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ABSTRACT

The dynamics of open quantum systems is described by a stochastic process that comes
from the inevitable interaction between the system and its environment. More precisely, the
environment is chosen as an external system which may have a finite or an infinite number of
degrees of freedom. We analyse here how the orbital degrees of freedom (position, momentum)
of a system represented by a coherent state of the quantum harmonic oscillator coupled with
an in-homogeneous magnetic field can suffer transitions when a sequence of measurements if
performed in its spin degree of freedom. In other words, the situation is as if the orbital degree
of freedom represents a system of interest and the possible outcomes of such a measurement
process represents a stochastic source. We shall explicitly show, using an analysis based on the
concept of quantum trajectories, that it is a problem to which an analytical solution could be
obtained to all relevant physical quantities. Moreover, we could derive an equal-probability rule
for the state of our system: similar to the central a priori postulate of statistical mechanics.
Through our analytical expressions and a numerical analysis, we could also determine that the
continuous measurement process, in general, raises the mean energy of the system keeping its
mean position and mean momentum invariant at the cost of making the distribution of their

uncertainties broader.

Keywords: Opens systems. Measurement. Spin. Coherent states. Quantum trajectories. Ran-

dom walks.



RESUMO

A dindmica de sistemas quanticos abertos é descrita por um processo estocastico resul-
tante da inevitavel interacao de um sistema de interesse com o seu ambiente. Mais precisa-
mente, o ambiente é geralmente escolhido como um sistema externo possuindo um nimero
finito ou infinito de graus de liberdade. Analisaremos aqui como os graus de liberdade or-
bitais (posicdo, momentum) de um sistema representado por um estado coerente do oscilador
harmdnico quantico em contato com um campo magnético ndo homogéneo podem sofrer tran-
sicbes quando uma sequéncia de medicGes do grau de liberdade de spin deste mesmo sistema
é efetuada. Em outras palavras, tudo se passa como se os graus de liberdade orbitais represen-
tassem um sistema de interesse e os possiveis resultados destas medicGes representassem uma
fonte de aleatoriedade. Mostraremos, utilizando uma anélise baseada no conceito de trajetérias
quanticas, que trata-se de um problema em que expressdes analiticas fechadas puderam ser
obtidas para todas as quantidades fisicas de interesse. Além disso, descobrimos que o estado
do sistema obedece a uma regra de iguais probabilidades, semelhante ao postulado central a
priori da mecanica estatistica. Utilizando nossas expressdes analiticas, bem como uma anélise
numérica, descobrimos também que, em geral, o processo de medicdo de spin aumenta a en-
ergia média do sistema, mantendo sua posicdo média e seu momentum médio invariantes as

custas de aumentar também a distribuicdo de suas respectivas variancias.

Palavras-chaves: Sistemas abertos. Medicdo. Spin. Estados coerentes. Trajetérias quanticas.

Caminhadas aleatérias.



LIST OF FIGURES

[Figure 1 —

Energy of the system for three different implementations of our measure-

ment protocol. Here 2z = 1/\/54—2/\/5 wdt = 0.1. In each plot the dashed

line indicates the energy of the system for z, = 0 as a reference.|. . . . . .

(a) Energy of S through direct implementation of Eq.({4.39a)) (not ({4.40))).

(b) Comparison between a matrix representation algorithm and Eq.(14.40)).

T'he higher the number of terms we keep in the expansion of the initial

coherent state, the better the curve approaches our theoretical model. Here

we considered a set of 10° trajectories such as the one described in our

protocol (§4.2.1)).). . . . . . . . . .

59

Expectation values of the position (a) and the momentum (b) of S for

z = 1/v/2 + i/v/2 and wit = 0.5 through direct implementation of

Egs.(4.42),(4.39c). In both plots all curves are superposed so that there

is no dependence on z,, as indicated by our theoretical model (Egs.(14.42)),

({4.43))). Although we would prefer to make those plots for a lower value

of wot (so that the measurement process is closer to what we could call

“continuous"), this choice would make the oscillation frequencies too low,

forcing us to use more steps and making the algorithm too heavy. (For

example, the dimension of the set [y would be 2*° = 33554432 for 25 steps.)| 61

[Figure 4 —

(a) A new comparison between a matrix-representation algorithm which

directly implements our protocol and our theoretical results. (b) A Phase

space plot for N = 100. The result is the same as that of a simple harmonic

oscillator. In both figures z = 1/v/2 +i/v/2| . . . . ... ... ... ...

