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ABSTRACT

In this Thesis we present results for control and geometric inverse problems associated
with certain linear and non-linear PDEs. First, in Chapter 1 we perform a detailed analysis of the
geometric inverse problem that consists to identify, from boundary measurements, an unknown
obstacle to passage of a fluid governed by a system of linear elliptic equations. Then, by using
the so-called local Carleman estimates, we get a uniqueness result, that is, we show that if two
obstacles leading to the same boundary measurements are, necessarily, equals. Moreover, by
applying some techniques of differentiation with respect to domains, we can obtain a stability
result and then apply a reconstruction algorithm. In Chapter 2, we analyze the controllability
properties of the so-called inviscid and viscous Burgers-a: equations. More specifically, in the
first part of the chapter we can get, by applying the so-called return method, time-reversibility
and scale change arguments, a global exact controllability result for the inviscid Burgers-«
system. Then, in the second part, we prove that the viscous Burgers-a equation is globally
exactly controllable to constant trajectories following three steps: (1) We apply a smoothing
effect result for parabolic PDEs; (2) We use a controllability result for the inviscid Burgers-«
system to deduce an approximate controllability result for the viscous system; (3) We prove a
local exact controllability result for regular time-dependent trajectories. In Chapter 3, we deal
with a two-phase free-boundary problem associated with the heat equation. Then, by using a
classical technique that reduces controllability to minimization of an appropriated functional,
parabolic regularity and the Schauder Fixed-Point Theorem, we prove that it is possible to
drive both temperatures and the interface to desired targets in an arbitrary small time, as long

as the initial data are small enough in a suitable norm.

Keywords: Geometric inverse problem. Burgers-a system. Global exact controllability. Free-

boundary problem.



RESUMO

Nesta tese sdao apresentados resultados para problemas inversos geométricos e de con-
trole associados a certas EDPs lineares e n3o-lineares. De fato, fizemos no capitulo 1 uma
analise detalhada do problema inverso geométrico que consiste em identicar, via medicdes na
fronteira, um obstaculo desconhecido a passagem de um fluido regido por um sistema linear
de equacoes elipticas. Entado, aplicando estimativas de Carleman locais, obtemos um resultado
de unicidade, ou seja, mostramos que dois obstaculos provocando as mesmas medicoes de
fronteira devem ser iguais. Além disso, aplicando técnicas de diferenciacdo com relacdo a do-
minios, é possivel obter um resultado de estabilidade e esbocar um algoritmo de reconstrucao.
No capitulo 2, analisamos a controlabilidade das equacdes Burgers-a inviscida e viscosa. Mais
precisamente, numa primeira parte, aplicamos o método do retorno e argumentos de reversibi-
lidade temporal e mudanca de escala para obter um resultado global de controlabilidade exata
para a equacao Burgers-« inviscida. Numa segunda parte, seguimos trés etapas para provar
que a equacao Burgers-a viscosa é globalmente exatamente controlavel a trajetérias constan-
tes: 1. aplicamos o efeito regularizante para EDPs parabdlicas; 2. usamos o resultado obtido
para a equacao de Burgers-« inviscida para provar um resultado de controle aproximado; 3.
provamos um resultado local de controlabilidade exata a trajetérias regulares que dependem
somente do tempo. No capitulo 3, trabalhamos com um problema de fronteira-livre bifasico
associado a equacao do calor. Entao, usando uma técnica classica que consiste em demonstrar
controlabilidade via minimizacao de um funcional apropriado, resultados de regularidade local
para EDPs parabdlicas e o Teorema do Ponto-Fixo de Schauder, demonstramos que é possivel
conduzir tanto as temperaturas quanto a interface a objetivos desejados, desde que os dados

iniciais sejam suficientemente pequenos numa norma apropriada.

Palavras-chaves: Problema inverso geométrico. Sistema Burgers-a.. Controlabilidade global

exata. Problema de fronteira-livre.
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1 INTRODUCTION

The main aims of this Thesis are the analysis of control and inverse problems of some
boundary/initial value problems for partial differential systems. Throughout this introduction
we will present a description of such systems, we will provide a short historical overview of the
related control and inverse problems theory and we will describe precisely the problems under

study.

1.1 MATHEMATICAL MODELING VIA DIFFERENTIAL EQUATIONS

One of the greatest achievements in mathematics is the invention of Differential Calculus
by Isaac Newton and Gottfried W. Leibniz at the 17th Century. Ever since we are able to
elaborate mathematical models to describing a plethora of phenomena in the most diverse
fields, such as biology, chemistry, physics, engineering, etc. We can see a mathematical model
as an attempt to write, in mathematical language, certain aspects observed at the real world.
In order to illustrate better this concept, we briefly analyse two well-known models.

a) A simple spring-particle system is a system formed by a negligible mass spring with a
particle of mass m connected to one of its extremes and the other extreme stuck to a wall.
We suppose that the particle can move, without friction, along a straight line endowed with
a coordinate system where the rest position is x = 0. When the particle undergoes a small
displacement x, then the spring exerts a restoration force F} to bring it back to the rest
position and we can see empirically that F} has a intensity proportional to the displacement,
with a proportionality constant given by the elasticity constant k of the spring and acting in

the opposite direction to the particle’s movement:
F = —kux. (1.1)

Even supposing that the particle is moving without friction, the viscosity of the surrounding
media (air, water, oil, etc.) can create a force Fy which acts in the opposite direction of the
displacement and it is proportional to particle's velocity; here, the friction constant 7 of the

environment is the proportionality constant, that is:
Fy = —nx'. (1.2)

We could also consider the presence of external forces (for example, the wall’s vibrations in

which the spring is stuck) acting on the spring-particle system but, for simplicity, we will
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neglect them. Then, using (|1.1)), (1.2)) and Newton's Second Law, we see that trajectory of
g g ] y

the particle satisfies the following differential equation:
mz"(t) = —kxz(t) — nz'(t). (1.3)

The constants m, k and 7 are the model's parameters of the simple spring-particle system.

The equation is an example of ODE (Ordinary Differential Equation), since the
unknown function x only depends of a unique independent variable, which is the time variable.
Moreover, if the friction force F; is negligible, that is, » = 0 in ([1.3]) and we suppose that xg
and yq represent, respectively, the initial position and initial velocity of the particle, then the
trajectory is given by:

x(t) = xg coswt + % sin wt,
w

where w = /k/m.

b) Let us consider a thin and straight bar of length L located on the z-axis with its ends
positioned at x = 0 and x = L. Suppose that the bar is formed by a homogeneous material
with uniform cross-section and its sides are perfectly isolated, so that a heat flow can pass
only through the ends. Then, it is usually accepted that the temperature u = u(t, x) evolves

according to the following equation, known as the classical heat equation:
Up = Vg, (1.4)

where v > 0 is the so-called diffusion coefficient.

The equation is an example of what we call PDE (Partial Differential Equation),
since the solution u depends on more than one variable, which are the time and the position.
We must observe that there is one important difference between ODEs and PDEs: whereas
we need to know only the initial condition to analyze an ODE (the numbers z(0) = x
and 2/(0) = yo in equation (1.3)) the PDEs on bounded spatial domains demand us to
know the initial and boundary conditions to analyze them appropriately (we can suppose, for
instance, in the equation that u(0, z) = wug(z), for certain function ug : [0, L] — R, and
u(t,0) = u(t,L) =0, for all t € [0, 00)).

1.2 INVERSE PROBLEMS IN MATHEMATICAL MODELING

Mathematical models using differential equations contain certain parameters related to the

physical phenomena under analysis (for example, the elasticity constant of a spring, the specific
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heat of a surface, the kinematic viscosity of a fluid, etc.). Once all the parameters are known,
a classical approach leads to existence and uniqueness results and stability estimates in the
standard functional spaces. Next, one can try to find (at least approximately) the solution of
the model via techniques from numerical analysis and with this one can measure some effects
generated by the model parameters. The approach described in this paragraph is known as the

solution to a direct problem associated to a mathematical model and it is summarized below:
» Measure all the parameters involved in the model and find the associated solution;
» Make measurements of the effects generated by the parameters.

To exemplify this approach in a more concrete way, we consider the following elliptic equation

associated with a Dirichlet boundary condition:

V- -(wVu)=0 in Q, (15)

u=f on 0f),

where Q C RY is a bounded open domain of class C*°, v € C?() is a strictly positive
function and f € H'%(09). The mathematical model describes the behavior of an
electrical current throughout a region € where the parameters v and f stand for the electrical
conductivity of € and the voltage applied on the boundary 052, respectively; the solution u is
the voltage in Q. It is a classical result that, for each positive function v € C°(2) and every
fe HY?(Q), has a unique weak solution u € H' ().

An interested physical property that we can compute from u (induced by v and f) is the
current flowing through the boundary, which is mathematically given by v Ou/0n|,,, where
n stands the exterior unit normal vector on 0f2. Fixing a v and using the uniqueness solution
result for ([1.5]), we can introduce the called Steklov-Poincaré map (also known as Dirichlet to
Neumann map) A, : H/2(9Q) — H~Y2(d9), which is given by:

A(f) = vl Vf e HYV2(00).
09
We can easily see that the direct problem related to observing the current flowing through the
boundary consists, basically, in evaluating the map A,.

We can analyze a mathematical model following an “inverse”pathway, that is, to identify
the unknown model parameters from the knowledge of their effects. This approach is known as
the solution of an inverse problem associated to the model and it has a lot of applications, such

as the following: recovering the density of the Earth from measurements of the graviational
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field, identification of tumors from exterior electrical, ultrasonic or magnetic measurements
and locating of underground mineral deposits from electrical measurements on the Earth's
surface. For more details and other examples, see (ISAKOV, 2006). An important example of
inverse problem is the so called Calderén problem (or problem of inverse conductivity), which
it was introduced by A. P. Calderén in (CALDERON, 1980) and it was studied in a lot of
works, see (ALESSANDRINI, 1998; BROWN R.; UHLMANN, |1997)) and the references therein. The
problem consists of determining the electrical conductivity of a medium from measurements
of the voltage and the current on the boundary. In other words, in the Calderén problem we
apply a voltage f on the boundary of €2 and we are able to measure the electrical current
A, (f) flowing through of 02 and our aim is to identify the conductivity -y that generates this
current.

One of the goals of this Thesis is the solution of geometric inverse problems. This consists,
in general, in determining the shape and localization of an unknown geometric structure, such
as a cavity or a crack in a medium, from measurements on its boundary. To illustrate better
the concept, let us consider a conductor represented by a simply connected and bounded set
Q) C R? that contains a cavity represented by a simply connected subset D CC . We assume

2x2

that the conductivity tensor is given by a square matrix A € L>(Q) and the behavior of

the electrostatic potential u can be described by the following elliptic problem:
V- (A(x)Vu) =0 in Q\D

A(x)Vu-v=0  on 0D, (1.6)

A()Vu-v=1¢ on 09,

where ¢ € L*(09Q) is a current density applied on 92 and satisfies the compatibility condition:

W =0.
o0

The main geometric inverse problem associated with (1.6)) consists in determining the
unknown cavity D when €2, A and ¢ are given and we can measure the potential u on an open
portion I' C 9f). That is, determining (at least approximately) the shape and localization of

D from the knowledge of the Steklov-Poincaré mapping Ap : L?(99Q) — L>(T"), given by
Ap(Y) =ulr Vo € L*(09). (1.7)

The three main aspects to be analyze in a geometric inverse problems are : uniqueness,
stability and reconstruction. In the context of the problem ([1.6]) — ([1.7]), this can be presented

as follows:
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» Uniqueness: If two admissible cavities Dy and D; generate the same potential, i.e.

Ap,(¥) = Ap, () for all ¢ € L?(99), then Dy = D;.

= Stability: Find an estimate of the “distance” p4(Dy, D1) from Dy to Dy in terms of a

“distance” uo(Ap,, Ap,) from Ap, to Ap, of the form

pa(Do, Dy) < ®(po(Ap,, Ap,)),

where the function ® : Rt — R™ satisfies ®(s) — 0 as s — 0, at least when Ap, and

Ap, are “close” to a fixed Aj.

» Reconstruction: Find an iterative algorithm to compute the unknown domain D from the

values of the Steklov-Poincaré mapping Ap.

The proof of uniqueness results for geometric inverse problems relies, fundamentally, on
unique continuation properties of differential operators in simply connected domains. Some
concepts from complex analysis, such as stream functions and theorems of representation by
holomorphic functions can be used to prove the unique continuation property for elliptic ope-
rators in R? (see (ALESSANDRINI G.; RONDI, [2001; |ALESSANDRINI G.; RONDI, [1998)). This is the
case of — and Hormander's Theorem can be applied in any euclidean space R, but
only for differential operators with constant coefficients (see (DOUBOVA A.; FERNANDEZ-CARA,
2015; [HORMANDER, 1969))). Contrarily, the tool used in this Thesis is local Carleman inequality,
which allows to get unique continuation property for elliptic (and even parabolic) operators
with non-smooth coefficients and spatial dimension (for more details, see also (DOUBOVA,
2006; [DOUBOVA, [2007; FABRE, 1995)).

In general, our measurements of some effect (like, for instance, the electrical potential
on a portion of a medium’s boundary) provoked by the presence of an unknown cavity
or obstacle D is not totally precise and a stability analysis permits to quantify how much
those measure errors may influence the identification process of D. That is, after introducing
a suitable distance between two observations Ap (¢)) and Ap,(¢)) (for instance, the norm
|Ap,(¥) = Ap, (¥)|| L)) and between the corresponding domains Dy and D; (for instance,

the Hausdorff distance dy;(Dy, D1)), we want to prove a result like

[Ap, (V) — Ap, (¥) || zo(ry < € = dw(Do, D1) < ®(e), (1.8)

for all ¢ > 0 sufficiently small, where ® : Rt — R™ (error function) satisfyies ®(¢) — 0 ase —

0. It is important to note that the inequality (1.8) means that, for “acceptable”measurement
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errors, we are “close”to find the unknown domain D that provokes the observed effect on the
boundary.

Likewise for uniqueness, the study of stability properties of — can be achieved
using tools from complex analysis. In that case, the standard approach consists in finding
the stream function v (a kind of generalized harmonic conjugate) associated with the unique
weak solution u to and assume that 0D has regularity properties that allow to find a
quasi-conformal mapping x : Q\D — B, where B is a circular domain. Then, by using a
Representetion Theorem by L. Bers and L. Nirenberg one proves that the complex function
f = wu+ v can be identified to f = F o x, where F' : B — C'is a holomorphic function and,
also, one can get appropriate estimates for f that lead to stability results similar to . For
more details, we refer (ALESSANDRINI G.; RONDI|, |2001; |JALESSANDRINI G.; RONDI| (1998; |RONDI,
2000) .

Another important approach to study the stability of geometric inverse problems associated
with elliptic (and even parabolic) operators relies on analyticity arguments. To sum up, assume
a priori that the effects measured from the boundary are obtained for domains D that are
“suitable”deformations of a fixed domain Dy, that is, they can be written as D = (I+ou)(Dy),
where I : RN — RY is the identity, o € (—1,1) and u belongs to an appropriated subset
of WL(RN; RN). Then, the deformations lead to an analytic mapping from (—1,1) to the
space where the observed effects live (for instance, H~'/?(T")). After writing the mapping as
a power series expansion, we find a sufficiently small oy € (—1, 1) such that an inequality like
in Theorem 2.2 of Chapter [2] holds. While the method based on complex analysis allows
to get stability estimates for elliptic operators whose coefficients are only L>°(2), the latter
method, based on analyticity, as far as we know, only works for constant coefficients.

There are several papers dealing with reconstruction algorithms to solve geometric in-
verse problems (see, for instance, (ABDA, [2009; |ALVAREZ, {2005} ALVAREZ, |2008; DOUBOVA A.;
FERNANDEZ-CARA| 2015} [DOUBOVA A FERNANDEZ-CARA, 2018)) and, in most of them, the
main idea consists in reducing to finite dimension and reformulating the search of the unknown
D as a constrained (maybe numerically ill-conditioned) extremal problem and, after this, using
gradient, quasi-Newton or even Newton methods to compute approximate solutions. In this
Thesis we outlined a reconstruction method (see Section [2.4.4] of the Chapter [2)) that relies on
the application of techniques of differentiation with respect to the domains that can be found

in (HENROT A.; PIERRE, [2018) and (SIMON, 1987).
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1.3 MATHEMATICAL MODELING IN FLUID MECHANICS

One of the most notable mathematical models using Differential Calculus comes from fluid
mechanics and is represented by the so-called Navier-Stokes Equations (NSEs) that, in turn,
are applied to modeling a lot of phenomena (weather, ocean currents, water flows in oceans,
lakes and rivers, star motions inside and outside of a galaxy, smoke spread in fires and industrial
chimneys, etc.).

A fluid is a large number of molecules in motion that, contrarily to a solid, has not a
precise shape at rest. A physical property that characterizes all fluids is the so-called mean
free path, that is, the average distance travelled by a fluid particle between collisions that, in
turn, change the direction of its movement, energy, etc. The mean free path determines the
choice of the approach kinetic theory or continuum mechanics. The kinetic theory is used when
the number of fluid particles contained in a region is very small (which means a mean free path
relatively large); the effects of the particular molecules are then important and, consequently,
the movement of the fluid must be treated individually for each molecule. However, if the mean
free path is very small compared to the characteristic lengths of the problem, then the fluid
can be considered as a continuum medium and the movement of its particles must be viewed
as a whole. Through this approach, the fluid can be described by macroscopic quantities, such
as: density, velocity, etc.

From now on, we will consider a fluid as a continuum medium and we will suppose that a
fluid fills a region in space represented by a bounded and simply connected open set 2 C RV
during a time interval (0, 7). Also, we denote by y and p, respectively, the velocity field and the
pressure of the fluid and we assume that the fluid is incompressible (conservation of volume),
homogeneous (the density of the fluid is a constant py) and Newtonian, that is, the so-called

stress tensor o obeys the relation:
o= —pld+ u(Vy + Vy'),

where p > 0 is the so-called dynamical viscosity coefficient. Then, we get that the velocity
field and pressure of the fluid obey the so-called Navier-Stokes equations (for more details
see, for instance, (BOYER F.; FABRIE|, 2002; ICHORIN A. J.; MARSDEN, 11990; FERNANDEZ-CARA,
2012)):

1
Y+ (y-Vy=——Vp+vAy+ f in (0,7) x Q,
Po (1.9)

V.y=0 in (0,7) x Q,
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where v = u/p is the so-called kinematic viscosity.

Remark 1 When we let v — 0 in (1.9), we get in the limit the incompressible Euler equations:

1
yw+ @y -Vy=——Vp+f in (0,T) xQ,
Po (1.10)

V-y=0 in (0,T) x €.
When a Newtonian, homogeneous and incompressible fluid flows in a spatial region 2 C R?
during a time interval (0,7"), we can establish a characteristic length L, (usually, the diameter
of ) and a characteristic velocity Y, that can be related, for example, to the forces applied

on the boundary 02 or to a pressure gradient. Once L, and Y, are defined, we can rewrite

the NSEs in (1.9) in a nondimensional form by setting:

x t Y P T2
s =T L= Y =, D = d *:7*7 1.11
=g R AR w f L*f (1.11)

where T, = L, /Y, and P, = Y. We can indeed check that the new independent variables

Z«,t. and the physical quantities v, p., f« are nondimensional and, moreover,
V.= LYV and A, = L2A. (1.12)

Then, by applying (1.11) - (1.12) in (1.9)), we obtain the following nondimensional NSEs:

1

y*,t - R

Y.
is the so-called Reynolds number.
v

We see that previous process has a lot of interest because the parameter Re, that naturally

L
where the Re :=

appears, helps to predict the behaviour pattern of a fluid in different situations. Indeed, in
experiments, it is observed that at values of Re below the so-called critical Reynolds number,
the fluid moves smoothly with a minimal amount of mixing between adjacent layers. In this
regime, we say that the fluid is laminar. However, for higher values, the fluid exhibits a chaotic
behaviour, with rapid variations in its velocity field and pressure and swirling regions appear,
called eddies. In this regime, we say that the fluid is turbulent. By observing a turbulent
flow modeled by the NSEs ((1.9)), a process can be observed where large eddies (large-scale
components of the fluid) break up into smaller eddies (fine-scale components of the fluid).
That process is known as energy cascade and it is provoked by the presence of the inertial term
(y - V)y in the NSEs, responsible of the transport of kinetic energy from the larger structures

to the smaller ones.
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If a mesh sufficiently fine is used, a numerical resolution of the NSEs allows to visualize
all the fluid eddies, even the smallest ones close to a length-scale l;, where the molecular
dissipation begins to dominate the inertial term. This approach is called Direct Numerical
Simulation (DNS) and for large Re, it demands a really high computational cost what makes
it impractical. On the other hand, a numerical method proposal to overcome this difficult is the
so-called Large Eddy Simulation (LES) that consists in directly resolve the turbulent structures
larger than a certain prescribed length [, and inhibit the creation of structures smaller than
I, by filtering the inertial term (y - V)y with a spatial smoothing kernel ®. This means that
this term is replaced by (z - V)y, with z = ® % y. However, the effects of the unresolved
smallest eddies cannot be ignored and, therefore, they must be modeled. To sum up, the LES
methods directly account for the large eddies (what does not require a very fine mesh and,
therefore, reduce the computational cost) and model the effects of the smallest eddies. It
is worth mentioning that the representation of those effects by subgrid scale modeling is an
active subject of research in the theory of turbulent fluids.

In the last years, two mathematical models has raised with a great potential to become
a subgrid scale LES model for 3D turbulence phenomena. The first one is well-described in
(FOIAS|, 2001)) and it is called Lagrangian Averaged Navier-Stokes-a model (LANS-a model)

(also called Navier-Stokes-a or viscous Camassa-Holm equations):

yt—uAy—i—(z-V)y—l—Z?:lijzj—l—Vp:f in (0,7) x €,

V.y=V-2=0 in (0,7) x €, (1.13)
z—a?Az =y in (0,7) x €,
where y is periodic in the periodic box 2 = [0,27L]?. From the empirical point of view

in (CHEN, 1998; |CHEN, 1999b; |CHEN, 1999a)), the authors showed that the steady LANS-«
numerical solutions compare successfully with empirical data from turbulent flows and pipes,

for a wide range of Reynolds numbers. Inspired by the LANS-ov model (1.13)), the authors in
(CHESKIDOV, |2005) introduced and described the second model mentioned above, the so-called

Leray-a model to 3D turbulence:

Y —vAYy+(z-V)y+Vp=f in (0,T)xQ,

Vey=V-2=0 in (0,7T) x ©, (1.14)

z—a?Az=y in (0,7) x Q.
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Here, we assume that y is periodic in the box Q = [0,27L]3. Notice that, as in the LANS-«
model the low-pass filter used is the Green's function associated with the Helmholtz operator
I —a?A.

The Euler equations for compressible fluids have two problems at small length-scales that
demand attention: the first one is the turbulence (like in incompressible fluids) and the second
one is the formation of shocks. Then, inspired by the good results obtained for LANS-«
and Leray-a models to treat with turbulent flows and with the aim of regularize the shock
discontinuities that appear in the compressible Euler equations’ solutions, the authors in (BHAT,
2005) applied the Lagrangian averaging approach to deduce averaged models for barotropic
and compressible Euler equations. The Lagrangian averaging approach results in a filtered
convective velocity in the nonlinear term (y- V)y. Then, taking this fact into account and due
to the great difficulties involved in the numerical treatment of the averaged models obtained
in (BHAT, [2005), the authors used in (NORGARD G.; MOHSENI, |2008)) a filtered velocity in the
nonlinear term yy, of the Burgers equation, with the intention of discovering if this technique
is reasonable to capture shock formation. Precisely, the starting 1D fluid model is the inviscid

Burgers equation. It is given by:

Y +yy. =0 (1.15)

while the viscous Burgers equation is given by:

where v > 0 represents the viscosity.

There are a lot of works dealing with the inviscid and viscous Burgers equations (see for
example (BURGERS, 1948; |COLE, [1951; |GOTOH T.; KRAICHNAN, (1993; [LAX|, 1973 [LIGHTHILL),
1956} |OBERAI A. A.; WANDERER, 2006; TADMOR, 2004; WHITHAM, 1974)) and the reasons why

they have been a useful testing ground for dynamic fluids rely, mainly, on two aspects:

= Simplicity: Since the equations ([1.15]) - (1.16]) are one-dimensional and they have not a

pressure term, then they are simpler than the Euler and Navier-Stokes equations.

= Similarity: Like the Euler equations the inviscid Burgers equation ({1.15]) can be
expressed as a conservation law and just like the term (y - V)y in system , the
presence of the one-dimensional convective term ¥y, is responsible by shock formation
for the solutions to ([1.15]). On the other hand, the viscous Burgers equation ([1.16) can

be regarded as a simplified version of theNavier-Stokes equations (|1.9)).
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Taking into account the aspects mentioned above, in (NORGARD G.; MOHSENI, [2008)) the

authors made a analytical and numerical study of the so-called inviscid Burgers-a: equation:

Yt + Y = Oa
(1.17)

2= P2y =,
where, like in the LANS-« and Leray-a models, there is a filtered convective velocity z = ®%“xy;
here, ®* is the Green's function associated with the one-dimensional Helmholtz operator
Id — o202,

In (NORGARD G.; MOHSENI, 2008) the authors showed numerical evidence that is in
fact a shock regularization for and the behaviour of its solutions is similar to the one
for viscous Burgers equation’s solutions, which can also be interpreted as a regularization of
. Moreover, it is important to highlight that appears when we take b — 0 in the
so-called b—family:

Ye + 2yy + bzpy = 0,

(1.18)

2 — 0Pz, = .

A physical motivation of the equations is found in (DULLIN, 2003; DULLIN, 2004), where
the authors showed that it is an asymptotically equivalent approximation of the shallow water
equations.

It is worth mentioning that, beyond their utility as test platforms for the Euler and the
Navier-Stokes equations, the equations - have an interest by themselves as models
for many areas, such as: acoustic waves (GARDNER C. S.; HSING SU, [1969)), road traffic modeling
(HIGUCHI H.; MUSHA, 1978 [NAGATANI, 2000)), runoff in soils (SU, [2004), shock formation in
inelastic gases (BEN-NAIM, 1999), cosmology turbulence dynamics as in (BEC J; KHANIN, [2007;

BOUCHAUD J.-P.; MEZARD), [1996)), etc.

1.4 FREE-BOUNDARY PROBLEMS IN MATHEMATICAL MODEL

In all mathematical models presented before, either the boundary of the spatial domain
where the PDE is posed was given or there is a part of the spatial boundary that we have
to determine. However, there are some physical phenomena modeled by differential equations
defined in spatial domains such that a part of the boundary (called free boundary or moving
boundary) is unknown and evolves in time. One of them is the so-called 1D two-phase melting

phenomenon that we briefly describe below.
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Let L > 0 a material length, 7" > 0 a positive time and suppose that at the initial
time ¢ = 0, the spatial region 0 < x < L is filled with ice and the initial distribution of
temperature is given by a non-positive function ug : [0, L] — R. Furthermore, consider that
a time-dependent heat source ¢(t) > 0 acts at the left boundary = = 0 starting, therefore,
a melting process of the ice. Therefore, for any 0 < ¢t < T, there exists a material length
((t) (also called liquid/solid interface) such that the region 0 < 2 < L consists of two parts:
[0,£(t)) (filled with water) and (£(t), L] (filled with ice).

If we denote by u; and wug, respectively, the temperatures in the water and ice regions,
then the 1D two-phase melting problem (also called the two-phase Stefan problem) is to find
a triplet (uy, ug, ¢) satisfying the following:

Water region:

api = Kl gz, 0<t<T, 0<az</(t),

(1.19)
w(0,t) =q(t), O0<t<T.
Ice region:
CsPsllst = Kslg e, 0<t<T, l(t) <z <L,
ug(L,t) = 0, 0<t<T, (1.20)
us(x,0) = up(x), 0<az<L
Additional conditions:
0(0) =0,
w (0(), 1) = us(£(t), 1) = 0, 0<t<T, (1.21)
KsUs o (0(t), 1) — kiug . ((t), 1) = opl'(t), 0<t<T.

