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Abstract

The purpose of this dissertation is to present an alternative way to compute the
eigenvalues for spheroidal harmonics, in view of its applications to arbitrary spin
quasi-normal frequencies of Kerr black hole. The alternative is based on the rela-
tion between the connection problem of the angular Teukolsky Master Equation
(TME) and the dependence of the Painlevé V transcendent on monodromy data.
The latter has an expansion in terms of irregular conformal blocks, uncovered by
the AGT correspondence, which can in principle be used for explicit calculations.
The isomonodromic deformations in the angular TME is translated to two condi-
tions on the Painlevé V transcendent which are solved to find the expansion of the
accessory parameter of the angular TME and consequently the first terms of the
expansion of the eigenvalue j\,.

Keywords: Teukolsky master equation. Isomonodromic deformations. Function 7
transcendent. Accessory parameter. Eigenvalue gAjp,.



Resumo

A proposta desta dissertacdo é apresentar uma forma alternativa para o cal-
culo dos autovalores para harmonicos esferoidais, em vista de sua aplicacao em
modos quase-normais no buraco negro de Kerr. Essa forma alternativa ¢ baseada
na relacao entre problema de conexao da parte angular da equagao Master de
Teukolsky (TME) e a dependéncia da funcdo 7y transcendente de Painlevé V so-
bre monodromy data. Essa tltima tem a expansao em termos de blocos conformes
de primeiro tipo, descoberto pela correspondéncia AGT, que pode, em principio,
ser usado explicitamente. As deformations isomonodromicas na parte angular da
TME é transladado em duas condic¢oes para a funcao 7, que sao resolvidas de
modo a encontrar a expansao do parametro acessoério da parte angular da TME e
consequentemente os primeiros termos da expansao do autovalor (.

Palavras-chave: Equacao Master de Teukolsky. Deformacoes isomonodrémicas. Fungao
transcendente 7y. Parametro acessério. Autovalor gAj,.
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CHAPTER 1. INTRODUCTION 9

1 Introduction

Conformal field theory is a quantum field theory on a Euclidean two-dimensional space,
that is invariant under local conformal transformations. In contrast to other types of
quantum field theories, two-dimensional conformal field theories have an infinite number
of symmetries, where in some cases can be used to solve problems directly. Based on
this number of symmetries, conformal field theory has been intensively studied in the
last three decades |2} B, [4]. An attractive property of this theory is that any correlation
function can be written as a linear combination of conformal blocks, where conformal
blocks are functions determined by conformal symmetries and labeled by representations
of the Lie algebra. In this theory the Lie algebra is called Virasoro algebra, which appears
as a central extension of the Witt algebra with the central extension depending explicitly
on the central charge ¢ [5]. The value of ¢ is crucial in 2d conformal field theory, and it
is related with the Weyl anomaly or trace anomaly of the energy-momentum tensor [6].
The importance of the values of ¢ appears directly, for example, when we describe via
conformal field theory a system with free bosons or fermions, where ¢ takes the values
¢ =1 and ¢ = 1/2, respectively [7]. As a function labeled by the Virasoro algebra, the
conformal blocks also depend explicit on the value of ¢; therefore, to write the correlation
function is crucial to define c.

Still, in the discussion of to write the correlation functions in terms of the conformal
blocks, Alday, Gaiotto, and Tachikawa recently discovered in [8] a relevant relation be-
tween conformal field theory in 2d and N = 2 four-dimensions super-symmetric gauge
theory, commonly referred to as AGT correspondence. This correspondence brought a
new formalism for the conformal block where it is possible to express the conformal block
in terms of Nekrasov partition functions [9]. On the light of AGT correspondence, it was
recently observed that some correlation functions from conformal field theory, with ¢ = 1
in the Virasoro algebra, can be expressed in terms of 7-functions associated to Painlevé
equations, to be more precise the Painlevé VI, V, and III [I0]. These observations ap-
pear even more in AGT correspondence which provides, via Nekrasov partition function,
explicit representations for conformal blocks, correlation functions and consequently an
exact expansion of the corresponding 7-functions.

There exists in the literature six types of Painlevé equations which are commonly de-
noted by PVI, PV, PIV, PIII, PII, and PI, such equations have been playing an increas-
ingly important role in mathematical physics, especially in the applications to classical
and quantum integrable systems, random matrix theory and now in 2d conformal field
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theory via 7-functions associated |10, IT]. The most natural mathematical framework for
Painlevé equations appears in the theory of isomonodromic deformations of linear systems
develop by Jimbo, Miwa, and Ueno [12] 13} [I4]. Essentially, this theory is about how to
deform certain parameters of linear systems such that its monodromy representation is
preserved, this condition conducts to systems of linear partial differential equations whose
the integrability conditions leads to Painlevé equations.

The method of isomonodromic deformations is a powerful a tool to associate linear
with integrable nonlinear equations and to solve severe problems such as connection prob-
lems of nonlinear differential equations, asymptotic properties of the Painlevé equations
and accessory parameter in Heun equation. The last example is the start point in this
dissertation, where the isomonodromic deformations theory will be used on the confluent
Heun equation, in order to find the accessory parameter associated. In the treatment of
isomonodromic deformation, the confluent Heun equation can be recast as a linear system
which has the same number of singularities of the equation, in this case, two regular sin-
gularities and one irregular singularity of rank 1. Where in this system, the investigation
of isomonodromic deformations leads to the Painlevé V. How this comes about will be
discussed in this dissertation.

The Painlevé V tau function 7y, an isomonodromic invariant in isomonodromic defor-
mations theory is crucial in the calculation of the accessory parameter expansion. Fur-
thermore, the results from AGT correspondence are also useful, given that the 7y, is now
expressed in terms of correlation function from 2d conformal field theory in c=1 [II].
With the isomonodromic deformation treatment and the accessory parameter expansion
calculated, we find the explicit expansion of the eigenvalues of the angular Teukolsky
Master equation (TME) in view of the angular equation is a confluent Heun equation and
can be written in terms of a linear system.

This dissertation is divided into three chapters. In Chapter 1, we present a short
introduction to conformal field theory in two dimensions, where we define Virasoro alge-
bra, primary operators and the concept of insertion limit on the Riemann sphere. The
correlation function between four primary operators is studied as well as Conformal Block
(CB) defined by Operator Product Expansion (OPE). With the OPE method limited, the
AGT correspondence is used to rewrite the CB in terms of Nekrasov partition functions.
Finally, at the end of the chapter, we define Whittaker sates of rank r in the Virasoro al-
gebra and Confluent CB of First Kind as a limit of the conformal block with four primary
operators. The limit allows us to write the correlation function between two Whittaker
states of rank r» = 0 and one of rank r = 1.

In Chapter 2, we start introducing some general ideas about Painlevé equations and
write the explicit form of the Painlevé VI and V. In order to investigate isomonodromic
deformation, we define a generic linear system and study the analytic continuation of
solutions via Monodromy matrices and Stokes phenomenon. Using the Jimbo, Miwa, and
Ueno results, we present the general idea of isomonodromic deformations in the generic
system, Schlesinger equations, and the 7-function as an isomonodromic invariant. With
the generic system defined, we investigate a nontrivial system with two regular points
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and one irregular point, which is associated with deformations in the Confluent Heun
equation. Furthermore, we study isomonodromy deformation on Painlevé V and defined
Ty associated. We finish this chapter using the AGT correspondence with ¢ = 1 to express
the m/-function in terms of the correlation function between two Whittaker states of rank
r = 0 and one state of rank » = 1 in the Virasoro algebra, defined in Chapter 1.

In Chapter 3, we derivate the two conditions of the 7y -function: the first condition
from the isomonodromic deformation theory and second condition named Toda equation.
Using the 7, expression defined in Chapter 2 and the conditions, we find the first terms
of the accessory parameter expansion associated with the confluent Heun equation. With
the expansion of the accessory parameter calculated, we express the first seven terms of
the expansion for the eigenvalue ;)\, of the angular Teukolsky Master equation, where
these terms are in agreement with the results found in the literature.

Finally, in Chapter 4 we present a short review of the dissertation and also propose
new directions and perspectives for our work.
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2 Conformal Block

Conformal Blocks (CB) are special functions determined by conformal symmetry and
responsible for building correlation functions in two-dimensional conformal field theory.
Such correlations play an essential role in this chapter, to be more precise, we are in-
terested in the correlation function between four primary operators, as well as in the
correlation function of three primary operators, which appears as a confluence limit of
the correlation function of four primary operators. Therefore, we start this chapter giving
a short introduction to 2d conformal field theory and explaining the idea behind conformal
blocks. To write explicitly the two correlation functions, we also study how conformal
blocks are written in terms of Nekrasov partition functions, using such partition functions
we write the conformal block and confluent CB of the first kind. We finish this chapter
writing the explicit expression for four operators correlation function and the confluent
correlation function in terms of Nekrasov partition functions.

Conformal Field Theory

The first formalism about Conformal Field Theory (CFT) in two dimensions appeared
in the seminal paper by A. Belavin, A. Poliakov and A. Zamolodchikov [15], since then,
many applications are made in different areas like condensed matter, string theory, and
black holes.

The approach for studying CFT is somewhat different from the usual approach for
quantum field theory. Because instead of starting with a classical action for the fields and
quantizing them via the canonical quantization or the path integral method, one employs
the symmetries of the theory. The procedure which uses symmetries is called nowadays
conformal bootstrap, with which it is possible to define and in certain cases even solve the
theory just by exploiting the consequence of the symmetries. In 2d CFT, the bootstrap
procedure can be used directly, since there is an infinite number of generators.

The exciting idea is that by studying CFT, it is possible to understand some statis-
tical systems since in the statistical point of view, conformal field theory describes the
critical behavior of some systems at second order phase transitions. For example, the
two-dimensional Ising Model has two phases, disordered and ordered phases, which are
associated with high and low temperature, respectively. These two phases are related to
each other by a second order phase transition at the self-dual point. At the critical point,
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the field theory has fluctuations on all lengths such that the scale invariance appears,
wherein some systems such scale invariance leads to the complete conformal symmetry.
The relation between scale invariance phenomenon and conformal invariance in D = 2
dimension possess an intrinsic link arising from the renormalization group [16]. In black
hole physics, we also have an example, the 3D BTZ black hole named after Maximo Bana-
dos, Claudio Teitelboim, and Jorge Zanelli, where from AdS/CFT conjecture leads to 2D
CFT on the boundary [I7].

2.1 Conformal Field Theory in d=2

We start this subsection by introducing conformal transformations and determining the
conditions for conformal invariance. We also present the Virasoro algebra as an exten-
sion of the Witt algebra and define primary operators. Furthermore, we calculate the
correlation function of two and three primary operators explicitly.

Conformal Transformations and Condition for Conformal Invariance

Let us consider a two-dimensional flat space with local transformations which preserve
the angle of intersection between two curves, Figure Such transformations are called

Figure 2.1: Conformal Transformation

conformal transformations and by these transformations the metric changes in the

following form
, 0”0’

g’w@ oxY

= A(2) gy, (2.1)

with g, the Euclidian metric.
In direction to prove the angular invariance, let us use the definition (2.1) and the
angle definition which is given by

cos (a(xg)) := %gm(@ , (2.2)

T=x0
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with the norm of the vectors ||u|| = /u"u”g,, and ||w|| = \/w"wFg,,. By a conformal
transformation x — 2/(z) the angle between the lines is written as

: u' (@' (@))w"” (@' (2)
cos (o/(a)) = D) 1 (00(a)) 2.3
" [/ [[]]w]] g — 23
Using the transformation of the vector
ox'*
10/ 1 o I
ut(2'(2)) = 5 —u(x), (2.4)
we have #( ) ( ) 1 02" o2'°
, _uf(z)w”(z x'" oz, ,
o (000D = Tl K o g oo )
with the equation (2.1, we obtain
: ut(z)wt ()
cos (o (20)) = —— "Gy ()
’ il =, (2.6)

= cos (a(zy)),

which means that the angle is invariant by conformal transformation, o/(x¢) = a(zo).
Now, in order to investigate the conditions associated with conformal transformations,
let us consider an infinitesimal coordinate transformation given by

2"’ = af + e (z) + O(2). (2.7)
Replacing in the left-hand side of (2.1, we find

o'’ 0x'°
oo ox* Ox”

where the second term must be proportional to the metric, thus

= G + (0v€, + 0pey) + O(€?). (2.8)

aueu + (9“6,/ = K<x)g,u1/7 (29)

with K (z) some function of x. By taking the trace in the equation above and replacing
K(z) in the same equation, we get

Oy€y + 0ue, = (0. €) g, 0.e=0€g,, = %,. (2.10)

From the relation above, we can obtain the Cauchy-Riemann equations by using complex
variables. It is well-known that on the Euclidean plane R? ~ C:

1
Z:$0+i$1, €:€0+i€1, 822—(80—2'81)

: (2.11)
szo—il‘l, €:€0—i61, 0525(80‘{—7/81)
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8060 = 8161, 8061 = —8160, (212)

where we observe from the equations above that € = ¢(z) and € = €(z) are holomorphic and
antiholomorphic functions. Furthermore, the most general conformal transformation in
the complex plane will be written as f(z) = z+€(z). Thus, via conformal transformation
2z — f(z) the metric will change in the following form

ofof
2. 91 0J
d°s = . ded (2.13)

where gﬁ g]; }B—J;‘Q is the scale factor.

2.1.1 Witt Algebra

The generators of conformal transformations, which can be found using , compose
a Lie algebra which in two dimensions is called Witt algebra. To obtain the commutation
relations associated with such algebra, let us consider €(z) a meromorphic function as an
expansion in Laurent series such that becomes

Y =z4¢€2)=2— Z €,2" and Z =z+4é(z Z Z (2.14)
€z

ne”

with €,, €, € C. From (2.14)), we identify the generators corresponding to a transformation
for a particular n as, -
L,=-2""9,,  L,=-z""0,, (2.15)

given that n € Z, we have thus an infinite number of generators in two dimensions. Where
the Lie brackets associated with Witt algebra are given by

[Lmv Ln] = (m - n)Lm+n7
[Liny Ln) = (m — 1) Ly i, (2.16)
[Lom, L) = 0.

The first commutation relation can be proved by considering the act of the L,, and
L, in a holomorphic function, h(z),

[Lin, Ln)h(2) = (LinLn — LnLin)h(2)
= 2"109,(2 ”“0 Lh(2)) — 2", (2™ 0,h(2))
= (n+ 12", h(2) — (m + 1) 2™ 10, h(2))
= —(m —n)z™t" O, h(2)
= (m —n)Liminh(z)
The second commutation in can be obtained considering the antiholomorphic func-

tion h(z). In the next pages, we are not going to consider generators from the antiholo-
morphic part {L,}, since the treatment is analogue.
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Global Conformal Transformation

In the part of the Witt algebra generated by {L,}, the generators L, are not defined
everywhere in the complex plane. In particular, when z = 0 in the equation (2.15)), the
generator will depend on the value of n to be well defined, the same problem is observed
at infinity. In order to understand and consider the point at infinity, let us take the
conformal compactification of R?, in this case the Riemann sphere, S? ~ CU {oo}. Now,
on the Riemann sphere, we can deal with z = 0 and z = oc:

At z =0, we find that L, is well defined only for n > —1,

L,=—2""9,, n> —1.