[Figure 5 —

Position squared (a) and momentum squared (b) as a function of wdt (not

as a function of time! The parameter that represents time is, essentially,

N). Because the expectation value of the kinetic energy is proportional

to (P?) and the expectation value of the potential energy is proportional

to (X?), for wit = m we see that all the mean energy gained by S is

purely potential. For wot # 7, we see that the gain is partially potential

and partially kinetic. Nevertheless, it is never purely kinetic. In both plots

zo=1.0and z=1/vV2+i/V2|. . ... ...

63



[Figure 6 — Uncertainties of the position (a) and the momentum (b) of S. In both plots |
| wot =0.1and z=1/vV24+4/V2| . . . . ... 64

[Figure 7 — ([7a)). Uncertainty relation for various orders of magnitude of z, according |

| to our analytic expressions (Eqgs.(14.48),(4.49)). (7b). Phase-space plot for |

| the uncertainties AX and AP. We see that, in comparison with the simple [

| (isolated) harmonic oscillator, the uncertainties do not remain only a point |

| throughout time. In both plots z = 1/v/24+4/v/2| . . . .. ... ... .. 65




CONTENTS

1  INTRODUCTION 13

17

17

17
(2.1.2 Wavefunction approach| . . . . . . ... ... 19
2.1.3 Expectation values of observables| . . . . . . ... ... .. ... ... 20
2.1.4 Heisenberg uncertainty relation| . . . . . . . . ... ... ... ... .. 21
(2.1.5 Tensor-product states| . . . . . . . ... ... ... .. .. ....... 22
2.1.6 Entanglement, . . . . . . .. ... 23
22 QUANTUM HARMONIC OSCILLATOR] . . . . . . . ... ... ... ... 24
2.2.1 Ladder operator approach| . . . . . . . ... ... ... 24
23  COHERENT STATES . . . . ... . . ... ... .. .. ... .. .... 26
2.4 SPINI . . . . 29

(3.2.1 General presentation| . . . . . . . ... 38
(3.2.2 Equivalence between the MCWF approach and the Lindblad equa- [
| tion approach| . . . . . . ... 40

41  PRESENTATION OF THE SYSTEM

4.1.1 Time-evolution of a superposition of coherent states| . . . . . . . . . 45

[4.1.2 Linear external magnetic fieldf . . . . .. ... .. .. ... ... ... 46

42  SPIN MEASUREMENT PROTOCOL 48

4.2.1 Determination of a single trajectory| . . . . . . . . .. ... ... ... 49




[4.2.2 Full ensemble: emergence of an equal-probability rule for orbital |

[4.2.3 Expectation values of physical quantities . . . . . . . . .. ... ... 57
[4.2.4 Energy| . . . . . .. 58




13

1 INTRODUCTION

In quantum mechanics, the time-evolution of the wavefunction of a closed system is de-
scribed by the Schrodinger equation. It is well known that this statement is equivalent to
say that the state of the system evolves according to the action of the unitary operator
U= exp{—iﬁt/h}, where H is the Hamiltonian operator associated with the system. How-
ever, in the situation where the system is open, that is, when the system is put in contact
with an external system (or an environment) and no longer can be treated as closed, this
unitary operator has to be replaced by other dynamical maps, described by the so called Kraus
operators (see §3.1)).

Now there are not only one, but many possibilities for how exactly the system may change in
time due to the contact with the environment. Those possibilities are described by a probability
distribution and, because of that, we say that the dynamical map induces what we call a
stochastic process. In this way, the environment is said to be an stochastic source for the
system in question.

In the present work we shall explore this idea of studying an open system in a different way.
Rather than analysing the situation of an environment as a stochastic source, we will analyse
the situation where continuous observations (or measurements) of a certain degree of freedom
of a system may induce changes in another degree of freedom of the same system. Because
in quantum mechanics measurements return random outcomes (except for the case where the
system is in an eigenstate of the chosen observable), this observed degree of freedom can then
be considered as a stochastic source for the degree of freedom that we want to study.