The positive constants ¢;, p;, k4, for i € {l, s} and o stand for, respectively, the specific heat,
density, thermal conductivity and the latent heat required to melt the ice. Moreover, notice
that in ([1.21)) we have two boundary conditions on the moving boundary ¢(t). The first one
(1.21]), allows to complete the definition of solution for the system of differential equations
— and the second one ([1.21)),, called the Stefan condition, helps to determine the
unknown interface.

Besides the mathematical role described above, the Stefan condition 3 can be dedu-
ced physically (see (CRANK| 1984)) as a consequence of the behaviour of the heat flux from

the water to the ice region.
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An interesting control question for Stefan problems like ((1.19))-(1.21)) that we consider in
this Thesis (see Chapter |4)), is to prove that, in a finite time 7" > 0, one can drive both the

temperatures wu;, us and the interface ¢ to desired targets.

CONTROLLABILITY PROBLEMS IN MATHEMATICAL MODELING

To fix ideas, let us consider the non-homogeneous version of the heat equation ((1.4)):

U — Ugy = f1g, in (0,7) x (0,L),
u(-,0) =u(-, L) =0 on (0,T), (1.22)
u(+,0) = ug in (0,L),

where L > 0 is the bar length, 7" > 0 is the time in which the phenomenon is observed,
w CC (0, L) is an open subset, 1, represents the characteristic function on w and the source
term f and initial condition ug are taken in appropriated spaces.

System describes the time evolution of the temperature distribution in a thin bar
whose extremes have null temperature and the initial distribution of temperature is given by a
function ug : (0, L) — R. On the other hand, the function f1, : (0,7) X w + R represents a
heat source acting on a portion w of the bar. One can deal with the following question: given
a time T" > 0, an open subset w C (0, L) and a state ur : (0, L) — R is it possible to find
a heat source f such that the solution u to (1.22) satisfies w(7,-) = ur in (0, L)? In other
words, is it possible, by applying a suitable heat source on a portion of the bar, to steer the
temperature distribution from a given initial uo to a desired ur at time t =717

In the above question, the source f plays the role of a control. As a consequence of the
regularizing effect for the heat equation, we have a negative answer for a general u;. However,
we can drive the temperature close enough (in some topology) to any final state. The issue
formulated in the previous paragraph is what we call controllability problem for a PDE, that
is, the study of the trajectories of a system governed by PDEs connecting two states in a finite
time T

The types of controllability problems can vary according to three factors: time, target and
initial state:

Regarding time, we deal with long-time controllability when the time of control T" depends
on the states to be connected and with small-time controllability when two states can be linked

at any time 17" > 0.
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With respect to the target, we have the following types of controllability problems: 7) null
controllability, when our aim is to lead any initial state to the null-state; i) controllability
problem to trajectories, when we desire to drive an initial state to a trajectory (a particular
solution of the system); 7ii) approximate controllability, when starting from an arbitrary initial
state, we want to steer the solution of the system arbitrarily close to any target; iv) exact
controllability, when any initial state can be driven exactly to every target.

Concerning the initial state, we have controllability questions of two kinds: global and
local controllability. The first one holds when any initial state can be driven (exactly or not)
to a prescribed target and the second one holds when we only can reach a target if we
start sufficiently close to it. A widely used method in Control Theory to solve controllability
problems for nonlinear partial differential equations consists in linearizing the system around
a well chosen trajectory and then, by applying a fixed-point argument or an inverse function
theorem, get a local controllability result (we have applied this technique in this Thesis, see

Chapter [3)).

1.5 CONTEXT AND AIMS OF THIS THESIS

Geometric inverse problems associated with elliptic and parabolic operators and controlla-
bility of fluid mechanics systems and of free-boundary problems are focus of intense research
in mathematics, physics, engineering, etc. The main goal of this Thesis is to present new
contributions to all of them.

The first chapter of this Thesis relies on the paper (ARAUJO, 2020), which consists in a
detailed study of geometric inverse problems associated with systems of elliptic and parabolic
equations. The second chapter relies on the submitted manuscript, dealing with the global uni-
form controllability properties of a family of inviscid and viscous regularizations of the inviscid
and viscous Burgers equations. Finally, the third chapter relies on the submitted manuscript,
concerning a local controllability result for a two-phase Stefan problem, where we control both

temperatures and also the interface.

1.6 PREVIOUS RESULTS

There are a lot of works dealing with geometric inverse problems for elliptic equations. Let

us first mention (FRIEDMAN A.; VOGELIUS| |1989)), where the authors obtained a uniqueness
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result for the inverse problem of determining the shape and localization of a singular crack o
(a simple arc) from two boundary measurements. Then, this result was extended for the case
of multiple cracks oy, ..., 0, by Alessandrini and Valenzuela in (ALESSANDRINI G.; VALENZU-
ELA| |1996) and stability results were obtained by Alessandrini and Rondi in (ALESSANDRINI
G.; RONDI, |1998). It is worth mentioning the paper (ALESSANDRINI G.; RONDI, 2001)) of Alessan-
drini and Rondi, where they found optimal stability estimates for the problem of determining
the locations of several cavities Dy, ..., D, from only one boundary measurement.

As mentioned above, in this Thesis we use local Carleman inequalities to get a uniqueness
result for geometric inverse problems. This method was previously applied, for example, in
(DOUBOVA, 2006; DOUBOVA, 2007; FABRE, 1995) for inverse problems associated with the
systems of Boussinesq, Navier-Stokes and Stokes, respectively. We also prove stability results
by applying techniques used by C. Alvarez et al in (ALVAREZ, |2005) for the Navier-Stokes
equations and we present a reconstruction algorithm based in arguments used by Doubova et
al in (DOUBOVA, 2006; DOUBOVA, 2007)).

On the other hand, the more notable controllability results in the field of fluid mecha-
nics are related to Navier-Stokes, Euler and Burgers equations. Concerning the Navier-Stokes
equations, Fursikov and Imanuvilov in (FURSIKOV A. V.; IMANUVILOV, 1999) proved, using Car-
leman inequality and an Inverse Function Theorem, local controllability results to trajectories
of class C*° and Fernandez-Cara et al in (FERNANDEZ-CARA, 2004) improved these results, by
considering bounded trajectories. Later, Fernandez-Cara et al proved in (FERNANDEZ-CARA,
2006), under some specific geometric conditions, a local exact controllability result to trajec-
tories of the N —dimensional Navier-Stokes and Boussinesq systems with a reduced number of
scalar distributed controls. More results in this direction has been obtained later; see (CORON
J.-M; LISSY, |2014)) and the references therein.

Regarding the Euler equations, Coron in (CORON, |1993; |CORON, |1996) proved, by applying
the return method, a global controllability result for the 2D incompressible Euler equations
and in (GLASS, [1997; GLASS, 2000) Glass proved a global controllability result for the 3D
incompressible Euler equations. Also, it is worth mentioning that Coron in (CORON, (1995,
using the results in (CORON, 1993; CORON, [1996)), proved a global controllability result for the
2D incompressible Navier-Stokes equations with slip boundary conditions.

Some remarkable works were carried out in the framework of the inviscid Burgers equations.
In (ANCONA F.; MARSON, (1998), Ancona and Marson described the attainable states for the

general conservation law of the type y; + [f(y)]., with f strictly convex and of class C?, in the
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positive half-space. Later, Horsin, in (HORSIN, 1998), described the attainable states for the
inviscid Burgers equation in a line segment using two boundary controls. Furthermore, similar
to the result of Ancona and Marson, Perrolaz in (PERROLLAZ, 2012), studied the controllability
properties of the system y; + [f(y)]. in but in the context of the entropic solutions.

In the case of the viscous Burgers equation, let us highlight the following positive con-
trollability results: in (FURSIKOV A. V.; IMANUVILOV, 1996), Fursikov and Imanuvilov proved
a small time local controllability result using only one boundary control; long time controlla-
bility results towards steady states were obtained by Fursikov and Imanuvilov in (FURSIKOV
A.; IMANUVILOV, 1995)); furthermore, Chapouly proved in (CHAPOULY, 2009) that the viscous
Burgers equation is small time globally controllable with three scalar controls and Marbach
improved in (MARBACH, |2014)) the Chapouly's result considering only two controls.

On the other hand, there are negative controllability results in the framework of the viscous
Burgers equation. For instance, Fernandez-Cara and Guerrero, in (FERNANDEZ-CARA E.; GUER-
RERO), 2007)), presented optimal estimates for the minimal time of null controllability 7'(r) of
the initial data of L> norm < r and Marbach proved in (MARBACH, [2018)) the viscous Bur-
gers equation is not small time locally null controllable with one space-independent distributed
control and no boundary controls.

On the other hand, there are some controllability results related the “a — modifications”
of the Burgers equations. Indeed, in (ARARUNA, 2013), Araruna et al proved a local null con-
trollability result for the viscous Burgers-« equations. This result was extended in (FERNANDEZ-
CARA E.; SOUSA, 2019) to the viscous b—family and in higher dimensional cases, a null con-
trollability result for the Leray-a equations was obtained in (ARARUNA, 2014).

Finally, the study of the controllability properties of free boundary problems related to
parabolic PDEs is a topic few explored in the literature. Nevertheless, important results arised
in the last years, specially for one-phase Stefan problems and their variants: in (FERNANDEZ-
CARA, 2016)), using classical results of parabolic regularity theory, standard energy estimates
and Schauder fixed-point Theorem, the authors managed to steer to zero the temperature
in an 1D one-phase Stefan Problem, when the initial condition is small enough. By similar
arguments, in (FERNANDEZ-CARA E.; SOUSA, [2017a) and (DEMARQUE R.; FERNANDEZ-CARA,
2018), the local null controllability for the temperature was extended to cover 1D semilinear
one-phase Stefan problems and 2D Stefan problems in star-shaped domains, respectively.
Moreover, in (FERNANDEZ-CARA| 2018)), the authors treat the null controllability problem for

1D one-phase Stefan problem by using a local inversion argument (more precisely, Liusternik’s
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Inverse Function Theorem in Banach spaces).

Related to the two-phase Stefan problems, the best results up to our knowledge concern
stabilization. Precisely, in (KOGA S.; KRSTIC, [2020)), a melting/solidification temperature 7, is
introduced; the medium is assumed to fill a region (0, L) and a regular function ¢ : [0, +00) —
[0, +00) describing the evolution in time of the interface liquid/solid, is introduced. Then, using
the Backstepping Transformation Method, the authors design a feedback boundary control
acting at x = 0 that stabilizes the temperatures and drive them to 7,,, while the interface
((t) is driven towards a desired {7. In other words, they prove the existence of a control such

that:

tliglo Hul(-, t) — TmHL?(O,Z(t)) = tliglo ||u5(~, t) — 77n||L2(0,€(t)) = 0 and lim g(t) = éT.

t—o00

1.7 DESCRIPTION OF THE RESULTS: INVERSE PROBLEM FOR AN ELLIPTIC SYSTEM

Let 2 C RY be a simply connected bounded domain whose boundary ¢ is of class W2,
D* a fixed nonempty open set with D* CC € and v C 0f) a nonempty open set. Consider

the following family of subsets of D*:
D = {D C Q:D #0is asimply connected domain, D C D* and 9D is of class W2’°°}

and let us denote by A the set of all (a,b, A, B) such that a, b, A, B € L>({2) and

t

&1 a(r) b(x) &1
S A(x) B(z) 3

for some X with 0 < A < 141(Q)7!, where 111(£2) is the smallest positive constant such that

> MG [P+ [6f*) Y(&,&) € R, ae in Q,

lullze < m(@Vullz. Yu e Hy(Q).

We will always assume that (¢,v) € HY2(982) x HY2(0S2) and (a,b, A, B) € A. Under
these conditions, it is well known that, for any D € D, there exists a unique solution (y, z) €
HY(Q\D) x H'(Q\D) to the elliptic system
—Ay+ay+bz=0 in Q\D,

—Az+Ay+Bz=0 in Q\D,

(1.23)
y=p, z2=19 on 09,

y=2=0 on 0D.
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Furthermore, there exists a constant C'(€2, D*) > 0 such that

H(yaz)HHl(Q\E) < C(L, D*)H(%WHHW(M)-

In Chapter [2| we will deal with the following geometric inverse problem:

Given (p,v) € HY?2(0Q) x HY?(08) and (a, B) € H~Y2(00Q) x H=1/2(9Q), find
a set D € D such that the solution (y, z) to the linear system ([1.23)) satisfies the

additional conditions:
9y
on

0z

= d —_—
« an on

Y

-yl (1.24)

il

A motivation of problems of this kind can be found, for instance, when one tries to com-
pute the stationary temperature of a chemically reacting plate whose shape is unknown. More
precisely, (1.23))-(L.24]) has the following interpretation: assume that a chemical product, sen-
sible to temperature effects, fills an unknown domain Q\ D; its concentration y = y() and its
temperature z = z(z) are imposed on the whole outer boundary OS2, the associated normal
fluxes are measured on v C 0f2 and both 3 and z vanish on the boundary of the non-reacting
unknown set D; what we pretend to do is to determine D from these data and measurements.

The two main theorems proved in Chapter [2]involve uniqueness and stability results of the

inverse problem ([1.23)-(1.24)). Specifically, our first main result is the following:

Theorem 1 Assume that (i, 1)) € HY/2(02) x HY/2(0) is nonzero. Fori = 0,1, let (3, 2*)
be the unique weak solution to ([1.23)) with D replaced by D' and let o and 3" be given by
the corresponding equalities (1.24]). Then one has the following:

(aoﬂﬁo) — (al,ﬁl) —_— Do _ Dl.

The proof relies on some ideas from (FABRE, 1995). More precisely, by applying a well-
known local Carleman inequality for elliptic operators, we obtain a unique continuation property
for the elliptic system 172 defined in a ball and, after that, we use a compactness argument
to extend this property for general domains.

Next let us introduce the sets D := D° U D!, O° := Q\D and let O be the unique
connected component of O such that 92 C 90. Consider the functions y = ¢ — y* and

z = 20— 2!, Then, using the hypothesis that (a?, 3°) = (a!, '), we can define a appropriated
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extensions O’ of O and (7, 2) of (y, z) such that

—Ay+ay+bz=0 in O,

—AZ+ Ay+BzZ=0 in O,

j=2=0 in O'\O.
As a consequence of the unique continuation property obtained in a first step, we get (7, 2) =
(0,0) in O', what implies (y, z) = (0,0) in O.

Finally, we must prove that DO\E1 and Dl\ﬁo are empty sets. This can be done using
a contradiction argument and the well-posedness of our elliptic system. Indeed, suppose by
contradiction that D\D’ # . Then, introducing the set D? := D' U [(Q\D") n (Q\O)],
we have D2\EO is a non-empty set. Furthermore, we note that 8(D2\ﬁ) = I’y UT'; where
T := d(D\D") N 9D° and Ty := 9(D*\D") N OD'. Therefore, since (y°,2°) = (y*,2!) in

O, the pair (y°, 2%) is the solution to
“AYP +ay’ +b2°=0 in DA2\D’,
~AZL+ AP + B2°=0 in DZ\EO,

yOIZO:O on F()UFl.

The above system has a unique solution in H}(D?\D")2, what yields (y°,2°) = (0,0) in
Dz\ﬁo. Then, applying unique continuation, we conclude that (3°,2°) = (0,0) in Q\EO,
which contradicts the fact that (¢, 1) % (0, 0). Analogously, we can prove that D\D' = ().

Remark 2 (Parabolic Case) Let us consider the set () := Q x (0,T") and let us take func-
tions a,b, A, B € L*(Q). Then, we can formulate the following geometric inverse problem

associated with a parabolic system:

Given (p,1) and («, ) in appropriate spaces and a nonempty open set v C 052,

find an open set D € D such that the solution (y, z) to the linear evolution system:

y—Ay+ay+bz=0 in Q\D x (0,7T),
z—Az+Ay+Bz=0 in Q\D x (0,7),
y=¢, z2=19¢ on 99 x (0,7T), (1.25)

y=0, 2=0 on 0D x (0,7T),

y(-,0) =0, 2(-,0)=0 in Q\D,
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satisfies the additional conditions:

dy B 0z B

yx(0,T) % (0,T)

If one assume that (p,1)) # (0,0) then, using arguments similar to those in the proof of
Theorem |1, we can also establish an uniqueness result for the inverse problem (1.25))-(1.26]).

In order to present our second main result, concerning stability, let us introduce some

notations. Let D € D be a fixed subdomain, let € W1 (RN; RN) satisfying
lullwiee <€e<1, p=0 in Q\D" (1.27)

and, for any ¢ € (—1,1), let us denote by m,, D and (y,, z,), respectively, the mapping
My := I +opu (where I : RN — RY stands the identity), the open set D7 := m,(D") and the
solution to ([1.23) with D replaced by D?. Moreover, it will be assumed that the coefficients

a,b, A, B are constant. The following holds:

Theorem 2 There exists oy > 0 with the following properties:

oy (e 920
on’ On

is well defined and analytic in (—oy, o), with values in H=/2(~)?

1. The mapping
(1.28)

il

2. Either m,(D") = D° for all 0 € (—0g,00) (and then the mapping in (1.28)) is constant),

or there exist 0. € (0,00), C > 0 and k > 1 (an integer) such that
Wo 02\ _ (040 Oz
on’ on on’ on

To prove the Theorem [2| we assume that 1 € W1>(RY; RN) satisfies (I.27]), we define

the function m := I + u € W'°(RY; RY) and we introduce

> Clo|® VYo € (—0.,0.).
H=1/2(y)?

m = (?;”)N  Jac(m) += [det(m')| and A = ((m')) "

ij=1
We can check in (HENROT A.; PIERRE, 2018, p. 193) that m is bijective for ¢ > 0 small
enough and m™' € Wh(RYN; RN). Thus, D' := m(D") is also a domain in D and we can

consider the unique solution (y', ') € H'(Q\D")? to (1.23), with D replaced by D'. On the
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other hand, due the regularity of the boundary 9(Q\D") and the couple (i,1)), we have the
existence of (¢1,1;) € H'(Q) satisfying:

*

(p1,91) = (0,0) in D,
(p1,91) = (,1) on O9Q.

Next, we can write (y1,21) = (u1 + ¢1,v1 + ¥1), where (ug,v;) € H&(Q\ﬁl)2 is the
unique weak solution to the elliptic problem:

—Auy +au; +bvy =F,  in Q\ﬁl,

—Av1 + Au1 + BUl = G1 in Q\El, (129)

u =0, v, =0 on 90 NODY,
where (Fy,Gy) € HY(Q\D")? is given by
Fy = Apy —ap; — by, Gy = Ay — Apy — By
Let us now introduce the functions:
o = (ur), v = T(v), o = Filgr) and o = (),
with 71 : HY(Q\D') — HZ(2\D") being the isomorphism induced by m, that is,
m(f) == fom, Vf € HY(QD").

Then, by using the definition of weak solution, we get easily that (u;,v;) is the unique

solution to ([1.29) if and only if (ug, vg) is the unique solution to the system:
—V - (Jac(m)M*MVug) + (aug + bvg) Jac(m) = Fy  in Q\EO,

=V - (Jac(m)M*MVvy) + (Aug + Bvg) Jac(m) = G in Q\EO, (1.30)

up =0, vo=0 in 0QU oD,
where (Fy, Go) € H-1(Q\D")? is given by

Fo =V - (Jac(m)M*MN py) — (apo + bihy) Jac(m),

Go =V - (Jac(m)M*MN1)y) — (Apo + Biby) Jac(m).
Notice that, for each € W'*°(R"Y; RY) satisfying (1.27), one can simplify the formulation
of system by introducing the operator T(;1) € L((H(Q\D)%; H-1(Q\D")?), with:
T(p)(u,v) := (=V - (Jac(m)M*MYVu) + (au + bv) Jac(m),

—V - (Jac(m)M*MVwv) + (Au + Bv) Jac(m)),
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for all (u,v) € H}(Q\D")2.

It can be proved that mapping & — T'(u) is analytic in a neighbourhood of © = 0
and, therefore, using and the fact that 7' — T~ ! is also analytic, we get that p
(ug,v0) = T~ (u)(Fp, Go) is again analytic in a neighbourhood of i = 0. This proves the
first statement of the Theorem [2] The second statement is obtained by writing the difference
(%%fb’, %%j) = (%, %) as a power series in H~/?()? and making suitable computations.

Finally, in Section of Chapter [2, we outline a reconstruction algorithm using the
techniques of differentiation with respect to the domains mentioned before.

The results of this chapter can be found in (ARAUJO, [2020)), written in collaboration with

Enrique Fernandez-Cara and Diego A. Souza.

1.8 DESCRIPTION OF THE RESULTS: GLOBAL CONTROLLABILITY OF THE BURGERS-
ALPHA SYSTEM

Let L > 0 and T" > 0 be given. In Chapter [3, we study the following two families of

controlled systems:

Ye + 2ys = p(t) in [0, T] > [0, L],
2= Q2 =y in [0,7] x [0, L],
2(-,0) =v, 2(-,L)=wv, on [0,T], (1.31)
y(-,0) =1 on I,
y(-, L) =, on I,
y(0,-) = %o in [0, L],
where [; = {t € [0,T] : v/(t) >0} and I, = {t € [0,T]: v.(t) <0} and
Yt — VWao + 2yz = p(t) in (0,T) x (0, L),
2= 2 =y in (0,7) x (0, L),
2(,0) =y(-,0)=v, in (0,7), (1.32)

z(+wL)=vy(-,L)=wv, in (0,7),

y(ov ) = Yo in (07 L)'
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They are, respectively, the inviscid and viscous Burgers-a systems. The couple (y, z) and the
triplets (p, v;,v,) respectively stand for the corresponding states and controls. For the sake of
simplicity, we always assume v = 1, since all the results shown below can be extended without
difficulty to the case where ~ is an arbitrary positive number.

Our two main results deal with uniform global exact controllability (uniform with respect
to «) for and ([1.32). Regarding the inviscid Burgers-« system, we have the following

result:

Theorem 3 Let o > 0 and T > 0 be given. The inviscid Burgers-a system is globally
exactly controllable in C'. That is, for any given yo,yr € C'([0, L)), there exist a time-
dependent control p* € C°([0,T]), a couple of boundary controls (v®*,v%) € C'([0,T]; R?)
and an associated state (y“, z*) € C*([0,T] x [0, L]; R?) satisfying and

ya(Tv'):yT in (07L)

Moreover, there exists a positive constant C' > 0 (depending on yo and yr, but independent

of a) such that
1%,y leromxgo,msre) + 1% leoqomy + (0 o) llerqoryre) < C

As far as we know, this is the first work analyzing the uniform controllability properties of
the inviscid Burguers-a system and the main tool used to get Theorem [3|is Coron’s return
method, which was introduced in (CORON, 1992).

Let us present some ideas of the proof. To do this, consider L, T > 0 and a non-negative

k € Z and let us introduce the set
Apgy:={X € C*([0,T;[0,00)) : [ Allzrom) > L}

It is not difficult to see that, for each A € Ay, with & > 1, the pair of functions
(g(t,x), 2(t,x)) :== (A\(t), A(t)) is a trajectory of ([1.31)), that is, a particular solution to (|1.31])
associated with (p(t),0;(t),0.(t)) == (N(t),\(t),A(t)). We can see easily that, since the

function A € Ap 7 then there exists € (0, L/2) such that
T
/ As)ds > L+ 2. (1.33)
0

Let us consider the flux ® : [0,7] x [0,7] x R — R associated with A, that is, the function

$ = P(s;t,x) defined by:
0P

S sita) = ()

O(s;s,x) = .
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We note that, given yo € C*(]0, L]), it is possible to define an extension yi € C}(R) such
that suppy; C (—7,7), where 7 > 0 is introduced in (1.33)). Then, we get from that
O(T;0,2) < —2n, for all z € [0, L], which means that, after the time T, the “particles”inside
[0, L] are driven out of the region supp y; by ®. This is the main argument used in the proof

of the following:

Proposition 1 Let T, L > 0 be given and assume that A € A 1. Then, for any a > 0 and
any yo € C'([0, L)), there exists (y, z) € C1([0,T] x [0, L]; R?) such that

Y+ A(t)y, =0 in (0,T) x (0, L),

2= 0P, =y in (0,T) x (0, L),

2(-,0) = y(-,0), z2(-L)=y(-, L) in (0,7), (1.34)
y(0,-) = wo in (0, L),

y(T,-) =0 in (0,L).

Th result ensures that the linearization of around the trajectory (y(t,z), Z(t, x)) :=
(A(t), A(t)) is null-controllable. Then, it can be expected that “small perturbations”of
furnishes a flux function ®* : [0,7] x [0,7] x R — R sufficiently close of ® (for example, in
the space C°([0, 7] x [0,T] x R)) such that, after T, the “particles”in [0, L] are also driven
off suppyg by ®*. This intuitive idea, together with a fixed-point argument, are the main

ingredients of the proof of the following local controllability result:

Proposition 2 Let T\, L > 0 be given and assume that A € A 1. Then, there exist 6 > 0
and C' > 0 (both independent of «) such that, for any yo € C*([0, L]) with ||yo||c1(jo,rp) < &
and any o > 0, there exist boundary controls (v;,v,) € C([0,T]; R?) and an associated state

(y,2) € CH([0,T] x [0, L]; R?) satisfying
yr + (At) + 2)y. =0 in (0,7) x (0, L),

2= Q2 =Y in (0,7 x (0,L),

(1.35)
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and

lyllerqorxpo,ry < Cllvollerqo.y Vo> 0.

Then, if we take A € Apry, with suppA C (0,77), we can obtain, as an immediate

consequence of Proposition [2, the following:

Proposition 3 Let T, L, > 0 be given. Then, there exist 6 > 0 and C > 0 (both in-
dependent of «) such that the following property holds: for each yo € C([0,L]) with
lyollcro,r)y < 0, there exist p* € C°([0,T]) with p*(T) = 0, vf*,v* € C'([0,T]) and
associated states (y*, z*) € C*([0,T] x [0, L]; R?) satisfying (1.31]),

y*(T,)=0 in (0,L)

and

1% lcoo.rpy + 17, vi) lleromrey < € Va > 0.

Thus, if we take A € Ay 1 with supp A C (0,7"), we obtain Theorem [3| by using a scaling
argument (in order to apply Proposition [3)) and the time-reversibility of the inviscid Burgers-a
equation.

On the other hand, regarding the viscous Burgers-a system, we have the following result:

Theorem 4 Let o> 0 and T > 0 be given. The viscous Burgers-a system ((1.32) is globally
exactly controllable in L> to constant trajectories. That is, for any given yo € L*(0, L) and

M € R, there exist controls p* € C°([0,T]) and (v, v®) € H3/*(0,T; R?) and associa-

ted states (y*,2) € L*(0,T; H*(0, L; R?)) N L>=(0,T; L>(0, L; R?)) satisfying (1.32)), the

controllability condition below
y* (T, )=M in (0,L)
and the following estimates
HPQHCO([O,T]) + [| (vr's US)HH3/4([O,T];R2) <C,

where C is a positive constant independent of «, but depending on yo and M. Moreo-
ver, if yo € H}(0,L), the same conclusion holds with (y*,z*) € L*(0,T; H*(0, L; R?)) N
H'Y(0,T; L*(0, L; R?)).
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The proof of Theorem |4 is divided in three steps: smoothing effect, approximate control-
lability and local exact controllability to the trajectories.

One of the main features of the parabolic equations is the so-called smoothing effect. This
property asserts, roughly speaking, that the solutions become regular after an arbitrary positive
time. Then, by combining the smoothing effects and standard energy estimates, we obtain the

following result:

Proposition 4 Let y, € L>(0, L) be given and let (y*,z*) be the solution to (1.32), with
p = = v, = 0. Then, there exist T* € (0,7/2) and C > 0 (independent of ) such that
y“ belongs to C°([T*,T); C*([0, L])) and satisfies

1y oz 2oLy < CAIyollo0),
where A : R, — R, is a continuous function satisfying A(s) — 0 as s — 07.
The approximate controllability step is contained in the following result:

Proposition 5 Letyg,y; € C*([0, L]) be given. There exist positive constants T, and K, inde-
pendent of «, such that, for any T € (0, 7.], there exist controls p* € C°([0, 7]) and (v{*,v%) €
H?3/%(0, 7; R?) and associated states (y*, 2*) satisfying (with T replaced by T), the con-
dition

ly*(7, ) = vl o) < KvV7T (1.36)
and, moreover,

1P [lcoqo.ry + 1V o) | srao,ryr2) < C,

for some positive constant C' independent of «.

