - (acertoJC1BV/NREP)

)7
(100%(1 - (acertoMJC1V/NREP)) )’ | (100%*(acertomClV./acertoMJC1V))’

N

|

)5 )

if (poder==1){

fprintln( file, n%cu,{u 19, \t"," 59, \t", " 109 \t"}, n%ru,

{"PoderMJGUV", "PoderMJGUV_Q" },"Yicf",{"%15.2f" ,"}16.2f", "%15.2f", "%15.2f"},
(100*(1 - (acertoMJC1V/NREP)) )’ | (100%(1 - (acertoMJC1_QV/NREP)) )’ ); }

fprintln( file, "\n Valor Critico MJ_V: ", VC_MJC1V?);

/*Go to - finish of program after print results of test power */
if (poder==1)
{

goto termina;

3

fprintln( file, "\n \n CASO II - MODELO VERDADEIRO: BETA");
fprintln( file, "\n PARAMETROS:" );
fprintln( file, "Y%c",{" betaO:", " betal:", " beta2:", " gamaO:", " gamal:" }, "Jr",

{"Verdaderos: ", "Estimativas: ", "Var Est Estimativas: "

"%Cf",{"%12.4f","%12.4f","%12.4f&,"%12.4f“,"%12.4f"}, (betéQ ~ gama2) |

(meanr (irC2B[0:k+m-1][]1))’ | (varr(irC2B[0:k+m-1][]))’ )

fprintln( file, "Y%c",{"Minimo \t","Maximo \t"}, "%r", {"Média(mu)", "Dispers&o (phi)"},
"het",{"%156.6£","%15.6f"}, (min(muB) ~ max(muB)) | (min(phi) ~ max(phi)) );

fprintln( file, "\n lambdal Beta: ", max(phi)/min(phi) );
fprintln( file, "\n lambda2_Beta: ", max(var_Beta)/min(var_Beta) );

fprintln( file,"\n \t NUM. REPLICAS MC SEM CONVERGENCIA: " );
fprintln( file, "Y%c",{"Normal \t","Ampliado \t"}, "¥r", {"GamaUnit", "Beta"},
"het", {"%8.1£","%8.1f"}, (falhaC2MCGU | falhaC2MCB) ~ (falhaC2AmpMCGU | falhaC2AmpMCB) ) ;

fprintln( file, "\n \n RESULTADOS ESTATISTICA GRADIENTE: "),

fprintln( file, "Y%c",{"Est J_GamaUnit \t", "Est J_Beta \t", "Est MJ \t"}, "Y/r",
{"Média","Variancia", "Minimo", "Maximo"},

"het" , {"%15.6f","%15.6f", "%15.6f"}, ((EJGUC2G|min(estaJC2_GUG) | max(estaJC2_GUG)) ~
(EJBC2G|Imin(estaJC2_BG) | max(estaJC2_BG)) ~ (EMJC2G |min(estaMJC2G) | max(estaMJC2G))));
fprintln( file, "\n ");

fprintln( file, "TAXA DE REJEIQEU (%) DOS TESTES. ");

if (poder==0){

fprintln( file, n%cu’{u 1% \t"," 5% \t", " 10% \t"}, n%ru’

{"TesteJGUG", "TesteJBG",'"TesteMJG", "AcertoMJG" },"Y%cf",

{"%15.2f" ,"%415.2f", "%15.2f", "%15.2f"},

( 100*x(1 - (acertoJC2GUG/NREP)) )’ | ( 100*(1 - (acertoJC2BG/NREP)) )’ |
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( 100%(1 - (acertoMJC2G/NREP)) )’ | ( 100*(acertomC2G./acertoMJC2G) )’ ); }

fprintln( file, "\n \n RESULTADOS ESTATISTICA ESCORE: ")

fprintln( file, "Y%c",{"Est J_GamaUnit \t", "Est J_Beta \t", "Est MJ \t"}, "/r",
{"Média","Variancia", "Minimo", "Maximo"},

Nt {"%15.6£","%15.6£", "%15.6£"}, ((EJGUCZ2E|min(estaJC2_GUE) | max(estaJC2_GUE)) ~
(EJBC2E|min(estaJC2_BE) | max(estaJC2_BE)) ~ (EMJC2E |min(estaMJC2E) | max(estaMJC2E))));
fprintln( file, "\n ");

fprintln( file, "TAXA DE REJEIQKU (%) DOS TESTES. ");

if (poder==0){

fprintln( file, n%cu’{u 1% \t"," 5% \t", " 10% \t"}, n%ru’

{"TesteJGUE", "TesteJBE",'"TesteMJE", "AcertoMJE" },"Ycf",

{"%15.2f" "%15.2f", "%15.2f", "Y%15.2f"},

( 100%(1 - (acertoJC2GUE/NREP)) )’ | ( 100%(1 - (acertoJC2BE/NREP)) )’ |

( 100%x(1 - (acertoMJC2E/NREP)) )’ | ( 100*(acertomC2E./acertoMJC2E) )’ ); }

fprintln( file, "\n \n RESULTADOS ESTATISTICA RAZEO DE VEROSSIMILHANGA: "),

fprintln( file, "Y%c",{"Est J_GamaUnit \t", "Est J_Beta \t", "Est MJ \t"}, "V/r",
{"Média","Variancia", "Minimo", "Maximo"},

"het" ,{"%15.6f","%15.6f", "%15.6f"}, ( (EJGUC2V |min(estaJC2_GUV) | max(estaJC2_GUV) ) ~
(EJBC2VImin(estaJC2_BV) |max (estaJC2_BV)) " (EMJC2V |min(estaMJC2V) Imax(estaMJC2V) )));
fprintln( file, "\n ");

fprintln( file, "TAXA DE REJEIGAO (%) DOS TESTES. ");

if (poder==0){

fprintln( file, n%cu,{u 1Y% \t"," 5Y% \t", " 10% \t"}, n%ru’

{"TesteJGUV", "TesteJBV", "TesteMJV", "AcertoMJV" },"Vcf",

{"%15.2f" "%415.2f", "%15.2f", "%15.2f"},

( 100*x(1 - (acertoJC2GUV/NREP)) )’ | (100%(1 - (acertoJC2BV/NREP)))’ |
(100*%(1 - (acertoMJC2V/NREP)) )’ | ( 100*(acertomC2V./acertoMJC2V) )’ ); }

/*Go to - simulation of test power */
if (poder==0)
{

poder = 1;
goto regresa;

}

/*Finish program#/
:termina

fprintln( file, "\n DATA: ", date() );

fprintln( file, "\n HORA: ", time() );

fprintln( file, "\n TEMPO DE EXECUCAQO: ", timespan(dExecTime));
fclose(file);