To investigate the behavior of L, at z = 0o, we need perform the change of variable

z = —%, and study the limit w — 0. Thus, we obtain
1 n—1
w
where 0, = (—w)?d,,. Therefore, we have the following constraints,
> —1 =0
L,=3"="" =5 (2.17)
n <1, z = 00,

where from these constraints we obtain the generators associated to a subalgebra in the
Witt algebra generated by the set {L_y, Lo, L1}, with these generators responsible for
the global conformal transformations. From (2.14) and (2.15)), it is possible to check
directly that L_1, Lo, and L; are interpreted as translation, dilation, rotation and special
conformal transformation (SCT),

L_,=-0, — Z=z—¢€, : Translation

Dilati is R
Lo=—-20, = Z=(1-¢)z: wa zlon, 0 1.5

Rotation, ¢ is C
Li=-2%., = 2 =z—¢2%: SCT.

In summary, the set of operators generate transformations on the Riemann sphere of
the following form

b
2 f(z) = Zjid, with  a,b,c.d € C, (2.18)

where the transformation is invertible when ad — bc # 0. By considering ad — bc = 1, we
can infer that the conformal group on the Riemann sphere S? ~ C U {oo} is the Mdbius
group, SL(2,C)/Zy. The quotient by Z, is due to the fact that (2.18)) is unaffected by
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taking all of a, b, ¢, and d to minus themselves. In the SL(2,C) language, the conformal
transformations associated with the operators {L_1, Lo, L1} are given by [I§]

i@
Translation : LB ,  Rotations : €’ 049
0 1 0 —ig

e
. A0 1 0
Dilation : (O )\1> ) SCT - (C 1)

where B = a1 + iay, C' = by —iby and A, 0 € R.

(2.19)

2.1.2  Virasoro Algebra

The generators of the local conformal transformations which obey the Witt algebra
are related with classical generators. The quantum version of these generators obeys
an identical algebra the Virasoro algebra, except for a central charge ¢ that appears
as an extension of the Witt algebra. The central charge is perhaps the most important
number which characterizes the CF'T. The c is intrinsically related to Weyl anomaly which
appears when we try to quantize the Witt algebra on the Riemann sphere. Essentially, this
anomaly is related to the trace of the energy-momentum tensor, where classically the trace
is zero; however, in the quantization on a curved background, the trace is proportional
to ¢c. We are not going to prove all mathematical definitions, more details in |7, [4} 15, [6].
In this dissertation, we assume directly that the Lie bracket in the Virasoro algebra is
defined by

Ly L] = (1m0 — 1) L + 1—62m(m2 Y (2.20)

and the explicit deduction of the Virasoro algebra can be seen in [5]. Since Virasoro
algebra is the quantum version associated with Witt algebra, we can build the spectrum
in CF'T by using L,, analogous to quantum theory, more details about extension of the
Witt algebra in [6], 18, [7].

To build such a spectrum is necessary to define quasi-primary and primary operators
in the Virasoro algebra. Both are local operators on the Riemann sphere, but only the
primary operators are annihilated by the lowering generators. In the point of view of
representation theory, such operators are the lowest dimension operators in the conformal
algebra. All other operators in the representation are called descendants and are obtained
by acting on the primary operators with the raising generators. Such definitions will
become apparent in the next pages.

2.1.8  Quasi-Primary Operators

In two dimensions the operator Oa(z) is defined as quasi-primary if by conformal trans-
formation z — f(z) the operator changes to the following way

A
o)~ 0) = (5L) 0l (2.21)
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where A is the holomorphic conformal dimension associated to O(z). From (2.21)), we can
also define a primary operator, where if an operator changes as the equation above for any
conformal transformation, it is a primary operator. Essentially, every primary operator is
quasi-primary operator, but the reverse is not true, for example, the energy-tensor in 2D
CFT is a quasi-primary, however, via conformal transformation do not change as
13, 6].

Let us investigate how a primary operator O(z) changes under an infinitesimal con-
formal transformation, z — f(z). Replacing f(z) = z + €(z) with €(z) < 1 in (2.21), the
following quantities are obtained

(Q)A =1+ Ad.e(z) + O(e?),

0z (2.22)
O(z +€(2)) = O(2) + €(2)0.0(z) + O(?).
We have directly
6.0(2) = (Ad.€(2) + €(2)0.) O(2), (2.23)

since €(z) is a Laurent series and it is well-known from quantum theory that, a small
variation in a field is associated with commutation between a conserved charge and a
field, we can thus use the same idea to find the commutation relation related with the
equation . In this case, we have an infinite number of conserved charges or conformal
charges written as the sum of all generators [3],

nez

Therefore, using €(z) and @Q., we find the general commutation relation,
[Ly, Oa(2)] = 2"(20. + (n + 1)A) Oa(2). (2.25)

From the equation above, we find how the global generators act on the primary operator
Oa(z). To do that, let us consider n = 0, 1

[L-1,04(z)] = 0:04(2),
[Lo, Oa(2)] = (20, + A)Oa(2), (2.26)
[L1,04(2)] = (2°0. + 22A)Oal(2),
where, as it was explained previously we can see explicitly in the relations above how the
global operators act on Oa(z), with the commutation relations representing translation,
dilation, rotation, and special conformal transformation. It is possible to set the position

of the operator Oa(z) at z = 0 which means consider a reference point where the operator
is not translated. Therefore,

[L-1,04(0)] = 0.04(0),
[Lo, Oa(0)] = AOA(0), (2.27)
[L1,0a(0)] = 0.
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In the commutations above L; annihilate the operator Oa(0) and L_; changes the position
of OA(0) by translation, thus, Oa(0) is a primary operator with L; and L_; representing
the lowering and raising generator respectively, in representation theory.

We have written lots of commutation relations, and carefully pointed out the interpre-
tation of the global generators. Now we will introduce the idea of states in conformal field
theory. In general, the conformal dimension of any operator can be related to quantum
numbers, such connection allow us to define the operator-state correspondence, denote by
Oa < |A) [19,6]. In such correspondence, each insertion of an operator on the Riemann
sphere are represented by states as

lir% Oa(z)|0) = |A), (2.28)
2—
where we consider the insertion of Oa at z = 0. The vacuum state |0) is characterized by
no operator insertion on the sphere and satisfies the following conditions,

L, 0)=0, m>-1, (0|L,=0, m<I1,
where we also have Li;(0) =0, [15] 18].

Using the insertion limit, we can derive the following relations from the last two
commutations in (2.27))

Lo |A) = AlA
L,|A)=0, n>1.
Also, we define in the dual case
Al Ly = A (A,
(Al L= A (A 250

(Al L, =0, n<1,

with L_, = L.

All operators which satisfy the relations above are classified as primary operators
with conformal dimension A. The first commutation in is related to descendants
operators that are built from |A) and are commonly created using L,, with n < —1 or in
the dual case by n > 1.

Let us give an example of how to calculate the conformal dimension of a descendant
operator. In this example, we are going to consider the first descendant operator defined

by

O V(z) = L_,04(0), (2.31)
the equation above can be written as
O\V(2)]0) = L10A(2)|0) = |A) =L_1|A). (2.32)

To compute the conformal dimension of |A;), we apply Ly and use the commutation

relations and ,
Lo |Ay) = LoL_1|A),
= ([Lo, L1 + L1 Lo) [A)
=(A+1)L_1]A),
= (A+1)[Ay),

(2.33)
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so the holomorphic dimension is A + 1.

In general, we can construct the states from |A) and its descendants by using (2.26)),

Operator Dimension
L—lL—lL—l |A> 3 L_QL_l |A> 7[/_3 |A> A + 3 (234)
L L _1|A), Lo|A) A+2
L 1]A) A+1
|A) A.

Using partitions it is possible to generalize labeling the descendants as L_y |A) =
L_ gLy |A) with A = {A\; > X2 > ... > Ay > 0} and conformal dimension A, =
A+ |\, |\ = 32V A\ The partitions formalism can be identified by Young diagram.
Since the conformal blocks are functions of Young diagrams, they play a crucial role in
this dissertation, hence we are going to fix some notations.

Young Diagram

A set of all Young tableau will be denoted by Y. For A\ € Y, we denote the trans-
posed tableau as A" with );, and A; the number of boxes in ith row and jth column of
A, with |A| the total number of boxes. Given a box (7,j) € A\, we define the arm-length
Ay (o), the leg-lenght Ly(o), and the hook length h,(i,7) as,

Ay(e) = X — j,
Ly(o) = )\; —1, (2.35)
ha(i,7) = Ay(e) + Ly(o) + 1.

An example,

AJ=15
h(2,3)=4

J
Figure 2.2: Young tableau related to partition A = {6,5,3,1}.
which represents a partition A = {6,5,3,1} with A3 the number of boxes in the row,

Ny5 the number of boxes in the column, and hy(2,3) the hook length of the box with
the red star. To calculate the hook length, we add the arm-length A,(e) = 1, leg-length



CHAPTER 2. CONFORMAL BLOCK 21

Ly(o) =2, and one, hy(2,3) =1+ 2+ 1 = 4. We also have the size of the diagram given
by |A| = 15.

2.1.4 Correlation Functions

In terms of the holomorphic part and using the relation (2.21]), a general correlation
function on the Riemann sphere can be defined by

(0008, () =TT () (Oalh)-0n, (). (230)

=1 Z=Zz;

Using this definition, we can use the conformal bootstrap to find correlation functions
between primary operators in conformal field theory. In particular, the calculation of the
two- and three-point correlation function are obtained straightforwardly. The four-point
function can be constructed by using anharmonic ratios defined in two dimensions as

. ’271—22||Z3—Z4| . |Z1—Z2||Z3—Z4|

(2.37)

?1)(21,22,23,24) 'U<217227237Z4)

o=zl — 2l |z — zslle —

These ratios are invariant under global transformations, and we can perform such trans-
formations to set z4 = 00, 23 = 1, 2o = 2, and z; = 0, where the dependence in 2z does not
fix the explicit form of the four-point correlation function and leads to the definition of
the conformal block. The explicit form of the conformal block will be explained in the fol-
lowing section. The general calculation of the p-point functions with p > 4 is complicated
and may have an arbitrary dependence on these ratios, i.e., not fixed by global conformal
symmetry.

Two-point function

A two-point function is defined as

(O, (21)On,(22)) = g(21, 22), (2.38)

the goal here, it is to use the bootstrap procedure to find the general form of g(z1, 22).
The invariance under translations, f(z) = z + a, and rotation, f(z) = cz with ¢ € C and
lc| = 1, requires from that g(z1, 20) must to be of the form g(z1,22) = g(|21 — 22]).
The invariance under rescaling f(z) = Az, implies that

A (21)Uns(22)) — A (AZ1)UA, (AZ2
(0a,(21)0s,(22)) — (A1 2204, (31 Oy (Az2) 2
= N8+ g(Mz1 — 2)) = g(|21 — 2)),
from which, we conclude
Ciz (2.40)

9(lz1 = 2f) = |21 — zo|Br+A2"
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where (5 is a normalization constant. The last symmetry is associated to special confor-

mal transformation. Let us consider the inversion f(z) = =,

(On,(21)04,(22)) — <%0A1 (;—3) %Om (_—1>>

zZ9

R Oy (2.41)
- Z%Al Z;AQ |;_21 + i|A1+A27
which is satisfied if A; = Ay = A. The general form is written as
Ois % i=7
On (2)0p (2:) = ——H = |la-=f ’ 2.42
< A'L(Z) A](Z]» ‘Zl — 22|A77+AJ' { 0 i # 7, ( )

where we are considering C'a to be 9.
Three-point function

For three-point function, we have
(O, (21)O0n,(22)Ony(23)) = h(21, 22, 23). (2.43)

Using the same argument from two-point function, the translation and rotation symme-
tries lead to

(On,(21)On,(22)Ony(23)) = h(|212], [223], |213]), (2.44)

with |z;;| = |z — 2;|. From rescaling symmetry

(O, (21)O0n,y(22) O, (23)) = (A% Oa, (A21) A2 05, (A22) A2 O, (A23))

2.45
= )\A1+A2+A3h(>\|212|,>\|223|,>\|213|>. ( )
Such results allow us to write one possible solution as
Cro
h(|212], | 2231, | 213) = (2.46)

RENEERE
with a + b+ c = A1 + Ay + As and (93 is again some normalization constant. From the
SCT, we obtain more one constraint

1 (2122)"(2223) (2123)° _ 1 (2.47)
2125822388 |219] 203213 |212(%|z23]" | 213|¢ .

Using the first constraint in the equation above lead to
a:A1+A2—A3,b:AQ+A3—A1,C:A1+A3—A2, (248)

by replacing these results in (2.47), we have

Cras

- |Zl2 |A123 |Z23|A231 |7513 |A132 ’

<OA1 (21>OA2 (22)0A3 <Z3)>

(2.49)
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2.1.5 Operator Product Fxpansion - OPE

It is well-known from quantum theory the importance of the short distance expansion of
a product of two fields [20]. In the CFT approach, such expansion can be obtained from
the generic form of two- and three-point functions, which allows us to extract the explicit
form of the OPE between two primary operators in terms of descendants. The main idea
is to suppose the existence of a complete set of local descendants operators {O(A_’\)(zl)}
in the theory, then the completeness of this set is equivalent to the OPE,
Cﬁ)\A (=)
Oy (22)Oa, (21) = m(% (21)- (2.50)
A, 212

where z15 1= 2o —2; and A, = {A, A} is a multi-index with A labels the primary operators
while A - the Young diagram A = {\; > Xy > ... > Ay > 0} labels their descendants, with
the conformal dimension Ay = A + |A| and the number of boxes |A| = Ay + Ao + ... + An.
Observe that from the OPE it is possible to recover the two-point function from the equa-
tion above by considering O(A*)‘)(zl = 0) to be the identity with Ay =0

Four-Point function

Using the OPE expression, we can compute the general form of the four-point func-
tion. Therefore, from (2.50)), the correlation function between four primary operators can
be written as

c

(0n4(24)0n4(25) 00, (22)On, (1)) = ﬁ (On4(24)On4(23) LxOa(21)) -

A, 212
(2.51)
The order of each operator is important because it can lead to different types of four-
point functions. In the literature, there are three types of correlations which are associated
with the channels s, v and ¢, as we have in quantum theory [7, 20]. In this dissertation,
we are interested in the four-point function related to the s-channel. Therefore, using
global symmetry we fix 24 = 00, 23 =1, 20 = 2, and z; = 0.
Cana
(O (00)0a,(1)04,(2)0a,(0)) = > Tarraa, (O0a4(00)0a, (1)L-204(0)) . (2:52)
Ay

It is well-known from the last section, equation ([2.49)), that the structure constant Ciog
carries information about the correlation function between three primary operators. The
constant C’ﬁ;Al shares the same idea, representing the correlation function of two primaries
and one descendant. In order to find the explicit form of (2.52), we have to compute Cﬁ;Al,
therefore, let us consider the general correlation between three descendants, where to treat
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with C’A A, We fix the three operators at 0, 1 and oo. Thus, we have

(L0s,(00) L, 05, (1) Ly 0, (0)) = (L, O, (00) (L_, O, (1)L, O, (0)))

=N O (L_, 04, (00)L_OA(0
%: oa, (00)L-xOA(0)) (259

=302, QB0 A)

Ay

where we used the OPE between L_,On;(1)L_,0x, (0) to write the second line. Also, we
define the conformal dimensions A, = A +|n|, Ay = Ay +|A], and A, = A; + |v|, where
again |n|, |A| and |v| represent the total number of boxes in the Young diagrams. To find
the structure constant in ([2.52)), it is possible to invert the equation to write as [21]

Cala, = D [Qua(Ai, )] (L0, (00) L, O, (1) Ly O, (0)) - (2.54)

Ap

To ensure the normalization between Oa,(00) and Oa(0) and to eliminate any diver-
gence in C’ﬁjA", we set A; = A, as result Q,\(A), the Kac-Shapovalov matrix, has a
block-diagonal structure ¢,\(A) ~ 6, 5- Thus,

Qur(A) = (L_,0a(00)L_»OA(0)), (2.55)

where each element of Q,2(A) can be computed algebraically as the matrix element of
descendants states,

Qua(A) =(A| Ly, ...L,,, Ly, ..L_», |A).