A heuristic argument for the proof of the Proposition [5 consists in splitting the state (y*, z%)
in the form:

(ya’ ZCY) = (/U/Oé,T + TCY,’T + AT}wa,T + qOé,’T _'_ )\’7’)7 (137)

where \™ € Ap 1, (u™7,w™7) is a controlled solution of an inviscid system like ((1.35]) and
(r7,q®7) is the “remainder”(solution of an appropriated parabolic-elliptic system). Therefore,
the task consists in proving the existence of suitable A7, (u®7, w™7) and (r®7, ¢®7) such that
the solution in ([1.37) satisfies the result in Proposition [5]

Then, arguing as in the proof of Theorem [3| we get that, given yo,y; € C?([0, L)),

there exists a pair of boundary controls (v;"",v®7) € C?([0,7]; R?) and an associated state

»rr
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(u®™, w>T) € C*([0, 7] x [0, L]; R?) that solves an inviscid system like ([1.35]), with \ replaced
by A and T replaced by 7. We get yet u®"(0,-) = yo and u®"(7,-) = yy in [0, L].

The construction of suitable A™ and (u®", w®7) is not difficult. The main aim is to get good
estimates for the “remainder”(r®7,¢®7). Indeed, together with (u®7,w™7), one can define
a suitable boundary-initial problem associated to a parabolic-elliptic system, whose solution
(re7T,q®7) is such that the decomposition in ([1.37]) solves , replacing T" by 7. Moreover,
from standard energy estimates for parabolic equations, we get a constant K > 0 (independent

of «v) such that
7 (| coo,r 1 0,0)) < KAV/T,

which implies that y*, given in (1.37)), satisfies (|1.36]).
Finally, inspired on some ideas of Araruna, Fernandez-Cara and Souza in (ARARUNA) 2013),

we are able to prove the following local controllability result:

Proposition 6 Let T, L,a > 0 and m € C'(|0,T]) be given. There exists &6 > 0 (inde-
pendent of ) such that, for any initial data yo € H'(0, L) satisfying ||yo — m(0)||zn < 6
there exist p* € C°([0,T]) and (vf*,v®) € H3*(0,T; R?) and associated states (y*,z%) €
L2(0,T; H*(0, L; R?)) N HY(0,T; L*(0, L; R?)) satisfying and

Moreover, p* = m’ and the following estimates hold:
1P leoqo.ryy + 10 v m3sa go,r1:m2) < €
where C' > 0 is a positive constant independent of c.
To sum up, using the three steps above we can construct a triplet of controls (p®, v, v%)

and a pair of associated states (y“, z%) satisfying Theorem .

1.9 DESCRIPTION OF THE RESULTS: LOCAL CONTROLLABILITY OF A TWO-PHASE
STEFAN PROBLEM

Let L > 0 be a material length, let 7" > 0 be a positive time and let ¢;, ¢y, ¢, € (0, L)
be three positive real numbers such that ¢; < ¢y < ¢,.. Furthermore, let us consider functions

uy € W01’4(07€0), with uy > 0, and vy € Wol’4(€0,L), with vy < 0 and two open sets
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w; CC (0,4) and w, CC (¢, L). The material domain is separated in two parts: = € [0, £(t))
(liquid phase) and = € ((t), L] (solid phase). Here, ¢ = {(t) is the position of the interface
between liquid and solid phases and satisfies ¢(0) = ¢y and £(t) € ({;,¢,), for all t. The main

aim of Chapter [4 is to study the controllability properties of the following two-phase Stefan

problem:
Uy — djtige = hyly, in Qi
Uy — dyVpe = hyly, in @,
w(0,t) = v(L,t) =0 on (0,7),
u(+,0) = ug in (0, 4), (1.38)
v(-,0) = vy in (£, L),
w(l(t),t) = v(£(t),t) = 0 on (0,7),
—0'(t) = dyun (£(), 1) — dvg(€(t), 1) on (0,T).

Here and in the sequel, d; and d, are positive diffusion coefficients and we use the notation
Q@ :=(0,L) x (0,7),

Qr:={(z,t) €@Q; t€(0,T) and x € (0,4(t))},

Q. ={(z,t) €Q; t € (0,T) and x € (¢(t),L)},

O, =w; x(0,7) and O, = w, x (0,7).

Notice that, as in - , the time evolution of the temperature distribution in the
solid-liquid phases is described by two parabolic equations and the Stefan condition, given by
the ODE (1.38);, meaning that the time evolution of the interface between the solid-liquid
phases is influenced by the heat flux induced by the process of melting-solidification.

Then, the main result obtained in Chapter [4] is the following:

Theorem 5 Let (1 € ({;,(,). Then, there exists § > 0 such that for any ug € Wy™*(0, )

with ug > 0, any vy € W01’4(€0, L) with vy <0, and ¢y € (4;,¢,) satisfying

[uollyra + llvollypa + [lo = £r] <6,
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there exist controls (h;, h,) € L*(0;) x L*(0,)and associated states (u,v, () with

0 e CN[0,T)) and £(t) € (£, 0,)Yt € [0,T],
(1.39)

U, Uy, Uy, Uge € L2(Q1) and v, vy, vy, Ve € L*(Q,)
and

UT)="tr, u(-,T)=0 in (0,fr) and v(-,T) =0 in ({1, L). (1.40)

The proof of Theorem [5| relies on an extension of the ideas in (DOUBOVA A.; FERNANDEZ-CARA,
2005; [FERNANDEZ-CARA, [2016)). More precisely, the proof is divided in five steps that we briefly

describe below:

1. We define a suitable diffeomorphism & : ) — (@) that transforms the non-cylindrical
problem into a system of parabolic PDEs, whose coefficients depend on ¢, defined
in a cylindrical domain. Therefore, after we define the new coordinates (§,t) := ®(z, t),
we consider the new initial data po(¢) := ug(®~1(&,0)) and qo(€) := vo(®~1(&,0)) and

we denote (p, ¢) the unique strong solution to the new system with initial data (po, o).

2. It is not difficult to see that the controllability result in Theorem [5| is equivalent to
prove the same result for the new cylindrical problem obtained in the first step. Then,
the task is reduced to obtain, via global Carleman estimates and classical arguments
of compactness-uniqueness, an improved observability inequality for the adjoint system

associated to the new parabolic cylindrical domain.

3. Since our goal is to control both the temperatures (p, ¢) and the interface ¢, we must to

solve an approximate controllability problem with a constraint. More precisely, for fixed

¢ satisfying ([1.39) and ¢ > 0, we search for controls (h{_, ht_) € L*(O;) x L*(O,) such

ler ''re

that the associated state (p, q) satisfies the approximate controllability condition:

||(p('>T)>Q('aT))HL?(O,ZO)XL?(ZO,L) <e (1.41)

and the linear constraint
// he 4 dgdt+// he ¢ dedt = by — ¢ —/ZO (©)we(E,00de (1.42)
o, leWL 0, ™ 1 T 0 0 Do \S) .
L
_/eo q0(£)Ce (&, 0) d&.

Here, the couple (1, (;) is the weak solution of a suitable augmented adjoint system.
To get controls such that ([1.41))-(1.42)) hold, we apply the improved observability ine-

quality obtained in the second step to minimize an appropriate functional J;. and, after

this, we build the controls (h{_, ht ).

ler) 're
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4. Llet R>0and ¢, <0, < {, <{, be given and let us define the set
Ar = { € CH[0.T]) : & < £(t) < Ly, £(0) = Lo, [|€']lcogory < R}
For each fixed € > 0, let us introduce the mapping A, : Ar — C*(]0,T]) given by
Aty = £, with £() =ty — [ [dupe(to, ) — drae(lo,7)] d,

where (p, q) is the controlled state associated with the controls (h{ _, hf ), obtained in the
third step and, therefore, L(T') = 1. Then, by using standard local regularity results for
parabolic PDEs, we can prove that, for any couple of initial data (pg, qo) small enough in
{W&A(O,ﬁo) x Wy (4o, L)} the mapping A. satisfies all the conditions of the Schauder
Fixed-Point Theorem. Therefore, there exists /. € Agr such that A.(¢.) = /.. In other

words, given ¢ > 0, there exist controls (h§,hS) € L*(O;) x L*(O,) whose associated
states (p., e, {c) satisfy (1.41)) and ¢.(T) = {r.

5. In this last step, we prove that the family of controls {(h], hZ)}.~¢ and associate states
{(pe, g, L) }e=o are uniformly bounded in appropriate spaces which, in turn, leads to the

existence of controls (h, h,) and associated states (p, g, ) satisfying
UT)="tr, p(-,T) =0in (0,4y) and q(-,T) =0 in (y, L).

Then, it is not difficult to see the controls (hy, h,.) and the interface ¢, together with the

temperatures defined by (u,v) := (p, ¢q) o ®, satisfy (1.38)), (1.39) and (1.40).

Remark 3 Using a classical extension domain argument, one can prove a local boundary

controllability result for (1.38)), by using two boundary controls.

After proving Theorem [ a natural question is whether it is possible to get a positive
controllability result for ([1.38]) by using only one control. Then, using the maximum principle

for parabolic equations, one finds an obstruction and one has the following negative result:

Theorem 6 Assume that uy € WOM(O,EO) with ug > 0, vy € WOM(O,EO) with vg < 0 and
vo #Z 0. Then, if (hy,h,) € L*(O;) x L*(O,), h, = 0 and the associated strong solution to
(1.38) satisfies ((t) < L for all t € [0,T], we necessarily have

v(-T) £ 0 in (¢((T), L).
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2 ON SOME GEOMETRIC INVERSE PROBLEMS FOR NONSCALAR ELLIP-
TIC SYSTEMS

In this chapter, we consider several geometric inverse problems for linear elliptic systems.
We prove uniqueness and stability results. In particular, we show the way that the observation
depends on the perturbations of the domain. In some particular situations, this provides a
strategy that could be used to compute approximations to the solution of the inverse problem.
In the proofs, we use techniques related to (local) Carleman estimates and differentiation with

respect to the domain.

2.1 INTRODUCTION

Let 2 C RY be a simply connected bounded domain whose boundary ¢ is of class W2,
let D* be a fixed nonempty open set with D* CC €2 and let v C 02 be a nonempty open set.
In what follows, the symbols C', C, Cs, ... will be used to denote generic positive constants
and sometimes, we will indicate the data on which they depend by writting, for example,
C(Q, D).

Let us consider the following family of subsets of D*:
D= {D C Q:D #0is asimply connected domain, D C D* and 9D is of class WQ’OO}

and let us denote by A the set of all (a,b, A, B) such that a, b, A, B € L*(2) and

t

&1 a(z) b(x) &1
&2 A(r) B(w) 3

for some X with 0 < A\ < 11(Q)7!, where 111(£2) is the smallest positive constant such that

> =& + &) V(6. &) € R?, ae. in Q, (2.1)

lullZe < m(Q)[[Vullz:  Vu € Hy(Q).
In this chapter, we will always assume that (¢, ) € H'/?(0Q)x H'/?(0Q) and (a,b, A, B) €
A. Under these circumstances it is well known that, for any D € D, there exists a unique
solution (y,2) € HY(Q\D) x H(Q\D) to the system
—Ay+ay+bz=0 in Q\D,

—Az+Ay+Bz=0 in Q\D,
(2.2)

y=p, z2=1 on 05},
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furthermore satisfying

H(yaz)HHl(Q\E) < C(L, D*)H(%WHHW(M)-

In many physical phenomena, in order to predict the result of a measurement, we need
a model of the system under investigation (typically a PDE system) and an explanation or
interpretation of the observed quantities. If we are able to compute the solution to the model
and quantify relevant observations, we say that we have solved the forward or direct problem.
Contrarily, the inverse problem consists of using the observations to recover unknown data
that characterize the model. For details about the main questions concerning inverse problems
for PDEs from the theoretical and numerical viewpoints, see for instance the book (ISAKOV,
2000)).

In this chapter, we will deal with the following geometric inverse problem:

Given (p,v) € HY2(0Q) x HY?(09) and (a, B) € H~Y2(00Q) x H~/2(9Q), find
a set D € D such that the solution (y, z) to the linear system ([2.2)) satisfies the

additional conditions:
9%
on

0z

d —
an an

= 3. (2.3)

~

y

A physical motivation of problems of this kind can be found, for instance, when one tries to
compute the stationary temperature of a chemically reacting plate whose shape is unknown.
More precisely, - has the following interpretation: assume that a chemical product,
sensible to temperature effects, fills an unknown domain Q\ D; its concentration y = y(z) and
its temperature z = z(z) are imposed on the whole outer boundary 052, the associated normal
fluxes are measured on v C 0f2 and both y and z vanish on the boundary of the non-reacting
unknown set D; what we pretend to do is to determine D from these data and measurements.

In the context of the inverse problem —, three main questions appear. They are

the following:

= Uniqueness: Let (o, 3°) and (a!, ') be two observations and let (y°,2°) and (y', 2')
be solutions to (2.2)) satisfying the identities (2.3]) associated to the sets D° and D!,

respectively. The question is: do we have D° = D! whenever (a°, %) = (o', 3')?

= Stability: Find an estimate of the “distance” j4(D°, D) from D° to D! in terms of the
“distance” po((a?, 3°), (at, 1)) from (o, 3°) to (al, B') of the form

p“d(Doa Dl) S CI)(,UO((QO’ 60)7 (alv Bl)))a
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where the function ® : Rt — R satisfies ®(s) — 0 as s — 0, valid at least whenever

(a®, 5°) and (a!, ') are “close” to a fixed (@, /3).
» Reconstruction: Find an iterative algorithm to compute the unknown domain D from the

observation (a, f3).

In the sequel, we will on the uniqueness and the stability of the inverse problem (2.2)-(12.3).

Specifically, our first main result is the following:

Theorem 2.1 Assume that (p,v) € HY?(9Q) x HY2(9Q) is nonzero. Fori = 0,1, let
(y', 2%) be the unique weak solution to ([2.2)) with D replaced by D' and let o' and 3° be given
by the corresponding equalities (2.3)). Then one has the following:

(3% = (', ") = D°=D"

The proof is given in Section . It relies on some ideas from (FABRE, 1995); more
precisely, we use two well known properties of ([2.2): unique continuation and well-posedness

in the Sobolev space H'.

Remark 2.1 Note that, if (p,v) = (0,0), then the associated solution to (2.2)) is zero, for

any D € D. Therefore, the uniqueness problem has no sense when (p, 1) = (0,0).

Remark 2.2 In the one-dimensional case, if one consider ([2.2)) with only one boundary ob-
servation, uniqueness may not hold. Indeed, suppose that 2 = (0,1), L € (0,1) and consider
the system

~Ype +N*y+bz=0 in (0,L),

—zpe + Ay +*2=0 in (0,L), (2.4)

y=(0) =0,

where A,b,n,( € R (all them different from zero) and |A|+ |b| < 2|n||C|. Then, the numbers
(n?,b, A, (?) € A and, using the parameter variation method, we get that a solution (y, z) to
(2.4) is given by

b

K . A (e : z :
z(x) = 3 sinh({z) + T ./0 y(s)sinh[((z — s)]ds, y(x) = 77/0 z(s) sinh[n(x — s)]ds

for each K € R. Therefore, if K # 0 we have z,(0) # 0 and this implies non-uniqueness.
For N > 2, the uniqueness in the N-dimensional case with only one information on -y is,

to our knowledge, an open question.
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In order to state our main stability result, let us introduce some notation. Thus, let D° € D

be a fixed subdomain and let's assume p € Wh*°(RN; RY) satisfy
lullwree <e<1, p=0in Q\D"

and, for any o € (—1,1), we denote by m,, D° and (y,, 2,), respectively, the mapping
my := I + oy, the open set D := m, (D) and the solution to ([2.2)) with D replaced by D°.

It will be assumed still that the coefficients a, b, A, B are constant. The following holds:

Theorem 2.2 There exists g > 0 with the following properties:

(e Oz
on’ on

is well defined and analytic in (—cy, 0q), with values in H~/?(~)2.

1. The mapping
(2.5)

o

2. Either m,(D°) = D° for all ¢ € (—0y,00) (and then the mapping in (2.5)) is constant),

or there exist o, € (0,00), C > 0 and k > 1 (an integer) such that
Oyo 07\ _ (040 0%
on’ on on’ on

In (BUCKGEIM, 1999) and (KAVIAN, 2003), a similar geometric inverse problem for one

> Clo|® VYo € (—0.,0,). (2.6)

H=1/2(y)2

scalar elliptic equation is studied. For geometric inverse problems for nonlinear models, like
Navier-Stokes and Boussinesq systems, the uniqueness has been analyzed in (DOUBOVA, 2006)
and (DOUBOVA, [2007)), respectively. Reconstruction algorithms have been considered and ap-
plied in (ABDA| 2009) and (ALVAREZ, |2008) for the stationary Stokes system and in (DOUBOVA,
2006)) and (DOUBOVA, [2007)) for the Navier-Stokes and Boussinesq systems.

Note that, in the applications to fluid mechanics, the goal is to identify the shape of a body
around which a fluid flows from measurements performed far from the body. In other contexts,
the domain D can represent a rigid body immersed in an elastic medium. Thus, related inverse
problems with relevant applications in Elastography have been analyzed in (DOUBOVA A;
FERNANDEZ-CARA| 2015)) for the wave equation and (DOUBOVA A.; FERNANDEZ-CARA| 2018)
for the Lamé system.

This chapter is organized as follows. In Section[2.2] we prove a unique continuation property
for the solutions to and, then, we prove the uniqueness result (Theorem [2.1]). Section
is devoted to proof of the stability result (Theorem . Finally, in Section , we present

some additional comments and open questions.
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2.2 UNIQUE CONTINUATION AND UNIQUENESS

In this section, we analyze a unique continuation property for (2.2)). More precisely, we

have the following result:

Theorem 2.3 Let G C RN be a bounded domain whose boundary G is of class W1, let
w C G be a nonempty open set and assume that a,b, A, B € L*(G). Then, any solution
(y,z) € HY(G) x HY(G) to the linear system
—Ay+ay+bz=0 in G,
(2.7)
—Az+Ay+Bz=0 in G,
satisfying
y=2z=0inw, (2.8)

is zero everywhere.

As already mentioned, the proof relies on some ideas from (FABRE, |1995)). In fact, we will
divide the proof in two parts: (i) the proof of Theorem when w and G are open balls and

(i) the proof for general domains w and G, using a compactness argument.

2.2.1 A unique continuation property for balls

In this Section, we prove a very particular result concerning the unique continuation of the

solutions to ([2.7)):

Lemma 2.1 Assume that R > 0, zy € RY and a,b, A, B € L>(Bayg(x)), where Bagr(y)
denotes the open ball of radius 2R centered at xy. For any solution (y,z) € H'(Byr(xg)) X
H'(Bar(z0)) to the linear system (2.7) in Bar(z0), the following property holds:

(y,z) =(0,0) in Br(zo) = (y,z)=1(0,0) in Byr(xo).
Before proving this lemma, let us introduce ¢ € Cg°(R") and let us define
ao(,€) = [ = [Ve(2)[* and  bo(z,€) := 2 - Vip(a).
Let us also recall that the Poisson bracket of ag and by is given by
[ag, bo] := Veag - Vibg — Vyag - Veby.

A crucial result in the proof of Lemma is the following:
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Theorem 2.4 ((FABRE, 1995, Proposition 2.3)) Let U C R" be a nonempty bounded
open set, K C U a nonempty compact set and assume that o € C°(RY). Suppose that ¢ is

bi-convex in U with respect to the characteristics of ag and by, i.e. ¢ satisfies the following:
Vo(x) #0 Vxel,

3Cy > 0 so that [ag, bo(z,&) > Co when (x,€) € U x RN and ag(z,&) = by(z,£) = 0.
(2.9)

Then, there exist C; > 0 and hy > 0 such that, for all 0 < h < hy and any function
u € H2(K), one has:

In(u) ::/ 62‘p/h|u|2dx+h2/ M\ Vul? de < C’lh3/ /| Aul? d.
K K K

[Proof of Lemma Without loss of generality we may assume that o = 0. Let (y, z) €
H'(Byr) x H'(Bagr) be a solution to (2.7) such that y = 0 and z = 0 in Bg.
We will try to apply Theorem to the functions y and z. To do this, let us fix e > 0

and let us introduce the sets
KH:{meRN:iRSLHSQR—f} and LP:{xERN:;R<Lﬂ<2R}
and a function ¢ € C°(RY), with
o(x) == e Vo € Byg, 0> 4/R% (2.10)
It is not difficult to see that

Ou,0(x) = —26m50(x) and O, 0p,0(x) = —200p(2)d1, + 40°xjz0(), (2.11)

where the §,;, are the Kronecker symbols. From (2.10) and (2.11]), we have that

a0, bo) (. €) = 648%p(x)*|af” [3laf® — 1]

>16 53326—121%25 (‘541%2 _ 1)

for any (x,€) € U x RY such that ag(z, &) = by(z,&) = 0. Therefore, we see that is
satisfied by the function ¢ in U.

Let us introduce a cut-off function ¢ € C5°(K) satisfying ¢ = 1 for R—e < |2| < 2R—2¢
and let us set 7 := Cy and Z := (z. It is then clear that (7, 2) € H3(K) x H3(K). After some

computations, we obtain that:
Ay =ay+ bz + Hy,

AZ = Ajj+ BZ + H,,
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where

Hy :=2V({-Vy+yAl and H,:=2V(-Vz+ zA(. (2.12)

Consequently, we can apply Theorem to ¢ and deduce that there exist C5 > 0 and

ho > 0 such that
Io(§) < Coh® (/ 62w/h|§|2dx+/ 62‘p/h|H1|2dx> (2.13)
K K

for all h € (0, hy). Here, we have absorbed the lower order term for ¢ from the right hand side
by taking ho small enough. Analogously, there exist positive constants C'3; > 0 and hg > 0
such that,
Io(3) < Ch? (/K ewh\gﬁdm/Ke%/h\mmx) (2.14)
for all h € (0, h3).
Next, adding and (2.14), taking hy4 sufficiently small and C; sufficiently large and

absorbing again the lower order terms for i and Z from the right hand side, we have
Io(@) + Io(2) < Cul® [ e/ (IEL[ + | Haf?) da, (2.15)
K

for all h € (0, hy).

To conclude the proof, we note that , the fact that y = 2 = 0 in By and V( =
AC =0 for R—¢ < |z| < 2R — 2¢ imply that H; and H, vanish in Byr_o.. Now, we have
from that ¢ is positive and radially decreasing in U. Thus, one has

J P + Hof?) do < #eRR20 | (FLP o) do

On the other hand,

e (g + 12%) do > 2|y + |2 ) de
K R<|z|<2R—3e
(2.16)
> 62@(2R—3€)/h/ (|y|2+ |Z|2) dr.
R<|z|<2R—3¢

It follows from ([2.15)—(2.16]) that

/ (’y‘2 + |Z’2) dr < C4h3e2[<p(2R72s)7<p(2R73s)}/h/ (’H1’2 + ‘H2‘2> dr.
R<|z|<2R—3¢ K

Since H, and H, are independent of i and p(2R —2¢) < p(2R — 3¢), we can let h — 0 and
get that
y=2z=0 in R<|z|<2R-—3¢

and, consequently, ¥ and z vanish in Byg_3.. Since € > 0 is arbitrarily small, we conclude that

y and z vanish identically in Byp.
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2.2.2 Unique continuation for general domains

The goal of this section is to prove Theorem in the general case.

Let (y,z) € H'(G) x H'(G) be a solution to (2.7) satisfying and let us assume that
m C w. Let 21 be a point of G and let us see that y = 0 and z = 0 in a neighborhood
of xy.

Since G is connected, there exists a curve n € C*([0, 1]; G) such that n(0) = z, and
n(l) = z.

Notice that for any ¢ € [0, 1] there exists r; > 0 such that Bs,, (n(t)) C G. Since I :=
7 ([0,1]) is a compact set, there exist m > 1 and 0 < t; < ... < t,, < 1 satisfying

I'C Lnj B, (n(t;)) , where we have setr; :=r, .
j=1

By construction, setting p; := min{ry,..., 7y, po}, we have that m C @, for all
xel.

Finally, we set 1y := p1/2 and fix 0 < r < rq. It is clear that (y, z) vanishes in B, (x)
whence, by Lemma[2.1] (y, 2) also vanishes in By, (20). Let & :=n(m1) € dB,(x9) NT. Then,
we have that (y,z) = (0,0) in B,(&) and, in view of Lemma 2.1} (y, z) = (0,0) in By, (&1).
Applying the same idea a finite number of times, we obtain y = 0 and z = 0 in B,.(z). This

ends the proof.

2.2.3 Proof of Theorem 1: uniqueness

Let us introduce the open sets D := D° U D' and O° := Q\D and let O be the unique

connected component of O such that 92 C 90. Also, let us set y := y* —y' and z := 2° — 2!
in O. Since o’ = a! and 3° = !, the couple (y,2) € H'(O) x H'(O) satisfies:
—Ay+ay+bz=0 in O,
—Az4+Ay+Bz=0 in O,
(2.17)
y=2=0 on 01,
B—Z = g—fl =0 on 1.

Now, we fix o € v and we choose 7 > 0 such that B,(zy) N dQ C ~. Let us set

O’ := O U B,(z) and consider the extension by zero (7, Z) of (y, z) to the whole set O’
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From ([2.17)), it follows that
—Ay+ay+bz=0 in O,
~As+Aj+Bz=0 in O.

Also, since O’ is connected and (7, %) = (0,0) in O’\O, Theorem implies (7, 2) = (0,0)
in O'. In particular, (y,z) = (0,0) in O.

To conclude, let us prove that Dl\ﬁO and Do\ﬁ1 must be empty. Thus, let us suppose that
DW\D’ # () and let us introduce the set D? := D*U[(Q\D")N(Q\0)]. By hypothesis, D2\ D"
is nonempty.On the other hand, note that 3(D*\D") := I',UT, where Iy = 3(D*\D")NdD°
and T'; = 9(D2\D") N oD

Therefore, since (y°, 2°) = (y', 2!) in O, the pair (y°, 2°) verifies
Ay’ +ay® +02°=0 in DQ\EO,

—A2°+ Ay’ + Bz =0 in DQ\EO,

(2.18)
' =0,2"=0 on T,

0 =0,20=0 on I'.

Since the linear system ([2.18]) possesses exactly one solution, we necessarily have (y°,2°) =
(0,0) in D2\D". Consequently, in view of Theorem , (4°,2°) = (0,0) in Q\D". This
contradicts the fact that (¢, 1) is not identically zero on 0S2. Hence, Dl\ﬁ0 is the empty set.

Analogously, one can prove that Do\ﬁ1 is empty and, finally, one has D° = D*.

Remark 2.3 Consider a multiple domain ¥ = D° U D' U ... U D*, with D' N D7 = 0, if
i#j,and D' € D, foralli=1,...,k. Then, by applying similar techniques as these above,
one can see that Theorem|2.1| can be extended to a geometric inverse problem which consists
to find an unknown multiple domain ¥ such that the corresponding solution to (with D
replaced by ¥.) generates the observation . That is, if two multiple domains X° and X!
generate the same observation (a, 3) in (2.3)), then X0 = X1
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2.3 STABILITY
2.3.1 Preliminary results

Let us introduce some basic notation. Let m = (m?,...,m") € WL>°(RY; RV) be given
and let us set

' = (f}f)N C Jac(m) = |det(m)], M = ((m)")

1,j=1

In the sequel, we will consider the set
W, = {p € W (RN, RN) : ||pllwie <€, p=0 in Q\D'},

where 0 < € < 1. We will work with mappings of the form m := I + p, where I : RN s RV
is the identity and € W.. For any u € W,, I + p is obviously bijective, (I + p)™! €
Whee(RN; RYN) (see (HENROT A.; PIERRE, [2018), p. 193) and

(I+p)(D)eD, VDeD.
Also, the corresponding functions Jac(m), M and M1 satisfy
Jac(m) > C(e) >0, ||M|p~+ HM”HLOO < Cf(e). (2.19)

Let D° € D and u € W, be given, let us set again m := I + p and D' = m(D°) and let
us consider the solution (y1,2) € HY(Q\D")? to

—Ay +ay; +bz1 =0 in Q\ﬁl,

—Az1+ Ay + Bz =0 in Q\ﬁl,

=@, 21:¢ on aQa

y1=0, 21 =0 on OD!.