Let us be more precise here. We shall consider the initial orbital state of our system (a spin-
1/2 particle) as a coherent state of the harmonic oscillator |z) and take its initial spin state as
an eigenstate of the spin angular momentum operator in the x-direction, S,. In this way, the
total initial state (orbital + spin) is given by |1/(0)) = |2) ® |s¢),, where sy = £1 (the choice
of an eigenstate of SI instead of S’Z will be clear in a minute). Furthermore, we consider that
an external ihnomogeneous magnetic field pointing in the z-direction is present throughout
the region of the space that the particle is put in. We choose this field as varying linearly with
the position operator X: B et (By/d)Xé., where d is a constant with units of length. In this
case, the spin degree of freedom interacts with the field so that the Hamiltonian of the system

can be taken as H = Hyo @ I + H;,;, where Hyo = 152/2m + mw2/2f(2 is the well known
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hamiltonian of the harmonic oscillator and H;,; = —’yB .S = —(’yhBo/Qd)X ® S, is the
interaction energy between the spin an the field (of course S, is the spin angular momentum
operator in the z-direction).

The system is then let to evolve unitarily by a time dt¢, so that its state turns into a
state of the form [¢(0t)) = C[|v4(6t)) @ |+), + so|v—(6t)) ® |—),], where C' is a nor-
malization constant. Now, according to the well known measuremnt postulate of quantum
mechanics, if a spin measurement in the x-direction is performed, the state of the system
must be immediately updated to either the state (|1, (0t)) /|| |¢+ (%)) ||) ® |+) x or the state
(|—(0t)) /|| [-(6t)) ||) ® |—) x. In other words, the measurement performed on the spin
degree of freedom induces a change in the orbital degree of freedom of the system.

If this process (time-evolution followed by a x-direction spin measurement) is repeated a
finite number N of times from now on there will be a probability py that at the end the
system will be in a certain state [t (NGt)). A single repetition like such of this whole N-step
process (or protocol) is called a trajectory. Indeed, this terminology is not restricted to this
specific case, but rather, comes from algorithmic approaches used to simulate the dynamics of
open systems such as the one in (MgLMER; CASTIN; DALIBARD), (1993) (which shall be discussed
briefly in §3.2).

After the realization of a large number (or an ensemble) of such trajectories we can obtain
a set of all possible accessible states {’w?\,>} for the system together with their respective
probabilities (or frequencies) {px} of occurrence. Finally, with this data in hands, we can con-
struct a density operator for the orbital state of the system simply as pY = p, 3, ‘1/}}“V> <@/}f\,’
and use it to compute explicitly the expectation value of many physical quantities of interest,
such as energy, position, momentum and so on.

This idea is somewhat analogous to the idea of a so-called quantum random walk (AHARONOV
et al, (1993) (for a review, see (KEMPE, 2003), (VENEGAS-ANDRACA, 2012))). There we have
the followig: a system is prepared in a certain initial orbital state |¢,,) associated with a wave-
function centered at x = z and in a certain superposed spin state, say, ¢, |[+)+c_ |—), where
|£) are the eigenstates of S,. Then the orbital state is displaced from x( by a certain distance
I through the action of an effective displacement operator of the form exp{—iP ® S.1/h},
where P is the momentum operator associated with its orbital part. After that, the state of the
system will be of the form ¢, |¢y, 1) @ |+) + [12,—1) ®|—) and, only then, a spin measurement
is performed, so that the orbital state colapses onto |1,,+;) with probability |c.|?. Therefore,

if we compare with a classical random walk, a spin measurement functions as the process of
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“throwing a coin”.

One of the differences between this approach of quantum random walks and our approach
is also that, in the former, in order to displace the center of the new wavefunction obtained
after each measurement by a further random step, we must “manually” reinitialize the spin
state of the system to a superposition like ¢ |+) +c_ |—); whist, in our case, it is the external
magnetic field B which tends to bring the spin of the system to realign itself with the z-
direction (now it must be clear why we choose to perform measurements in the x-direction).
Nevertheless, a similar (but in fact different) situation to ours can be found in (HOROWITZ,
2012), where a system of interest is coupled with an external two-level reservoir subject to
measurement processes.

Our text is organized as follows: in chapter [2, we begin with an overview of the basic
textbook topics of quantum mechanics, such as its postulates (formulated in its simplest form),
the quasi-classical (coherent) states of the harmonic oscillator, spin and density operators.
However, it must be understood that the only aim of the chapter is to cover the basics of such
topics in order to fix notations, help the inexperienced reader to apprehend those fundamental
tools and provide a somewhat “auto-consistent” formulation of our work.

In chapter , we formulate also a very basic (but somewhat sufficient for our purposes)
overview of quantum open systems and analyse the so called Monte Carlo Wave Function Ap-
proach as an illustration of how to use quantum trajectories as a fundamental and algorithmic
analysis tool. Finally, we shall finish with an exposition of a measurement master equation.
Those two latter topics will be used as a motivation for what follows.