. . . A .
Since we are interested in Cy?,  from (2.54) we obtain

Catay = 2 _1Qu(A)] (L _,0a(00) 04, (1) 04, (0)) - (2.56)
A/»"
Replacing at we have,
(Oa,(00)08,(1)0a, (2)On, (0) = 272278 3~ 28T [Qn(A) 7' TRk, (257)
INW

where we define A
FAZA3 = (0a,(00)0x,(1)L_,0A(0)),

T3 a, = (L_uOa(00)On,(1)On, (0)) .

Using the Virasoro commutation relations we can compute the explicit form of the cor-
relations F22A3 and Figma after some algebra - for more details, see [2I]. We arrive
at

(2.58)

M, = <fA4(<9°°>0A3<1>L_AoA<o>> = (02,(00)02, (WO aisss -y )

T3 A, = (Lo yOa(00)Oa, (1)O4, (0)) = (O (00) Oy (1) On, (0)) Yala,
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with
N -1 M p—1
A
Yams = [JA =2+ M2+ M), vata, = [[A=Ar+ 120+ i), (2.60)
=1 n=1 p=1 m=1

where again A = {\ > Ao > ... > Ay >0} and g = {1 > po > ... > ppr > 0} The
expressions in express the correlation functions with only one descendant with the
correlation function without descendant, where we will denote the correlations without
descendant as C3 5, and C}, 5 -

Now we have enough information to express the four-point function in 2d CF'T, using
the above results the four-point function is written as

(O2,(00)0a4(1)0a,(2)Oa,(0))
= CR A Chya, 28N TR F(Ay, Ag, Ay Ay A 2),
A

(2.61)
where the function F.(Ay, Az, Ay, A, A; 2) is called conformal block, a power series in
z with coefficients depending on four conformal dimensions related to operators and one
conformal dimension A associated to intermediate operator. The explicit form of the
conformal block is the following

Fol i, By, Do, A A 2) = > 400, [Qua ()] a4, 21, (2.62)
A ueY

with the Kac-Shapovalov matrix given by a block-diagonal structure. From (2.59) and
(2.60)), the first three terms of the conformal block are

fc(A4aA37A27A17A;Z):1+(A_A1+A22>2A_A4+A3)Z+
. (A—A1+A2)(A—A1+A2+1)(A—A4+A3)(A—A4+A3+1)+
2A(1+2A)
A(A-1)—3(A1-As)? A(A-1)-3(A4—A3)?
+(1+2A)(A1+A2+( )1+2(A ))(A4+A3+( )1+2(A 3)) Z_2+
1— +(ec—1)(1+
(1—4A)2+( )(1+2A) 2

(2.63)

The exact calculation can be seen in [2I]. The real computation of becomes
complicated at higher levels. In the direction of solving this problem, a big step was
made in the paper of Luis F. Alday, Davide Gaiotto and Yuji Tachikawa [8], where they
conjectured an expression for correlation functions on the Riemann surface of genus g and
n punctures as Nekrasov partition function of a certain N' = 2 Super Conformal Gauge
Theory in four dimensions.

In this dissertation, we take g = 0, where all calculations are related to the Rieman
sphere. Also, we are interested in the four-point function that is associated with four
punctures, n = 4. In next section, we are going to treat how the conformal block is
written in terms of the Luis F. Alday, Davide Gaiotto and Yuji Tachikawa correspondence
or AGT correspondence, and also about Nekrasov partition function.
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2.2  Conformal Block via Instanton Partition Functions

In the AGT correspondence paper [8] was revealed a deep connection between 2d CFT
and N = 2 SCFT gauge theory. This correspondence turned out to be very important for
the 2d CF'T. In particular, in their paper Alday, Gaiotto and Tachikawa gave an explicit
combinatorial formula for the expansion of the conformal blocks in terms of Nekrasov par-
tition function [9]. Based on this paper, Alba, Fateev, Litvinov, and Tarnopolskiy(AFLT)
[22] studied the origin of such expansion for the conformal block, from a CFT point of
view. They considered the algebra A = Vir ® ‘H which is the tensor product of mutually
commuting Virasoro and Heisenberg algebras and discovered the special orthogonal basis
of states in the highest weight representations of A. Such discovery allowed to compute
the conformal block expansion in agreement with the expansion proposed in the AGT
correspondence. Therefore, in order to write the explicit form of the conformal block and
given that is according with the AGT correspondence, we are going to consider the defini-
tions from AFLT paper, as well as the definitions from A. Belavin and V. Belavin paper,
where the explicit form for the Nekrasov partition functions was written - see Appendix
A in [23].

We know that the algebra A is defined by the tensor product between the Virasoro and
Heisenberg algebras. In this new algebra, we have the following commutation relations

C
(L, L] = (n — m) Loy + En(n2 — 1)6min0,
n (2.64)

[ana am] = §5m+n,0a [Lna am] =0.

where in A the primary operator carries information from the both algebras and we can
denote, for example, by |A, a) = |A) ® |a) [22].

In the A algebra the Virasoro conformal block is denoted as By, (t), where we choose
z = t. Using the operator product expansion, By;,(t) assumes the form of a power series

Byir(t) = Y (N; Ay, Ag| Ao, Ay N) £, (2.65)
N=0
where Aj534 are the conformal dimensions of each operator inserted on the Riemann
sphere. We also have the vector |N; Ay, Az) defined as a linear combination of Nth level
descendants L_ |A), with A = {\; > Xa > ... > Ay > 0} [23]. The Heisenberg conformal
block is also a function of ¢ and it is defined by

By(t) = (1 — t)2(5+02)(5+0s) (2.66)

In this case, the conformal block is built using the vectors |N, «) criated by the action of
an, which satisfies the commutation relation [a,, @m] = §0m4no. On the level N the state
|N, ) obeys the following recursive relation, a, |N,a) = a|N —n, «) [23].

The computation of the equations and is complicated, and we will not
explain here, it is not the goal. The derivation of the equation in terms of combina-
torial expansion can be seen in the paper by Marshakov, Mironov, and Morozov [21]. For
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the equation ([2.65)) we consider the results from the Appendix [23] and use the definition
from AFLT [22]. Therefore, we introduce the conformal block in the A algebra as

B(t) = Bs(t) By (1), (2.67)

where, in terms of AGT correspondence, the Heisenberg block corresponds to U(1) factor
[8], in the gauge group in N’ = 2 SCFT, and the Virasoro block is built in terms of Young
diagrams defined in the last section.

Now we come to a surprising observation, Alday, Gaiotto, and Tachikawa checked
explicitly in [8] that the conformal block B(t) is exactly the conformal block of the Virasoro
algebra with central c¢ for four operators of dimensions A 534 inserted at 0, ¢, 1,
oo respectively, and with an intermadiate state in the s-channel whose dimension is A.
Where the conformal dimensions A; 534 and A are given by

0:(2¢ — 6;) ale —a) € &
AN =———= 1=1,234, A= ——~ ==+ -, 2.68
46162 ! €1€2 “ 2 + 2 ( )
and the central charge in the Virasoro algebra:
6 2
c= 1—|—L, € =€+ €. (2.69)
€1€2

where €; o are deformation parameters in the gauge theory F_:]

To give an idea about insertions on the sphere, and explain how these set of conformal
dimensions are organized in the s-channel, let us consider the following pictures. The Fig-
ure ([2.4)) is frequently used in the literature to represent the four-point function related to
s-channel and help us to understand the order of each operator, as well as the localization
of the intermediate state. Furthermore, as a theory on the Riemann sphere, we can use
the Figure [2.3] as a representation of the insertion of four punctures or Oa operators on
the sphere [§].

OA3 OAZ Ad A2

A4 A A1

0A4 OA1

Figure 2.4: Four-point func-

Figure 2.3: Riemann sphere tion for s-channel

with 4 punctures

!The deformation parameters appear as deformations in the gauge theory and are directly connected
with the central charge defined in the SCFT on the Riemann sphere, see Subsection 3.2 and Section 6 [§]
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From [23], the term (N; Ay, Az|Ag, Aq; N) in (2.65]) depends on the Nekrasov partition
functions and it is given by

(N3 Ay AglAg, ANy = Y 2@ I)Z((jz"(‘;ég’)“?’)z (@, pa), (2.70)
A peY
[A+|pl=N
with R R R .
=yl O e O b
AN o
pa= gt gt =g T
Z(d, ) = H(¢(a1) — i +€)) H(Cb(aQ) —pi+e), i=1,2,
AeY ey
Z(d, ;) = H(Cb(al) — 1)) H(Qb(az) — 1)), J =34,
Z(6) = [ J[~e1Ax(e) + e2(La(0) + 1)][6 — €14,,(8) + €2(L,(0) + 1)] X
AeY
[[I=e14u(e) + ea(Lpu(0) + 1)][=6 — e1Ax (o) + e2(La(0) + 1),
2(6) = [[le + e14x(®) — e2(La(0) + D)][e — & + e1A,(®) — ea(La(0) + 1)]
M (2.72)

[Tle+e14u(e) — ex(Ly(e) + D]le + 6 + e1Ax(8) — ea(Lu(0) + 1)],

neyY

Pla;) = a; + e (i — 1) +e(j — 1),

where from the gauge theory @ = (a1,a2) = (6,—0) is the adjoint vacuum expectation
value (VEV) of U(2), uy 2 are eingenvalues of mass of two hypermultiplet in the fundamen-
tal Z(a@, p1;), and p3 4 are those of the anti-fundamental Z(@, ;). The last two partitions
Z(0), and Z(o) are related to the adjoint hypermultiplet, furthermore, the terms A, (o)
and L, (o) was defined in (2.35)). Here we are interested in the explicit expression of the
conformal block, therefore, we eliminate any discussion of group theory and supersym-
metry in this dissertation, more details of the definitions above can be seen in Appendix

B of [8]. Therefore, replacing (2.70) in (2.65) and considering the definitions (2.71) and
[2.72)), we havef]

BVZ’I‘(t) = Z BA,[L(QAZL? é37 éQ; él, a—)tl)‘l"".’-"" (273)

ApeY

2The "hat" in the parameters does not mean operators. It is just a strange choice of parameters.
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where we defined

B,\,u(é4,é3792, éb&) = (2-74)

. o 0y 03 —0 0y 0
2(6,m) = H(§ teilene) + o =) H(T teglene) + 5 =5,

AeY neyY
o é2 él —0 éz él
Z(Ua ,u2> = H(§ + Eij(€17€2) - 5 + E) H(T + Gij(ﬁl, 62) — 5 + 5)’
AEY peY
Z (A o él éQ —0 él ég
2(0,p3) = H(§ + €ij(e1, €2) — 5 5) H(T + €55(€1, €2) — 5 3)7
AeY neY
Z (5 4 éB é4 —0 ég é4
2(6, 1) = H(§ teijlene) =5 = 5) H(T teglene) =5 =5,
AEY neyY

with Z(6) and Z(¢) defined in (2.72), and €¢;;(e1,62) = €(i — 2) + e2(j — 3). Now we
know that, via AGT correspondence, the equations and are the same with
the central charge gives by (2.69), thus, we finally find the four-point correlation function
where it is necessary to replace the equation in . However, to connect this
chapter with Chapter 2 and use the 7 function, we have to set the value of the central
charge in the CFT.

2.2.1 Conformal Field Theory for c =1

It was shown in the papers [I0] and [II] that correlation functions in 2D CFT can be
interpreted in terms of generic 7,; and 7 -functions, when the central charge takes the
value ¢ = 1. Such interpretation was initially observed in the series of papers by Sato,
Miwa and Jimbo [24]-[25] , where it was shown that isomonodromic deformations in linear
systems admitted an explicit form in terms of correlation functions of local operators or
monodromy fields [29]. As an isomonodromic invariant, the 7-function became a useful
tool to study correlation functions in conformal field theory with any applications in
quantum integral systems and black holes.

In order to explore this idea, let us set ¢ = 1 in the four-point correlation function.
The discussions about 7 and 7 -function, as well as the associated Painlevé VI and
Painlevé V, will be left for Chapter 2. Essentially, the idea here is just set the value of
the central charge to build the conformal block and also the confluent CB of the first
kind that we are going to explain in the next section. Thus, in this case, the conformal

dimensions in (2.68)) are replaced by

A= A; =

~92 é2
Z, T =01l (2.75)
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where, in order to fix the notation with the next chapters, we replace 6, = 90, 0y = 0,5,

(93 = 91, and 64 = 9 When ¢ = 1, we conclude that ¢ = —e;. We can choose
€1 = —¢y = 1 which is analogue to take h = 1. Thus, the conformal block in the A
algebra will be defined by
B(t) = (1 — )% 3" By (0, 1, 0, 00, 6)tN M (2.76)
ApeY

with

6 +2(i— §)+0,)° — 02)[(6 +2(i — j) + 6,)* — 6%
Hl( (i —3)+6) (6 +2( —j) +61) l

By (0o, 01, 6:,00,6) = — — -
anl 101,60, 5) 1673 (4, ) [(N; + i —i — 5 + 1+ 0]2

AeY
11 (=6 +2(i — ) + 61)* = B3)[(=6 + 2(i — j) + 61)* — 62]
16R2 (i, ) [y + Ni —i — j + 1 — 6] ’

neY

where we identify the hook lenghts h,(i, j) and hy, (7, j) defined in (2.35).

As we can see in (2.61), the sum in the four-point function is under A’s that are
associated to descendant operators in the intermediate channel A = 6%/4, Figure .
Since we can define a tower of states in the intermediate channel, it is possible to define

A= (% +n)?, where, instead of to sum in A, we pass to sum in n with n € Z. Thus, the
four-point function defined in (2.61]) will take the following form

<OAOO((X))OA1(1)OAt(t)OAU( ))
—Zc {AY, —+n) TP -Ro=A (L0} G+ 2n;t).