Since (@, %) € HY?(09Q)?, there exists (¢1,1,) € H'(Q)? such that

(¢1,¥1) =01in D* and  (¢1,71) = (@, ¢) on 9Q.

Thus, we can write (y1, 21) = (u; + @1, v1 + ¥1), where (uy,v;) is the solution to

—Auy +au; +bvy =F;  in Q\ﬁl,

—Av1 + Au1 + B'U1 = G1 in Q\ﬁl, (220)

U1:07 U1:0 on 8QU8D1
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and
Fy=Ap1 —apr — b1, G =AYy — Apr — By,
We see from (2.20)) that for any (w, p) € HL(Q\D")? the following holds:

/Q\ (Vuy - Vw + Vo, - Vp) dy + / (auyw + bvyw + Auyp + Buyp) dy

= - / (Vo1 - Vw+ Vi, - Vp) dy — / _ (aprw + bpyw + Ap1p + Byip) d
Q\D Q\D
(2.21)

Let us introduce the functions:

ug :=m(ur), vo:=m(v1), @o:=m(p1), o :=m(yr),
where 7 is the isomorphism from HL(Q\D')? onto HL(Q\D")? induced by m, that is,
m(f) = fom, VfeH{ND). (2.22)
We get easily from that there exists a positive constant C' = C'(¢€) such that

7)o < CONF Ny e ¥ F € HHEOQAD').

Moreover, it's easy to see that ! is the linear mapping induced by the inverse m~"! of
the m, that is, m~(g) = g o m™!, for all g € HZ(Q\D")2.

Observe that, since (¢1,11) =0in D* and m = [ in Q\ﬁ*, we have (¢, %0) = (¢1,%1)
in Q. In other words, (1,1)1) is invariant under the isomorphism m associated to m.

It can be easily shown that solving the variational problem ([2.21)) is equivalent to find
(ug, vo) € H(}(Q\EO)2 such that

/ o (M Vit MV MYy MVg) Jac(m) d
/ o (augz+bugz+ Augg+ Bugq) Jac(m) dx

/ (MV 0o MV 2+ MVihy- MV q) Jac(m) dz

—/ (apoz+bihgz+ Apoq+ Bibgq) Jac(m) dz,
for all (z,q) € H&(Q\EO)2 that is, a solution to the system:

—V - (Jac(m)M*MVuy) + (aug + bvg) Jac(m) = Fy  in Q\ﬁo,

—V - (Jac(m) M* MV vg) + (Aug + Bug) Jac(m) = Gy in Q\D', (2.23)

U0:07 U():O on 8QU8DO,
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where (Fy, Go) € H=(Q\D")? is given by
Fo =V - (Jac(m)M*MN pg) — (apo + bihy) Jac(m),
Go =V - (Jac(m)M* MV 1)y) — (Apo + Biby) Jac(m).
For convenience, we will rewrite in the abridged form
T(ug, vo) = (Fo, Go) in Q\D’,

(2.24)
UO:O, UOZO on 8QU3DO,

where the notation is self-explanatory.

Lemma 2.2 The linear operator T : HL(Q\D")? — H=Y(Q\D")? is an isomorphism. Further-
more, if || - |z, and || - ||z, denotes the usual norm in LHYO\D")?; H-Y(Q\D")?) and
LHYQ\D")2%: HY(Q\D")?), respectively, one has
Tl co + 11T 2y < Cle).

It is easy to see that T € L(HE(Q\D")%: H~1(Q\D")?) and ||T]|z, < C(e). On the other

hand, the continuous and bilinear form 7(-,-), given by
-0
T((w,0), (2,9)) = (T(w,v), (2, a) 1.y V(u,v),(2,9) € Hy(Q\D")?,

is coercive. Indeed, given (u,v) € H1(Q\D")? we have from the fact that mapping 7t defined

in (2.22)) is an isomorphism that there exists a unique pair (uy,v;) € H&(Q\El)2 such that

(u,v) = (us, vr). Thus,
7((u,v), (4, v)) :/ o([MVul® + [MV[?) Jac(m) dx
+/ (alul? + BJof? + (b + Ayuw)Jac(m) de
> (|MVu|2+|MVv| ) Jac(m) dx
—A/ (Jul? + [v]?) Jac(m) dz

> (1— 2u(@ >>||<u1,v1>||H1 S
where in the last inequality we used the fact that ( is satisfied by the coefficients a, b, A

and B. Then, it follows from this and from fact m is a isomorphism that
(0 0), () 2 (1= A (), v0) I 0
= (1= N () (w0, 0) 1, 0

> C(e)(1 — A (2)][ (w, U)HHI(Q\D )2’

Therefore, from Lax-Milgram's Lemma, we get the result.
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Theorem 2.5 The mapping .+ (ug, vo) is analytic in a neighbourhood of the origin in W..

We note first that (Fy, Go) does not depend of 1, because (g, 1y) = 0 where p # 0.
Then, since the mapping T is a isomorphism we have by (2.24)) that

(uo, vo) = T_I(Foa Go).

We prove in the Appendix [A| the mapping p — T is analytic in a neighbourhood of 0.

Consequently, this is also the case for p +— (ug,vg) and the proof is done.

2.3.2 Proof of Theorem 2: stability

Let D° € D and i € W, be given, with 1 % 0 in D°. Recall that, in Theorem 2, for any
o € (—1,1), we have set m, := I + ou and D’ := m,(D°) and (y,,2,) € H*(Q\D,)?* is
the solution to

—Ays +ay, +bze =0 in Q\D,,

Az, + Ay, + Bz, =0 in Q\D,,
(2.25)

Yo = ©, Za:¢ on aQ7

Yo = 07 e = 0 on 0D°.
We will argue as in (ALVAREZ, 2005):
1. First, it follows from Theorem and the fact that 4 = 0 in Q\E* that there exists

0o > 0 such that the mapping in ({2.5)) is well defined and analytic in (—og, 09). Hence,
there exist [}, I, ... in H~'/2(v)? such that

Yo 0zs dyo Oz o = im B

where the series converges in H~/2(v)2.

2. Now, let us assume that m, (D) # D° for some o € (—0¢, ). In view of Theorem 1,
not all the F}; can be zero. Let ky be the smallest j such that F; # 0. It is then clear

that there exists o, € (0, 0¢) such that

o0

>, JF

1
< Slol™ || Fiollg-1/2, Vo € (0w, 04). (2.27)
Jj=ko+1 2

H-1/2
Indeed, using the definition of series’ convergence, we can see easily that fixed o €

(—00,00) and taking ¢ = 1/4|o|* || Fy,||g-12 > 0, there exists py € N such that if
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p = po then

o0

> R,

Jj=p+1

<e.
H-1/2
If po < ko then the inequality in (2.27]) is easily obtained. Now, suppose that py > ko,

that is, pg = ko + k1, for some positive integer k; > 1. Thus,

Y, o'F < 1ol Eioll -2
Jj=ko+ki+1 H-1/2
and, consequently,
< 1 R
>, o'F; < ol Fllg-e + | 32 o'F;
J=ko+1 H-1/2 J=ko+1 H-1/2
Then, by taking o, € (0,0) so that
ko+k1 ) 1 N
> NP IE -2 < Zlo 1 [Pkl -2,
ko+1
for all 0 € (—o.,0.), we get the inequality (2.27)).
Then, for these 0 € (—o,,0,), one must also have
0y, 0z Jyo 0z 1
kol e <22 ) - =2 =2 —|o|k|| F -
otaloe < (G Ge) = (G2 52)| 4 Gt Bl

which allows to achieve the proof.

Remark 2.4 Similar to Remark above, one can consider a fixed multiple domain
Yo = D}U...UDE, with DiND) =0 ifi # j, and Di € D, foralli =1,... k. Then,
assuming that the set Y, is subjected to perturbations, as described in this section, it is

possible to prove a version of the Theorem 2.2 for multiple domains.

2.4 ADDITIONAL COMMENTS AND QUESTIONS
2.4.1 A similar inverse problem with internal observation

Let w CC Q\E* be a nonempty open set. Consider the following geometric inverse pro-

blem, where the observation is performed on w:

Given (p,) € HY2(092) x HY/?(09Q) and a € H'(w), find a set D € D such
that the solution (y, z) to the linear system ([2.2) satisfies the following additional

condition:

y| =a (2.28)
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We have the following uniqueness result:

Theorem 2.6 Assume that (p,1) € HY?(0Q) x HY?(0Q) is nonzero and suppose that
there exists a nonempty open set wy C w such that b # 0 a.e. in wy. Let (y',2") be the

unique weak solution to ([2.2]) with D replaced by D' fori = 0,1 and let o' be given by the
corresponding equality (2.28)). Then, one has:

The proof is very similar to the proof of Theorem [2.1]
As before, we can consider the open sets D := DU D!, O° := Q\D and the unique

connected component O of O° such that 90 C 00. Again, let us set y := y° — y! and

2z := 20 — 2V in O. Then, using the facts that o’ = o' and b # 0 a.e. in wy, we have that

(y,2) € HY(O) x H'(O) and satisfies

—Ay+ay+bz=0 in O,
—Az+Ay+Bz=0 in O

and

y=2=0 in wyg.

Consequently, Theorem [2.3| guarantees that (y,z) = (0,0) in O. Arguing as in the proof of
Theorem , we deduce that DO\E1 and Dl\ﬁO are empty sets and, consequently, D° = D!
We also have a stability result similar to Theorem . Thus, let us fix D° € D and p € W,
with 12 # 0 in DY, let us take m, = [ +op and D° = m,(D°) and let (y,, z,) be the solution

to ([2.25)). The following holds:

Theorem 2.7 Under the assumptions in Theorem on (p,v) and b, there exists oy > 0

with the following properties:

1. The mapping
7 Yo (2.29)
is well defined and analytic in (—oy, 0y), with values in L*(w).

2. Either m,(D°) = D" for all o € (—0¢,00) (and then the mapping in (2.29)) is constant),

or there exist o, € (0,00), C > 0 and k > 1 (an integer) such that

H(ya - Z/o)‘w L2 > COlolf Vo € (—0.,0.).
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Again, the proof is very similar to the proof of stability in the boundary observation case
(Theorem [2.2). In fact, the unique difference appears in the last part of the argument, when

we write

(Yo —w0)|_ =D 0'F; Vo € (—00,09),

j=1
instead of ([2.26)).

For brevity, we omit the details.

Remark 2.5 Recall that, in the case of problem (2.2)—(2.3)), we need two boundary observa-
tions, the normal derivatives of y and z on ~y, to deduce uniqueness and stability. The last two
results show that, with internal observations, this holds with the information supplied by just

one variable.

2.4.2 A geometric inverse problem for a parabolic system

Let us present some ideas that allow to extend Theorems [2.1] and [2.6] to time-dependent
parabolic systems. For brevity, we will only consider the boundary observation case. Thus, let

T > 0 be given and let us consider the following inverse problem:

We consider (p, 1) € C([0, T]; H3/2(02)?), with o(-,0) = 9(-,0) = 0 on 99 and
(o, B) € L*(0,T; H~'/2()?), where v C 92 is a nonempty open set. Then, our
goal is find an open set D € D such that the unique solution (y, z) to the linear

evolution system:

y—Ay+ay+bz=0 in Q\D x (0,7),
z—Az+Ay+Bz=0 in Q\D x (0,7),

y=p, z=1 on 09 x (0,7), (2.30)

y=20, 2=0 on 0D x (0,7T),

y(-,0) =0, 2(-,0)=0 in Q\D,
satisfies the additional conditions:
@ 0z

o =a and = . (2.31)

vx(0,T) on % (0,T)

If one assume that (p, ) # (0,0), then arguments similar to those in the proof of Theo-

rem [2.1] can be used to deduce uniqueness for ([2.30)—(2.31]).

Indeed, the first step is to deduce a unique continuation property:
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Proposition 2.1 Let G C RY be a bounded domain whose boundary is of class W*> and
let us set Q) := G x (0,T). Suppose that a,b, A, B € L>(Q) and let O be a nonempty open
subset of Q). Then, any solution (y, z) € L*(0,T; H*(G) x H*(G)) to

yy—Ay+ay+bz=0 in Q,
(2.32)

z—Az+Ay+ Bz=0 in Q.

satisfies the following property:
(y,2) =(0,0) in O = (y,2) =(0,0) in C(O),
where C(O) is the horizontal component of O, defined by
C(O) :={(x,t) € Q : Fxy such that (zy,t) € O}.
The proof of this result is similar to the proof of Theorem 1.4 in (FABRE, 1995).

Remark 2.6 Let G C RY be a bounded domain whose boundary is of class W2 and let Iy
be an open nonempty subset of OG x (0,T). Then, any solution (y, z) in L*(0,T; H*(G) x
H?(@)) to (2.32) satisfies the following property:

(y,2) = (0,0) and (gi,gi) =(0,0) on T'y = (y,2) =(0,0) in C(I'y).

Indeed, take (x¢,ty) € Ty. Since Ty is open in OG x (0,T), there exist constants r,0 > 0
such that (B, (x¢) N OG) x (ty—d,to+09) C I'y. Let us denote by (3, Z) the extension by zero
of (y,2) to O := (B(zo;7) N G°) X (ty — 6,1y + 8). Then, writing G := G U [B(xo; ) N G,
we have that (§, 2) € L*(0,T; H*(G) x H*(G)) is a solution of in G x (tg— 06,19+ 0)
and (7,2) = (0,0) in O. Consequently, by Proposition (g, 2) vanishes in C(O). Since

(xo,to) is arbitrary in 'y, we get the result.

Let us now achieve the proof of uniqueness for the geometric inverse problem (12.30))-(2.31]).
To this end, let D° and D! be two open sets in D and let (¢, z*) be the solution to (2.30))

with D = D". Let us also assume that

oy’ 92° oyt 0zt
(anan) - (anan on 7 < (0,1).
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As before, by introducing the open sets D := D°U D, O° := Q\D and O, with y := ¢ — ¢!

0

and z := 2% — 2!, we have

y—Ay+ay+bz=0 in Ox(0,7T),

22— Az+Ay+Bz=0 in O x(0,7),

y=0, 2=0 on 09 x (0,7),
dy 0z
%—0,%—0 on v x (0,7).

From Remark [2.6] we find that (y,z) = (0,0) in O x (0,7T).
We can prove that Dl\ﬁ0 is the empty set. Indeed, suppose the contrary, i.e. that Dl\ﬁ0
is nonempty. Let us introduce the open set D* = D' U ((2\D° N (2\0)). As before, using

the fact that (3°,2%) = (y*, 2') in O x (0,7, we see that

W — AP +ay® +b°=0 in (D2\D°) x (0,7),

W= AL+ Ay’ + B2 =0 in (D2\D") x (0,7), (2.33)

Y0 =20=0 on 8(D2\EO) x (0,7),

y°(-,0) = 2°(-,0) =0 in D2\D’.

Consequently, thanks to the uniqueness of solution to ([2.33]) and Proposition , we must
have (y°,2%) = (0,0) in (Q\D") x (0,T), which implies (,%) = (0,0), an absurd. This
proves that D' c D°.

Similarly, we can also prove that D C D! and, therefore, D° = D*.

Remark 2.7 If, in (2.30), we impose nonzero initial conditions on y and/or z, the situation

is much more complex. In particular, the previous argument does not work.

Remark 2.8 Notice that, in this time-dependent case, no assumption of the kind (2.1)) is

needed.

Stability results like Theorems [2.2] and can also be established in this framework. We
will not give the details for brevity, since the arguments are not very different and can easily

be completed by the reader.
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2.4.3 Additional comments on stability

In the context of the stability problem, we can adopt another (more geometrical) viewpoint.

To clarify the situation, let us consider the scalar systems
~Ay'=0 in Q\Di
y = ¢ on 09,

y=0 on OD?,

where ), is as before, D" and D! are convex and have nonempty intersection and the following
regularity properties hold:

oy’
on

o' e C*(09), & =—eC'(7), y eC*Q\D").

Let us assume that
1€ lco@oay =m >0, [[©° = @'llc2on) <€
16° = atllerm) < € Y llee@py < M.

Then, it can be proved that the Haussdorf distance dy (D, D) satisfies the estimate
C

—

(log(log %))

where C only depends on €2, M and m; see (BUCKGEIM, 1999).

di(D°, D") <

The proof is based on the following well-posedness results, where C' is as above:

= Let us set again G =\ D°U D! and let us assume that

1°(2) —y' (2)] = X 1y () — y' ()]

-1
Then, under the previous hypotheses, one has |y°(2) — y*(2)| < C (log %) .
-2
= Assume that [[y° —y'[coig) < 0. Then dy(D°, DY) < C (log %) :
Under additional properties for the ¢, &' and ¥¢, the previous estimates can be improved:;
see (BUCKGEIM, 1999)) for more details.
It would be interesting to extend this approach to the inverse problems (2.2)), (2.3
and (2.2), (2.28)). At present, to our knowledge, whether or not this is possible is an open

question.
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2.4.4 Reconstruction

As already said, reconstruction algorithms for the solution of problems of the kind —
have been considered in several papers. In all them, the main idea is to reduce to finite
dimension and reformulate the search of the unknown D as a constrained (maybe numeri-
cally ill-conditionned) extremal problem. Then, usual gradient, quasi-Newton or even Newton
methods can be used to compute approximate solutions; see for instance (ABDA, 2009; |ALVA-
REZ, 2005; ALVAREZ,, 2008)).

Let us present in this section a different approach that relies on the domain variation
techniques introduced in (SIMON|, 1987)).

The main idea is to describe how the observation depends on small perturbations of D as

explicitly as possible. For such, let us introduce the Banach space
W2 = {1 e W*(RN; RM): p=0in Q\D"}
and the open set
We = {1 € W™ ||plla.e < € and p=0in Q\D"}.
Moreover, for a fixed domain D € D and for each p € W,, let us set
D+ p= {zERN,z:x+u(x), xED}

and let us recall that, whenever D € D, we also have D + i € D.
Now, let us assume that a, b, A, B € C'(Q) satisfy (2.1), (,%) € H*?(9)? and we
consider the unique solution (y,, z,) € H*(Q\(D + u)? of the perturbed system
—Ay, +ay,+bz, =0 in Q\(D+ ),
—Az,+ Ay, + Bz, =0 in Q\(D +pn),

Y =0, 2,=0 on O(D + p).
Then, we have the following lemma whose proof is in Appendix [B}
Lemma 2.3 Assume that a,b, A, B € C'(Q) satisfy (2.1). Then,
1. The mapping p — (Y, 2,) o (I + p) is differentiable at . = 0 from W, into H*(2\D)?.

That is, there exists a linear mapping p € W>* — (v, 2,) € H*(Q\D)? such that

(Yus 20) © (L + 1) = (Y, 2) + (Y, 2u) + 0(10) (2.34)
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where (y, z) € H*(Q\D)? is the unique solution of (2.2)) and
o(p)

1]l2,00

0 when |[p]|a0c — 0. (2.35)

2. For each domain © CC Q\D", the mapping .+ (y,., z,)|0, which is defined in W, and
takes values in H*(O)? is differentiable at 1 = 0 from W, into H'(O) and we stand by
(y,,, 2,,) the local derivative in the direction of the vector .

/

3. Furthermore, (y,,, z,,) is the unique solution of the linear system

p
—Ay,, + ay, + bz, =0 in Q\D,
—Az, + Ay, + Bz, =0 in Q\D,
Y, =0,2,=0 on 0f),
yl@:—(u-n)gz, sz—(u-n)SZ on 0D,

and the following holds:
W 2) = W ) + 10 V(y, 2). (2.36)

Then, using (2.34), (2.36) and the fact each € W, is null in a neighbourhood of the
boundary 02, we get easily

0y, 0z, oy 0z\ (9y, 0Oz,
(anan> (anan =\ onan ) ToW) om
where o() satisfies (2.35]).
Moreover, for any (77,0) € C?(¥), one has

0y, Oy _ 0z, 0z dy odn 0z 00
“In YT bl (e = — : Al Tdedil I o
/7 K on 8n> T <8n on o) d /8D('u n) on on * on on AU+ olu).

(2.37)
where (7, 0) is the solution to the adjoint system
—An+an+A0=0 in Q\D,
—A0+In+BO=0 in Q\D,
(2.38)

n=mnl,, 0 =101, on 01},

n=0,0=0 on 0D.

Let us see how, starting from an already computed candidate D to the solution of the

geometric inverse problem (2.2)—(2.3), we can compute a better candidate of the form D + .
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Let M be a finite dimensional subspace of L®(0D) and let {fi, ..., f»} be a basis of M.

We will take x such that p - n|yp € M. Then, we can write

p
e n|a[) = Z Aifi
=1

for some \; € R to be determined.

Now, let us introduce p linearly independent functions (ﬁ’y) € C*(5). Using (2.37)), we

obtain

W _ o\, + (L2 _5) o' ar = — S Koo,
Ll(an a>n17+(an B L, dl =—=> KA+ o(w),

i=1

where

oy o 0z 007
K, ;:/ 22 220 ) ar
! an<8n8n+8n8n>
we have denoted by (1)7,67) is the solution to (2.38) corresponding to (77, @) and (&, B) is
the observation corresponding to (7, Z). We thus see that an appropriate strategy to compute

the coefficients )\; is to solve, if possible, the finite-dimensional algebraic system

Remark 2.9 Let us devote some words to other reconstruction issues. A natural way to
compute a sequence of open sets D* such that, in some sense, D* converges to a solution to

the inverse problem is the following:

1. Reformulate (2.2))-(2.3) as an extremal (direct) problem

2

Minimize © H (83/, az> — (o, B)
2 an 8n H—1/2(7)2 (239)

Subject toy = yp, z = zp, D € Dyy.

Here, D,q is an appropriated family of admissible domains and, for each D € D,q,
(yp, zp) is the unique solution to (2.2)). For practical purposes, it is of course interesting

to take, for instance, classes D,q similar to those in Theorem [2.2

2. Try to solve (2.39) by applying an iterative algorithm. For example, if the domains in
D,a are parametrized (as in Theorem , it makes sense to apply constrained descent
techniques. This approach has been chosen in a lot of references up to date in connection

with many different problems.



62

3 ON THE UNIFORM CONTROLLABILITY OF THE INVISCID AND VISCOUS
BURGERS-ALPHA SYSTEMS

In this chapter we study the global controllability of families of non-viscous and viscous
convectively filtered Burgers equations (also known as inviscid and viscous Burgers-av systems)
in a finite interval by using boundary and space independent distributed controls. In these
equations, the usual convective velocity of the Burgers equation is replaced by a regularized
velocity, induced by a Helmholtz filter of characteristic wavelength «. First, we prove a global
(uniform with respect to «) exact controllability result for the family of non-viscous Burgers-«
equations, using the return method and a fixed-point argument. Then, we establish the global
uniform exact controllability to constant states for the similar family of viscous equations. To
this purpose, we first prove a local exact controllability property and a global approximate

controllability property for smooth initial and target states.

3.1 INTRODUCTION

Let L > 0 and T" > 0 be given. Let us present the notations used along this chapter.

The symbols C, C and C;, i =0, 1,. .. stand for positive constants (usually depending on L

and T'). For any r € [1, +00] and any given Banach space X, || -
norm in Lebesgue-Bochner space L"(0,7; X). In particular, the norms in L"(0,L), L"(0,T")

rr(x) Will denote the usual

and L"((0,T) x (0, L)) will be denoted by || - || In this chapter, we will consider the following

two families of controlled systems:

Yt + 2Ye = p(t) in [07 T] X [07 L]a
2= 02 =Y in [0,7] x [0, L],
2(,0) =v, =z2(,L)=wv, in [0,7T],
(3.1)
y(,O) = U in Il,
y<'7 L) = Ur in [ra

y(0,-) = o in [0, L],
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where [; = {t € [0,T] : v/(t) >0} and I, = {t € [0,T]: v.(t) <0}, and

Yt = VYzax + 2Yz = p(t) in (07 T) X (07 L)7
2= Q2 =y in (0,7 x (0,L),
2(,0) =y(,0)=v in (0,T), (32)

2(,L)=y(-,L)=wv, in (0,7),

y(O> ) =%Yo in (07 L)

These are respectively the so called non-viscous and viscous convectively filtered Burgers
equations (also known in the literature as the Burgers-« or the Leray-Burgers equations). The
pairs (y,z) and the triplets (p,v;,v,) stand for the corresponding states and controls. The
parameter v > 0 is the fluid viscosity and « is the characteristic wavelength of the Helmholtz
filter. For simplicity, throughout this chapter we will take v = 1. All the results can be extended
without difficulty to the case where v is an arbitrary positive number.

Obviously, (3.1 and can be regarded as nonlinear regularizations of the inviscid and
viscous Burgers equations. These systems and some related variants have already been studied.

More precisely, (3.2)) is the b = 0 case of the b-family:

Yt — Y Yoo + 2Ya + b2y = p(2)

2= %2 =y

or, equivalently

2 — 0P 2p0t — Y Zoz + Y O 2pzee + (0 4+ 1) 22, — 0222000 — 022,200 = p(t).

This has been studied in (HOLM D.; STALEY, [2003) as a model for the 1D nonlinear wave
dynamics in fluids which includes the effects of convection and stretching. The dimensionless
parameter b measures the relative strength of these effects. The variable z can be viewed as
the fluid velocity in the x direction (or equivalently the height of the free surface of the fluid
above a flat bottom).

When b = 2, this equation is the so-called 1D viscous Camassa-Holm equation; it describes
the unidirectional surface waves at a free surface of shallow water under the influence of gravity,
see (CAMASSA R.; HOLM, 1993). When b = 3, we are dealing with the viscous Degasperis-

Procesi equation which plays a similar role in water wave theory.
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It is interesting to highlight that this regularization idea was first employed by Leray in (LE-
RAY|, 1934) to prove the existence of a solution to the Navier-Stokes equations. This Leray-type
regularization has been used to capture shocks in the Burgers equation in (BHAT H. S.; FETE-
CAU, 2006 |BHAT H. S.; FETECAU, 2008 [BHAT H. S.; FETECAU, 2009b; NORGARD G.; MOHSENI,
2008; INORGARD G.; MOHSENI, 2009). It has also been employed in other contexts, such as the
analysis of compressible Euler equations, scalar conservations laws and aggregation equations,
see (BERTOZZI, 2012; BHAT, |2005; BHAT H. S.; FETECAU, 2009a; |CRAIG K.; BERTOZZI, 2016;
SHEN, 2014). Finally, systems like ({3.1)) and can also be viewed as simplified 1D versions
of the so called Leray-a system introduced some time ago to describe turbulent flows as an
alternative to the classical averaged Reynolds models, see (CHESKIDOV, [2005} [FOIAS, [2004;
FOIAS, 2002).

Our two main results deal with the global uniform exact controllability (with respect to «)

for systems ({3.1)) and ({3.2). More precisely, one has:

Theorem 3.1 Let o > 0 and T > 0 be given. The inviscid Burgers-a. system is globally
exactly controllable in C'. That is, for any given yo,yr € C'([0,L]), there exist a time-
dependent control p* € C°([0,T]), a couple of boundary controls (vi*,v%) € C([0,T]; R?)
and an associated state (y*, z*) € C'([0,T] x [0, L]; R?) satisfying and

y*(T,-)=yr in (0,L). (3.3)

Moreover, there exists a positive constant C' > 0 (depending on vy, and yr but independent

of a) such that

1z, y)lerqo.mxq0,23:82) + [P leoqoy + (0 vi) lero,myre) < C-

Theorem 3.2 Let o« > 0 and T > 0 be given. The viscous Burgers-a system is globally
exactly controllable in L> to constant trajectories. That is, for any given yo € L*°(0, L) and
N € R, there exist controls p* € C°([0,T]) and (v{*,v%) € H3/*(0,T; R?) and associated
states (y*, z*) € L*(0,T; H'(0, L; R*)) N L>=(0, T; L>=(0, L; R?)) satisfying (3.2),

y*(T,-)=N in (0,L)
and the following estimates

1%l coqo.zy + 107 o) |2 o,ryimey < €
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where C' is a positive constant (depending on vy, and N but independent of o). Moreover,
if yo € HY(0, L) then the same conclusion holds with (y*,z*) € L*(0,T; H?*(0,L; R?)) N
H'Y(0,T; L*(0, L; R?)).