Chapter [4] is the main part of the present text. There we shall formulate in a precise way
our (already outlined here) alternative approach to open quantum systems regarding all of its
mathematical subtleties and comment all the results which we could obtain so far. Objectively,
we address the following question: “how do random outcomes of continuous measurements
performed on the spin degree of freedom of this system may induce transitions in its orbital
degree of freedom?” It shall be shown that this is a problem to which we could obtain a closed
analytical solution not only to the state of the system after the realization of an ensemble of
quantum trajectories, but also to all relevant physical quantities associated with it (such as en-
ergy, position, momentum and so on). We shall see that this state satisfies an equal-probability
rule, similarly to what happens in the context of usual statistical mechanics (without, of course
taking this analogy too far, because in this latter topic we are dealing with a closed, not an

open, system). At the end of the chapter, numerical plots are presented in order to give us
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an wide view of how those quantities exactly behave and an appendix containing all lengthy
calculations is included so that the interested reader may check precisely all of our results.

Finally, we conclude in chapter [5| with an overview of all results obtained and with some
prospects which we ma intend to consider from now on.

Quantum measurements have been studied today in the context of heat exchanges and
thermal machines, a major subject which fits in the research area of quantum thermodynamics.
Therefore, we consider relevant to explore our approach to the dynamics of open quantum
systems and refer to (ELOUARD et al., [2017b]), (ELOUARD et al., 2017a)), (JORDAN; ELOUARD;
AUFFeVES| [2020)) as a further motivation for the present work. It must be also pointed that
we believe that a narrative more close to the context of “kicked harmonic oscillators” (part of
the subject of the research area of quantum chaos and semi-classical methods) may be also

possible and refer the interested reader to (BERMAN; ZASLAVSKY, (1991)).
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2 BASICS

As our work shall require a very basic picture of what is quantum mechanics, in this first
chapter we intend to make a brief overview of specific theoretical aspects in order to clarify
concepts, fix notation and make latter references. We focus precisely in two example systems,
which shall be fundamental for us: the so called coherent states of the quantum harmonic
oscillator and a spinning particle. This introduction follows the Schrédinger picture of quantum
mechanics, where quantum states (rather than quantum operators) are the quantities which
evolve in time. Our aim is to be as simple as possible for our purposes and for further reading,

references will be given when necessary.

2.1 RULES OF QUANTUM MECHANICS

Here we state and briefly explain the basic rules used to make predictions in quantum

mechanics.

2.1.1 Postulates

Quantum mechanics is a statistical theory. This means that it only makes predictions
about frequencies of outcomes in the context of a large number of realizations of a specific
experiment ((D’ESPAGNAT), [2019)), Chap.3). For example, if we want to infer some property of a
determined system, we must prepare N equal system of such and all that quantum mechanics
call tell us is that the desired property will assume a certain specific value n times (or with
frequency n/N). Because of that, every time we refer to a system in this text, we mean
precisely an ensemble (collection) of equal systems as defined.

We begin by stating the standard rules used to make predictions and focus on the simple
case of a single-particle system E]

We call a Hilbert space ‘H a finite or infinite inner product vector space defined on the
field of the complex numbers C. Particularly, if |v) is an arbitrary element of H, the set of
all possible maps ‘H — H, or operators, which can perform any change on |v) is denoted by

B(#H). For example, if (¢|1)) represents an well defined inner product relation between two

1 In the many-particle context, symmetrization rules must be regarded, depending wheter the particles we

are treating are bosons or fermions.
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arbitrary vectors |¢) , [1)) € H, the operator P({w, }) represents the projection of |v) onto the
subspace associated with the set of vectors { [w,)}; that is, P({w,}) [v) = 3, (wa|v) |w,,)
if the index n assumes discrete values, or P({w,})[v) = [’dn (w,|v) |w,) if it assumes
continuous values in the range (a,b) C R.

To every operator A€ B(H) we may assign in a one-to-one correspondence an operator

At € B(#) that satisfies the relation

(@l AT|w) = (vl Ale)” VI), |9) € H. (2.1)

AT is called the Hermitian conjugate of A and, for the particular case where A=Al itis a
well known result of linear algebra that (i) A has a real valued set of eigenvalues (or spectrum)
{a,} and (ii) it is always possible to construct an orthonormal basis { |a,)} C H composed
only by eigenvectors of A (see (COHEN-TANNOUDJI; DIU; LALOg, [2019), Chap.lI-D).