A . (2.78)
where we define {0;} = (0,01, 0:,600), {Ai} = (A, A1, Ay, Ag) and

C{A} 5 +n) = CEIE O™ (2.79)

2.3 Confluent Conformal Block

In this section, we are going to use the last result for the four-point function, as well as
the explicit expression for the conformal block to study the three-point function as a limit
from the four-point function. Furthremore, we derive the exact form for the Confluent
Conformal Block of the First Kind.

The AGT correspondence has triggered the study of confluent CB |30} BT], where one
class of them, relevant in this dissertation, corresponds to the decoupling of one of p1 934
in the gauge theory. This decoupling consists of sending one of the p; 934 to infinity,
analogous to a coalescence process that appears for example between the Hypergeometric
differential equation and the Confluent Hypergeometric equation, where this latter is
obtained rescaling the independent variable and sending two singular points to infinity in
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the first equation, where the two singularities coalesce into one point at infinity. In this
case, to send 11234 to infinity we send two 6’s to infinity, and also rescale the equation
(2.78). By a quick analysis, we can observe that there exist other types of limits
that can lead to different types of confluent CB [I1] 10]. However, in this dissertation we
consider the confluent limit on the s-channel Figure associated with the Confluent
Conformal Block of First Kind, that corresponds to send py — 0o, therefore, we will send
6; and 6. to infinity in . Where the limit can be represented by the Figure ,

where (9/[\11 A, Will be explained.

Omﬂ,\,\“r // / \\7{/;{0039 i ,/// \ ) /DoAz
- — _
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Figure 2.5: Confluent Limit.

In the CFT, the limit is linked with Whittaker states of rank 1 represented by Ogﬂ Ay
these states were initially introduced by Bonelli, Maruyoshi and Tanzini in [32] and the
existence of these states in the Virasoro algebra was verified in [33], [34]. Since then, the
confluent versions of conformal blocks have been studied in the context of 4D SCF'T, via
AGT correspondence, as well as the relation with quantum Painlevé equations |10, [IT].

In this section, we consider the results and definitions of Whittaker state, and write
the confluent conformal block of the first kind, [3T), 11]. The Whittaker states do not
satisfy the relations and and in order to consider these states, a general
Virasoro algebra Virl" is built with the same commutations (2.20). However, the action
of L, in states changes as [35]

L, |A)y = A, |A) (n=mrr+1,..2r),

2.80
L,|A)=0 (n > 2r). (2.80)
In the dual case,
(A L, = A, (A (n=—r,—r—1,..,—2r), (2.81)
(AL, =0 (n < —2r), '

with A = (A, Ary1...Ag) and r is the rank. It is not difficult to verify that » = 0, we
recover the relations (2.29) and (2.30) with |[A) = |A). In the case r = 1, we denote
|A) = |A1, Ag), with |Ay, Ag) representing the Whittaker state of rank 1 with

Ly Ay, Ag) = Ay [A Ay, Lo Ay, Ag) = Aoy |Ay, Ag)

Ln ’Al,A2> =0 (n>2)

As in Figure (2.4)), the diagram associated with the confluent limit in the four-point
function for s-channel is given by the figure below:
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Ay

(A17A2) A A].

Figure 2.6: Confluent three-point function for s-channel.

Where the double line in the diagram representing the Whittaker state and the dot,
meaning the connection between states. It will be convenient to define as A; = 6, and
Ay = }l [I1]. Where, essentially, the value of A, carries no special meaning, and it could

be made arbitrary since we can rescale using ¢t and 0.
Returning to the limit py — o0o: 61, 0 and t are rescaled by

S5+ . =0 t
91— 5 (900— 5 t%g, 5-)00, (282)

where replacing 6, and 0. in (2.76), we write the confluent CB of first kind as

: t 26,(*5) §—0* 546 ; 5\ tRH
D(t) = 61220 <1 - 5) Z B)\,,u( 9 ,T,Gt,eo,a) m (283)
ApeY
or . o
D(t) := e " > " Dy (0., 0,00, 6)tNH0, (2.84)
ApeY
with . .
, +60 6—0° . ~ 1

D)W(H*, 9,5, 90, O') = §1LI£10 B)\,,u (T, T, Ht, 60, O') m (285)

Using the equation (2.77)), we have

(6+2(i =) +0.) (6 +2(i =) +0)° — 03)

,D)\,,u(é*a éta éOa 6) = H

o 8h2 (i, ) (N + i —i—j+14+5) 50
H(—6+2<z‘—j>+é*)(<—6+2<z—j>+ét>2—91%) '
.. / . . AN\ 2 ‘
Y 8h2(i, ) (1 + X —i—j+1—06)

Observe that, in terms of partitions, it is easy to verify that the number of terms in the
numerator reduces from eight to six.
Analogous to (2.78)), the confluent three-point function with two operators of rank 0
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and one Whittaker operator of rank r = 1 is written as

(O] 1, (00) O, (£)O, (0))
=3 C(0..0,, s, % + )t ST -0 D (G, 0,0, 6 + 2n;t)

) (2.87)
with, (A, As) = (6., 1) and

C(0.,01.60, 5 +m) = Clg /s G (2.88)

4 4

In this chapter, we gave an introduction to conformal field theory and finished with
the exact expression for the four-point and confluent three-point correlation functions,
where to find such expressions we had to use the AGT correspondence to express the
conformal block in terms of Nekrasov partition function. The expression for the confluent
three-point function (2.87)) plays a crucial role in this dissertation given that is linked with
Ty-function when c¢=1, such connection will be explored in the next chapters. In the next
chapter, we also define explicitly the Painlevé VI and V, that we mentioned in Section
1.2.
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3 Fifth Painlevé equation

In this chapter, we start defining Painlevé transcendents as solutions of nonlinear
Painlevé equations and explaining how the Painlevé VI and Painlevé V are connected
by a specific confluent limit. To understand explicitly such equations, it is necessary to
define isomonodromic deformations theory in linear systems, thus, we present the general
idea about it, as well as Monodromy matrices and Stokes phenomenon. We also define
the Schlesinger equations and the generic 7-function as an isomonodromic invariant and
using a generic linear system, we study the isomonodromic deformations of the linear
system associated with Painlevé V, where this allows us to define the isomonodromic
invariant 7y -function. Lastly, based in the paper by Lisovyy, Nagoya, and Roussillon [I1],
we connect the explicit expression for 7/-function with the confluent three-point function
that was defined in the first chapter by setting the value of the central charge in the 2d
conformal field theory to be one, ¢ = 1.

3.1 Painlevé Transcendents

Painlevé transcendents are solutions to certain nonlinear second-order ordinary differential
equations in the complex plane. Such solutions are widely recognized as important special
functions with a broad range of applications including classical and quantum integrable
models, 2d Ising model, random matrix theory and black hole physics [36], 37, 38]. Many
aspects of Painlevé equations, such as their analytic, geometric properties and asymptotic
problems have been extensively studied in the last four decades [39} 40} 4T].

In the literature, the Painlevé transcendents are necessarily solutions of a set of nonlin-
ear second-order equations denominated Painlevé equations. It is well-known that there
exist six Painlevé equations which are connected by limits and commonly denoted using
roman numbers with PI, PII, PIII, PIV, PV, and PVI with each equation has the following

form,
d*q dq
— =F — 3.1
dz? (Z’ e dz) (3.1)

where F'is meromorphic in ¢ and rational in %.
The fifth Painlevé equation can be obtained by the confluent limit on Painlevé VI,
where the limit is obtained by the confluence of two singular points and scaling transfor-
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mations on the PVI parameters [I0]. Therefore, in the Painlevé V, we have

confluent

Painlevée VI Painlevé V,

limit
where the limit is taken by replacing (2, q, a, 3,7,0) — (1 +€z2,q, , 8,6 1y — €725, e720)
in the first equation below and taking the limit ¢ — 0 [42],

Painlevé VI:

2q 1/1 1 1 dg\* /1 1 1 \dq
— =+ =) — =+ + -
dz2 2\q q—1 qg—2z)\dz z z—1 gqg—2z)dz (3.2)

q(g —1)(q — 2)
22(z —1)2

z z—1

(=12 (¢—2)?
Painlevé V:

d _ (1 1 \(dg\* 1dg  (q—1) B, .a, salat1)
—==-+—)=) ———+—— - =+ =" .
dz? (2q+q—1> (dz) zdz+ 22 QQ+q +72+ qg—1 (3:3)

where «, 3, v, and J are complex constants. For generic parameters, the solutions of
have critical points at z = 0,00. We also have singular behavior when ¢(z9) = 0,1, 00
and we say the points 0 and 1 are regular and appears as a simple pole in the right-hand
side of , however, z = oo is an irregular point and does not appear as a simple pole,
where such irregularity arises as a consequence of the confluent limit.

As we know, the solutions of Painlevé equations are the Painlevé transcendents. Such
solutions can not be expressed in terms of elementary functions, for example, exponential
functions, logarithms, and hyperbolic functions or in terms of other special functions:
Bessel, gamma, and hypergeometric functions. It means that there is no simple represen-
tation of these functions. Although the Painlevé transcendents do not share properties
with elementary and special functions, a remarkable result was first presented in the
1980s by Jimbo [43], where, using the theory of isomonodromic deformations and mon-
odromy data for linear system, it was possible to define Painlevé transcendents in terms
of connection formulas from the linear system [13], 14, [12]. In the next sections, we briefly
review definitions of Fuschian systems, monodromy matrices and theory of isomonodromic
deformations for the nontrivial case leading to Painlevé V.

3.2 Linear System

Before defining the linear system, we start this section defining a second order ordinary
differential equation, which essentially will help us to understand how to build the systems.
We also give an example of the linear equation the hypergeometric equation, furthermore,
in order to introduce the idea of the limit of confluence between linear equations, we
present the confluent hypergeometric equation. Lastly, we define the general linear sys-
tem with n regular singularities and one irregular singular point at infinity.
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Ordinary Differential Equation

A second-order differential equation in the complex plane is defined by

d*y dy
dz? dz - 4
dZ2 +p(2) dz + Q(Z)y O, (3 )
with 1 1
p(z)_ — Z—Zi’ Q(Z)_izl((z_zi)Q—i_Z—zi), (35)

where n — 1 counts the number of insertions in the complex plane. In this dissertation,
it is extremally important to classify the nature of each insertion. Therefore, we will
consider the classification by Poincaré rank, r [44], 45], where r = 0 represents the regular
singularity and r > 1 the irregular. Here, we will work with the cases r =0 and r = 1.

Initially, we define a short test for » = 0, then treat with » = 1. Therefore, for r =0
the singularity satisfies the following condition:

e The singularity of rank r=0 is regular (or called Fuchsian singularity) if either p(z)
or q(z) diverges as z — z;, but (z — 2;)""'p(2) and (2 — 2;)*™?¢(2) remain finite as
z — 2z;. The limit finite means that the functions (z — z;)"'p(2) and (2 — 2;)*" " 2¢(2)
are analytics at z = z;. However, if these conditions are not satisfied the singularity
is irregular with rank r > 1.

To check if the singularity is irregular of rank » = 1, we have to supose that p(z) and ¢(z)
in (3.4) have poles of high order [46]. Thus, in this case, we write p(z) and q(z) as

ple) = ”i ((z ii)Q * zi>

. i=1 ; (3.6)
o F, ; H; I;
1= ; ((z_ i) i (2 — 2)3 i (z — 2)? e Zi)'

The idea is again analog, we check the value of the rank by considering the condition:

e The singularity of rank r=1 is irregular if either p(z) or g(z) diverges as z — z;, but
(z — 2z)"p(2) and (2 — 2;)*"T2@(2) remain finite as z — z;. Note that, it is easy to
realize that the two limits

D; E;
lim(z—zi)"H(( — + — ),

2=z z2—2)?  z—z
F; G; H; I;
1; s 242 % 7 ) )
zgrzll(z & ) ((Z — Zi)4 (Z — ZZ')?’ (Z — Zi)z z — 21)7

are finite if 7 = 1. Where again we have that the productors (z — z;)""'p(z) and
(z — 2;)**2q(z) are analytics at 2 = z;. If these conditions are not satisfied the

singularity is irregular with some rank r > 1.
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For more general case » > 1, we can use the same idea, however, it is necessary to realize
that the poles in the fungoes in (3.4]) are linked directly with the value of r since the poles
of high order in the polynomials lead to the real value of r.

Riemann ODE and Confluent Limit

One trivial example of ODE which will be useful to treat it is the Riemann differential
equation given by three regular singularities n = 3, where using M&bius transformation
in (3.4) we fix the singularities at 0, 1 and oo,

d2y (Al AQ ) dy lBl Bg 01 CQ

e\ e et Ta

y(z) = 0. (3.7)

The constants above can be found by using pairs of characteristic exponents relative to
the behavior of each pair of solutions around the singular points 0, 1, and oo, respectively.
Therefore, we have from [47]

d*y dy
21—z + (1= (a+ B+ 1))~ —aBy(z) =0, (3.8)
with the following pair of characteristic exponents
z=0: (0,1—7) z=1: (0,y—a—p): z=00: (a,p).

The equation above is in the form of the canonical Hypergeometric equation, whose
solutions are known as Hypergeometric functions, with the pair of solutions given by

5 =0 - 2F1(047677; Z)
‘ 21772F1(a_,7+175_7+1a2_’y;z)a
s =1 - QFI(aa67a+6+1_7’1_Z)
=2 Ry —ay =By —a—B+1;1-2),

2 % (a,ao—y+1L,a—F+1;1/z2)
Z =00 :
ZR(B,8 -y +1,8—a+11/2).

(3.9)

The exact calculations of the solutions via Frobenius methods, limits in the equation,
and review of the theory can be seen in [48] [47].

Other types of differential equations are built from the Hypergeometric equation by
taking specific limits. One of these limits, it is responsible for the Confluent Hyperge-
ometric differential equation, where, in the hypergeometric equation the limit is made
by replacing z by z/b, sending b — oo, and subsequently replacing the parameter ¢ by
b. In effect, the regular singularity at z = 1 in the hypergeometric differential equation
coalesces into an irregular singularity at oo [49]. Thus, we obtain

2y"(2) + (b— 2)y'(2) — ay(z) = 0. (3.10)
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The equation above has one regular singularity at the origin and one irregular singularity
at infinity with Poincaré rank » = 1, and the solutions of this equation are the Confluent
Hypergeometric functions [49].

To deal with isomonodromic deformations, and compute the monodromy matrices, the
second-order differential equation is commonly written in terms of a linear system
given by

d%cp(z) = A(2)D(2), (3.11)

where ®(2), A(z) are 2 x 2 matrices. Each line of ®(z) satisfies a second-order differential
equation analogous to , where, via Frobenius method we can use the solutions of these
equations to build the fundamental solutions of the system. Where the solutions are lin-
early independent if their Wronskian, W (®(z); z) = det®(z), does not vanish identically.
A trivial example, it is the Hypergeometric system where there are three solutions matri-
ces around 0, 1, and oo, that we denote as ®(©(z), ®1)(2), and &) (z) respectively with
the elements of the fundamental solutions given by Hypergeometric functions as .
We can also build the system related to the Confluent Hypergeometric equation (3.10)
by using the Confluent Hypergeometric functions. Note that, in this case, the system has
two singularities one regular at z = 0 and one irregular at z = oo of rank r = 1.