We will see in the proofs of the above results that the distributed control p® is independent
of «, it only depends on T', L, the initial condition and the target state. In this chapter, we
are going to deal with situations that lead to new difficulties compared to previous works on

nonlinear parabolic equations. Let us discuss these differences:

= Nonlocal nonlinearities. In the ((3.1)) and (3.2)), the usual convective term is replaced and
a filtered (averaged) velocity appears. As a consequence, the arguments in (CHAPOULY,

2009) must be modified, as shown below.

= Uniform controllability. Performing careful estimates of the controls, global uniform con-
trollability results are obtained. This way, we are able to generalize some previous control
results to the context of nonlinear parabolic equations with nonlocal nonlinearities, see

(CHAPOULY, [2009; MARBACH, [2014)).

For completeness, let us mention some previous works on the well-posedness and the
control of our main systems and other similar models. Concerning well-posedness, global well-
posedness for the inviscid Bugers-a system is established in (ESCHER J.; YIN, 2009) in the case
of homogeneous boundary conditions and local well-posedness can be found in (COCLITE, 2009;
PERROLLAZ, 2010) for non-homogenous boundary conditions. Regarding the viscous Burgers-
« system we prove a global well-posedness below in the Section [3.3] On the other hand,
there are many important works dealing with the controllability properties of parabolic equa-
tions and systems, see (FERNANDEZ-CARA E.; ZUAZUA), |2000b; |FURSIKOV A. V.; IMANUVILOV,
1996)) and inviscid and viscous Burgers equations, see (CHAPOULY, 2009; FERNANDEZ-CARA
E.; GUERRERO, [2007} [FURSIKOV A. V.: IMANUVILOV, (1996} |GLASS O; GUERRERO, [2007}; |GUER-
RERO S.; IMANUVILOV, [2007} [HORSIN|, [1998} [MARBACH, [2014} [PERROLLAZ, [2012).

For Burgers-a sytems, the uniform local null controllability for the viscous system ((3.2))
with distributed and boundary controls was studied in (ARARUNA| 2013); later, the results
have been extended to any equation of the b-family in (FERNANDEZ-CARA E.; SOUSA, 2019)). In
higher dimensions, uniform local null control results for the Leray-« system have been obtained
in (ARARUNA, 2014).

The rest of this chapter is organized as follows. In Section [3.2] we prove some results

concerning the existence, uniqueness and regularity of the solution to the viscous and invis-
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cid Burgers-a systems. Sections [3.4] and deal with the proofs of Theorems [3.1] and 3.2}

respectively. Finally, in Section [4.5] we present some additional comments and questions.

3.2 PRELIMINARIES
3.2.1 Notations and Classical Results

Let us denote by CP(R) the Banach space of bounded continuous functions on R, let
C"'(R) be the Banach space of bounded Lipschitz-continuous functions on R and let C%([0, T x
R) be the space of functions f : [0,7] x R~ R that are continuous in z and ¢ and globally
Lipschitz-continuous in space, with Lipschitz constant independent of ¢.

In the sequel, for any function f € C°([0,T] x R), the associated flux function ® =

(s;t, ) is defined as follows:

0P
E(S, t,fL‘) = f(t, (I)<Sa i SL’)), (34)

O(s;s,2) = .
The mapping ® contains all the information on the trajectories of the particles transported by

the velocity f. Furthermore, we have the following existence, uniqueness and regularity result:

Proposition 3.1 (Theorem 10.19, (DOERING C.I.; LOPES, 2014)) Assume that f € C%1([0,T]x
R) and % belongs to C°([0,T] x R). Then, there exists a unique flux associated to f, that

is, a unique function ® : [0,T] x [0,T] x R — R satisfying for all (s,z) € [0,T] x R.
Moreover, ® € C*([0,T] x [0,T] x R).

For results like the Proposition above, the reader can consult also the references (HALE,
1980; HARTMAN, |1964)). Under the assumptions of Proposition , it is well known that, for
each s,t in [0,7], the mapping ®(s;t,-) : R+ R is a diffeomorphism, with

d(s;t,- )t = D(t;s,-).

Let us now recall a classical result related the solution of a transport equation. To this
purpose, let us first note that, for any given Banach space X with norm |- || x and any function
u € C'([0,T]; X), the following inequality holds:

Ll < ol ©0.7), (35)

where d/dt™ represents the right derivative.
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Proposition 3.2 Let us consider a velocity v € C°([0,T]; C"' (R)) N C%'([0,T] x R) and a
source g € C°([0,T]; C2(R)). Then, any solution y € C°([0,T]; CL(R)) N C*([0,T]; CY(R))
to the equation

vy +ovy., =g in(0,T) xR (3.6)

satisfies the following inequality

4
dtt

Let @ be the flow associated to v. For any (s,t,z) € [0,7] x [0,7] x R, we have by (3.6

ly(t, oy < llg(t, )lleory in (0,T).

that

(jty(t, D(s;t,w) = g(t, P(s;t,2)).

Using this identity and the fact that ®(s;t,-) is a diffeomorphism, we get

d
e < late e

CY(R)
Now, the result follows easily from this and from ([3.5]).
The last result of this section is an immediate consequence of the Banach Fixed-Point

Theorem:

Theorem 3.3 Let (E,||-||g) and (F,||-||r) be Banach spaces with F' continuously embedded
in E. Let B be a subset of F' and let G : B — B be a mapping such that

|G(u) — G)||lg < yljlu —v||g ¥V u,v € B, for some~ € (0,1).

Let us denote by B the closure of B for the norm || - ||z. Then, G can be uniquely extended

to a continuous mapping G : B — B that possesses a unique fixed-point in B.

3.3 WELL-POSEDNESS OF THE VISCOUS BURGERS-ALPHA SYSTEM

Let us introduce the Hilbert space £ := H**(0,T) x H3/*(0,T). It is not difficult to check
that the trace operator I' : L?(0,T; H*(0,L)) N H'(0,T; L*(0, L)) — E, defined by T'(¢) :=
(€(-,0),&(+, L)) is surjective, see (LIONS J.-L.; MAGENES, (1972, p. 18). Furthermore, there
exists a linear continuous mapping S : E — L*(0,T; H*(0, L)) N H*(0,T; L*(0, L)) such that
['oS = Ig. Thus, for each (v;,v,) € E we can get £ € L*(0,T; H*(0, L))NH (0, T; L*(0, L))
such that

1€l 2r2ynm 22y < CUloillara + [lvrllg24),
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for some C' > 0.
The following result concerns global existence and uniqueness for viscous Burgers-a: sys-

tems:

Proposition 3.3 Leta >0, f € L=((0,T) x (0, L)), yo € H*(0,L) and v;,v, € H**(0,T)

be given. Assume that the following compatibility relations hold:
v (0) =40(0) and v,.(0) = yo(L).
Then, there exists a unique solution (y*, z*) to the Burgers-c system:

Yy — Yo, +2%ys=f  in (0,7) x (0,L),

2% —a?28, =y~ in (0,7) x (0,L),

2%(,0) =y*(,0) =v, in (0,7), (3.7)

Za('7L):ya('7L):UT in (07T>7

ya(o’ ) =Y in (07 L)

with

y® € HY(0,T; L*(0, L)) N L*(0,T; H*(0, L)) N C°([0, T); H'(0, L)), o)
3.8
z* € H'(0,T; L*(0, L)) N L*(0,T; H*(0, L)) N C°([0, T); H*(0, L)).

Let us set Mz := ||y°]|oo + [|[Villcc + |Vrlloo + Tl flloo- Then, the following estimates holds:
[y floo < M, 12%]cc < M7,

(64 (07 2
ly* L zoynzzqerzy + 1y gy < Ce“M (1fllz+ llyollzr + lvrllmrs + llvrll o)

12112 + all 28 ]|z + 02|25, |2 < Ce“Mr [Hf||2 + ol + (1 +a®)l(u, U?“)HH3/4><H3/4} :
(3.9)

The proof of existence can be reduced to find a fixed-point of an appropriate mapping A,,.

Thus, note first that there exists £ € L*(0,T; H*(0, L)) N H*(0,T; L*(0, L)) with
6('7 O) =v; and g(a L) =v, in (OaT)

Accordingly, for each § € L>(0,T; L>=(0, L)) there exists exactly one z € L*>(0,T; H*(0, L))
with
2= 02 =17 in (0,7) x (0,L),

z2(-,0)=w, 2(-,L) =v, in (0,7),
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satisfying:
12113 + 202|201 + a*llzeal3 < C (913 + 11€1I5 + a?[I& 113 + 1€ 13) |

2] Lo (zoey < |G oo zoey + [Vi]oe 4 [|0r || oo
With this z, by applying (for instance) the Faedo-Galerkin method, we can easily prove the

existence of a y to the linear parabolic equation

yt_yxz+zyx :f in (O,T) X (O’ L)a
y('? 0) =, y('v L) =0, in (OvT)v (310)
y(ov ) =% in (07 L)

that satisfies

y € HY(0,T; L*0, L)) N L*(0,T; H*(0, L)) N C°([0, T]; H(0, L))

and

1Yell 22y + 1yl 222y + 1yl oo () < € (||yo||H1 + 1l 222y + vl gasa + HUrHH3/4) eClIAlI%
(3.11)

Arguing as in the proof of (ARARUNA| 2013, Lemma 1), we can deduce that the solu-
tion to belongs to the space C°([0,T]; H*(0,L)) and, in particular, ypeo(=) < Mr.

Accordingly, we can introduce the bounded closed convex set
K :={ye L>0,T;L>(0,L)) : [|yllpee(re) < Mr}

and the mapping A, : K — K, with A,(y) = y. Obviously, A, is well-defined and continuous
and, moreover, we can see from the estimates in that G := A,(K) is bounded in
L>(0,T; H(0,L)) and Gy := {u;; u € G} is bounded in L?(0,T; L*(0, L)). From classical
results of the Aubin-Lions kind (see (SIMON, (1980))), we deduce that G is relatively compact
in L>°(0,7"; L*>(0, L)). Therefore, by Schauder's fixed point Theorem, A, has a fixed point in
K, which obviously implies the existence of a solution to ([3.7]).

We prove now that the solution is unique. Let (y®,2%) and (y“,2%) be two solutions to
(3.7)) and let us introduce u := y* — g and v := 2* — Z*. Then,
Up — Ugy + 2%Uy = —VYT in (0,7) x (0,L),
v— v, =u in (0,7) x (0,L),

(3.12)
u(-,0) =u(-, L) =v(-,0)=v(-,L)=0 in (0,7,

u(0,-) =0 in (0,L).
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Using the fact that y* € L*(0,T; H*(0, L)) < L?(0,T;C'0, L]) and multiplying the first

equation of the system above by u, we get:

1d . i
5 7 1llz + llwallz < N12% oo luallzllull + 182 llollvll2lull>
1 12115 o
< sllallz + == llullz + 117 oo llull:

Therefore,

d « QO
—lulls + lluallz < (127015 + 20182l ) lull3-
dt

Since u(0,-) = 0, Gronwall's Lemma implies © = 0 and, consequently, v = 0.
Finally, let us check that z“ satisfies the regularity properties in (3.8]). To get this, let us

introduce the function given by

w(t)(L - z) + v v, (t)
- .

h(t,x) =
Then, we obtain from (3.7)) that 2® = w® + h, where w® solves

2ng = ya —h in (07T) X (07L)7

w* — «
w*(-,0) =w*(-,0) =0 in (0,7).
Consequently, w® € L2(0,T; H*(0,L) N H}(0,L)) N C°([0,T); H*(0, L) N H}(0,L)) and

the estimates are uniform, with respect to «, in the space L?(0,T; H*(0,L) N Hy(0,L)) N
C°([0,T]; Hy (0, L)).

Now, let us present a result concerning global existence and uniqueness of a (weak) solution

with initial conditions in L>°(0, L):

Proposition 3.4 Leta >0, f € L=((0,T) x (0, L)), yo € L>(0, L) and v, v, € H¥*(0,T)

be given. Then, there exists a unique solution (y*, z*) to the Burgers-o system:

Yy — Yo, +2%ys=f  in (0,7) x (0,L),

2 o in (0,T) % (0,L),

2 =0z, =y
2%(,0) =y*(,0) =v, in (0,7), (3.13)
2, L) =y*(,L)=wv, in (0,T),

ya(o’ ) =Y in (07 L)
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with
y" € HY(0, T3 H-(0, L)) N L(0, T HY(0, L)) N C*([0, T; L2(0, L)) N L=(0, T3 L™(0, L)),

z* e HY0,T; H'(0, L)) N L*(0,T; H*(0, L)) N C°([0, T]; H*(0, L)).
(3.14)
Let us set My := ||°]|co + ||Villoo + l|r]loo + Tl f|loc- Then, the following estimates holds:

HyaHOO < MT> HZQHOO < MT,
(07 (6% 2
™ s ar-ynzz ey + 1y o2y < CeM ([ Fllz + yolla + lonllzzsrs + Nonllzare)

(6% (67 (6% 2
12%0ls + @ll2g 1> + (125, 1> < Ce“M ([ £l + Ngolla+ (1 + ) (w1, 0| zrasaxsrasa)] -
(3.15)

For any y € L*(0,T; L>(0, L)), there exists a unique solution to the elliptic problem
2= 02 =17 in (0,7) x (0,L),
z2(-,0)=w, 2(-,L) =v, in (0,7),
furthermore satisfying
12113 + 202|201 + a*llzeal3 < C (913 + 11€1I5 + a?[I& 113 + 1€z 13) |
120l 22y < MFlle2(zoey + llvella + [[oel2.

With this z, we solve the linear problem

Yt — Yoo + 2Ye = [ in (0,7) x (0,L),
y(-,0) =v, y(-.L) =v, in (0,T), (3.16)
y(0,+) = wo in (0,L)

and we find a solution y that satisfies

2
Cllel ooy

19ell 2=y + Nyl z2qarg) + 9l ooy < C (golla + 17112 + l[orllgars + lopllg2a) €

Again, as in the proof of (ARARUNA, 2013, Lemma 1), we can deduce that the solution to
(3.16)) satisfies
Hy”LQ(Loo) S T1/2MT.

Let us introduce the set

K :={ye LQ((),T; L>®(0,L)) : HQHLQ(LOQ) < T1/2MT}
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and the mapping A, : K — K with A,(y) = y. Then, arguing as in the proof of Proposi-
tion [3.3] it is not difficult to prove that A, possesses a fixed-point in K.

Finally, in order to prove uniqueness, we consider to solutions u := y*—y“ and v := 2% —2¢

and we get (3.12)). Then, multiplying the first equation of (3.12) by u, we easily get the
differential inequality

lu(t, )|[5-
Since u(0,-) = 0, Gronwall's Lemma implies ©w = 0 and, consequently, v = 0.

Let (v, 2*) be the solution to ([3.13)). From ([3.13)) and the fact that y € L>°(0,T; L*>°(0, L)),

the maximum principle implies that

d . 20721,
ot N + [lua(t, )13 < <||z (t,.)||go+HOf>\|2>

12| zoo (zoey < Ny || Loy < M.

This ends the proof.

3.4 CONTROLLABILITY OF THE INVISCID BURGERS-ALPHA SYSTEM

In this section we present a proof of the global exact controllability property of the inviscid
Burgers-« system. We split the proof in two parts: (i) a local null controllability result; (i) an
argument based on a time scale-invariance and reversibility in time that leads to the desired

global result.

3.4.1 Local null controllability

We have the following result:

Proposition 3.5 Let T, L,a > 0 be given. Then, there exist 6 > 0 and C > 0 (both
independent of «) such that the following property holds: for each yo € C*([0,L]) with
lyoller o,y < 6, there exist p* € C°([0,T]) with p*(T) = 0, vf, v € C*([0,T]) and
associated states (y*, 2*) € C*([0,T] x [0, L]; R?) satisfying (3.1)),

y*(T,-)=2%(T,-) =0 in (0,L)

and

0%l coqo,rny + 1w, o) lerommey < € Va > 0.
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The proof is obtained applying the return method, see (CHAPOULY, 2009; |CORON, |1992;
CORON, |1996; |GLASS, 2000). It relies on a linearization process in combination with a fixed-
point argument: (i) first, we need to find a “good"trajectory (a particular solution for the
nonlinear system) steering 0 to 0 such that the linearization around it is controllable; (i)
then, we must recover (for instance by a fixed-point argument) the exact controllability result,
at least locally, for the nonlinear system.

In our case, it is not difficult to verify that the linearization around zero is not controllable.
Accordingly, we build an appropriate nontrivial trajectory connecting (0,0) to (0,0).

To this purpose, let us introduce the set
Ara = {A € CH(0,T%:[0,00)) : Aoy > L}

Let us consider the couple (g(x,t), Z(z,t)) := (A(t), A(t)) and the triplet (p(t), vy(t), 0, (1)) :
(N'(t), A(t), A(t)), with A € Ay and supp A C (0,7). Note that (7, 2) is a particular solu-
tion to ((3.1]), associated to the control (p, 0}, 0,.). We have the following general controllability

result:

Proposition 3.6 Let T, L > O be given and assume that A € Ay . Then, for any o > 0
and any yo € C1([0, L)), there exists (y,z) € C*([0,T] x [0, L]; R?) such that

Y + Aty =0 in (0,T) x (0,L),

2=’z =y in (0,T) x (0, L),

2(,0) =y(-,0), =2(,L)=y(-,L) in (0,T), (3.17)
y(0,-) = o in (0,L),

y(T,-) =0 in (0,L).

For the proof, it suffices to use (CHAPOULY, 2009, Proposition 8) to find y € C'([0, T] x
0, L)) satisfying (3.17))1,(3.17))4 and (8-17))5 and then solve the elliptic problem ([3.17))>-(3.17));
to construct z € C'*([0, 7] x [0, L]).

Thanks to Proposition [3.6, one may expect that the null controllability for the nonlinear
system holds. Indeed, we have the following result from which Proposition is an

immediate consequence:

Proposition 3.7 Let T, L > 0 be given and assume that A\ € Ap . Then, there exist § > 0

and C > 0 (both independent of «) such that, for any yo € C'([0, L)) with |lyo|lcr(o,1)) <
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§ and any o > 0, there exist (v;,v,) € CY([0,T]; R?) and an associated state (y,z) €
CL([0,T] x [0, L]; R?) satisfying

Ye + (/\<t) + Z)yl“ =0 in (OaT) X (07L)7
2= 0P = in (0,7) x (0,L),

2(,0) =v, =2(,L)=wv, in [0,7T],

y(-,0) = v in I, (3.18)
y(-, L) = v, in I,

y(0,) = o in (0,L),

y(T,-)=0 in (0,L)

and

HyHCq([U,T]x[O,L]) < CHyOHC’l([O,L]) Vo > 0.

We will reformulate the null controllability problem as a fixed-point equation. To do this,
we will first introduce some auxiliar functions and establish some helpful results. Thus, to any
given h € CY([0,T7; C°([0, L]))NL> (0, T; C* ([0, L])) we can associated the unique solution
to the time-dependent problem

22—’z =h in (0,T) x(0,L),

2(,0) = h(-,0) in (0,T), (3.19)

z2(,L)y="h(-,L) in (0,7).
From the maximum principle for elliptic equations, we get
Illeoqo.ricno.cny < lAlleoqocoqo.y) + 1l o= oricoro.0))- (3.20)
Since A € AL 10, we can find n € (0, L/2) such that
T
/ A(s)ds > L+ 2n. (3.21)
0
Now, we consider the following extension of z to the closed interval [—7, L + 7]:
5z(t, —x) — 20z (t, —%) + 162 (t, —ﬁ) , (t,x) € [0,T] x [-n,0],

2t x) =1 2(t, z) (t,x),€ [0, T] x [0, L],

52(t, 2L — ) — 20 (£, 257) + 162 (,2552) , (t,@) € [0, 7] x [L, L + ).
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It is not difficult to check that 27 € C°([0,T]; C*([-n,L + n])) and there exists C; > 0
(independent of ) such that
1" llooo,ror=nrny < Crllzlleoqozerqo.Ly): (3:22)
Then, let x be given, with x € C3°(—n/2,L+n/2), x =1in [0,L] and 0 < x < 1.

This way, we can introduce z* € C°([0, T]; C%*(R)), with

x(@)z"(t, x), (t,z) €[0,T] x [-n, L +mn],
2t x) = (3.23)
0, (t,z) € [0,T] x (R\ [-n, L +n]).
and, using and ([3.23)), we see that

12" [ coqo.mmicrryy < Collzlleoqo, e (o,0)) (3.24)

for some C'y > 0, again independent of «.

Let us set R := & and let us assume from now on that

12l coro,11:00(0,21)n Lo (0,750 (o,L))) < R (3.25)

Then, it follows from (3.20)), (3.24) and ({3.25) that

Hz*HCO([O,T];c,}(R)) < = (3.26)

NI

Let ¢* be the flow associated with the ordinary differential equation & = A(¢) + 2*(¢,§),

that is, the solution to

S 56,) = M) + (6 (s:1,2),
ot (3.27)
o*(s;s,x) = .

Claim 3.1 The function ¢* = ¢*(s;t,z) is well-defined for any (t,x) € [0,T] x R and any

s €[0,7T].

Let ¢ : [0,7] x [0,7] x R — R be the flow associated to the ODE ¢’ = A(¢). Then, for
every (s,t,x) we get from ([3.27)) that

|¢*(S,t,$> - ¢(S,t,$)| =

t [ Op* 0
/S (;:_ (s;7,x) — ai(S;T, x)) dr
/t ejo8 do

or (8;7—7 Z’) - 7(5;7—7 l’)

or
= [ sl

IA

dr

IN

T\z*[lcoqo.ry:00(R))-
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Hence, for any (s, t,x) such that ¢*(s;t, z) is well-defined, one has

0% (s;t,2) — @(s;t,2)| <.

(3.28)

This and the fact that ¢(s;t, z) is well-defined for all (s,¢,x) € [0,T] x [0, L] X R lead to the

desired conclusion.

Let yo € C([0, L]) be given and let us introduce 3 € C' ([-n, L + n]) with

—y° (=) + 24°(0), x € [-n,0],

yo(z) = °(x), z € [0, L],

—y°(2L —x) +2y°(L), =€ [L,L+n)
and

X(ZL‘)yg(ZL‘), YIS [—777L+77]>
Yo(z) =
0, r€ R\ [-n, L+

Then, it is easy to see that y; is an extension of y, to the whole real line and

lvollerry < Csllvollorqo,n)-

for some C5 > 0.
Let us set y € C*([0,T] x R), with

y(t, 7)== yp(6°(£,0,7))  V(t,7) € [0,T] x R.
Then, we have the following :
Claim 3.2 The function y satisfies:
e+ (Nt) + 2*(t,2))y. =0 in (0,T) x R,

y(0,-) =y in R,

y(T,") =0 in [0,L).

(3.29)

(3.30)

(3.31)

For any ¢t € [0,T], ¢*(0;t,-) : R — R is a diffeomorphism and (3.30) is equivalent to
)

y(t,*(0,t,2))) = y5(x). Then, for each z € R, we deduce that

ye(t, % (058, 2)) + [A(t) + 2*(t, 0*(0; ¢, )]y (L, ¢* (0 ¢, 2)) = 0.
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Using (3.30)) and (3.27)),, we get
y(0,z) = y5(x) Yz €R.
Moreover, it is not difficult to see that, for any 0 < n < L/2 such that (3.21]) holds, the flow
associated to the ODE &' = \(t) satisfies ¢(T;0, L) < —2n and we obtain from ([3.28) that
¢*(T;0, L) < —n. Since ¢*(s;t,-) is increasing for any s,t € [0, 7], we see that
¢*(T;0,2) < —n YV x € (—o0, L.

This inequality, together with the fact that

supp ¥ C [-n, L + 1],

implies y(T,-) =0 in [0, L].

An immediate consequence of ([3.26]), C'' estimates for (3.27)), (3.29) and (3.30) is that

Yl o,rxo,z) < Callyollero,n)ys

for a positive constant C; depending on R but independent of a.. Taking yo € C'([0, L]) such
that

lyoller o,y < R/3Cx4,

we have that ||y||cogo,rp;c0(0.2))) + Y]l 0,75c01([0,2])) < R and we can therefore introduce
the mapping F : Br — Bpg, where By is the closed ball of radius R in the Banach space
C°([0,T]; C°([0, L)) N L=°(0,T; C**(]0, L])) and, for each h € Bg, y = F(h) is given by
(3-30). Thanks to (3.30), we have that F(Bg) C C*([0,T] x [0, L]). Moreover, the following
holds:

Claim 3.3 There exists a positive constant C' that depends on ||| (j0,)), L, R and T', such
that, for any m > 1 and any h', h? € Bp, one has
o)™

m)!

[(F™(h') = F™(h*)(t, )l coqo,r)) < It — B?[|coorysco o,z in 10,7,

where F™ represents the m-th iteration of F.

The proof relies on an induction argument. Let h € Bp be given for i = 1,2. Then, let us

consider the functions z** and y’, respectively given by (3.23)) and (3.30)) and set y := y' —3?
and z* := z1* — z%*. By Claim [3.2] we have

Yy + (A + zl’*)yx = —z*yfC in (0,7) x R,
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whence, from Proposition [3.2]
d * 2
CﬁiH?J(t")Hcg(R) < l2*( )yt oo ry-
Therefore, integrating from 0 to ¢ and using that y? € C°([0,T]; CP(R)) and the maximum
principle for elliptic PDE's, we find a positive constant C' depending on ||| (jo,1)), L, R and

T, such that

t
Iy(t. Moge < € [ 12" llegery dr

t
S C 0 Hzl(r, ) — 22(7', ')HCO([O,L]) dr

t
= C/o [} (7, ) = B*(7, )l cogo, oy d

It follows that

[(F(h') = F(h) (¢, )l cogo,r)y < CEI|A" — h2[|coorycoqo,n)) (3.32)

and the result is true for m = 1.
Now, assume that the claim is true for a fixed m and let us prove that it holds also for

m + 1. Performing computations similar to those above, we get
t
I(F™HRY) = FH02)(E, ) lleogo,ny < C/O I(F™(h") = F™(h*))(7. ) oo,y dr,

where C' is the same positive constant in ((3.32)).

Using the induction hypothesis, we deduce that

" mn t CT m
(00 = F ) ewon < OB~ Rlleoqorienconmy [ ol dr
Ct m+1
- ((m)+1)!Hh1 - thCO([o,T];CO([o,L])).

Therefore, the result is also true for m + 1 and the proof is done.

Let By be the closure of By with the norm of C°([0,T]; C°([0,L])) and let F be the
unique continuous extension of F to Bg. Let us now present additional properties for the

extension F:

Claim 3.4 The continuous extension F satisfies the following properties:

a) For any h in By, the function F(h) belongs to C'([0,T] x [0, L]) and satisfies equation
(3:31);
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b) F(Br) C Br.

Let us begin by proving the item a). For a given h € Br, let us consider a sequence (hn)nen in
Bg such that h,, — hin C°([0,T]; C°([0, L])). Therefore, the corresponding elliptic solutions
to ([3.19)) and the associated flows (given in ([3.27))) satisfy the convergences

2, — z in C°([0,T];C*([0,L])) and &% — ®* in C°([0,7] x [0,T] x R).

Moreover, since the ®* ®* € C1([0,T] x [0,T] x R), the corresponding functions, defined in
(3.30), belong to C*([0,T] x [0, L]), verify the transport equation ([3.31)) and, furthermore,

yn =y in C°([0,T7;C°([0, L))).