Note that if A is equal to the unity, i.e. A =1, implies that we must have (¢|¢) =
(@|1)" for the corresponding inner product relation. We say that this relation has a Hermitian
structure.

In general, two or more eigenvectors can be associated with a specific eigenvalue a,,, but
when this is not the case (that is, when every eigenvalue a,, of A is associated with one and
only one eigenvector |a,)) we say that A has a nondegenerate spectrum.

Let us fix this last situation and denote by |a,) the eigenvector of A in a one-to-one
correspondence with the eigenvalue a,, (for the whole picture, see (COHEN-TANNOUDJI; DIU;
LALO¢&, 2019), Chap.III).

1. Definition of state. the system is described by a normalized vector |¢)) € H, where

‘H is to be specified by the particular physical situation.

2. Definition of observable. to every classical physical quantity a we assign an Hermitian

operator A € B(#).

3. Unitary Schrodinger evolution. if at ¢ = ¢, the system is described by the state
l1h(to)), at an arbitrary time ¢ > #, the system evolves to |¢(t)) = e E=1)/7 |y (ty)),

where H is the time-independent Hamiltonian operator associated with the system .

Usually, the exponential of an operator is defined as the power series e = > A

n n!

2 or the limit lim,,_, oo (f+

~ n A
% (see, for ex. (ARNOLD), [1973) Chap.2, §14). Also, the assumption that H is time-independent is taken
for the sake of simplicity, because throughout the whole text this will be always the case.
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4. Born rule. if a measurement of the observable A is performed on the system, the
outcome is certain to be an eigenvalue of A, but all that we can say beforehand is that

we have a probability
Plan) = | (an|v) [ (2.2)

to obtain the specific outcome a,,.

5. Von Neumann measurement scheme. after a measurement of A in which we have

obtained the outcome a,,, the state of the system must be updated according to

measurement <an‘¢>
) Sril (23)

Note, in particular, that in postulate 1, |¢)) is allowed to be any superposition (linear com-

bination) of vectors in H, because, by the definition of a vector space, every such superposition
also lies within 7. This is the so called superposition principle.

We stress that this statement of the set of rules is not unique, but rather, specifically
formulated for our purposes. For a more general picture (for ex. including the case of degenerate

spectra of observables), we again refer to (COHEN-TANNOUDJI; DIU; LALOg, 2019), Chap.lII.

2.1.2 Wavefunction approach

It is also worth mentioning that it is possible to make predictions in an alternative manner
to the formalism stated above.

This goes as follows: to every possible state |¢)) € H which may describe our physical
system, we assign in a one-to-one correspondence a function, or wavefunction, 1) : R3xR — C
that satisfies the condition that [ d3z|¢)(x,t)|? remains finite (in general, this condition
is satisfied by functions that decrease rapdly in space, such as a Gaussian or a negative
exponential). In this case, we say that ¢» € £, where L£? is the space of square-integrable
functions.

Due to Max Born, |1)(x,t)|* is to be interpreted as the probability of finding a particle in
the spacial region within & and @ + da at time t. Although ) speads itself all over the space,
because we must necessarily find the particle somewhere, the condition [*_ d*x|i(x,t)|* = 1
must be satisfied. [¢)) and v being assigned, this motivates the correspondence between the

Hermitian inner product relation of H defined in with the relation

Wloy & [~ davrs (2.4)
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defined in £? (v and ¢ being arbitrary functions).

Observables are now represented by operators acting in £2 and, in analogy with the last
subsection, we write A € B(L?) for an arbitrary physical quantity A. For example, the extrinsic
(coordinate-system dependent) degrees of freedom of position and momentum are assigned
to the operators X, P € B(L?) s.t. Yoo € £2, X¢) = x1p and Py = —ihVi) (using it
is easy to show that X and P are Hermitian) .

If the system starts in a state assigned to the wavefunction ¢ (x, ty), to predict the dynamics

and find v at a latter time, we must solve the Schrédinger equation

o i
57 = 7 Hu@.1) (2.5)

where H = f[(X,p,t) is the classical Hamiltonian of the system [*| written with « and p
promoted to X and P defined above (t remains only a real valued parameter). Of course,
Y(x, ty) serves as an initial condition to the solution of this first order [’| partial differential
equation and this construction assures that ¢)(x, t) is in a one-to-one correspondence with the
state |¢(t)) obtained by postulate 3.