Now let us take the general linear system with n regular singularities and one irregular
at infinity with » = 1. Such generalization will become clear in the Painlevé V section.
Therefore, we have the following system [42]

%@(z) AR, AR =) - ih%) AL (3.12)

with A; associated to the regular point z; and A, to the irregular point with » = 1 at
infinity. The general expression of the fundamental solution matrix ®®(z) around each
point is written as

oW (2) = Gy (]I + Z <I>§i)ezi)) exp(

~1
Z EAE')E@) +A(())10g(€(i))) (3.13)

J=—Ti

with G, @g-i), A;i), and Ag) constant matrices, roo = 1l and r;, =0, ¢ = 1,...,n. ¢ define

as
zZ = 2(3) 1=1,...,n
€4 = {

1/z, i = 00.
As an excellent review of the definitions above, Robert Conte’s book can be helpful [42].
3.3 Solutions of Linear System and Monodromy Matrix

Using the definitions above, let us study the properties of the solutions around each
singularity, as well as the analytic continuation of solutions via monodromy matrix.
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3.3.1 Solutions Around Regular Points

Initially, we consider just the regular points in the system, the treatment at z = oo will be
left to the next section. Around each regular point, the fundamental solution is written
as

, 2. G @
o0 (2) = G, (]I+ > q>§.’)e(i>)eé§ . i=12,..n (3.14)
J=1

where the term eé§)> is responsible for the multivaluedness with A(()i) controling the branch-
ing of ®@(z). To describe the multivaluedness of the fundamental solution ®(2), we
can consider the projective plane P! around the singular points and a universal covering
P!, such that the covering map is defined by 7 : P — P! with ®(2) single-value on P!.
Thus, let consider v a path in P!, starting at a point z on the Riemann sphere and ending
at z,, such that 7(z) = m(2,). The fundamental matrix ®(z,) at z, is single-valued and
still satisfies , this implies that there exists a nonsingular constant matrix M, with

P(z,) = P(2)M,,. (3.15)

As we can see, each path v around the singularities is related to M., where the mapping
v — M, defines the monodromy representation associated with the differential system
(3.12)). Therefore, the n regular singularity fixed at each z; is related to ~; with

@(i)(,z%_) - (I)(ﬂ(zi)Mi i=1,2,..n, (3.16)

Figure 3.1: Paths on the Riemann Sphere.

where the dashed path represents the path around the point at infinity and ~; related
with each M;. The set of M; and the monodromy at infinity form the monodromy group

of (F12).

In the system, we also define that the matrices Ay, ..., A,, can be diagonalizable if there
are a set of invertible matrices GG; such that

A = G AG. (3.17)

The behavior around singularities plays a central role in the system and help us to find
the explicit form of M; in (3.16). We know that the behavior around each regular point
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is given by (3.14) where replacing ey we get

B (2) = Gy [T+ Y00 (2 — )] (= — 2, (3.18)
j=1

where <I>§»i) is a constant matrix. To determine such constants, we need to expand A(z)
around z;, where it is convenient to define

A(2) =G Y AV (z— )Gt i=1,..n (3.19)
=0

Using the relation above and replacing in , it is possible to prove that the eigenvalues
of Ag;y’s are in modulo distinct of nonzero integers, where this assumption eliminates any
logarithmic behavior. The eigenvalues are roots of the indicial equation in the Frobenius
method which leads two independent solutions and it is well-known that, if the roots are
repeated or differ by an integer, the second solution has a logarithmic behavior, therefore,
to eliminate such behavior the eigenvalues must not be separated by nonzero integer
(counting zero) [50].
From (3.16)), we can also observe that any solution of around a regular point
can be written as
D(2) = o9 (2)C), i=1,..,n, (3.20)

with C;) some invertible constant matrix. To find the explicit form of the monodromy
matrices in (3.15)), let us consider the transformation z — €*7z around z;, such transfor-

mation leads to ' ' ' e
O (™ (2 — 23) + 23)) = PV (2)e? o (3.21)

then, using the equation (3.20)), we define the monodromy matrix M; as

M, = ¢l o, (3.22)

3.3.2  Solutions Around Irregular Point

Now we are going to investigate the solution at infinity where the behavior of the funda-
mental solution is a little complicated since it is proportional to exponential with
such exponential influencing directly in the definition of the monodromy matrix. We know
from that the solution around infinity is given by

) () = <]I + Z <I>§°°)zj> Z*A(()OQG*A(ET)Z, (3.23)
j=1

where A(()OO) and A(_Of) are diagonal and given in terms of the eigenvalues of each matrix.

Al

The term z~ is related to the multivaluedness of the solution ®(>)(z), on the other
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(00), . .
hand, the second term e “-1* is responsible for the growth and decay of the solution at

infinity, and also for the Stokes phenomenon.
Stokes Phenomenon
The exponential term plays a constraint in each solution of the system at infinity, where

the solutions are restricted by Stokes lines £ in the complex plane and the behavior of
the solutions can differ in different sectors [51], see Figure [3.2]

Ly
Lo
L4
S Sa
Sl
= / -Cl
Figure 3.2: Stokes lines Figure 3.3: Stokes sectors

The sectors are defined by [52]

1 3

Sp=1¢2¢€C, —57 + (k—2)m < Arg(z) < o +(k—=2)mp, keZ (3.24)

where k labels the sector, see Iigure Let us consider a solution in the first sector
@lgﬁ(z), inside this sector ®(*)(z) is not defined entirely, and other sectors are necessary
to build all solution. To take this into account, let us consider that there exists a set of
sectors in which a unique ®;(z) behaves like the general solution ([3.23)),

()(2) ~ ) (2) in 8. (3.25)

Using the argument that the fundamental matrices ®;,, and ®; have the same asymp-
totic expansion in Sy (3.25) and using the Stokes matrices, we can connect the solution
by

O 71(2) = 07 (2)Sh, (3.26)
see Figure (3.3)), where
o 1 Sok o 1 0

and the parameters sg;, and sox, 1 are Stokes multipliers [52].
A striking consequence of (3.26)), it is that the equation (3.25)) can be written as

) (2) ~ B G815, in Sy (3.28)
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In this case, the covering map m(z) — m(2,) send the solutions from a sector Sy to
Sy12 and vice versa:

B (7 z) = ) (z)e2 A (3.29)
From (3.26]), we recover the k-sector by

O (e72m2) = B (2) 8 Sy pre 2T (3.30)
Comparing with (3.15), we identify the monodromy matrix

M) = SpSpqre 2 (3.31)
where by recurrence the monodromy associated to the next sector can be expressed as

M) = S M S (3.32)

Replacing (3.31)) in (3.32]) we obtain the monodromy matrix in terms of Stokes’s matrices
and exponential of A%, thus

M) = Spype 2407, (3.33)

Here we will choose the first sector k£ = 1, such that the matrix at infinity will be defined
as
My = MY = Spe 455, (3.34)

where such choice will be helpful in the next chapter.

The linear system has n 4+ 1 monodromy matrices where it is always possible to
choose 7’s in such a way that the product v;7s...7:,7s 1S homotopic to a point z on the
Riemann sphere, with the monodromies matrices satisfying the following constraint:

M. M, My =1, (3.35)

where the deformation is defined to be isomonodromic, if only if, it leaves invariant all
the matrices.

Isomonodromic Deformations Theory

The study of isomonodromic deformations in the linear system is based on consider-
ing, ®(z) and A(z) depending on the point a, with the point a belonging to the set
2, © = 1,...,mn. Where such point has the interpretation of the gauge parameter in the
isomonodromic deformation theory. For a short review on isomonodromic deformations,
see [13], 14]. To reinforce the concept behind deformations in the linear system with just
one irregular point at infinity and define the general idea about the isomonodromic in-
variant 7-function, let us consider the following theorem.
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Theorem 1[I3| The deformation equations of the linear system given by

%@( @) =A(z.a)2(2,0)
" (3.36)

=D ooy A=

= 1 Z

are isomonodromic if only if ®(z,a) satisfies the following linear partial differential equa-
tion

0  Agla)
%@(z,a) =—

®(z,a) (3.37)

z—a
that is equivalent to a completely integral system of nonlinear differential equations for A;
and A, given by

04, [A,A]  0A, R[4 Al
= =TT AL, Al .
P o ; o+ Aw Ad (3.38)
j#a

The equations above are known it as Schlesinger equations and can be proved by con-
sidering the commutation relation 9,0,®(z,a) = 9,0.9(z,a) between and (3.37),
see [42]. The Schlesinger equations above means that deformations which preserve the
monodromy of a generic linear system are governed by the integrable systems of partial
differential equations (PDE).

Isomonodromic 7-function

The Schlesinger equations are commonly written in terms of the Jimbo-Miwa-Ueno isomon-
odromic 7-function which plays a central role in deformations theory [13]

& da
d logr = Tr(A; A, Tr(AxA,)da, 3.39
oa7 = 3 THAuk) -2 + T Aol (3.39)
j#a
with the 1-form satisfying
d(d logr) = 0. (3.40)

The equation ({3.40) has a form of conservation law, where in this case the conservation
is related to flow of isomonodromy in the linear system. Therefore, we define H to
represent such conservation quantity:

. d . " TI‘(AZ'AG)
H = —-log(r(a)) = ; pa— + Tr(AsA,). (3.41)
Jj#a
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3.4 Isomonodromic Deformation Problem for PV

To study isomonodromic deformations which leads to Painlevé V the start point is to
consider a system with two regular singularities and one irregular singularity, thus, we
will fix the two regular singularities at z = 0 and 2z = ¢ and the irregular at z = oo.

Taking a = t, the PDEs ({3.36),(3.37) are written as

D p(t) = A, t)B(z,1), Ale,t) = A + 0 4 2
z

, (3.42)

0z z—1
0 Ay
—d = — P 4
D (1) =~ (), (3.43)
and from (3.38), the Schlesinger equation are given by
0 1 0 1
EAO - _g{AOJ At]; aAt - X[A(b At] + {AOCH At] (344)
The fundamental matrix ®(z) is given by
D(z) = (?Ju)(Z) ?J(z)(Z)) | (3.45)
u(l)(z) u(g)(z)

where we can work with (3.42)) in order to find a second-order differential equation for
Y(i)(2) with ¢ = 1,2. The second line obeys an analogue differential equation with u(2)
related to y(;(2) by differentiation and multiplication by a rational function

ug)(2) = Algl(z) (dgs-) - A11(2’)y(¢)(2’)> , (3.46)

with Aq1(z) and Ajo(z) elements of A(z). Thus, the first line satisfy

Y0 (2) + p(2)y (2) + q(2)ye (2) = 0,

, (3.47)
p(Z) = —TI'(A) - ﬁzlog(Alg), q(Z) = det(A) - All + A118210g<1412).

Using basis change, we take A, to be diagonal, which leads to the assumption that
Ay, vanishes as O(z72), when z — oo . Therefore, from (3.42) A;5(z) is written as

kE(z—\) 0 tal?)

z(z — 1) a9 + aq9

A12<Z> =

Now substituting in (3.47)):

TrAg—1 TrA;—1 1
" — (TrAL i /
Yo () ( Fioo 2 * z—1 Z )\)
det Ay det A, Co Ct M

+(e + p +(z—t)2+z+z—t+z—/\)y()(z)




CHAPTER 3. FIFTH PAINLEVE EQUATION 45

with
1 1
Co = TI'AOOTYAO - TY(AOOA()) + ;Tr(AoAt) — ETYAOTrAt

fe’e) 1 0 1 0 t
_agl - Xa§1)+¥(agl) + agf)a

¢ = TrALTrA; — Tr(AxAy) — %Tr(AoAt) + %TrAOTrAt (3.50)

o0 1 t 1 0 t
—ay - magf—g(a&) +al?),

), L © I @
p=d )+Xa§1)+ma§1),

where the terms ¢;, ¢y and u obey,

cot e+ p=TrA(TrAg+ TrA;) — Tr(Ax (Ao + As)) — a§§°).

The parameter ¢; is called accessory parameter and plays an important role in isomon-
odromy deformations, since it is related to 7 [53]. We also remark that such accessory
parameter does not appear in deformed systems with n < 3, for example, the hypergeo-
metric system and confluent hypergeometric system. However, for systems with a value
of n > 4, as well as confluent limits of such systems, the accessory parameter appears
naturally [54, [45]. In the next chapter, we will work in the linear system associated with
the confluent Heun equation to find ¢; by using 7y,. It must be clear by now that the
study of such system leads to the associated Painlevé V.

The constant A defined in appears as a singularity in (3.49). This singularity is
classified as apparent with indicial exponents 0 and 2 with trivial monodromy, M), = I.

From (3.40), we identify H in ¢; as

1
- 2l ol

1 o 1
¢ = TrALTrA, + ;TerTrAt — H— agl ) puriciie ;(al

. (3.51)
H = TI'(AOOAt) -+ ;Tr(AoAt)

In order to write ¢; as function of A\, u and ¢ and using the absence of logarithmic
behavior at z = A\, we can expand p(z), ¢(z) around A, where by residue the only relevant
terms are

1
plz) = — =5 APt Pz = AN+ () = % bt ozt (3.52)

1-TrA, 1-—TrA;

=T Aoo y

S U R
(0) ®

_ Mo, %u 3.53
p=m (3.53)

0 = detAoo detAO detAt 4 @ 4 Ct
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Now, by expanding y;(z) in Frobenius series

we can find the indicial equation that solve any logarithmic behavior. Without mentioning
all calculation, the indicial equation is obtained as (u + p1)p + g1 = 0. Substituting in
(13.53):

TrA TrA; —1 det A det A
2 _ (TrA., 0 ! det A, 0 i
u (r ot o Jp et £ =+ -
+Tero(TrA0 + TrAy) — Tr(Aoo(Ag + A)) — a3 N tey 0 '
A AN —1) o
which leads to
— TrA TrA, —1
c( A\ p,t) = —)\(A 2 pu? — ([ TrA + el + L i+ det Ay
t A A—t
(3.55)

detA | detd, +ﬂﬂmﬂwh+ﬂﬂg—THAAAwh%»—ﬂ?
A2 (A=) A '

Now let us fix the notation between Chapter 1 and Chapter 2 by choosing the following
parametrizations to Ay, A; and A

ITAOO == 07 TI‘At == étv TIAO = 907 Tr(AOO(AO + At)) — _7’

1
detAg = detA; =0, detA, = det§ag =7

where the parametrizations will become clear in the next section. Using the parametriza-
tions, we write aﬂ) and aﬁ) in terms of A\, u and t as

® W—ﬂ[ _E_M}

ayp =
t 2 20N —t
20-1) (3.57)
S0 _AA= 1 O+ 0O
where replacing the parametrizations in (3.54) and (3.51), we finally get ¢
AXAN=0T , (6, 6 1 O 606,
S (2 B . 3.58
‘ i [“ (A+A—t“ FREEY N (3:58)

Here, A\ and p have the interpretation of canonical variables, in the system, with Poisson
bracket defined by

o\ ol
i {\ e}y i {p, et} (3.59)
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In the Poisson bracket above, ¢; describes the evolution of A\ as a function of the gauge
parameter ¢, where the equation of motion associated to A is the non-linear Painlevé V
associated to the Schlesinger equations ([3.44):

Er_ (1 1 () _1dx
a2 \2\  A—t)\ dt t dt
_1\2 /)2 N2 .
L= (@t_et>_wm+1)x AN+ 1)

£ 2 2t t 200—1)

(3.60)

with A() as a meromorphic function on the universal covering P*\ {0,00}. Using the
parametrization of Ay, A; and A, we write the equation (|3.49)) as,

1—6, 1-—6, 1 1 ¢ ¢ 7

/! /

y(i)(z)+( z +z—t z—)\)y(i)(z)+< 4+z+z—t+z—)\ Yo (2):
(3.61)

where, as the consequence of the nature of the singularity A, the equation is the
deformed confluent Heun equation. Furthermore, the ¢; defined in describes the
evolution of the apparent singularity A by (3.60).