Thus, it follows easily from this and from the definition of F and F that F(h) = .
Let us now prove the item b). In fact, notice that, by definition of F,for any h € Bp, there
exists a sequence (h,,)>%, in Bg such that h,, — h in C°([0,T]; C°([0, L])) and

F(h) = lim F(h,) in C°([0,T];C°([0, L])).

n—oo
On the other hand, it is not difficult to prove that
IF(R)(, oo,y + IFR)E corqory < IF (a)(t)looqo,my + I1F ) (E )l coao,r)
4| F(ha)(t,-) = F(h)(t, )l eogo,)-

Therefore, using the fact that F(h) € C'([0,T] x [0, L]), we certainly have that F(h) € Bp.

It follows from Claim [3.3]that F™ is a contraction for m large enough. Then, from Banach
Fixed-Point Theorem , F possesses a unique fixed-point y € Bhp. Finally, taking into
account Claim [3.4] the proof of Proposition [3.7]is achieved.

Remark 3.1 Let T, L > 0, assume that A € Aj, 11 and consider the Banach space
x = C([0,T]; C([0, L)) 1 C([0,T]; C*([0, Z])) N L=(0, T; ([0, L]))

If yo € C%([0, L]) is small enough, then the fixed-point mapping F can be defined in a closed
ball of X centered at zero of radius R > 0. Then, one applies Banach Fixed-Point Theorem
in the closure of this ball with the norm of C°([0,T];C'([0, L])) N C*([0,T]; C°([0, L])).

Performing similar computations of Proposition one can deduce that there exists o > 0
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(independent of «) such that, for any yo € C*([0, L]) with ||yo|lc2(0,;) < 0, there exists a
solution y € C*([0,T] x [0, L]) to (3.18)), satisfying

lylle2o.ryx0.0)) < Cllvolle2qo,ryy Ve >0, (3.33)

for a constant C' > 0 that is independent of «.

Remark 3.2 From the proof of the previous result, one sees that z(-,0) = y(-,0) and z(-, L) =
y(+, L) in (0,T). This is important to guarantee that in the limit, as o goes to 0, z and y

converge to the same limit.

3.4.2 Global exact controllability

In order to prove Theorem [3.1] we have to use scaling arguments and the time-reversibility
of the inviscid Burgers-ae system. Thus, let T, L. > 0 be given, let us consider initial and final
states yo, yr € C'([0, L]), let § > 0 be given by Proposition and let 7o, € (0,1) be

such that vy < 77,

H’YoyoHol([QL]) <94 and [|(1- ’YT)yT”Cl([O,L]) <.

Then, by Proposition [3.5] there exist distributed controls p, p in C%((0,7)), boundary
controls (v, v,.), (01, 9,) in C'([0,T]) and associated states (7, 2), (7, 2) in C*([0,T] x [0, L])
such that
U + 27, = p(t) in (0,7) x (0,L),
a2z, =7 in (0,7) x (0,L),

Z(-,0) =g(-,0) =79, in (0,7,

(3.34)
2(,L):37(,L):1~}T in (OaT)v
?7(07 ) = 70y0(x) in (07 L)7

(T, ) = in (0,L)
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and
U + 29, = p(t) in (0,T) x (0, L),
20?5, = in [0,7] x [0, L],
2(,0)=5(,0) =5 in (0,T), 53)
2(,L)=§(.L) =70, in (0,T),
9(0,-) = (L =~r)yr in (0,L),
G(T,) =0 in (0,L).

Using (3.34)), (3.35) and the facts that p(7") = p(7) = 0 and 0 and ~rl, we can

introduce the functions Y, Z : [0,T] x [0, L

| Rand P,V,,V,:[0,T] — R, given by

761g<t761,$) (t,&?) € [OufyoT} X [OaL]7
Y(ta)i={ 0 (t,2) € [T, %] x [0, L,
1 T —t
Yy L —x t,x) e |y1,T| x |0, L],
oi(fhee) @ erax
' 2 (twt ) (t,z) € [0,%T] x [0, L],
Z(t,x) =4 0 (t,x) € [voT,vrT] x [0, L],
1 T—t
z L —ux t,x) e |y, T] x |0, L],
os(fhe) woemraxp
%2p (t ) t € 10,777,
P(t):=4 0 t € [T, T,
1 T —t
— D t e |yvT,T),
(1- 7T)2p (1 - VT) T 1]
-1~ -1
Y Ul (t’YO ,.%) te[ovfyOT}a
‘/l<t) = 0 te [PYOTv ’}/TT]a
1 T —t¢
B, t € yT, T
1— 97 <1—7T> T T)
and
-1~ -1
Yo Ur (t’VO ’JJ) te[ovfyOT}a
VVT@) = 0 te [70T7 ’}/TT]a
1 T—t
D t T T].
1—’YTUZ<1—’YT> € brT 1)
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It is now straightforward to check that (Y, 2) € C*([0,T] x [0, L]; R?), P € C°([0,T1)),
Vi, V. € CY([0,T)) and (3.1)) and (3.3) are satisfied.

3.5 GLOBAL CONTROLLABILITY OF THE VISCOUS BURGERS-ALPHA SYSTEM
3.5.1 Smoothing effect

The goal of this section is to prove that, starting from a H| initial data, there exists a small

time where the solution begins to be smooth. More precisely, we have the following result:

Proposition 3.8 Let yo € H}(0, L) be given and let (y*, z*) be the solution to

Yo'~ You T 2%y =0 in(0,T) x (0, L),

2% —a?2%, =y~ in (0,7) x (0,L),

(3.36)
y*(,0) =y*( L) = 2°(-,0) = 2%(-, L) = 0 in (0,T),
y*(0,-) = yo in (0, L).
Then, there exist T* € (0,7/2) and C' > 0 (independent of o) such that the solution y*
belongs to C°([T*,T); C*(|0, L])) and satisfies

1y [coqr=rrc2qo,0) < Alllyollm ),
where A : R, — R, is a continuous function satisfying A(s) — 0 as s — 0.

We will divide the proof in several steps. Throughout the proof, all the constants are

independent of a.

Step 1: Strong estimates in (0,7/2). Since yo € H}(0,L), f =0 and v; = v, = 0, Proposi-
tion implies the existence and uniqueness of a solution (y®, 2%) to (13.36]) satisfying ([3.8))
and (3.9). In particular, we have from ([3.9)) that

o Cllyoll?,
1y ”LQ(HQQH[}) < ClHZ/OHng 0.

Consequently, there exists t; € (0,7'/2) such that

a 2 Cllyol?
ly™ (b Ml erzamy < \E@Hyonf[ge ,
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Step 2: Estimates in (t1,7/2). Let us set y; := y*(t1,-), g := z*y%. Then, we can easily

check that y“ is the unique solution to the heat equation:

Yt~ Yo =9 in (t1,T) x (0, L),
y*(,0)=y*(-,L)=0 in (t1,7), (3.37)
y*(t1,-) = 0 in (0,L).

From the regularity of y® and 2%, we have g € L*(0,T; H}(0, L)) N H'(0,T; H~'(0, L)) and

9]l 2cay) + gell 21y < Clly || oo ay 1y 222y + 197 | 22(22))

Cliwoll2,

< ce " 2.

Using this estimate, the fact that ¢ € C°(0,7;L?*(0,L)) (see (EVANS, 2010, Ch. 5,
Thm. 3)), (3.37)) and the parabolic regularity result (EVANS, 2010, Ch. 3, Thm. 5), we find

that
ya S Loo(tha H2(07L))7 yta < Loo(thTa L2(07L))QL2(2§17T’ H&(()?L))mHl(tl?Tv H_1(07L))

and, in the time interval (t1,7),

IN

C (gl L2cmynmr -1y + lyall a2
] ( ’ ) (3.38)

< S Mol

Hya||L°°(H2) + ||Z/?||Loo(L2)mL‘;’(H3) + HygtHLQ(H—l)

N

where

Cllyoll2,,
M(llyollmy) = 2Ce Oyl g (1 + llyoll rry)-

From ([3.37), we have that
—Y(t, ) = g(t, ) —yi'(t,-)
y*(t,0) = y*(t, L) =0
for t a.e in (t1,T). Thus, using and elliptic regularity results, (see (EVANS, [2010, Ch.
6, Thm. 5)), we deduce that y* € L%(t;,T; H3(0, L)) and
I 2 0 < 5 (ol

We also deduce that, for some ty € (¢;,7/2), one has

197" (b2s )l mrg + 197 2y )l 0y < As(llyollzzy)-

T —2t
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Step 3: Estimates in (t2,7/2). Let us set y, := y®(2, ). Note that

HgHL2(t1,T§H2(07L))mH1(t17T§L2(07L)) < CHyaHLoo(tl,T;Hg(o,L))Hya|’L2(t1,T;H3(0,L))mH1(tl,T;H(}(o,L))

Cllwol?
< CllollmgMlyollsg) e 1

and the needed compatibility conditions for regularity results holds:
g(ta, ) + (Y2)aa(t, ") = 4 (t2,-) € Hy(0, L).
Using (EVANS, 2010, Ch. 7, Thm. 6), we get that
y* € L*(ty, T; H*(0, L)) N H' (to, T; H*(0, L)) N H?(t9, T; L*(0, L))
and, moreover, in the time interval (t5,T')

1y | 2y aryeme ey < C (llgllzagnm @) + lvallm)

<As(llolls),

(3.39)

where

Cllol2,,
Aalllgollmg) 1= € (1+ ollige ") Aol

Step 4: Conclusion. Finally, the result in (EVANS, 2010, Ch. 5, Thm. 4) applied to leads
to the regularity C°([ty, T]; H3(0, L)) for y. Therefore, the conclusion follows from Sobolev’s
embedding, taking 7™ =t and A(||yollz1) = A2(l|yollm)-

Proposition is also true when yo € L>°(0, L). Indeed, we can start using Proposition
that guarantees the existence and uniqueness of a solution (y“, 2%) to ([3.36)) satisfying

and ({3.15)). In particular, we have from ([3.15) that

2
Iyl z2 ey < ChllyolloceI¥el.

Therefore, there exists t; € (0,7/2) such that

. 2 2
1y (1, ) ey < \/;Cl\lyollooec”w”w-

Then, we can achieve arguing as in the proof of Proposition [3.8]
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3.5.2 Uniform approximate controllability
In this section, the goal is to prove the following approximate controllability result starting
from sufficiently smooth initial data:

Proposition 3.9 Let yo,y; € C?*([0,L]) be given. There exist positive constants T, and
K > 0, independent of o, such that, for any T € (0, 7,], there exist p* € C°([0,7]), (v, v%) €

H?3/%(0,7; R?) and associated states (y®, z*) with the following regularity

y* € L*(0,7; H*(0, L)) N H'(0,7; L*(0, L)) N C°([0, 7]; H'(0, L))

2o e I2(0,T; HH(0, L)) 0 H'(0, 75 L2(0, L)) 1 C°([0, 7); H*(0, L), 5:49)
satisfying
i — Yo+ 2%e =p*(t) in (0,7) x (0, L),
2% — a2 =y~ in (0,7) % (0,L),
2%(,0) =y*(-,0) =v* on (0,7), (3.41)
(L) =y*(-,L) =vy on (0,7),
y*(0,+) = wo in(0,L)
and, moreover,
ly*(7,) = ysllmon < KvVT (3.42)

and

1P [lcoqory + 10 o) | gsrao,rypey < € Va > 0.

In order to prove this result, let us introduce A € Cg(0,1) with [[A]|11(0,1/2) > L and A(t) =
A(1 —t) for all t € [0,1]. Let us set A™(t) := 1A (f) for all t € [0, 7].

The following two results hold:

Lemma 3.1 Let M > 0 be a positive constant. Then, if ug,uy € C*([0, L]) and

max{||uo|lc2(jo,0)), luglle2qo,y } < M, (3.43)
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there exists 79 € (0,1) such that for every T € (0,7] we can find controls v;"",v

C?([0,7]) and associated states u®™,w™" in C*([0, 7] x ([0, L])), satisfying

T )+t =

in

in

in

in

Furthermore, there exists C' > 0, independent of o and T, such that

[u®T o020,y < CM.

(0,7) x (0, L),
(0,7) x (0, L),
0.7, (3.44)
(07 T)7
(0, L),
(0,L).
(3.45)

First, thanks to the fact that ||A[|11(01/2) > L and Remark 3.1 we know that there exists

§ > 0 (independent of «) such that, for any initial datum in a ball of C?([0, L]) centered at
origin and radius ¢, there exists a solution to ([3.18]) belonging to the space C*([0,1/2] x [0, L])

satisfying (13.33).

Let us now take 7y € (0, 1) such that 7o0M < 4. Then, according to the previous construc-

tion, for each 7 € (0, 7] there exist functions (y%,2%), (y*,2%) in the space C?([0,1/2] x

0, L]; R?), solutions to (3.18)), satisfying the §*(0,z) = Tug(z) and §*(0,z) = Tus(L — x),

for all x € [0, L], and satisfying the inequality ((3.33)).

Then, one

and

defines the states
LT G
u®"(t,x) ==
(vt —t),L —x) in
rizo(r7 1, x)
w* (t,x) =
rz¢(r Y7 —t),L—z) in

in [0,7/2] x [0, L],

[7/2,7] x [0, L]

in [0,7/2] x [0, L],

[7/2,7] x [0, L],

that satisfy (u®™, w™") € C*([0, 7] x [0, L]; R?) and the associated boundary controls

v (t) == u™"(t,0)

and v (t) == u"(t, L).

= A77!(7 —t)) and Remark [3.2] the couple (u®",w*") satisfies (3.44) and
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Lemma 3.2 Assume that M > 0, ug,u; € C*([0, L)) satisfy (3.43) and 7o is furnished by
Lemma [3.1 There exists 7. € (0,7o] such that, for any 7 € (0,7.] and any (u*™,w*") €
C*([0,7] x [0, L]; R?) satisfying (3.44) and (3.45)), there exists a unique solution to

T 4+ (@07 + wST A+ AT — T 4 Ty —u®T =0 in (0,7) x (0, L),

g7 — aPqyT = roT in (0,7) x (0, L),

re7(,0) =0, r®7(,L)=0, on (0,7),

P0) =0, (L) = (- L), on (0.7),

rT(0,-) = 0 in(0,L),
satisfying

reT e L2(0,7; H?(0, L)) N HY(0,7; L*(0, L)) N C°([0, 7]; H(0, L)),
q>™ € L?(0,7; H*(0, L)) n H*(0,7; L*(0, L)) n C°([0, 7]; H3(0, L))
and
77| L2 0,75 20, L)) H (0,722 (0,1)) < C-.
Here, C' is a positive constant that depends on L, T, M and 7, but it is independent of «.
Moreover, there exists a constant K that depends on L, T and M (independent of o and 7),

such that
HTQ’THCO([O,T];Hl(O,L)) S K\/F (346)

The proof is standard. It can be easily obtained, for instance, via a Faedo-Galerkin technique
in combination with well known energy estimates.
We can now achieve the proof of Proposition . Indeed, given 7 € (0, 7], it is not difficult

to see that (y“, z®) given by
(yOé’ ZO() — <uOé,T _|_ T(X,T + A’T’ wa,’r + qOé,T + )\7’)

satisfies ([3.40) and (3.41) with p®(t) = A] and boundary controls v*(t) = u®7(t,0) +
r®7(t,0) + A7(t) and v&(t) = u™7(t, L) +r*7(t, L) + A" (t). Moreover, using ([3.44)), (3.46))

and the fact that A\™ vanishes in the neighbourhood of 7, we obtain ([3.42]).

3.5.3 Uniform local exact controllability to the trajectories

The goal of this section is to prove the local exact controllability to space-independent

trajectories for the Burgers-a system, with controls and associated states uniformly bounded
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with respect to « in appropriate spaces. Thus, let m € C'([0,7]) be given and note that
(g*,z2*) = (m,m) is a trajectory of viscous Burgers-av system with (p®(t), 0 (t),0%(t)) =
(m!(t), m(t),m(t)). We have the following result:

Theorem 3.4 Let T,L,a > 0 and m € C'([0,T]) be given. There exists § > 0 (inde-
pendent of «) such that, for any initial data yo € H'(0, L) satisfying |lyo — m(0)||zr < 0
there exist p* € C°([0,T]) and (v{*,v%) € H**(0,T; R?) and associated states (y*,z%) €
L2(0,T; H*(0, L; R*)) N HY(0,T; L*(0, L; R?)) satisfying and

y* (T, ) =m(T). (3.47)

Moreover, p* = m’ and the following estimates hold.:
1P leoqo.ryy + 10 v | msraqo,rysrey) < € Vae >0, (3.48)

where C' > 0 is a positive constant independent of c.

Let us set (y,2%) = (u® +m,w* +m) and p® =m'. Then, (u*, w*) must satisfy

u —ud, + (w*+m)uf =0 in (0,7)x (0,L),

w® — ?w?, = u® in (0,7) x (0,L),

u(-,0) = w*(-,0) = he in (0,7), (3.49)
u®*(-,0) = w*(-, L) = h? in (0,7),

u®(0,-) = ug in (0,L),

where ug := yo—m(0) and (A, h?) := (v —m, v¥—m). Therefore, Theorem [3.4]is equivalent

to the local null-controllability to (3.49).

Proposition 3.10 Let the conditions of Theorem be satisfied. There exists 6 > 0 (inde-
pendent of «) such that, for any initial data ug € H'(0, L) satisfying ||uo| g1 < 8, there exist
(R, he) € H340,T; R?) and (u®,w®) € L*(0,T; H*(0,L; R?)) N H'(0,T; L*(0, L; R?))
satisfying and

u*(T,-) = 0. (3.50)
Moreover, there exists a positive constant C' > 0 (independent of ) such that
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The proof of this result relies on a fixed-point argument. Thus, given uy € H'(0,L) and

n > 0, one can get by reflection method an extension u} € Hi(—n, L + ), with
||u(§||H(§(—n,L+n) < C||u0||H1(0,L)-
Let R > 0 be given and consider the set
Bl i={ue L0, T;C%[—n, L +n)) : ||l r=@rco(—nr+n) < R}.
For any u € B}, we can easily deduce that there exists a unique solution to

W — Wy = Ul in (0,7 x (0,L),
8 (3.52)
w(-,0) =u(-,0), w(-,L)=u(-,L) in (0,7).
Moreover, using the maximum principle, we obtain that

|wl[ Lo 0,1500(0,20)) < Cllullzoeo,7:00((—n, L+ < CR.

Then, again reflection method, we get an extension w* € L>(0,T; C*([—n, L + n])) with

[w* || o< 0,100 (-, L4m)) < Cllwllz=o.1;0000,27)) < CR.

We assume that L < a < b < L + n. Then, arguing as in the proof of (ARARUNA,
2013, Theorem 1), we find v € L>((0,T) x (a,b)) and w € L*(0,T; H*(—n,L + n)) N
L>(0,T; Hy(—n, L +n)) such that

Up — Ugy + (W + MUy = vl in (0,7) x (=n,L+n),
u(a_77> :u<7L+77> = in (07T>7
(3.53)
u(0,-) = ug in - (=n,L+mn),
U(Tv) =0 in (_777L+77)7

and
V]| Lo (0,520 (ap)) < Clluo ]| (0,15
for some C' > 0 of the form

O QCOl YT (0" 30 g o) HIZ)]

where Cy > 0 depends on a, b, L and 7. Therefore, it is not difficult to deduce that the norm
of win H'(0,T; L*(—n, L +n)), L*(0,T; H*(—n, L +n)) and L>=(0,T; Hy(—n, L + 1)) are

bounded by C||ug|| 1, where C' is independent of .
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Consequently, there exists 6 > 0 (independent of «) such that, if ||ug||z: < 0, one has
||| oo (0,100 (1= L4n)) < R and the mapping A, @ B} — B}, Aq(u) := u is well defined.

Note that

1. A, is well defined and continuous. Indeed, this follows from the uniqueness of solution
of and (3.53); the continuity is obtained by using standard parabolic estima-
tes and the fact that, if @, — @ in L>=(0,7;C°[-n,L + n])), then w} — w* in
L>(0,T;C°([-n, L +n])) and, therefore, u,, — u in L>(0,T; C°([-n, L + n))).

2. F" := A,(B}) is relatively compact in L>(0,T;C°[—n, L + 7n])). Indeed, one ea-
sily obtains that F is bounded in L>(0,T; H, ,(—n, L + 1)) and F" is bounded in
L*(0,T; L*(—n, L +n)). Hence, applying again (SIMON, (1980, Corollary 4), we get the
desired compactness.

Finally, by applying Schauder’s Fixed-Point Theorem, we see that there exists u € B}, such
that A,(u) = u. Then, the couple (u®,v®), where u® is the restriction to (0,7") x (0, L) of
u and w is the solution to ([3.52)), belongs to L?(0,T; H*(0, L; R*)) N H'(0, T; L*(0, L; R?))
and satisfies ([3.49), and with controls h? := u(-,0) and h% := u(-, L).

3.5.4 Global exact controllability

In this section we prove Theorem by combining the results obtained in Sections [3.5.1]

13.5.2 and [3.5.3| First recall that given yo € L*°(0,L) and the unique associated solution
(y%, 29) to (13.36)), Proposition provides a time 7™ € (0,7/2) and a constant M* > 0
(both independent of a) such that y¢ € C°([T*, T]; C*([0, L])) and, moreover,

193 leo (= 12 0.y < M (3.54)

Now, let us fix N € R, let us set M := max{M*, |N|} and assume that the cons-
tant 7% > 0, furnished by Proposition is small enough, such that 7" < T/2 — 7*.
Then, 33 = y3(T/2 — 7,-) belongs to C?([0, L]) and, from (3.54) and Proposition ,
there exist p§ € C°([0,7]), (vfy,v%y) € H**(0,7; R?) and associated states (ys,z5) €
L*(0,7; H*(0, L; R*)) N H'(0,7; L*(0, L; R?)) satisfying (3.40), and (3.42), with ini-
tial datum y9', and target y; = N.

Finally, decreasing 7 if necessary and setting y3 := y5(7, ), we deduce, thanks to (3.42),

that [|y§, — N||iz < 0, where § > 0 is the constant given in Theorem for a control
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time 7'/2. Hence, this theorem (applied with m = N), guarantees the existence of controls
(vpy, v%3) € H¥*(0,T/2; R?) such that the associated states (y5, z5) satisfying (3.2),
and (3.48), with p* = 0 and initial datum Y5o-

To conclude, using (y¢, 2), (5, 29) and (y$,25), and the associated controls, we can

build the required solution, as stated in Theorem 3.2

3.6 ADDITIONAL COMMENTS AND QUESTIONS
3.6.1 Controllability for Lipschitz-continuous data

Proposition and Theorem also hold for yo in C%'([0, L]). Indeed, arguing as in
the proof, one can guarantee that, as soon as the initial condition is small enough in the
Lipschitz-continuous class, there exist (v;,v,) € C%([0,T]; R?) and an associated state
(y,2) € C%([0,T] x [0, L]; R?) satisfying almost everywhere; furthermore, it is not
difficult to check that all the estimates are uniform with respect to . Note that this result

improves (CHAPOULY, [2009, Theorem 1).

3.6.2 Passage to the limit

Theorem establishes the existence of uniformly bounded controls for the inviscid
Burgers-a system; the family of associated solutions is uniformly bounded in the space C''([0, T x
[0, L]). What happens as « goes to 07 For uncontrolled nonlocal conservation law, a similar
question related to singular limit was studied in (COLOMBO, [2019).

Thanks to Theorem 3.2} assuming that yo € Hi(0, L), the family of controls {(p®, v, v2) }as0
of the viscous Burgers-a: systems is uniformly bounded in C°([0, 7)) x H*/*(0,T; R?) and the
associated family of states {/*},~¢ is uniformly bounded in (0, T'; H?(0, L))NH* (0, T; L*(0, L)).
It is not difficult to verify that {y®},~0 converges, as a goes to 0, to a controlled solution to
the viscous Burgers equation with same initial datum .

An additional interesting question is to determine the order of convergence of y*, in the

convergence space.
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3.6.3 Null controllability with 2 controls

In Theorems and [3.2) we have used 3 scalar controls. It remains open to see whether,
using arguments similar to those in (MARBACH, 2014), it is also possible to prove global uniform

null controllability with only 2 scalar controls.

3.6.4 Global exact controllability to the trajectories

At least two additional questions remain open here: (i) to obtain uniform global exact
controllability to trajectories for the viscous Burgers-a: system with trajectories in the space

Whee (0, T; Whee(0, L; R?)); (ii) to reduce the number of scalar controls.

3.6.5 Less regular initial conditions

In (MARBACH, [2014)), the author proved a null controllability result for the viscous Burgers
equation with initial datum in L?*(0,L). Is it also possible to control uniformly L? initial

conditions in the case of the viscous Burgers-a system?
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4 REMARKS ON THE CONTROL OF FREE BOUNDARY PROBLEMS

This chapter analyzes the null-exact controllability of the two-phase Stefan problem with
distributed controls. The two-phase Stefan problem is a class of free boundary problems mo-
delling solidification or melting processes where each phase satisfies a parabolic equation which
are separated by phase-change interface. We prove that the temperatures and the interface
can be steered to zero and to a prescribed location, respectively, since the initial data and
interface position are sufficiently close to the targets using two localized sources of heating/-
cooling (one in each of the phases). The proofs rely on compactness-uniqueness argument to
deduce observability estimates adapted to constraints and fixed point arguments to deduce
the result for the non-linear system. Moreover, a negative controllability result is obtained in
the case where there are no controls acting in the phases simultaneously and the interface

does not collapse to the boundary.

4.1 INTRODUCTION

The two-phase Stefan problem is a mathematical model (a coupled system composed of
two PDEs and one ODE) used to describe liquid-solid phase transition processes. These proces-
ses appear frequently in science and engineering like, for example, in the cancer treatment by
cryosurgeries (RABIN Y.; SHITZER, 1998), crystal growth (CONRAD) 1990), lithium-ion batteries,
among others. It is also important to highlight that, besides the interest in thermodynamics
processes, similar systems represent models for phenomena of other kinds: analysis and com-
putation of the flux in free-surfaces (HERMANS, 2011; STOKER, 1957)), fluid-solid interaction
(DOUBOVA A.; FERNANDEZ-CARA, 2005; TAKAHASHI L. Y.; TUCSNAK, 2013; VAZQUEZ J.L.; ZU-
AZUA| 2003), gases flow through porous medium (VAZQUEZ, [2007)), growth of tumors and
others mathematical modelling in biology (FRIEDMAN, [2012)).

Let us present the mathematical formulation of the two-phase Stefan problem: let L > 0,
T > 0 and ¢, 4y, ¢, € (0, L) be given with ¢; < ¢y < £,. Moreover, let us also consider two
functions ug € WDM(O,EO) with ug > 0 and vy € W01’4(€0, L) with vy < 0 and two open sets
w; CC (0,¢;) and w, CC (¢,, L). At each t, the material domain is separated in two parts:
x € [0,£(t)) (liquid phase) and = € (¢(t), L] (solid phase). Here, £ = {(t) is the position of

the interface between liquid and solid phases; it satisfies £(0) = ¢y and ¢(t) € (¢, ¢,) for all t.
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The aim of this chapter is to study the controllability properties of the two-phase Stefan

problem:

Uy — dlumc = hllwl in Qla

Uy — drva:at = hr]-wr in Qra

u(0,t) =0 on (0,7,
v(L,t) =0 on (0,7,

(4.1)

u(-,0) = ug in (0, 4),
v(-,0) = vy in  (fo, L),
u(l(t),t) =v((t),t) =0 on (0,7),
—0'(t) = dyug (0(t),t) — dyvg (0(t),t) in (0,7).

Here and in the sequel, d; and d, must be viewed as diffusion coefficients and we use the

notation
Q@ :=(0,L) x (0,7),

Q:={(x,t) eQ: te€(0,T), x € (0,00))},
Qr ={(x,t) eQ: te(0,T), v e (L), L)},

O, =w x(0,T) and O, = w, x (0,T).