For a detailed treatment, we refer to (GRIFFITHS; SCHROETER|, 2018) (Chap.1) and specific
illustrations of how to use the two approaches we let to be given in what follows by the
examination of the two systems mentioned at the begining of this chapter (coherent states of

the quantum harmonic oscillator and spinning particles).

2.1.3 Expectation values of observables

Suppose that we can expand the state |¢)) of the system in terms of an orthonormal basis
{|n)} C H. That is, we can write 1) = 3, ¢, |n) for n being discrete, or |¢) = [°dnc, |n)
for n being continuous in (a,b) € R.

Fixing the former (discrete) situation, we note by Born rule that if n # m and |c,|? > |, |?
(ensuring, of course, that 3", |c,|? = 1), the system is “more likely” to be observed in the

state |n). Still using statistical language, this motivates the definition of the expectation value

3 The precise construction of a basis set {|z)} and {|p)} of eigenstates of those two operators in a one

to one correspondence with functions in £2 is rather complicated and, as it shall not be useful for the
development of our work, we leave the discussion as a reference to (COHEN-TANNOUDJI; DIU; LALOg, [2019)),
Chap.2, §B-2.
* We could arrive at the same equation for [¢)(t)) in postulate 3 of by taking its time-derivative.
First order in time. In space it is usually second order (i.e. it depends on the laplacian operator V?).
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of some observable A € B(#) as

(A), & (] Alp) (2.6)

or, in the case of the last subsection,

A

(A [ dayiy (27)

where, of course, ¢ € £? is properly assigned to [1)) € H. These definitions have the precise
meaning that if we take IV equally prepared systems and measure A in each one of them, (/Al>¢
is the average result we will get (of course, the larger the N, the closer the inferred average is
from <fl)) Finally, we mention that expectation values are, indeed, the quantities which can

be measured in laboratory.

2.1.4 Heisenberg uncertainty relation

The previous discussion suggests that because now we cannot determine the outcome of
a measurement of A a priori and therefore must use statistical distributions (in other words,
A is a random variable and we must work with the probabilities of a determined outcome to
happen), we may be interested in knowing how broad would be the interval of those possible
outcomes.

This is also done by statistical language. We define the standard deviation of A for a

system in the state [¢)) to be
AA, € [(A2), — (A)2. (2.8)

Furthermore, it can be shown ((GRIFFITHS; SCHROETER| 2018)), Chap.3, §3.5) that for any pair

of observables fll, 1212, we have
1  ~ .
AAlAAQ Z —Z<[A1,A2]>2, (29)

the most important result being the case of a pair of canonically conjugated operators, such as
X and P, which by the definitions given in implies the canonical commutation relation
[X, P] = ih, leading, therefore, to the famous Heisenberg uncertainty principle

AX,AP, > Z (2.10)

The precise meaning of this result is that the more we want to measure a certain definite

value for, say, the position observable X, the smallest we can make AX, but the price we pay
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is that in this case AP will be very large. This means that we cannot measure a precise value
for position and momentum at the same time and, therefore, these quantities are said to be

incompatible observables.

2.1.5 Tensor-product states

If we have two independent systems or two independent degrees of freedom of a single
system, each described by states lying in two distinct Hilbert spaces H; and H5, we denote
the Hilbert space of the composite system by the symbolic notation H def Hy ® Ho, where
“®" is called the tensor product between vector spaces.

Furthermore, we require this product to be linear with respect to each of its arguments;
that is, if all set of vectors are discrete [f| given two orthonormal basis {|n:)} C H; and
{In2)} € Ha, we may expand |v1) € Hy and |vg) € Hs as |v1) = X, ¢y, [M1) and
|v2) = >,,, dn,y |M2) and write

01) ® Jv2) & 37 Cuydy [11) @ [na) . (2.11)

ni,n2

Because linear operators are also vectors belonging to vector spaces, if we have A; € B(H,)

and Ay € B(H,) we may define A = A, @ Ay € B(H1) @ B(Hs) s.t.
Alvy) ® |vg) = Ay 1) @ Ay |vy) . (2.12)

Finally, if there are well defined inner product relations in H; and in Hs, taking |w;) € H;

and |ws) € H,y, we also demand

((w1] @ (wa|)(|v1) @ |v2)) = (wilvy) (walvg) . (2.13)

From this definition we see that {|n) ® |ny)} as defined above is a basis set for H, be-
cause ((n1| @ (na|)(|m1) ® |M2)) = 0y myOny.my- T herefore, if [n1) and |ng) represent the
eigenstates of two observables defined in B(#;) and in B(H2) with eigenvalues n; and na,
respectively, and represents the state of the system, Born rule tells us that we have
a probability |c,, |*|dn,|* of measuring n; and n, together. This last fact is consistent with
the hypothesis that the two systems, or the two degrees of freedom, are, in this case, indeed
independent (recall that for two independent events 1 and 2 which occur with probabilities p;

and p,, respectively, the probability of 1 and 2 to occur is just pips).