As we know, confluent Heun equation is associated with Painlevé V, as well as with
isomonodromic flow H. Slavyanov studied such relation in [41], where the relationship
between the Heun class of second-order linear equations and the Painlevé equations arose
as an interesting connection. Also, Carneiro Da Cunha and Novaes in [53] used Painlevé
V associated with confluent Heun equation in Kerr scattering problem. We want to
emphasize that, in terms of Heun class, the Confluent Heun equations mentioned above
arise when two or more of the regular singularities merge to form an irregular singularity.
That is analogous to the derivation of the confluent hypergeometric equation from the
hypergeometric equation explained in the subsection Fuchsian ODE.

We have defined H as the isomonodromic flow in (3.41)), therefore, from equation

(3.58), we find explicitly

d A AXAN=OT , (6, 6 0 17  6ob,
—1 , =2 2o (2 oo o 2 62
Slog(7v({0:},1)) ; [u (A + A_t)‘” ] (3.62)

with {él} = (éo,ét,éoo). The equation above will be useful in the next chapter where,
necessarily, it will give the condition to recover the confluent Heun equation from deformed
equation (3.61)).

3.5 Conformal field theory of Painlevé V

From the AGT correspondence, and based in the papers: Gamayun, lorgov, and Lisovyy
[29], where conformal field theory for ¢ = 1 was discussed in the context of isomonodromic
deformations theory for Painlevé VI, and also in Lisovyy, Nagoya, and Roussillon [11]
where an analogous discussion was made in the context of Painlevé V. We can write
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7 ({0;},1) in terms of correlation function in 2d CFT, with ¢ = 1, thus, the formalism of
partitions defined in Chapter 1 can be used to write the explicit form of 7/ (t).

As we know, the linear system associated with Painlevé V has two regular
singular points fixed at 0 and ¢ and one irregular singularity of rank one at infinity. The
correlation function associated with this type of system is a three-point function with two
operators of rank 0 satisfying and one Whittaker operator of rank r = 1 satisfying
(2.80) - see the definitions in [I1]. Note that, the three-point function mentioned, it was
explained in the Confluent Conformal Block section, equation (2.87). Therefore, from
AGT correspondence, the 7y (t) is given by

(1) = (0.0,(5) 0 ()02, )| . (3.63)

where using the parametrizations defined (3.56)), the conformal dimension related to each
operator is given by

A —lTrAQ—% A —lTrAQ—2
0—4 0—47 t—4 t_4> (364)
1 ~ 1
(Al,AQ) = (TI'(AOO(A() +At)), Z) = (— 90071)

Comparing with Chapter 1, it is easy to notice that 0, was replaced by —éoo, where the
signal is consequence of the parametrizations of Ay, A;, and A,,. Thus, 7/(t) written as

() = Y Ol b1, 60, 5 + )3T 30D (00,0, 0,6+ 2058), (3.65)

with

Dl Bl 551) = e 3 Dy (0, 1, B, 5) 0

AueY
A ~ 2,_._”‘ “ 2_ A2_A2
Dy (0o, 01, 00,6) = H (6 +2(i 'J). 9,00) ((o +. © . §) + 9At)2 02)
AeY 8h§<luj>()\j+,ui_l—]+1+0') (3.66)
H(‘f}+2(i—J>—éoo)((—&+2<z'—j>+ét)2—ég) |
HeyY Shi(i>j)(ﬂ;+)‘i—i—j+1_§)2 ;

o404 O  (6/241) 4(6/24n)?
0(9007@,00,5‘}'”)—0(_900&) C% ﬁ .
4 4
The structure constant above is the normalization constant of the correlation function
with each structure in the right-hand side, counting the contributions of each part in the
diagram, Figure [3.4, Where the first part is related to the correlation function between
one state of rank 0 and one Whittaker state of rank 1, and in the second part, we have a

correlation function with three operators of rank 0.
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0;'2
4
_o. L 05
( 9x$4> (6/2+n) 1
C(0/2+n) C(”/Z+ n)?

2 52
9% 7
4

Figure 3.4: Confluent three-point function for s-channel.

The computation of each structure using 2d CF'T is complicated when n is large, which
means consider more contribution in the intermediate channel A = (g + n)?. Therefore,
instead of CF'T we can determine the explicit form of the structure constant from the
Jimbo asymptotic formula [43], that express the asymptotic behavior of PV tau function
in terms of monodromy. Hence, the structure 0(900,915,90, d) is expressed in terms of
G-Barnes functions and the parameter sy,

—0.)G(1+ L0, + 6y + €6))G(1 + 1(0, — by + €5))
C{0}.9) = st H G(1 1 o) '

(3.67)
with & = 6 + 2n and G-Barnes function satisfying G(1 + z) = I'(2)G(z). Where sy is
interpreted in terms of linear systems where the diagram Figure is separated into two
parts with the two-point correlation representing a Confluent Hypergeometric system and
the three-point function a Hypergeometric system with sy gluing the systems [11].

Now we finally have the explicit expression for 7y/(¢), which together with and
will help us to solve the accessory parameter as well as the eigenvalue for the
angular Teukolsky Master equation.
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4 Kerr Black Hole Application

After building the 7, as a function of the confluent CB of the first kind, we finally
arrive at the chapter in which it is explained an alternative way to find the expansion of
the eigenvalue for the angular Teukolsky Master equation (TME). There are several ways
available [55] 56, 57] to compute the expansion for the angular eigenvalue, here we use the
isomonodromic deformations theory as a new alternative to find the explicit expansion. To
do that, we work with the angular TME. The treatment of the radial Teukolsky equation,
as well as the study of quasi-normal modes, are subjects for future work.

In this chapter, we start by explaining how the Angular Teukolsky Master equation is
derived, then with the angular equation defined, we use the isomonodromic deformations
theory described in Chapter 2, as well as the first and second conditions of the 7 function
relevant in the calculation of the accessory parameter expansion. We also derive the Toda
equation necessary to define the exact form of the second condition of 7. Lastly, we use
the accessory parameter expansion to find the first seven coefficients of the expansion of
the angular eigenvalue.

4.1 Teukolsky Master Equation

Teukolsky Master Equation (TME) appears when we consider the Newman-Penrose (NP)
formalism to investigate perturbations of spin-s fields in the Kerr metric, where in terms of
NP formalism the TME represents first-order perturbations of the Einstein field equation
[58]. Essentially, the NP formalism consists in to project the metric onto a compost basis
of 4 null vectors 1, n, m and m, commonly called null tetrads, with 1, n real vectors and
m, m complex vectors. In such formalism, the metric is decomposed as

g = =l'n" — n*l” + mtm” + m*m”, (4.1)
with the null tetrads satisfying the orthogonality conditions #m, = #m, = ntm, =

n*m, = 0, and the normalization conditions given by I*n, = —1,m#m, =1 [59).
To study perturbations in Kerr by using NP formalism, we are going to consider the
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metric in Boyer-Lindquist coordinates

)
ds? = — <1 - 2MT>dt2 - (4M+Sme>dtd¢ B

Y A
2Ma;rsin29) 62,

(4.2)
—sin?f (r2 +a? +

where the rotation parameter a is the angular momentum per unit mass, a = J/M, and
the function A and X are given by

A=r?—2Mr+a®=(r—r)(r—r),  N=r’+acos0. (43)

Without showing all steps, we assume directly from Teukolsky’s paper the explicit form
of the Teukolsky master equation. The derivation of TME and a review of the Newman-
Penrose formalism can be seen in [60] and [59], respectively. Thus,

(r? + a?) 0*w N 4Mar 9*V N a_2 1 82_111
A ot? A 9tdp | A sin? 0] 0¢?
.0 o1 OV 1 o (. 0¥ B a(r — M) icos 0|0V

Ao (A or ) Sin 090 (Sm b0 ) 25[ A Taoloe Y

. [M(TQA —a)

— asin? 6]

— 1 — {acos 0} aa—\f + (s%cot? 6 — s)¥ = 0,
where we are considering the vacuum case, with the energy tensor equal to zero, T =
0. The spin-weight field parameter s takes the values 0, £1, +2 for outgoing scalar,
electromagnetic, and gravitational fields, respectively, and values s = +1/2,£3/2 for
fermionic perturbations - to review perturbations of spin-s fields in the Kerr metric we
recommend [61, [62] [63] [64]. The equation above can be separated by writing the field
U(zt) as U(zH) = e~ “e™? R(r)S(0), where replacing in the equation we obtain the radial
and angular Teukolsky Master equation related to R(r) and S(6), respectively

4.2 Spin-Weighted Spheroidal Harmonics

From (4.4)), the angular TME is the spin-weighted spheroidal harmonics equation, which
has appeared in a variety of physical and mathematical problems, even before the black
hole application [55, [57]:

1 d ds
T {sine@] + {aQaJQSinQG — 2awscost —

(m + s cosf)?

sin’6

+s+ A} S(0) =0. (4.5)

where we identify the separation constant A and also the poles in # = 0 and 0 = 7.
Changing variable x = cos 0, the differential equation becomes

d as

@ {(1 — x2)—] + {a2w2(1 — 2%) — 2awsx — (m + sz)*

(1—a2?)

dx dz +s+ )\} S(z) =0, (4.6)
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where to use the isomonodromic formalism, let us take
y(z) =1+ m)ézo/Q(l — x)éO/QS(x), z = —2aw(l — x). (4.7)

The variable change brings the differential equation into the canonical confluent Heun
form

d?y 1—0y, 1—6,|dy 1 6 20Cz,
&y N AT —0 18
d22+[ P z2—2z | dz 172 2(z — 29) y(z) =0, (48)
with
2p = —4aw, 20C = A+ 2aws + a’w?., (4.9)
and monodromy parameters defined by
o= —m —s, 0., =m—s, 0o = 25. (4.10)

We also identify the accessory parameter zpc,, in the confluent Heun equation. The
differential equation has 3 singular points: two regular at z = 0 and z = 2y and an
irregular singular point of Poincaré rank 1 at z = co. As we know series expansions for the
solutions y(z) at the regular points can be obtained from the Frobenius method. We also
understand that the point at infinity is trickier, because the solutions present the Stokes
phenomenon, and as it was explained, the convergence of the solutions is conditional to
sectors of the complex plane, see Figure [3.2]

In order to define, in the next pages, the quantization condition between the regular
points, we will use solutions in (4.8)) which are regular at both points 0 and zy:

1+ 0(2) z— 0,
yiz) = {(z—zo)o(l+(’)(z—z0)) z = 2, (4.11)

which will place a restriction on the value of A\ and eliminate divergent solutions.
It is well-known, from Chapter 2, that the confluent Heun equation (4.8)) can be cast
as a first order matrix equation:

dd
dz

A(2)®(z) = (%(73 + % + Z{})@(z), (4.12)

with ®(z) defined as in (B.45) and A defined to be 3o3.
Following the definitions of the Chapter 2, the fundamental solution around the regular
points z = 0 and z = ¢ has the same form of (3.18)), where we write it as

o0 (2) =G, [T+ Z @go)zj} zAéO), (4.13)
j=1
2(=) = Gu[I+ Y @z 1Y) (2 - N, (4.14)

j=1
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with Aéo) and Ag) defined as (3.17)
AD = G AgGy, A = G AG,. (4.15)

Since there are many parametrizations for Ag and A;, we are going to consider a parametriza-
tion such that the matrices Ago) and Ago) around each singularity are defined by

1. 1.
A = 590037 A = 59t037 (4.16)

where éo, 0, are eingevalues of A(()O), A,EO), respectively, and they are related to the trace
of Ag and A; in (4.12). The monodromy associated with the analytic continuation of the
fundamental solution ®(z) around 0 and ¢ is

(ze?™) = ®(z) My,

: 4.17
D((z —t)e*™ +t) = O(2) M, (4.17)

with the monodromy matrices given by
My = C’O_le’”éo"i‘(}’o, M, = C[le”é“’:ﬂ@. (4.18)

Around the irregular singular point, z = oo, the asymptotic solution is defined in

sectors defined in (3.24]), thus, from (3.23) and taking (3.25)) the solution on the k-sector

is written as,

00 - o0) —j 1 r . N N
CIDI(g '(2) = (]I—l—Z@g )y J)exp[ﬁagz—i— 5((00+9t)]l—80003)10g z], 2€ 8, (4.19)
j=1

where from (3.23), we defined A(()oo) = —%03, A(_Of) = —%((éo + 9011 — éOOO'g), and 0,’s are
defined as (3.56)),

éo = TI‘Ao, ét = TI‘At, éoo = —Tr [0'3(140 -+ At)] (420)

with ) )
detAo = detAt = O, detAoo = d€t§0'3 = _Z_L

It is customary to define the monodromy at z = oo in the sector k = 1, such that using

the equations (3.30)),(3.31) and (3.32)), the monodromy around infinity is defined by
P(e™2) = B(2) M, (4.21)
with the monodromy matrix M., written as [52]

M, = Spe~ =03 g, (4.22)
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and the three matrices around each point satisfying the relation,
Mo MMy = 1. (4.23)
It will be convenient to define the trace of M, as an independent parameter [43],
2cosmd = TrM,, = 2cosml, + 51326_”9”. (4.24)

Furthermore, in order to facilitate the notation, we define the parameter p which
represents all monodromy data associated to the system (4.12)),

p= {é(]?ét;éoo;slaSQ}- (4.25)

with s; and s, representing the Stokes multipliers.