The main result in this chapter is the following:

Theorem 4.1 Let {1 € (¢;,/,). Then there exists 6 > 0 such that, for any uy € Wol’4(0,€0)

with ug > 0, any vy € W()l’4(€g, L) with vy <0 and any {y € (¢, 4,) satisfying
ool + Neollzs + Vo — ] < 6
there exist controls (h;, h,) € L*(0;) x L*(0,) and associated states (u,v, () with
(e CY[0,T)), £(t) € (4,¢,) Vtel0,T],

Uy Uy, Upy Ugpy € LZ(QZ) and v, Vg, Vg, Ugy € LZ(QT),

such that

UT) =Ly, u(-,T)=0 in (0,¢r) and v(-,7)=0 in ({r,L).
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Remark 4.1 We will see in Section that the maximum principle for parabolic equations
implies that the null controllability for does not hold if one of the controls (for instance
h,) vanishes and the interface satisfies 0 < ((T') < L. However, the possibility of getting a
null control result with only one control when one of the phases collapses to the boundary,

that is, ((T') = L or {(T") = 0, is open.

For completeness, let us mention some previous works on the control of our main system
and other similar models.

The analysis of the controllability properties for linear and non-linear parabolic PDEs defi-
ned in cylindrical domains is a classical problem in control theory and the some of the main con-
tributions are in the references (FATTORINI H.O.; RUSSELL, 1971; FERNANDEZ-CARA E.; ZUAZUA,
2000a; IFURSIKOV A. V.; IMANUVILOV, 1996; |LEBEAU G.; ROBBIANO, 1995). On the other hand,
the study of the controllability properties of free-boundary problems for PDEs has not been
much explored, although some important results have been obtained in the last years, specially
for one-phase Stefan problems and variants; see (FERNANDEZ-CARA, [2016; FERNANDEZ-CARA
E.; SOUSA| [2017a; DEMARQUE R.; FERNANDEZ-CARA, 2018; FERNANDEZ-CARA, 2018).

In what respects the two-phase Stefan problem, the best result to our knowledge concerns
stabilization. More precisely, it is proved in (KOGA S.; KRSTIC, 2020) that, under some as-
sumptions, there exist Neumann boundary controls and associated states (u, v, £) defined for

all t > 0 such that
M fJu( £) = Tallz2.e) = Hm [[o(, 1) = Tl 2060y =0 and - lim £(t) = 7,

where T, is a melting/solidification temperature.

A natural question is whether or not it is possible to drive both the temperature and the
interface to prescribed targets at a finite time. In this chapter we give a positive partial answer
to this question. Recall that, in (DOUBOVA A.; FERNANDEZ-CARA, [2005; [FERNANDEZ-CARA
E.; SOUSA, 2017b; TAKAHASHI L. Y.; TUCSNAK| 2013), a similar problem was considered for a

1D fluid-structure problem, with the following equations on the interface:
w(l(t),t) = v(l(t),t) =0 (t), v.((t),t) —u (l(t),t) =ml"(t) for t€(0,T).

In this chapter, we deal with situations leading to new difficulties compared to previous

works on free-boundary controllability. Let us discuss some of these differences:

= Control of the interface. Here, we are also going to control the temperature and also the

interface between liquid and solid regions. This will bring an extra difficulty. They main
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strategy will rely on linearization, then reformulation as an observability problem with a

linear constraint and then resolution of a fixed-point equation.

» Existence of two phases. Obviously, this complicates a lot the structure and properties

of the state and requires an appropriate analysis.

The rest of this chapter is organized as follows. In Section [4.2] we will reformulaqte the
free-boundary problem as a nonlinear parabolic system in a cylindrical domain. In Section [4.3]
we will present an improved observability inequality which leads to the null controllability for
a related linearized system subject to a linear constraint. In Section [4.4], we will give a proof
of Theorem [4.1] To this purpose, we will apply a fixed-point argument. Finally, in Section [4.5]

we will present some additional comments and questions.

4.2 REFORMULATION OF THE FREE-BOUNDARY PROBLEM

As a first step, let us find a suitable diffeomorphism & that transforms the free-boundary
problem for the parabolic system into an equivalent problem for a nonlinear parabolic
system in a cylindrical domain.

To do that, let us fix a function ¢ € C*([0,T]) such that £(t) € (¢,,¢,) for all t € [0,T]

and let us take o > 0 sufficiently small such that
U +0<{l(t)—c and L(t)+0 <. —o in [0,T].

Then, for any ¢, + 20 < y < {, — 20, we build a function m(-,y) : R — R by linear
interpolation of the points (¢, —0,¢, — o), ((, + 0,4 +0), (y —0,lyp —0), (y+ 0,4+ 0),
(4. — 0,0, — o) and (¢, + 0,{, + o) and then extend the extreme segments toward infinity.

Specifically, we have the following definition for m(-,y):

x, if </ +o,
b — by +2 — 4l —
€l+o+<l 0+ 20)(@ =4 U), if {+o<z<y-—o,
€l+20'—y
m(x,y) = x—y+ Lo, if y—o<zx<y+o,
b, — by —2 —y—
Eo—i-a—i-( 0 o)z =y 0), if y+o<x</t,—o,
b, —y—20
x, if x>/{,—o.

Let us now consider a function n € C*°(R) such that

g

supp n C (—o,0) / n(z)dx =1 and n(z) = n(—x) Vr € R.

—0
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Then, we can define a smooth function G : R x (¢; + 20,{, — 20) — R as follows:

G(x,y) = [n*m(,y)|(v).

A simple computation leads to the equalities

Gy, y) =Llo, 0,G(y,y) = (4.2)
and
VG(z,y) = ([n"=m( y)](), [n*dym(-, y)|(z)),
where
07 if .’L’S&—FO’,
(b —ly+20)(x——0) . B
(U120 — ) , if Oi+o<x<y—o,
Oym(z,y) =\ —1, if y—o<z<y+o,
(b, — by —20)(x—l,+0) |
(. — o,
(0 —y— 207 ,if y+o<a< o
07 if z Z Er — 0.

Let us introduce the mapping
O:Q— Q, with &(z,t) := (G(z,0(1)),1).

It can be seen that ® is a diffeomorphism in (), coincides with the identity in the regions
(0,6,4+0)x(0,T) and (¢, — o, L) x (0,T) and, moreover, ®({(t),t) = (Lo, t) for all t € [0, T].
Let us introduce the sets Qy; := (0,4) x (0,7") and Qo := (fy, L) x (0,T") and let us define
p: Qo — Rand ¢: Qp, — R, with

p(&,t) = u(x, t) = w(® H(E, 1)) and q(&,t) == v(x,t) = v(DP (1)),

where (§,t) := ®(x,t). Then, we have that the couple (p, q) satisfies:

pe — dipee + bipe = iy, in Qoy,

4 — dyqee + brge = ey, in Qo

p(0,-) =q(L,") =0 on (0,7),

p(,0) = po in (0,0), (4.3)
q(+,0) = qo in (lo, L),

p(lo, ") = q(bo,-) =0 on (0,7),

dipe (o, t) — drqe(lo,t) = —='(t) on (0,7).
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where po = ug o [G (-, £o)] ™" € Wy (0, £y), go = vo 0 [G(-, )] " € Wy * (¢y, L) and

Remark 4.2 Using the fact that G and G~ are smooth and ¢ € C'([0,T)]), we can prove
that dj and bj belong, respectively, to C*(Q,;) and C°(Q,,). Furthermore, the second spatial
derivative of dj and the first spatial derivative of b are functions in C°(Q,,). The same can

be obtained for the coefficients d’ and bf.

This way, we have that Theorem is equivalent to prove a local controllability result
for (4.3)). Actually, we will prove the following:

Theorem 4.2 Let (1 € ({;,(,). Then there exists § > 0 such that, for any py € Wy*(0, £o)
with py > 0, any qo € Wy (¢, L) with ¢y < 0 and any (y € (41,0, satisfying

HPOHI/VOL‘l + HCIOHW(}*“ + [lo — £7| <0,

there exist controls (hy,h,) € L*(O;) x L*(0,) and associated solutions (p, q,{) to (4.3)
with
te ([0, T]), 1) € (b,4,) Vte[0,T],

D, D¢, Pty Pee € L2<Q0,l) and q,4¢, qt, Geg € L2(Q0,T>7

such that

UT)="tr, p(-,T)=0 in (0,¢y) and q(-,T)=0 in (lo,L).

4.3 APPROXIMATE CONTROLLABILITY OF A LINEARIZED SYSTEM

In this section, we are going to complete a first step in the proof of Theorem [4.2] More

precisely, we are going to prove a controllability result for a suitable (natural) linearization of

()



99

To do this, let us fix £ € C*([0,T]) with £(0) = ¢, and £([0,T]) C (¢;,¢,) and let us

consider the system:

M{(p) = L., in Qo

M;(q) = Iy L, in Qo

p(0,-) = p(lo,-) = a(to,) = a(L,-) =0 on (0,7), (4.4)
p(,0) = po in (0,4),

q(+,0) = qo in (lo, L),

where the operators M/ and M’ are respectively defined by:
M (p) = pr — dipee +bipe and  M;(q) == q — dyqee + jge.
Also, let us introduce the function £ : [0, 7] — R given by

£=to- [ dipe (b, 7) — doge (Lo, 7)) dr-

The main goal of this section is to obtain a (robust) approximate controllability result for (4.4)
subject to the linear constraint

L(T) = tr. (4.5)

In other words, we want to find controls (1, h,.) € L*(O;) x L*(O,) such that the associated

solutions to (4.4]) satisfy (4.5]).

Let us first reformulate (4.5). Thus, consider the augmented adjoint system

(M{)" () =0 in Qo

(M) (¢)=0 in Qo

¥(0,:) =0, (lo,-)=1 on (0,7), (4.6)
¢(b,") =1, ¢(L,-)=0, on (0,7),

(-, T)=0 in (0,4),

¢(+,T)=0 in (0o, L).

It is not difficult to check that (4.6]) possesses a unique weak solution (¢, (;), with
Ye € L*(0,T; Hy(0,60)) N H'(0,T; H*(0,4)),
Co € L*(0,T; Hy (b, L)) N H*(0,T; H (4o, L)).

A crucial property of (¢, (,) is the following:
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Proposition 4.1 Given R > 0, let us consider the set Br := {¢ € C'([0,T]); ||['|coqo) <
R}. Then, there exists a positive constant Cy, only depending on {y, ¢y, {,, w;, w,, T and R

such that, for any { € Bpg, one has:

el 20y + ICell 20,y > Co-

We argue by contradiction. Thus, if the assertion were false, then there would exist ¢4, (s, . ..

and associated pairs (¢, (), (¥?,¢?), ... (weak solutions to (4.6])), such that
1
1€lloe < B and 4" 120 + <" |20 < - ¥ 2 1. (4.7)

Due to the smoothing effect of parabolic operators and the fact that the (df”, bf“) are uniformly

bounded in C*(Qy;) x C°(Qy,), there would exist o > 0 such that

10" 220,70 12(0,00)) + V1 | L20,7—0s22(0,00)) < C V> 1,

with C' > 0 depending only on /¢y, ¢;, ¢,, T and R. Consequently, after extraction of a

subsequence, we would have

0, — € strongly in C°([0,T — o),

l, — ¢ weaklyin  HY0,T —0),

P — 1 weakly in  L*(0,T — o; H*(0,40)) N H'(0,T — o; L*(0, £p))

and we would be able to pass to the limit in the equation and the boundary condition satisfied

by ¢" to deduce that

(M{)* () =0 in - (0,60) x (0,T = o),

»(0,-) =0, ¥(lo,:)=1 on (0,7 —0).

(4.8)

But we would also have, by (4.7)), that v» = 0 in w; x (0,7 — o), which is impossible, in view
of the unique continuation property and ({4.8)2. This ends the proof.
Let us multiply (4.4)), by ¢, and let us integrate in )y, to obtain
A T
/ /O hy d€ dt = — /0 po(E)e(€,0) de — /O dipe (Lo, 7) dr. (4.9)
1
Analogously, multiplying (4.4, by (; and integrating in )y, we get

L T
J[ mrcededt == [ “an(€)¢(e.0)de + [ drae(to. 7). (4.10)



101

It follows from (4.9)—(4.10)) that a couple of controls (hy, h,) € L*(O;) x L*(O,) is such that
L(T) = Lr if and only if
to L
J[ medg e+ [ hicodedr=tr —to— [ po(€)ue(e.0)de ~ [ " ml€)ile, 0)
(4.11)

In Section [4.3.2, we will establish the approximate controllability of (4.4]) subject to the
linear constraint (4.11)). Before, we will need an adequate (improved) observability inequality.

4.3.1 An improved observability inequality

To do this, let us first consider open sets wy; CC w;, wy, CC w; and let us introduce the
weight functions ng; € C*([0, 4o]) and 1o, € C?([fy, L]) satisfying
Moy > 0in (0,40), 10,4(0) = 10,4(€o) = 0 and [ng,| > 0 in [0, o] \wo,,

Mo > 0in (go, L), 770,1”(60) = 7707T(L) =0 and |7’]67r| > (0 in [60, L]\W07r.

Also, for any A > 0, let us set

eA0,1(§) e2MImo,tlloo . A10,1(€)
t) = t) =
NZ<£7 ) t(T _ t)? al(gv ) t(T — t) )
e>\770,r('£) 62>‘”770,'r||00 _ 6)‘77().1(5)
(&, 1) = ) A& ) =

Then, by using the regularity of the coefficients of the adjoint operators (M})* and (M*)* (see
Remark and following the ideas in (FERNANDEZ-CARA E.; GUERRERO, [2006}; FURSIKOV A.

V.; IMANUVILOV, 1996)), we get the following global Carleman estimates:

Proposition 4.2 Let R > 0 and assume that { € C'([0,T)) satisfies £(0) = £y, £([0,T]) C
(€1, £,) and ||[']| ooy < R. Then, there exist positive constants o, so and C' (depending on

0, 0., R,wy,w, and T') such that, for any s > sq and X\ > )\, we have:
S e ()™ (loel” +loel?) + X (sm)leel” + X (sm)lel deat - (4.12)
0,1

// e—?sal
Qo1

<C

(M) ()| de dt + //Ol &2 )\ (54,3 | de dt]

and

JL e ()™ (100 + loeel?) + X (spo) el + X4(spe) Vo] de e (4.13)

SCV/ e | (M) (o) dg dt + [ e%arv(sur>3|¢12dgdt],
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for any pair (, ¢) in the Bochner-Sobolev space
[L*(0,T; Hy(0,40)) N H*(0,T; H (0, 4))] x [L*(0,T; Hy(¢o, L)) N H' (0, T; H ' (4o, L))]
such that ((M{)*(), (ML)*(9)) belongs to L*(Qu.) x L*(Qo.).

A straightforward argument, based on the estimates (4.12)—(4.13)), leads the following

observability inequality:

Proposition 4.3 Let R > 0 and assume that { € C'([0,T)) satisfies £(0) = (o, ¢([0,T]) C
(€1, 4,) and |[€'|| coqo,7) < R. There exist positive constants Ao, sy and C, depending on (;, {,,

R, w;, w, and T, such that, for any s > sy and any A > )\, we have:

[1(2(+50), (-, 0Dl z2(0,00) x 2200, 2) < ClI(2, )| L2(0)xL2(0,)5 (4.14)

for any pair (, @) in the Bochner-Sobolev space
[L2(0,T; Hy(0,40)) N H*(0,T; H (0, 4y))] x [L*(0,T; Hy(¢o, L)) N H*(0,T; H ' (¢, L))]
such that ((M{)*(¢), (M!)*(¢)) = (0,0).

In order to present an improved observability inequality, let us introduce the linear projectors

Pf L*(Qoy) — L*(Qoy) and P L*(Qo.) — L*(Qo,), respectively given by

Plo = B{(p)¢e and Plo:= Br(¢)Ce,
where we have set

" // beo de dt v / G de di

// el d // G g at

and (v, (¢) is the unique weak solution to (4.6]).

Remark 4.3 Note that the ranges of Pf and P’ are 1D vector spaces. Therefore, these

r

operators are compact.
For any (pr, ¢r) € L?(0,4y) x L*({y, L), there exists a unique couple (i, ¢) satisfying

€L2O,T;H10,€ ﬁHlo,T;H‘10,€ )
2 ( o( 0)) ( ( 0)) (4.15)

¢ € L*(0,T; Hl(by, L)) N HY(0,T; H-1(fo, L)),
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that solves in the weak sense the linear system

(M[)*(p) =0 in Qo

(M;)*(¢) =0 in Qo

©(0,-) = ¢(l,") =0 on (0,7), (416)
¢(0,) = ¢(lo,") =0 on (0,7),

o(,T) = or in (0, 4)

o(,T) = ér in (o, L).

Accordingly, we can introduce the following functional in L?(0, ¢) x L*(o, L):

Horoor) = [[ ledgar+ [ o€ 0 dé -+ 5o
+ [ toRdgar+ [ loe. 0 de + |5t

where (i, ¢) satisfies (4.15])—(4.16]).

We can prove the following result:

Proposition 4.4 Let R > 0 and let us assume that { € C'([0,T]) satisfies £(0) = /,
£([0,T7) C (41, 4,) and ||['||coqo,ry) < R. Then, there exists a positive constant C, depending
onty, Uy, £, R, w;, w, and T, such that, for any (pr, ¢1) € L*(0, ) X L*({y, L), the following
holds:

Heron < C|[[ lo—PloPagat+ [[ |o—PloPasar). (a1

The prove will be by contradiction. It is inspired by the results in (NAKOULIMA, 2007)). Let
us first prove that there exists a constant C; > 0 (depending on /g, ¢}, ¢, R, w;,w, and T)

such that, for any couple of functions (pr, ¢r) € L*(0,4y) x L*(ly, L), we get:

[fjetacar+ [0 e+ [[lopacar+ [ o0 de

(4.18)
<cu|f[ o= Preldsar+ [[ 1o Prolasar).

To prove this, we argue by contradiction. Thus, suppose that (4.18)) does not hold. Then,

there exists a sequence {(¢7.n, O1.n)}52, in L*(0,£69) x L*(4, L) such that
to L
1= [[lendgdt+ [ loale 0 s+ [[]onl dgdt + [ lon(c 0) de.

(4.19)
l ¢ 2 ¢ 12

> ([ on = ProuPdgde+ [[ 16w - Ploaf de .
n o, O,



104

Now, notice that

1 1
5 [ 1Peaagat+ S [[1Pfo. g at
2 JJo, 2 JJo,
< [ lenl + lon— Ploal?] ddt+ [ [l6nl? + |60 — Poul?] gt
o, o,
Therefore, we get easily from (4.19)) that the right hand side of the inequality above is uniformly

bounded and, in particular, the sequence {(5/(¢n), 85(¢,))}5, is uniformly bounded in R2.

Consequently, there exists a subsequence, still indexed by n, and (8}, ) € R? such that

(Bi(2n): Br(dn)) = (B, 57) in R (4.20)

Now, we consider a sequence of positive numbers {k;}22, with k; = k1 + (j — 1), so that

T — 1/k; > 0. Moreover, given j, let us introduce the spaces:
Ul = L*(1/k;, T — 1/k;; H*(0,4o) N Hy(0,40)) N H'(1/k;, T — 1/k;; L*(0, o)),
U = L*(1/k;, T — 1/ky: H*(€o, L) N HY(bo, L) OV H (1/k;, T — 1/k;; (6, L)).

Then, using the inequalities (4.12)), (4.13)) and (4.19));, we can see the sequence {(¢n, ¢n) 52,

is uniformly bounded in U! x U] and, consequently, there exist a subsequence {(p}, ¢l)}2,

and functions (1, ¢1) € U} x U] such that

oL — o weakly in  L?(1/ky, T — 1/ky; H*(0,40) N H(0,4p)),

ol — o1 weakly in L*(1/ky, T — 1/ky; L*(0, 4p)), (421)
’ 4,

¢71’L — ¢1 Weakly in L2(1/k1a T— 1/k1a H2(€0a L) N H&(f(% L))7

¢711,t — (bLt Weakly in L2(1/1§1,T — 1/]{,'1, L2(£0, L))

Analogously, the sequence { (), ¢1)}22, is uniformly bounded in U} x U3, where we can
extract a new subsequence {(©?,¢2)}°, and functions (o, #2) € UL x Uj satisfying the
weak limits in (4.21)), for k1 replaced by k. In particular,

(QOQ; ¢2>’(1/k1,T—1/k1) = (901,¢1)-

Then, by an induction procedure we can get, for each j, sequences {(¢’, 7))}, C

{(eh Lol D C oo (e dn) 3oy € {(ns dn) 02y and functions (g;, ¢5) € U x UJ
satisfying the weak limits in (4.21)), for k; replaced by k; and, furthermore

(Spja (bj)‘(l/kj_l,T—l/kj_l) = (SDjfla (bjfl)a for .7 = 27 37 cee
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Now, let us denote again by {(¢,, ¢,)}52, the sequence {(F, @) }52 , obtained by Cantor

diagonalization. Then, it's easy to see that

on — p;  weakly in  L*(1/k;, T — 1/k;; H*(0, £5) N Hg (0, 4p)),

(

Ong — i weakly in L*(1/k;, T — 1/k;; L*(0, 4y)), (4.22)
(
(

Cbn — ¢j Weakly in L2 ]_/k’],T — 1/]6],]‘.[2(60,[/) N H (60, )),

¢n,t — ¢j,t Weakly in 2 1/[{],T — 1/]{,‘]7 L2<£0, )),

for all j.
Therefore, the functions ¢ : (0,4y) x (0,7) — R and ¢ : ({y, L) x (0,T) — R, given by
(0, D) amyr-1my) = (0j1,05-1), VjEN

are well defined and it follows easily from (4.22)) that

(M{)*(¢) =0 in Qo
(M7)*(¢) =0 in Qo
90(‘7 0) = ()0(760) =0 in (07T)7

90(360) = 90<'7L) =0 in (O’T)

(4.23)

Moreover, since (0, ¢n) = (00 — Plon, ¢n — Pid,) + (Plon, Ploy,) in O x O,, using

(4.19)2 and (4.20)), it is not difficult to see that
(¢n én) = (B0, P¢) strongly in L*(O)) x L*(O,),

where (P, Pl ) = (ﬁi‘we,ﬁ*@)-
We have from ( and (4.23) that ((M[)*(¢ — Pre), (MY)*(¢ — Pr¢)) = (0,0) in
Q0,1 x Qo and also, in view of (4.19)) and (|4.20|), (p—Fp,0—PF¢) = (0,0) in O;xO,. Then,

by applying a classical unique continuation argument, we conclude that (¢, ¢) = (P, P ¢)

in Qo % Qo However, this implies (¢, ¢) = (0,0) in Qo; X Qo since

(0,0) = (¢(bo, ), oo, ) = (B e(lo, ), BrCelbo, ) = (87, B7)-
In other words,
(¥ns @) = (0,0) in L*(O)) x L*(O,).

Then, taking into account (4.14]) and (4.19)), we see that

[ el dgars [ one 0 de+ [ 16aPdede+ [ I6a(6 0P de o
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which is obviously absurd.
This proves (4.18). The remaining terms in (@7, ¢r) can also be bounded by the right
hand side of (4.17)), as an immediate consequence of Proposition [4.1]

4.3.2 Approximate controllability problem with linear constraint

In this section, we prove the approximate controllability of (4.4) subject to the linear
constraint (4.11]). More precisely, the following holds:

Proposition 4.5 Assume that R > 0, {y € ({;,(,) and ¢ € C*([0,T]) satisfies {; < ((t) < ¢,
forallt € [0,T1], £(0) = £y and ||'||cojo.r)) < R. Then, for any e > 0, any data p, € Hg (0, )
and qy € Hi (0o, L) and any (r € ({;,(,), there exist controls (h{_, h%_ ) € L*(O;) x L*(O,)

lier ''re

and associated solutions to ({4.4)), with
p € L*(0,T; H*(0,40)) N H*(0,T; L*(0,4y)),
q € L*(0,T; H*(y, L)) N H'(0,T; L*({o, L)),
satisfying the approximate controllability condition
(5 T),q( TN 220,00 x 22 (00,2) < € (4.24)

and the linear constraint (4.11)). Furthermore, the controls can be chosen satisfying

”(hf,alwz)v (hf,elwl))HLQ(Qo,z)XLQ(Qo,r) < C (“(pOa QO)HL2><L2 + |£0 - ETD ) (4'25)

where the constant C' > 0 depends only on (;, (.., w;,w,, T and R.

Let us first introduce the notation

L

Lo
M= tr—to = [ po(€)vel€.0)dg — [ anl€)cl€,0) de.
where the couple (v, (;) is the unique solution to (4.6]).

Now, for any given € > 0, let us introduce the functional J;. : L*(0,¢y) x L*({y, L) — R,
defined as follows: given (o7, ¢7) € L*(0,£4y) x L*({y, L), we have

Deler.on) = [[ o= BlePdgdr [[ 10— PloP dedi+ 3 |(or.or)los -

~ [ @0 de— [ al©)0le.0)de - [3(0) + 51(0)] -
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where the couple (i, ¢) satisfies (4.15)—(4.16)).

Using Holder and Young inequalities, it is not difficult to check that .J,. is a continuous,
coercive and strictly convex functional. Therefore, .J; . possesses a unique minimizer (%, ¢5) €

L?(0,40) x L*({y, L). The corresponding solution to (4.16]) will be denoted by (¢., ¢.). Then

Ji (67, 07) (er, 1) =0 Y(or, ¢r) € L*(0,40) x L*(lo, L), (4.27)
where

Jp(pre, o) (01, d1) = // — Pf(¢:)] @dfdt‘i‘// — B (¢:)] de di

" WTHL/O Pr(&)er(&) e+ W L 67(&)or(©) de
M,

— [ pol©et€ 0 s = [ an(©0l60)de — [ (e) + 5(6)] 5,

Here, we have used the fact that (0. —Pf(.), Pf(g0)>Lz(ol) = 0and (¢p.—P*(¢.), Pf(qﬁ)hz(a) =
0.

3

Let us introduce

M, M, G
2 HWHLz ) 2 (1G22 0, ©,)

Let (¢7,¢r) € L?(0,4y) x L*(¢y, L) be given and let (p,q) be the solution to ([4.4)

b, o= [Plee) — g +5F and ht_:=[P{(¢.) — 6| + . (4.28)

associated to the control pair (hf_, h._.). Then, multiplying (4.4) by the solution (¢, ¢) to
(4.16)) and integrating in Qy; and (), we obtain

[ opdsars [[ ntodgar= [ Tol6T) - mo(e)olé. )] de
+ [ al6. IO T) — w(©ol6 ) de
Taking into account and comparing (4.27)) with (4.29), we get

(4.29)

[ re e de+ [ ate Ton(e) ds = 5 </o€ HZ(H?

PO e dé) ,

t |07 22

for all (o7, ¢r) € L?(0,4y) x L?(ly, L). Therefore, the approximate controllability condition
(4.24)) follows. Since we also have

or(€) d§

_|_

/L, bl ppdgdt + /L, B e dt = / F(p.) - . 1/;€d§dt+]\24é
+// |PL(¢2) — o] cgdgdt+]\24‘

- Mfa
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the pair (A, hf.) satisfies (4.11)) and, consequently, £(T') = (r.

Finally, due to the fact that (@7, ¢rc) is the minimum of J,., we have the inequality
Joe(@5, 05) < Jr2(0,0) = 0. Using this fact and the definition of M, and (4.17)), we deduce
that there exist positive constants C' (depending on ¢}, ¢,, R, w;,w, and T') such that
(= = P (p))llz2c0n + 1(8 = P lz20) < C (Ipollz20o) + ol z2eon) + 1o — €r)

and

157 N 20 + 10 220, < € (l(pe = P20 + (6 = PL@) 20, + 1Me])
< C (IIpoll z20.00) + lldoll 20,2y + 1o — L) -

This ends the proof.

4.4 CONTROLLABILITY OF THE TWO-PHASE STEFAN PROBLEM

In this Section we prove Theorem [4.2] The proof relies on a fixed-point argument. It will

be convenient to first recall some regularity properties for linear parabolic systems.