. . . . . t
®  For the continuous case, it suffices to change the summations by integrals > — fa’ dn.
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Except when explicitly necessary for the sake of clarity, throughout the rest of this text
we shall omit the ® symbol from tensor products (for ex. |v;) ® |v) oo |v1) |vg) or even

01) ® Jva) & o1, v3)).

2.1.6 Entanglement

By the discussion of the above section, still in the same context, we now know that if we are
given two states |1)1) € H; and |¢2) € H, for the uncorrelated systems 1 and 2, respectively,
we can construct a state for the composite system 1 + 2 simply as |1);) ® |¢9). This state,
of course, lies within H = H; ® Hs and this space can be said to be the Hilbert space of
the composite system. Hence, we know from postulate 1 of 2.1.1] that all states within 7 are
allowed to describe the composite system, even linear combinations of two or more vectors
(superposition principle).

But now the converse question may arise: given a state |1)) € H for the composite system,
there always exists |¢)1) € Hy and [i2) € Ha s.t. |¢) = [11) @ [12)? The answer is no.

For example, suppose that the Hilbert spaces of both systems have dimension N = 2
and fix the basis sets {|01), |11)} C Hy and {|0s), |12)} C Hsy. Of course a basis set for
the composite system is simply { [01,02) , |01, 12), |11,02), |11, 12) }. Take now the composite
system to be in a so called Bell state |®*) = (]01,05) + |11, 15))/+/2 and try to write

|®F) = (c101) + c2102)) ® (e3102) + cq|12)) (2.14)

for some set of coeficients {ci, c2, c3, ¢4} C C.

It can be verified that the system

1
C1C3 = —=
163 \/§
C1Cq4 = 0

(2.15)

CoC3 = 0

1
CoCy = —#—=

V2
has no solution!
Therefore, we conclude that the superposition principle implies that not every state ac-
cessible to the composite system can be decomposed into a tensor product of two states

accessible to the individual subsystems. This phenomenon is called entanglement and is a
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major feature of quantum systems with an almost infinite range of beautiful implications and
applications. If there exists no [¢1) € H; and [is) € Ho s.t. |tb) € H can be decomposed
as |[) = |11) ® [1s), we say that |¢) is an entangled state. In general, many operations
can generate entanglement, such as time-evolutions with interactions and measurements. This
happens because after those operations the state of the system can (in general) be turned
into any state lying within 7 (and now we know that not every such state is separable).
Finally, we note that because operators also lie within vector spaces, the preceding analysis
is also applicable to them. We shall come back to this important point when we talk about

density operators at the end of the chapter.

2.2 QUANTUM HARMONIC OSCILLATOR

As a useful illustration, we analyse the well known one-dimensional quantum harmonic

oscillator, described by the Hamiltonian

R P2 22
Ayo=—+ 22
2m 2

(2.16)

2.2.1 Ladder operator approach

Based in the expositions in (PESKIN; SCHROEDER, [2007)) (Chap.2, §2.3) and (MANDL; SHAW,
2010) (Chap.1, §1.2.2) we briefly follow the so called ladder operator method to construct
explicitly the eigenvalues and the eigenstates of . This approach, first proposed by Dirac,
finds an almost infinite range of applicability in the literature and serves as a ground for the
subjects of quantum field theories and condensed matter theories where multiparticle systems
are important []

We begin by noting that the definitions of X and P as stated in implies the canonical
commutation relation [X, P] = XP — PX = ih. Therefore, defining the (non-Hermitian!)

destruction or lowering ladder operator

def [MW & . 1 4
=,/ —X —P 2.17
“TVR TN 2 (2.17)

we can show that
[a,a'] =1 (2.18)

Indeed, it can be shown that simmetrization rules for bosons and fermions, instead of being postulated a
priori, appear naturally in this approach.