4.2.1 Connection matriz and the quantization condition

Here we are interested in solutions between z = 0 and z = ¢, which are connected by
a connection matrix, allowing us to find the quantization condition (4.11)) in terms of
monodromy data. The linear system related to (4.11)) is the Hypergeometric system

written as J
Zo(x)= (22 + LA ) 4.2
dz (2) ( z zZ — t) (2); (4.26)

where in this system the fundamental solution at z = 0 can be built by using the Frobenius
method in the first line of ®(z) and then using (3.46)) to find the second line. In a short

way, from (4.13), we have

O (2) = Gy (I + O(2)) z2%s, (4.27)

with Aéo) = %éogg. We can find a basis where the monodromy matrix M, is diagonal with

DO (ze¥) = dO)(2) My, (4.28)
therefore, in this basis of solutions the monodromy M is given by M, = eimdoos
The monodromy around z = t defined as (4.17) is also diagonal in this basis, but the

matrix C, is now related to the connection matrixz between the fundamental solutions
®®(z) and ®©)(2):

DN ((z — )X +t) = 3O (2)Cpg ™o Oy, (4.29)

with the constant connection matrix defined by Cyy = ®®(2)~'®©)(2). Now if the pa-
rameters in the matrix system (4.26]) are such that the conditions (4.11]) are satisfied, we
can prove that the connection matrix Cy is either lower triangular or upper triangular.
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As a consequence, the product between the monodromy matrix at z = 0, and z = ¢, will
satisfy the following equation

TrMoM, = 2 cos (6 + 6y). (4.30)

Let us now prove that the lower and upper triangular condition in the connection matrix
leads to the equation (4.30). To do this, let us take a generic Fuchsian system. Such a
system is analogous to the Hypergeometric system (4.26) and written as

Ov(z) _ (@ n i)qj(z), (4.31)

0z z z—1

The system above has the solutions ¥(¥(2) and ¥®(z) around z = 0 and z = ¢, respec-
tively, thus the generic monodromies around these points can be found via
TO(2m) =0 () M,

O (z —t) + 1) = VO (2 — ) M,. (4.32)

Via conjugation we can find a generic base whose monodromy matrices can be written in
terms of a diagonal matrix. Thus, let us consider

My =CoDoCyt, M= CiD,C? (4.33)

where Dy and D, are diagonal matrices. In that way, we choose the matrices Dy and D,
to be in the following form

eim]o 0 eiﬂ'nt 0
D, = ( 0 6mm) D, = ( 0 e”’?t) (4.34)

with the matrices satisfying the convenient conditions Tr(Dy) = 2cos(mng), Tr(D;) =
2cos(mn,), detDy = 1, and detD, = 1. The trace of the product of My and M, is,
therefore, written as

TI'(MOMt) = TI'(COD()CO_ICtDtCt_I)

4.35
= Tr(C;ICOD()C(;lCtDt)7 ( )

where we used the cyclic property of the trace in the second line. The product of matrix
C;'Cy in the trace has the interpretation of connection matrix between the fundamental
solutions ¥ (2) and ¥ (z) and we define as Cyy = C; 'Cy. Therefore, let us take the

generic connection matrix as
= a b
Cho = (C d) (4.36)

with the constants a, b, ¢ and d functions of 7 and 7, and detCy # 0. Replacing the
matrix above in the trace equation and using (4.34) we have,

Te(MoM,) = 2ad cos(pm(no + 77;)()1 —_F iic cos(pm(no — 77,5))' (4.37)
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Given that, the Cy can be lower triangular or upper triangular, this implies that b or c
must be zero. Thus,
TrMoM; = 2cospr(ng + 10, (4.38)

where from a generic case the relation above has the same form of (4.30)).
Returning to the quantization discussion, the condition (4.30) is satisfied when the
separation constant A corresponds to the angular eigenvalue in the equation (4.8]). Using

the property (4.23) and the definition of & from (4.24)), we arrive at
6N =0y +6,+2j, Jjei, (4.39)

where we explicit the dependence on A, but in fact, & depends on all parameters in (4.8]).

The condition does not provide a full solution of the system, and we need
to beware of the values of 01 since some HAZ are related to non-normalizable solutions of
the differential equation (4.8). Essentially, in the next section, we are going to use the
quantization condition, and it will be clear from the context which values of 0; lead to the
normalizable solutions.

4.2.2  1-function and Painlevé V system

In this section and the next, we are going to define two conditions for the 7 -function to
help in the calculation of the accessory parameter.

Now we are ready to return to section 2.4, where we studied the isomonodromic
deformation in Painlevé V. The first idea again is to see the parameter ¢ in (4.12) as
gauge parameter in the space of flat holomorphic connections A(z,t). In this case, the
system will give a deformation equation associated to the first line in the fundamental
matrix solution, and to recover the differential equation (4.8), we take ¢ to zp. The
advantage of this deformation stems from the fact that we can yet translate conditions,
such as the quantization condition in terms of gauge-invariant properties of ,
where in this case is saved in the monodromy data, p.

We know from the Chapter 2 that the system must obey

0% _ A2z 1) :(103 p A, A )cb<z,t>,
0z 2 z z—t
90 ’ (4.40)
t
S T
at Z _t (27 )’

where the condition of the mixed derivative 0.0,® = 0,0.®P, requires that Ay and A;
satisfy the Schlesinger equations:

0A 1 0A 1

S A, -3

ot t ot 2
whose solution gives a one-parameter family of matrix systems with different values of ¢,
but the same p. From section 2.4, the equation (3.61) can be written as

d’y dy

2 +p(z)£ +q(2)y =0, (4.42)

_ —%[At, Aol — L[Ay, 03], (4.41)
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_1—é0+1—9} 1 1 Oe—1  to Y
B 4 2z 2(z—1t)  z(z—\)’
(4.43)

where the equation (3.54) is rewritten in the following form,

éoo_]- tCt
oo - -

0, 0,—1 1
2 AA—1) 4

A A—t

(4.44)

The equation above allows us to write ¢; as function of A\, p and ¢. As a result of the
indicial equation, the algebraic condition tells us that the singularity at z = X in
is apparent without logarithmic behavior. Then the monodromy matrix around
z = A is trivial.

In order to recover the confluent Heun equation and take into account the family
of isomonodromic connections, it is necessary to consider the following choices,

éo — é(), éto — éto — ]., éoo — éoo —+ 1, )\(to) = 1o, ,u(to) = _é Cto 1
to —
(4.45)
These choices bring the deformed confluent Heun equation (4.42)) to (4.8)). From (4.24)),
it is not difficult to show that & has the following shift, ¢ — ¢ — 1. These conditions are
more conveniently written in terms of the 7y-function defined in (3.41), where to leave

the 7, depending only on terms of monodromy data p, we must take Ay = Ay — %90}1 and
At = At — %étﬂl
d

1 1. 1 A .
% log TV(,@; t) = éTrgg(At — 59&1) + ZTI'(AO — %QOH)(At — %Qtﬂ), (446)

where the condition above is according with the Jimbo-Miwa-Ueno (JMU) 7y -function
defined in [43] [10]. Therefore, (4.45)) leads to

d 000, d d 0,
—1 0;t) = —_— —t—1 0;t) + — = 0. 4.47
losmv(pit) =+ o= St logTy(pit) + 5 (4.47)
The second condition (4.47) stems from the second derivative of the 7y, function, calculated
using the Schlesinger equations and imposing (4.45). The left-hand side can be related
through the Toda equation [65] to a product of 7y-functions, such an equation will be

proved soon. Thus,

~

d d . 0, v(ptit) v (p;t)
—t—1 1 — =K
0og TV(p7 ) + 9 \%4 T‘%(ﬁ, LL) )

dt dt
where Ky is independent of ¢ and the p are related to p by the simple shifts,

(4.48)

pt={00,0,+1,6 £1,0. F 1351, 52} (4.49)
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Miwa’s theorem [66] tells us that 7 defined by is analytic in ¢ except at the critical
points ¢ = 0 and ¢ = co. Therefore, either 77 (pT;t) or 7, (p~;t) has to vanish in ([4.48).

The proof of is a little laborious and straightforward: Initially, we consider a
basis of solutions where A; is diagonal,

02(2) o A 1 (& 0
SR = A = et 2 (8. (4.50)

From the fundamental solution ®(z), we define the derived solutions that are represented

by
OH(z) = LT (2)D(2) = (pﬂ ?) (Zat i’) <é qf) B(2), (4.51)

B (2) = L(2)B(2) = <(1) pl_) ((Z _0’5)_1 (1’) (ql_ (1)) B(2), (4.52)

here we dropped the ¢ dependence. From (4.50), ®*(2) satisfy
0D+ AF 1 [(a;+1 0
()= AL + L ! - ) 4.53
et an e (YD (4.53)

Note that, ®*(z) is related to the possible shifts represented in ([4.49). In terms of
monodromy it is clear that the monodromy data of ®*(z) are related to that of ®(z) by

([4.51) and (4.52). Given ®*(z), one can establish the Toda equation (4.48) by comparing
the corresponding expressions for each 7 -function (4.46), and choosing p* and ¢* in

order to keep the form of the new connection, defined through (4.12), mantain the partial
fraction form at z = t and z = co. The parameters p* and ¢= are determined from
requirement that the transformation of A, does not include term proportional to z and
that the transformation of A; is still diagonal. Let us start to work with ®*(z), replacing

[E5T) in (E53) we find

@ = e A ) (4.54)

Defining the matrices AL and A as function of A, and A respectively,

1 ¢" 1 —q¢* a b a; b .
+ ) _ (A o % ) _
Al = (O 1 ) A, (O v ) =\ d) A; = o d) 1= 0. (4.55)

such that,
0 B gt b — (a; — d)gT — ci(qh)?
<az @) _ (az+q ¢ b~ (a;— di)gt — cilq )), (4.56)

OL(z)*

Ei dz C; dz - q+ci
after some algebra in the right-hand side of (4.54)), we compare the equations (4.53) and
([4.54) in order to find how the matrices A, Af, and A} are written. Thus,

S [ A | B G Ft

(4.57)
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1.1 (& 0 N AV A A D S o0
z —tA;r oz —t (0 Bt) TG A ((p*)Q —p*) " z—t (p+(54t — Bi) 0) |
(4.59)

Adding these three terms above with the first term in (4.54) given by

Lo L)) e

we find the constraint that the extra terms must satisfy to recover the system. Therefore,
from A%, the term proportional to z must vanish which implies boo = 0, the extra terms
proportional to (z —¢)~! also must be canceled, then the last terms in AT, Aj, Af, and
the equation lead to following constraint, p*(éy, — 3, + 1) = —&/t — ¢e. Using the
first contraint we find the explicit form of ¢:

Aoo_ 00 Aoo_doo
gt =Tt gt —B—, (4.61)

Coo Coo

where d,, and BOOA are eingevalues of A.,. Replacing ¢* in the definition (4.56|) we have
(oo = Qoo Aoo = Pooy and Coo = Coo. Therefore, A; will keep the form in (4.53) with the
matrices A and A; written as

. (10 o —bot 1 0
A“‘(p* )\ e d )\t 1) (4.62)

Aoo B —q* At_ At
(Y e

The calculation for decreasing the value of @, is entirely analogous. Starting from the
original linear system, we have

B (2) = L(2)B(2) = (é pl_) ((2 _Ot)_l (1)) (ql_ (1)> B(), (4.64)

that satisfies,
o R by 1 a—1 0

Again we define the matrices A and A; as function of A, and Ay, respectively

1 0 1 0 a; b,
A.ﬁ = ; = ! j = . 4
' (q_ 1) A (“1_ 1) ((2 di) S (400




CHAPTER 4. KERR BLACK HOLE APPLICATION 60

a; i)z a; —q G bi
I = . 4.
(@‘ di) (Cz‘ +(ai—di)g” —alg)? di+ qci) 467

In this case, the matrices A, A, , A,, and the extra term are given directly by

G 6T (5 )0

(4.68)
zA_t_t T2 i ¢ (éét gt) —q (=) <—_p1_ (];__)2) - i p (8 _p(ég B Bf)) , (4.69)
£ YG6 T) ()G )

oL~ ., 1 (-1 0 1 (0 p-
52 (L] z—t(() O)+z—t(0 0)' (4.71)

Since the term (z — ¢) must vanish to keep the form of the system, we must take ¢,, = 0
which leads to the analogous result for ¢:

doo — Qoo _ Boo - doo
— _ Poo = o 4.72
q boo ) q boo ) ( )
as well as the constraint p~ (& — Bt —1) = —l;o/t — by, that cancel the terms (z—t)7 L
Thus, the matrix A; and A; are expressed as

Ay = <é pl) (_a%t _22/t> (é _f>, (4.73)

_ (1 p~ Qoo 0 1 —p~
A (0 1) (éo+q-<at—ﬁ}> Boo) <0 1 ) (4.74)

Now we are ready to find the Toda equation. Using the definition of isomonodromy flow
(3.41) we write the Hamiltonians of this new system as

d 1
H* = Elogﬁj}(t) = TrAZ AF + zTrAﬁfA;'E. (4.75)
Here, replacing the matrices to the system ®*(z) and using ¢*, we find the following
Hamiltonians:

do

1 1 a R
HY = 6. + a0 + ;coq"' + Gy <aoo + %) + By <doo + 7), (4.76)
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1 1 - d,
H = —OAéOO — ZCLO + ;boq_ + éét (CLOO + %) + Bt (doo + 7()) . (477)

It is not difficult to prove that the last two terms in the equations above is related to the
isomonodromy flow of the original system. Thus, we write the equations as

1 1
HY — H=a, + a0+ —coq ™,

LY (4.78)
H+ — H = —ééoo - Z(lo + ;boq_.

Let us take the derivate of the Hamiltonian of the original system, which is expressed as

1
H = %logﬁ/(ﬁ, t) =TrA A + zTerAt. (4.79)
We have directly
d d R
%talog’ﬁ/(ﬁ, t) = TI'AOOAt = aooézt + dooﬁt (480)

Where we use the definition of A; and A from ([4.55) and A; in ([£.50). Taking a second
derivate in and then using the Schlesinger equations defined in , we arrive at,
d—ztilogT(At):lTA Ao, Au]) = — 2 (6e — B) (bocae — cob 4.81
a2t dr VP, ; 1(Aoo[Ao, A]) t(&t Bt)(boCoo — Coboo)- (4.81)
Using the equations for ¢*, ¢, , and we find the relations between the second
and first derivate on t,

d* d A baoCoo  d (T )T (P, 1)
—t—1 0,t) = (G — =2 _log YV 4.82
A2 dt OgTV<p7 ) (at ﬂt) OAéoo — dt og TV(ﬁ? t) ( )
After a little algebra we can also prove the useful relations
~ A boocoo A A A
(G — 51&)# = (G — Bi) (a0 — Bo)
p O‘;; Goo (4.83)
(d/t - ﬁt)(aoo - Boo) = EtalogTV(ﬁa t) - (doo + ﬁoo)ﬁt - ﬁoo(dt - 5t)

where we finally stablish the Toda equation for the 7,-function of Painlevé V by replacing
the equations above in (4.82))and then integrating on t,

d d 5 (P O (P, 1)
—t—1 5, 1) — Qoo — bogty = Ky L~ VAT 0

(4.84)

with Ky, as it was defined, a constant independent of ¢.
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4.2.3  Convenient parameterization for the linear system

In the previous section, it was convenient to parametrize the linear system in such a way
that A; was diagonal. However, this is not the most common parameterization for such
system; rather it is useful to use the following parameterization

1/1 0 i _ (@ b pi+0;  —aqpi .
A = = A, = -l = - = 4.
T2 (0 _1) l (Ci di) (qi(pz +60;) —pi ) =05 (4.85)
where the bar reminds us that, in the basis used above, A, is not diagonal. In order to

diagonalize it, we use

qitpt

0, 0\ ~_ @ 1
At:Gt(Ot 0) G, Gt:<1t mét), (4.86)

which satisfy the constraint (4.20]). The last constraint in (4.20)) can be written as

o + 0, + 0.