4.4.1 A regularity property

Assume that (po, qo) € [W&A(O,Eo)] X [W()l’4(£0, L)} For any open interval I C R, let us

introduce the Banach space
X40,T;1) := L0, T; W*I)) n W40, T; L*(I)).

On the other hand, let us consider the cylinder G, := (¢}, {y) x (0,T), the Holder semi-norms

‘u(’fa t) — u(gl’ t)‘

(Wgg == sup
SO e nes & =&~
g€/
and
t) — t
<u>fGl = sup |U(§, ) Q/L(fa )|
’ (€,6),(6.4)€T, [t —t']%
t#£t!

where 0 < k < 1 and the space C**/2((;) formed by the functions u € C°(G;) whose
corresponding (u)f 5, and (u>'f/Gzl are finite. It is known that C""/2(G)) is a Banach space

(see (LADYZHENSKAYA, 1968)) with the following norm:

K K/2
[lly 05, = ulleog, + (WEg, + (Ui
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Finally, let us introduce the Banach space
CHR(@) 1= {u € COG) ug € CA(G). ()" < +oo).

Obviously, we can introduce similar quantities and spaces for functions defined in G, :=

(Lo, L) x (0,T). The following result holds:

Lemma 4.1 Let us assume that {y,(r € ({;,¢,) and the couple of initial data (py,qo) €
[W&’A‘(O,fo)} X {W&A(@O, L)} Then, the states (p, q), furnished by Proposition satisfy

— — 1
(p7 q> c Cl+li,(1+ﬁ)/2(Gl) % Cl+n,(1+n)/2(Gr) for K — Z

Furthermore, there exists C' > 0, depending on ¢y, {,, w;, w,, T and R, such that

192 + Iy < C (100, @0) Iy + 160 — €rl) . (4.30)

Clearly, due the regularity of p, there exists a function f € X*4(0,T;(0,¢)) such that
f(0,t) = f(lo,t) = 0, for t € (0,7), and f(£,0) = po(§), for & € (0,4). Consequently,
the state p, provided by Proposition [4.5[ can be written in the form p = y + f, where
y € L*0,T; H*(0,45)) N HY(0,T; L*(0,4y)) is the unique strong solution of the following
problem:

Yo — diyee +bjye = F in Qo

y(0,-) =y(lo,) =0 in (0,T), (4.31)
y(-,0)=0 in (0,4),

where F = hj 1., — f + dj fec — bf [e.

Now, let ¢ > 0 be such that w; CC (0,4, — o) and, moreover, GY := (¢, — o,{; +
o) x (0,T) C Qo;. We can easily check that F' € L*(0,T; L*(¢; — o,¢;, + c)). Therefore,
from local parabolic regularity results (see Proposition of Appendix , we obtain that
ye XY0,T; (6, —0/2,6,+ 5 /2)) and

||y||X4(0,T;(el—a/z,zl+o/2)) <C (||F||L4(O,T;L4(£l—o,€l+a)) + ||yHL2(0,T;H2(0,éo))mH1(o,T;L2(0,£0))) )

where C only depends on ||d! ||, [|6f]lce, 41, €0 and o.

Next, using standard parabolic energy estimates and (4.25)), we get

Yl x40,1500—0/2,0040/2)) < C (H(po, Go)llwraewas + 1o — ﬁT\)
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for some C' > 0 as above. Here, we have used that ||d!||o, and ||bf||. are bounded in terms
of R. Finally, using this inequality, the regularity of the trace y(¢;,-), the fact that y is a
strong solution to (4.31)) and (WU, [2006, Propositions 9.2.3 and 9.2.5), we conclude that
y € X40,T; (4, 0)) and, moreover,

Iyllxscoenton < € (170: o)y g + 160 — o) (4.32)

for a new C' > 0.
In a similar way, we can write ¢ = z + g, where g € X*(0,T; (¢o, L)) is a shift function
for the initial data gy and 2z € X*(0,T; (¢o, ¢,)) satisfies

l2llxsozstneny < € (110, @0) lynasas + 1o = £xl) (4.33)

Then, the estimate in (4.30)) is a immediate consequence of (4.32)-(4.33)) and the following
embedding from (BODART, 2004, Lemma 2.2)

X0, T5 (6, 00)) X XH0,T5 (€0, ,)) = CHHEIHI2(G) s CHRU9/2(G),

where k = 1/4.

Let us introduce the function 6 : [0, 7] — R, given by
g(t) = erf (K(), t) - dlp§ (60, t) (434)

Then, as an immediate consequence of (4.30]), we get that 6§ € C'%([0,T]) and, moreover,

there exists a positive constant C' (depending on ¢, (.., w;,w,, T and R) such that

101l cars o < C (H(Poa G0) lyr2-t eprrs + o — £T|> - (4.35)

4.4.2 A fixed-point argument

In this Section we will achieve the proof of Theorem [4.2] It will be a consequence of the

following uniform approximate controllability result:

Theorem 4.3 Assume that R > 0 is given. Then, there exists 6 > 0 such that, for any
po € Wy (0, 40) with py > 0, any qo € Wy (b, L) with gy < 0 and any (o, (€ ({1, ,)
satisfying

120l 040,00y + 1g0llyr12 44,1y + 10 — x| <6
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and any € > 0, there exist controls (h$, hi) € L*(O;) x L*(O,) and associated solutions to

sy or
(4.3), with

l. € CY([0,T)) and (.(t) € (€, 0,)Vt € [0, T, ||L.]|coqory < R,

p. € L*(0,T; H*(0,40)) N H(0,T; L*(0, £y)),

q- € L*(0,T; H*(ly, L)) N H'(0,T; L*(ly, L)),

satisfying the exact-approximate controllability condition

gs(t) = gT and H(pE('ﬂT)?qs('vT))HLQ(O,ZO)XLQ(@O,L) <e. (436)

Moreover, the controls can be found satisfying the following uniform estimate with respect to
g:
(5 1)y (B Lo D 22(@0.0% 22(@0) < C (11(P05@0) -8 eyt + 1o — )

for some positive C' (depending on 0}, ¢, w;,w,, T and R).

Given /; < Zl < ZT < {, and R > 0, we define the set:
AR = {E - Cl([O,T]) : gl < g(t) < gr, VYt € [O,T], K(O) = fo, ||€/||CO([07T]) < R}

Obviously, Ag is a non-empty, closed and convex subset of C'*([0,77]). Let us also introduce

the mapping A. : Ag — C'([0,T]), given by
_ ¢
A(0) =L, with L(t) ==ty — /0 (dipe (Lo, 7) — doge(bo, 7)) dr,

where (p, ¢) is the state associated to the control pair (h;, hf_) constructed as in the proof of

Proposition [4.5] (recall Lemma and, therefore, £(T') = {r. Thanks to (4.34)) and (4.35),
we have that £ € C*([0,T7).

Let us check that A, satisfies the conditions of Schauder’s Fixed-Point Theorem.

» A, is continuous: Indeed, let the ¢,,(n > 1) and ¢ belong to Ag and assume that ¢,, — ¢
in C'([0,T]). We must prove that A.(¢,) — A.(¢) in C'([0,T]). To that end, we will

first prove that the corresponding solutions to (4.6|) satisfy

(¢, Ce,)) = (g, () strongly in L2(Q07l) X Lz(Qom). (4.37)

Let f € L*(0,T; H*(0,4y)) x H'(0,T; L*(0,¢y)) be so that f(0,-) =0 and f({p,-) =1
on (0,7) and let us put ¢, = W, + f and ¢, = ¥, + f. It is then clear that y,, =
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W, — W, is the unique weak solution to:

(M{™)*(ye,) = Fy, in Qo
Ye,, (07 ) = Ye, <£07 ) =0 on (O7T)7
Y, (-,0) =0 in (0,4p),

where F,, € L*(0,T; H='(0,(y)) is given by
Fy, i=(dyee — diee) f + 2(dye — dig) fe + (di — d)™) fee + (bre — bi) f
+ (0 = ") fe + ((df — di") We)ee + (b — b ) Wo)e.
Then, using the fact that (d;,b;") are uniformly bounded in the space C'(Q,,) x
C°(Qy,) and the (d%, b:) are uniformly bounded in C°(Q,) x C°(Qy,), the standard
parabolic energy estimates and the regularity of the function G (as well as the regularity

of its inverse G™'), we get that y,, — 0 strongly in L?(Qq;) which, in turn, implies

g, — g strongly in LQ(QOJ).

Analogously, we can prove that (,, — ¢, strongly in L?(Qo.).

Now, we recall that, for each € > 0, there exists a unique (7, ¢%.) in L*(0,4) x
L?*({y, L) that minimizes the functional J, ., defined in (4.26). Due to the facts that
Ju, (W, #%.) < 0 and the constant appearing in the right side of does not
depend on n, we get that the minimizers are uniformly bounded with respect to n in
the space L?(0, ¢y) x L?({y, L) and the corresponding (¢7, "), solutions to ([4.16]), are
uniformly bounded spaces given in ([4.15]). Therefore, there exist (7, ¢7,c) in L*(0, £y) x
L*(ly, L) and (e, ¢=) in L*(Qo,) x L*(Qo,) such that, at least for a subsequence, one

has

((10%,57¢%5) — (SOT,Eu (bT,E) Weakly in L2(07£0) X L2(£07L)7

(902(70%@5?(70)) — (908(70)7¢a(70)) Weakly in L2(07€0) X L2(€07L) and

(@2, d2) = (e, @c) strongly in L*(Qo,) x L*(Qo,r).
(4.38)

We will show now that (7., ¢7.) is the unique minimizer of the functional J .. Indeed,

we first note from the convergences in (4.37) and (4.38)), that

(P (o), P (62)) — (P(o), PL(#e)) strongly in L*(Qoy) x L*(Qo,)-
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Then, using this fact and the weak convergences (4.38)), ,, we easily get
‘]575(90T,67 ¢T,€) S lm}lmf ‘]Znﬁ(sp%,aa Qb%é.) . (439)

Now, let (7, @) be given in L%(0, 4y) x L*({, L) and let the (¢", ¢™) be the solutions
to the system (4.16|), with ¢ replaced by ¢,, for n = 1,2,.... Then, using the same
ideas that led to prove of (4.37]), we can ensure that the (", ¢") converge strongly in
L*(Qo,) X L*(Qo,), to the solution (¢, ¢) to (4.16)) and the (¢™(+,0), ¢"(-,0)) converge
weakly in L?(0, £y) x L*(4y, L) to (¢(+,0), é(+,0)). Therefore, from ([4.37)) and (4.39)) we

deduce that

Joe(pre, ¢re) < liminf Jp, (o7, ¢7.) < liminf Jp, (o7, ¢1) = Jee(or, d1).
(4.40)
Since (o7, ¢r) € L*(0,4o)x L*({y, L) is arbitrary, we conclude that (o1, ¢r ) minimizes
Jpe.
Now, let us consider, for each n, the pair (hf’;l htn 1, ) associated by Proposition

wis Ny
to £,,. It follows easily from (4.37), (4.38), and that

(hfj;lwl, hfj;lw) — (hf’glwl, h?slw) strongly in L*(O)) x L*(0,), (4.41)
where (hj 1., hf 1., ) is the control corresponding to ¢. Let us denote by (p?,¢”) and
(pe, q-) the solutions to associated, respectively, to (hfj;lwl, hirl,, ) and (hi 1., hE 1., ).

Then, if we set (y", 2") := (pl—pe, ¢ —q.) and (w]'l,,, wl'l,, ) = (hff;lwl—hf’elwl, hirl,, —

hf1.,,), we find that:

yp = d e + by = wply, + B in Qo

2t — drzge + binzp = wll,, + F) in Qo

y"(0,) = y"(b,-) = 2"(by,-) = 2"(L,-) =0 in (0,T), (4.42)
y"(-,0) =0 in (0,4),

2"(-,0) =0 in (4o, L),

where
F = (d = df)pege + (0" — b )pe,

F = (dr = dp)gege + (0 = 7)gee.
Recall that (po, qo) € Wy(0,40)(0,00) x Wy*(0,40)(¢o, L). Therefore, arguing as in
Section and Lemma [4.1} we first deduce that (F", ") € L*((¢;,4) x (0,T)) x
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L*((€o,4,) x (0,T)) and (y£ (Lo, -), 22(Lo, -)) € CH3([0,T]) x C*/4([0,T]) and also, that

I8 (€0, Ml s +l12¢ (o, Mlews < € (I(E FY)

Le(ryxLees) + 1(Y" Z”)HLQ(H?)xLQ(H?))

for some C' > 0, independent of n.

It is not difficult to check that, in this inequality, the first term go to 0 when n — oo.
From standard parabolic estimates applied to (4.42) and (4.41]), we also have that con-
vergence to zero of the second term. Therefore, we deduce that (pZ (4o, ), ¢¢ (4o, ")) —

(peg(Co, ), gee(£o,-)) in CY3([0,T7]), which implies the continuity of A..

» A. is compact. Note that A_(¢)'(t) = 6(t) for all £ € Ag and all ¢t € [0,T], where 0 is
the function defined in (4.34). Thus, we conclude easily from (4.35) that A.(Ag) is a
bounded subset of C1*1/8(]0,T7]), which is a compact subset of C'*([0, T).

= There exists § > 0, such that, whenever (py, qo) € W,*(0,4) x Wy*(¢y, L) and

||(p0»(I0)||W01,4Xw01,4 + |£() — €T| S 6’

then A.(Ar) C Ag. Indeed, it follows easily from ({4.35) that there exists C' > 0
(depending on ¢}, ¢,,w;,w,, T and R) such that

£(t) = Lol < CT (|I(po, o) llwrt s + €0 = €r]) - ¥t €[0,T),

and
1£/(0)] < C (1(po, @0) ot s + [lo = Lx]) V€ 0,7,
bo—10 0, — ¢
Thus, we get the result by taking 6 < min {g, OC’T l, TC’T 0 }

Consequently, for initial data pg, ¢y and ¢ satisfying the above conditions, Schauder’s Fixed-
Point Theorem guarantees that there exists . € Ag such that A.({.) = (.. It is easy to see
that this is suffices to achieve the proof of the result.

Now, we are in conditions to prove Theorem [4.2] Indeed, since the fixed-points ¢. and con-
trols (A5, he) furnished by the Theorem[4.3|are uniformly bounded, respectively, in C+1/5([0, T7)
and L*(0;) x L*(O,), then there exist ¢ and (I, h,) such that, at least for a subsequence,

we have
(. — ( strongly in C'([0,7T]) and
(4.43)
(h§,he) — (hy, hy)  weakly in L*(O;) x L*(O,).
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Since the coefficients (d=, bi*) and (d', b%) are uniformly bounded, respectively, in the spaces

rorr

L>®(Qoy) x L>(Qo,) and L>®(Qo,) x L>(Qo,), we can conclude from energy estimates and
(4.43) that there exists (p, ¢) with

p. = p weakly in  L*(0,T; H*(0, o) N Hy (0, 4o)) N H*(0, T35 L2(0, b)), (4.48)
q- — q weakly in L*(0,T; H*(0,0y) N H} (¢o, L)) N HY(0,T; L?(4y, L)),

where the (pe, g.) are associated to the (h$, he). Then, (p, q) is the solution to (4.4]), associated
to (hy, h,.). Moreover, from (4.36)), it is clear that ¢(T') = ¢y and (p(-,T),q(-,T)) = (0,0) on
(0, 7).
Furthermore, as a consequence of (4.44)) and the embeddings
H?(0,00) <> C*([0,60]) = L*(0,4,) and H?*(ly, L) <= C*([lo, L]) < L*(4y, L),
we find that, for any given ¢ € [0, T, the following holds:
t
6(t) = iy €.(8) = lim (£ — [ [diprc(bo, ) — deelbo, 7)) d )
t
=l — /0 [dipe (Lo, ) — drqe(Lo, T)] dr.

This implies that the Stefan condition (4.3)); is satisfied by (¢,p,q) and ends the proof of
Theorem [4.2]

4.5 ADDITIONAL COMMENTS
4.5.1 Lack of controllability with only one control

In the next result it is proved that, if ~; or h, vanishes and the interface does not collapse

to the boundary, then null controllability cannot hold.

Theorem 4.4 Assume that uy € W,*(0,4,) with ug > 0, vy € Wy (¢y, L) with vy < 0 and
vo #Z 0. Then, if (b, h,) € L*(O;) x L*(O,), h, = 0 and the associated strong solution to
(4.1)) satisfies ((t) < L for all t € [0,T], we necessarily have

v(,T)#0 in ((T),L).

Let us assume, by contradiction, that (4.1)) is null-controllable with i, = 0, i.e. u(-,7) =0 in
(0,0(T)) and v(-, T) =0in (¢(T), L).
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Then, taking account the diffeomorphism ® and the function ¢ = v o ®~!, defined in the

section [4.2] we get easily that ¢ is the solution to
¢ — dpgee + Uige =0 in - Qo
q(lo,-) =q(L,-)=0 on (0,7), (4.45)

q(-,0) = qo in (lo, L),

where gy := v 0 [G(-,£o)] " € Wy (£, L) and, obviously, gy < 0 and gy # 0. We also have
that
q(,T)=0 in (b, L). (4.46)

Now, we consider a sequence /1, {s, ... of functions in C'*°(]0,T|) converging strongly to £ in
C([0,T1]), as well as, a sequence ¢}, g2, . .. of functions in C§°({y, L) so that ¢} — g strongly
in W, (¢o, L). Thus, there exists a sequence {¢"}*; in C**(Qy,) N C°(Q,,) formed by the
solutions to ({4.45]), with initial data ¢{' and ¢ replaced by ¢,,. Then, by applying the maximum
principle for classical solutions of parabolic equations, we get

max ¢" = maxgq,, Vne&N.

0,r [fo,L]

Then, using this equality and the fact that
q" — q strongly in L*(0,T; H*(¢y, L)) N H*(0,T; L*(¢y, L))

we obtain

max ¢ = max qo,
QO,T [EO’L]

what implies that ¢ < 0 in Q..
Thus, if (4.46) holds we get, from the strong maximum principle and from the fact ¢ <0

in Qo,, that g =0 in @0,“ what contradicts ¢y # 0.

Remark 4.4 Note that the previous argument also shows that the null controllability for (4.1])
cannot be achieved keeping the signs of the initial conditions in each phase region. In other
words, in order to drive the solution to zero at timeT', the liquid and solid state must penetrate

each other before T'.
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4.5.2 Boundary controllability and other extensions

We can prove local boundary controllability results similar to Theorem [4.1] Thus, let us

introduce the system

U — djtiyy =0 in Qi

v — dyUge = 0 in G,

w(0,t) = ki(t), v(L,t) = k. (t) on (0,7),

u(-,0) = ug in (0,4), (4.47)
v(-,0) = vy in (4, L),

w(l(t),t) = v(l(t),t) =0 on (0,7),

—0'(t) = dyug (0(t),t) — dyvg(0(t),t) on (0,T).

where (k;, k,) stands for the boundary control pair.

Then, using a domain extension technique and Theorem [4.1} it is easy to prove that, if ug
and vy are sufficiently small, and ¢ is sufficiently close to {7, there exist controls (k;, k) and
associated solutions to that satisfy ¢(T") = lp, u(-,T) = 0 in (0,¢7) and v(-,T) =0
in ({, L).

Let us finally mention that the arguments and results in this chapter can also be used
to solve other variants of the two-phase Stefan controllability problem. Thus, we can prove
results similar to Theorem when the controls are Neumann data, we can assume that the

equations contain lower order terms or even appropriate nonlinearities, etc.
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APPENDIX A - ANALYTICITY OF THE ELLIPTIC OPERATOR

In this section we will prove that the mapping p — T', which appears in the proof of the
Theorem [2.5] is analytic in a neighbourhood of the = 0. In order to do that, we consider

the Banach space
WS (RY; RY) == {jn € WH(RY; RN); p=01in Q\D'},

It is not difficult to see that the set W,, defined in Section[2.3] is an open set of W1>(RY; RY)

and, moreover, one consider the map

n: Werr L(Hg(Q0)* HH(0)?)
p=T,

with

T(u,v) :=— (V- (Jac(m)M*MVu),V - (Jac(m)M*MVv)

+ ((au + bv)Jac(m), (Au + Bv)Jac(m)),

for all (u,v) € H}(Q)?, where m = I + pu.
One can see from (ALVAREZ, 2005) that the mapping 11 : W. — L(H(Q0)% H1(Q)?)

given by
m(p) =— (V- {Jac(m)M*MV-),V - (Jac(m)M*MV-)

is analytic in a neighbourhood of = 0.

Now, assuming that the coefficients a,b, A and B are constant, one can see that the

mapping 12 : W, — L(H}(Q0)%; H1()?), given by
n2(1) (u, v) = ((au + bv)Jac(m), (Au + Bv)Jac(m)), V (u,v) € Hy(0)?,

is a polynomial in the coordinates of u. Therefore, it is analytic in a neighbourhood of origin.

To a better illustration, let us consider the particular case where N = 2 and, conse-
quently, W, C WL>=(R?; R?). Moreover, given o = (up,pu2) € W, and p = (ut, %) €
WLh>(R? R?), we have that

, o ma(po + t) — na(po)
(o) - = lim ; :

Now, for ((u,v),(z,q)) € H3(Q0)* x H}(Q0)?, let us introduce

¢ ((u,v),(2,q)) := auz + bvz + Auq + Bugq.
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Then, after some computations, the above limit leads to

¢ ((u,v),(2,9)) (V <+ Oap* Oy + 81u182u3> dx

- C((Ua v), (27 Q)) (alﬂzaw(l) + 82u181u§) dr,

Qo

(0 (1t0) 1) (), (2, 0)) vy = |

for all ((u,v),(2,q)) € H}(20)? x H ()%

Thus, above equality implies

-~ 172 (o + ) = m2(p0) — M3 (0) - pill £ ey -1y

= 0.
u0 el

This means that the mapping 7} is the first Fréchet derivative of 7.

Furthermore, by making similar computations we obtain the second Fréchet derivative
ny o We = Lo(WE(R?, R?); L(H} (20)?; H(£0)?). More precisely, for each p1p € W. and
1, f2 in WE®(R? R?), we obtain:

(3 (po) - p1 - p2) (w,v), (zaQ»H*l;Hé = /Qo ¢ ((u,v),(2,9)) (82ﬂ%81/é + 81#%82/13) dx

=, Cl(w0),(z,9)) (01113011} + Dapionps3) da.

Finally, nék) = 0, for all £ > 3, which implies the analyticity of the mapping 7 near the origin.
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APPENDIX B - DIFFERENTIATION WITH RELATION DOMAINS

In this appendix we will prove Lemma|2.3]of Section [2.4.4] The idea is to use the arguments
from (SIMON, 1980, Section 6.3) and (BELLO, 1997, Lemma 7). Let us now recall that, for
each u € W, the pair (yu,z,) € H*(Q\D + p)? is the unique solution of the perturbed
system:

Ay, +ay, +bz, =0 in Q\(D+p),
—Az,+ Ay, + Bz, =0 in Q\(D+ u),

Yo =, 2, =Y on 09,

Yy, =0, 2,=0 on (D + p).
Then, defining (Y}, Z,,) := (Y, 2,) © ({ + ) and performing similar change of variables used in
Section [2.3) we have that (Y}, Z,) € H?(2\D)? is the unique solution of the elliptic problem:

—V - (Jac(m)M*MVY,) + (a,Y, + b,Z,) Jac(m) =0 in Q\D,
—V - (Jac(m)M*MV Z,) + (AY, + B,Z,) Jac(m) =0 in Q\D,

Y.=¢, Z,=7 on 09,

Y, =0, 2,=0 on 0D,
where (a,, b,, A,, B,) = (a,b, A, B)om and m = I + p.
Let us now introduce the new variables (Y}, Z,) := (Y, — ©*, Z, — 1*), where the pair

(¢*, ) € H*(Q\D)? satisfies

(¢*,0*) = (p,¥) on 09,
(¢*,¢*) =(0,0) on OD.

Therefore, the system (B.1)) can be rewritten as
H(M; S};u Zu) =0,
where the mapping H : W, x H3(Q\D)? — L*(Q\D)? is given by

H(; x,¢) = (F(p; x, €), G(1; x, €)),
F(p;x, () = =V - (Jac(m) M* MV (x + ¢*)) + [a,(x + ¢*) + b, (¢ + )] Jac(m),

G X, ¢) = =V - (Jac(m) M* MV (¢ + %)) + [Au(x + ¢*) + Bu(¢ + )] Jac(m).
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Observe that the mapping H satisfies the conditions of the Implicit Function Theorem. Indeed,
we can see in (SIMON, [1980) that the mapping 1 € W, — M(p) € W °(RN; RN*) and
the mapping € W, — Jac(I + pu) € WH*(RY, R) are of class C'! and, consequently, H
is a continuous differentiable mapping in a neighbourhood of (0, Yy, Zy), where (Yo, Zo) =
(Yo — ", Zo — 0%).

On the other hand, one can see that the differential mapping DX7CH(0;}A/0,20) is a iso-
morphism. Indeed, it is a consequence of the fact the mapping H(0;-,-) : HZ(Q\D)? —
L*(Q\D)?, given by

HO0:x,¢) = (—A(x+¢") +alx +¢") +b((+ "), =A(C+ ") + A(x + ") + B(C + 7)),

is an isomorphism.
Thus, by the Implicit Function Theorem, there exist neighbourhoods U C W, of u = 0,
V C H2(Q\D)? of the (Yy, Zy) and a differentiable mapping ¢ : U — V such that

HH0)N[U x V] = {(1:x,¢); (x, ¢) = ()},

which proves the first item of the Lemma [2.3]
The second and third items of the Lemma[2.3]| are immediate consequences of the Lemma

2.1, Theorem 3.1 and Theorem 3.2 of the (SIMON, (1980)).
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APPENDIX C - LOCAL PARABOLIC REGULARITY

In this appendix, let us prove a local regularity result for a 1d parabolic equation.

Proposition C.1 Let T' > 0 be a positive time, I C R an open interval and consider the

cylinder Q) := 1 x (0,T). Moreover, let us consider functions d,b : () — R satisfying:

d € CQ), be Lx(Q),
d(&,t) > X >0, forall (£,t) € Q and some X > 0,

and also consider f € L*(0,T; L*(I)) and the unique strong solution y in the space L*(0,T; H*(I))N
H'(0,T; L*(I)), of the parabolic system

Yo — dyge +bye = f in Q,
y=0 on 0I x (0,7),

y(-,0) =0 in (0,7).

Then, the following holds: let Y CC V C I open sets and we assume f € L*(0,T; L*(V)).
Then, y € X*(0,T;U) := L*(0, T; W>*(U)) N WH4(0,T; L*(U)) and there exists a positive

constant C' (depending on I, V, U, ||d||,

b||oo), such that:

1Yl xs0,m00 < C (HfHL4(L4(V)) + HZJHH(H?)mHI(L?)) :

Indeed, let us consider firstly the open set «{ CC U’ CC V and a test function x € C5°(U')

so that y = 1 in U. Then, one can see that w = Yy is the strong solution of the problem:

wy —dwge =g in Q)

w=0 on 0I x (0,7),

where g = xf — (xbye + 2dxeye + dxecy).

As consequence of the hypothesis on f and y we get that xf € L*(0,T;L*(I)) and
go = Xbye + 2dxeye + dxeey is a function of L>(0,T; L*(I)) N L*(0,T; L>=(I)). Now, by
using standard interpolation results, we can assure that go € L*(0,T; L*(I)) and there exists

a positive constant C' (depending on I, V, U', U, ||d||s, ||b]|s) so that

llgollLaccacry < CllyllL2cazynm (£2)-
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Consequently, g € L*(0,T; L*(I)) and, this way, we can use the estimate above and results
of LP-regularity for parabolic operators, see (WU, 2006, Theorems 9.2.3 and 9.2.5), to obtain
w e X*0,T;1) and

[wll x20,751) < C (||f||L4(L4(V)) + ||y||L2(H2)mH1(L2>) :

for some constant C' > 0 (depending on I, V, U', U, ||d||~, ||b]l«c and s). Therefore, since

w =y in U then we can conclude the proof of the result.