5 , (4.87)

Do+ pr=—
where we observe that such constraint reduces the number of free parameters to 3. Con-
jugating with GG¢, we have the matrix A, used in the last section,

1 (a,—d, 2

Aoo - 7 _ 7 488

261‘/ ( 2bt —Qy + dt ( )

The matrix Ag is also computed straightforwardly. The form of A, is enough to stablish
the divergence of 71 (p",¢). Where we have to ¢™ and ¢,

+ é-/c>o — O dt — d‘oo — Uoo dt 4

= —-——---— =, = = -, 89

q o 5 - (4.89)

which for the boundary condition A =t or b, = 0 means that ¢+ will diverge. In terms of

entries, we have

1 1/ by~ _ 1 1/ G-

HY"—H=_-+-> —dy |, H -H=———- —d; |. 4.90

2+t(a0+bt t) 2 t(a0+ct ’*) (4.90)

We now introduce the position of the apparent singularity A and the canonically conjugate
parameter p, B

tho 1 ag ay
==, =-++ .
bttt TN TN

Therefore, by replacing A and u the equations (4.90) are written as,

(4.91)

1A 1 A
HY —H=>4+2(p—2) - 2§ 1.92
2+t<” 2) t—t) ' (4.92)
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1 A=t —2%) =L@ +6, — ) [ A 1
H_—H:——+( )(:ul 2)1A2<0A tA )(

2 Mp—3)—500+0—0x) \1
After more algebraic manipulations and using the isomonodromy flow definition, we show
that,

d. mi(ptt) 1A 1 A
G vlest) Lo AL 0 4.94
at " T (pit) 2 t(“ 2)+t()\—t)t (4.94)
Ao t) (= 1) — Lot O — O ;
ilog—TV(pA’t):1—< ) (1 —3) ?((]AJFtA : é(“_l)_@ . (4.95)
dt = rv(pit) 2 AMp—3) =200 +6,—0.) \1 2) t

Given that the first line has a divergent limit A — ¢, we conclude by taking the integration
on t and then taking the limit that we can substitute the second condition in by
the simpler one

v (psto) = 0. (4.96)

Where the monodromy data is that of (4.8):
15 = {é07ét07&aéoo;51752}7 (497)

here, we make explicit the dependence in ¢ from the quantization condition. Thus, in
terms of monodromy data, the first condition in (4.47) is given by

00(0,, — 1)

4.98
ot (4.98)

d o
Cty = %logﬁ/(p ito) —

with the shift in p~ defined in (4.49)).

4.2.4  Accessory parameter for the confluent Heun equation

Primarily, the accessory parameter c;, depends on the derivate of 7y -function, thus, to
find the explicit expansion of ¢, it is necessary to find the root of the JMU 7y -function
in , then replace the value of this root and considering the shifts defined in p~ inside
the logarithm argument.

We know from Chapter 2 that the 7y-function is written by using the formalism of
partition functions with ¢ = 1 in the CFT, thus 7y -function is given from by

r(pit) = Y C{0}.6 + 2n)spts @ 3 OOD (G, 0, 6, 6+ 2n51),

- G(1+ 1(e6 — 0.)G(1 + (0, + 0y + €6))G(1 + £ (B, — 0 + €5))

Ci{0},0) = G(1 + €5) ’

(4.99)
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with {0} = {6y, 0,,0}, G-Barnes function satisfying G((z + 1) = I'(2)G(z), and the
confluent conformal block of the first kind, D(GO, 0:,0,0; t) defined in (3.66[). Note that,

we define C' from (3.67) just to keep the explicit dependence of 7y in terms of sy.
To analyze the asymptotic behavior and to check with the literature, let us write (4.99)
as

Tv(p;t) = C({0},6)t3 =000 =201 (5; 1), (4.100)

where 7y (p;t) is

A(pit) = C({0},6 + 2n) syt ™ D (0o, 01, 0o, 5 + 2n31),

~ A 4.101
GO}, &+ 2n) (4.101)
C({0},0)
with 7/ (p; t) just involving the combinatorial expansion of the confluent CB of first kind

and ratios of gammas. The asymptotics of 7y(p;t) is the same when we compare with
[43] - replacing & for o:

NP ét éoo éoo(ég—é?)
Tv(p,t)—l—i‘(E—I—T t

C({8},6 4 2n) =

)

N A

A0)§71t17& + (& + éoox(& B et)z B 9(2)
862(6 —1)2 862(6 + 1)2

(4.102)

where the parameter § in the equation above is related to sy by a string of gamma
functions

T2(1 - 6)0(1 4 1(6 — 0.)T(1 + 26 + Gy + 6)T(1 + (0, — 6y + 5))
1
2

g K A sy.  (4.103)
I2(1+6)0(1—1(6+600))T(1+ 20+ 0o — )T (1 + 3(0, — 60— 6))

s =

In order to find explictly the accessory parameter expansion, let us define in (4.101])
the variable X (6;t) = syt°. 7y is meromorphic in the variables X and ¢, then we can
use such property and the second condition for 7 in order to invert the function
to write X as a function of é’s, 0 and ty. From and , it is easy to see that
to invert the series we just need to work with (4.101]). Thus,

v (pito) = Y C({0},6 +2n) X" (63t0)t5 D (6o, 61, 00, & + 205 t0) = 0, (4.104)

To find the terms of the accessory parameter expansion is necessary to define the
value of n and the number of terms in the confluent CB of the first kind. To simplify the
calculations, we express in this dissertation the first three terms in the expansion of c¢;
however, computationally we can get more terms. To compare with the literature, we will
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use, in the next section, the first seven terms to express the A expansion. To find these
terms, we take n = 0,£1,+2, +3 and the confluent CB expansion of first kind goes up to
t3. With these choices, we ensure all contributions of ¢y in the expansion. Expanding the
terms in and in order to write X (6, ) as a function of the s, we can consider
X(6;t) as an perturbation expansion,

(6,t0) = Ztho (4.105)

where it is possible to find each term of X (d,%y) by using the second condition of 7y .
After some algebra, the explicit form of the first three terms are

(6 = 00)((6 +6,)* — b))

X({0Y,6:t0) = 8526 1) to (1 + xito + xaoty + O(t3)) (4.106a)
with, A
A 000(9(2) - 9t20)
and
02.(02 — 02)? [ 5 1 2 2
X2 = 54 (5 17 (5 2 T2
64 gt (6—-2)* (6—-2)?2 d(6—2)
(02 — 02)2 + 20202+ 02) [ 1 1
64 52 (6 —2)
(1= 02)(( — 1)* = 02)((o + 1)* = 62) 1 1
— 4.1
* 128 GriE poap) 1069

where, we just express the first three terms of X ({0}, 4, ).
To use (4.98)) and find the accessory parameter, we must shift the monodromy param-
eters by one unit. A simple calculation using (4.103) yields to

85%(6 —1)?

X(p73t) = (6 — Bo) (6 + 6,)2 — B)t

X (pit). (4.107)

Now by using (4.98])

(6-12—(0y+0,—1)2 6,—-1 d
— + —1 4.1
i, 5 T g los (073 o), (4.108)

Cty =

and expanding the 7y term, we find the expansion for the accessory parameter

t(]cto = k(] + klto + k’gt% + kgtg + ... kntg + ..., (4109&)
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with the three first terms in the expansion, given by

(6 —1)2 = (0 + 0, — 1)2

ko = ., , (4.109D)
Ooc(6(6 —2) — 03 + 0
hy = — 0 4.1
o L RO 0) 1 a (1 02)(03 — 03)* + 262, (63 + 02,
2732 64 53 (6 —2)3 326 (6 — 2)
1—02)((0y — 1) — 02)((6y +1)2 — 62
(= 6e)({Bo — 1" — 5 (B0 + 1) tO), (4.109d)
32(6 +1)(6 —3)
65,0562 (1 1

= 056 ( >+

(6—2)5 &5
4002 — 02 000 — (5(05 — 05 ) + 802 + 150201 — 03(8 + 1502))62,
1024

1 1 1 A Ao A " N R
— — 02 — 026 | 64 + 806> + 802 (20 — 296>
<5_3 (5__2)3> + 24576< to 0) ( + OO+ to( OO)+

R R R R R R R 1 1
(05 + 6;)(12562, — 116) + 65 (160 — 23207 + 6; (232 — 2509;))) (7 — < 2)
g g —

((=1+00)% = 02)(03 — 62)((1 + 60)* — 62 o (1 — 6%)
96(3 — 6)(1 +0)
L (224 60)° — 03,)(6 — 07,)((2 + 60)° — 07,000 (4 — 05)
4096(4 — 6)(2 + 6) '

(4.109¢)

In the calculations above we assumed 36 > 0, the corresponding expression for g < 0 can
be obtained by sending 6 — —&. The higher order terms become increasingly complicated
and we have the structure where the term k£, is a rational function of the monodromy
parameters.

It should be emphasized that and are exact relations, even though their
usefulness stems from the ability to compute the 7 function for Painlevé V efficiently.
Miwa’s theorem [66] shows that the 7y function is analytic in the whole complex plane
except at t = 0 and ¢ = co. Thus, the expansion has an infinite radius of conver-
gence, even if it becomes exponentially hard to compute the higher order coefficients in
the expansion, due to their combinatorial nature.
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4.2.5 The spheroidal harmonics eigenvalues

Let us now to express the first seven terms of the separation constant by using the expan-
sion of the accessory parameter (4.109a)). In angular case, the monodromies parameters
and & which is associated with the quantization condition (4.39) are written as

~

Op = —m — s, éto =m — s, O = 2, to = —4daw, 0= —2s+2j. (4.110)

Replacing the parameters and using the equations (4.9), we find the expansion of the
angular eigenvalue expansion A, (aw),

sApm (W) an aw)" (4.111)

where in order to express the dependence on s, [ and m, we are denoting the separation
constant as sA;,. We also define a useful function h(f) as
2 £2 _ 2 £2 _ e2)2
ey = 2L s
(20— 1)3 (20 + 1)

Thus, the first seven coefficients are the following

fo=Ul—=s)l+s+1),

2ms?
fl = _M7
fo=h(l+1)—h() -1,
fim 2h(l)ms? 2h(1 + 1)ms?
3 =

(—DPRI+1) 1(I+1)2(1+2)
a4 Ah(f+1) 4h(0) (04 2)h(L+1)h(l +2)
Ja=m's (62(€+ A0+ 22 (- 12040 + 1)2> T 200+ 1)(20+3)
R2(0+1)  ROME+1)  h2(0)  (€— 1)h(C —1)h(0)
200+ 1) 2@ 120 20 42 =2 ’
s 8h(() 8h(l +1)
Jo =m’s (Eﬁ(€+ 1B(0—17¢ BU+1)5(0+ 2)3)
h(€+1)(7€2 +7( + 4) (€ —1)(3¢ — 4)
me h“)(_ GU+2)(+13(0—1) BUl+1)20— 1) 2))+
B0+ DA+ Dh(C+2) 3R +1) 3h2(0)
e < (C+13(0+3)20+3)  l+1P(+2) " BEl-1)C+ 1))
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_ 16m?s® h(¢+1) h(£)
fo= A+ 1) ((é DA+ 2) - 1)4) a
4m?st ((362 + 140 IR+ DR(E+2)  3RA((+1) 3h2(0) )
Cl+1)2\ (C+1)3(0+2)(0+3)%(20+3) (C+1)3(0+2)2  3(0—1)2

dm?st  ((110* + 2203 + 310% + 200 + 6)h(0)h (L + 1)

2(0+1)2 < B —1)2(0 4 1)3(€ +2)2

(30 — 80 + 6)h(l — 1)h(£)> h(€+ 1)h(f + 2) ((ﬁ + 3)h(l + 3)
B0 —2)2(0 —1)(20 1) 4(0+1)(20 + 3)2 3

(42

4= ((z Rl +2) — (76 + 1000+ 1) + BEFE 3>W)))

(+1 14

% ((%2 + 40+ 3)A(0) — (262 + Dh(C + 1)
(2 —1)(3C2 + 40 —2)h({ — 1)\ | h3(L+1)  h3(0)
A0 “t—Dhid—2)

102(20 — 1)2 ((5 — (7L =3)h(0) = (¢ = 1)°h(¢ = 1) =

3

(4.112)
as it was explained, the last four terms in the parameter accessory were omitted in the
last section; however, these terms are in agreement with [67] - see [68] for a thorough
review. Again, to calculate the next terms in (4.111), we need to find more terms in
accessory parameter expansion (4.109a). Essentially, we have to consider more terms
in the confluent CB of first kind expansion and contributions of n in the intermediate
channel. Also, in order to recover the asymptotics, we chose j = ¢ + s + 1 in (4.39)).
Where the minimum eigenvalue of ¢ is |s| and the azimuthal momenta are constrained by
|m| < ¢ [60].
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5 Conclusion and Perspectives

This dissertation introduced an alternative way to calculate the explicit expansion of
the eigenvalue ¢\, for the angular Teukolsky Master equation. That is derivated from
the Newmann-Penrose formalism in the study of perturbations in the Kerr black hole
metric where to find the expansion we had introduced: In the first chapter, conformal
field theory in two dimensions, as well as correlation functions between operators where an
explicit expression for the confluent three-point function was obtained. Using partition
functions formalism from AGT correspondence, we express the conformal block of the
first kind. In the second chapter, we also introduced a general idea about deformations in
linear systems. The isomonodromic invariant 7y related to isomonodromic deformations
in the linear system with two regular points and one irregular point, and the Schlesinger
equations for Painlevé V. Furthermore, the first and second chapters were linked by setting
the central charge in ¢=1 with the 7y, written in terms of confluent CB of the first kind.
In the third chapter, we treated with connection problem in the angular TME, where
the connection problem was translated to two conditions on the 7y -function, expressed
in terms of confluent CB of the first kind. Lastly, using the two conditions we found the
first terms of the accessory parameter, which led to the first terms of the expansion of the
eigenvalue ¢\, in power of aw.

Now, we have been working on a paper with these results and in the radial Teukolsky
Master equation that will lead to the study of quasinormal modes for gravitational, elec-
tromagnetic and scalar perturbations. Furthermore, the expansion of )\, it is not the
only result, the accessory parameter expansion has the interpretation of derivative of the
classical conformal block, in the CFT point of view [69]. Such understanding will give
directions to understand the classical limit in the central charge, precisely ¢ — co. We
also have been working in the accessory parameter expansion at infinity, where in this
case the 7/-function depends on the confluent conformal block of the second kind. In
terms of perturbation in Kerr, the accessory parameter expansion at infinity leads to the
expansion of ;)\, in the high-frequency case.
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