7
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and

. 1
Hyo = hw (a*& + 2). (2.19)

This last expression implies that finding the eigenvalues and the eigenstates of Hyo is equiv-
alent to finding the eigenvalues and the eigenstates of a'a LN

Because inner products must always satisfy the condition (¢)|¢)) > 0 and because (a [+/))T =
(1h| at, we see that (| N |¢p) = (] ala ) > 0; taking then the eigenvalue equation N |ar) =
a |a) we see that o > 0 (of course we are supposing |«) already normalized) and therefore
that all eigenvalues of N are non-negative. N is said to be positive semi-definite and, as a
consequence, it must have a lowest possible eigenvalue oy > 0.

Still with the eigenvalue equation and with the aid of (2.18), we see that Na|a) =
(v — 1)ala), so that @ |a) is an eigenvector of N with eigenvalue (o — 1). Moreover, this
relation also implies that ay = 0 necessarily, because by hypothesis there is no eigenvalue
lower than «y.

Now, if |0) represents the eigenstate associated with the eigenvalue ay = 0, the above

discussion implies that @ |n) = /n|n — 1) and a' |n) = v/n + 1 |n + 1). Therefore, the states

oy @D
vn
can be verified to be the eigenstates of (2.16]) with eigenvaluesa =n = 0,1,2, 3, ... associated.

(2.20)

Therefore, the energy spectrum of the harmonic oscillator is given simply by
1
E, = hw (n + 2). (2.21)

This result is consistent with solving the Schrédinger equation ([2.5]) explicitly (see, for ex.
(GRIFFITHS; SCHROETER, [2018) Chap.2, §2.3) if the states |n) are mapped in a one-to-one

correspondence to the wavefunctions ]

mw\/4 1 mw 2
— —mwz= /20
Up(x) = (Wﬁ) —an!Hn( > x)e (2.22)

where H,, is the Hermite polynomial of degree n given by the Rodriguez formula

H,(\) = (=1)"e%” (;i)nezz. (2.23)

Because the Hamiltonian is time independent, we have simply

W(x,t) = zbn(x)e_iw(t_t‘)). (2.24)

8  This can be proven indeed by inverting (2.17)), promoting & and P to operators in B(£?) as in and
solving the differential equation (a")"g = a,t,.
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For the three-dimensional case where the particle oscillates with the same frequency w in
all independent degrees of freedom, we simply use the tensor product construction of

and Write ’n> — |ny> |n3> |n$> and 77Z)nxnynz(w) — ¢nac(x)wny(y)¢nz(z)
The calculations of AX and AP for those states yield

h 1
me 1 (2.25)
implying the uncertainty relation
1
AX,AP, — (n n 2>h. (2.26)

Equation ([2.25)) is in accordance with and means that the higher the n, the broader
the distribution of both X and P.

Finally, we note that implies (X),, = (P),, = 0. This means that the states |n) do
not describe directly the behaviour of a classical harmonic oscillator, where = and p are zero
only when the energy of the motion is zero (see the topic of the next section). Because of
that, we pose the following question: is it possible so far to use the developed formalism to
construct states that lead to predictions close to classical mechanics? Indeed, we expect that
(in principle) quantum mechanics should yield the same results of classical mechanics in the
limit of large quantum numbers (for example in the limit of energies much higher than hw).

The so posed question serves as a motivation for the treatment of the next section.

2.3 COHERENT STATES

Proposed by Schrodinger in 1926 and first called coherent states by Glauber in 1963, those
states are of wide applicability in many subjects of modern science, such as quantum informa-
tion processing, quantum optics, quantum superselection principles and mathematical physics
(DEY; FRING, 2018). We follow here the simple approach of defining them as eigenvectors of
the ladder operator a H i.e.

A~

alz) =z|z). (2.27)

9 We could choose also to define the so called displacement operator D(z) = e a=za" 4nd apply it to the

ground state |0). We would get the same results.
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Because @ is not Hermitian, z is, in general, a complex number. If we write |2) = >, ¢, |n)
and use (0|0) = 1, it is easy to show, by (2.27) that

1212 "L 2"
|z> = e 2

_7Zﬁ|n>-

n=0

(2.28)

Note that two coherent states are not orthogonal.
Furthermore, this expansion together with postulate 3 in implies that the time evo-
lution of |2(0)) = |z) is simply

_iw(t—tg)

|z(t)) = e |2(0)e~ =ty (2.29)

This is remarkable, because, the global phase factor e‘w being dropped (this does not
change physical predictions, since this exponential is a global phase and, consequently, does
not change any expectation value), we see that the state remains an eigenstate of a throughout
time. This has very neat consequences, which will be discussed in the following.

Let us first review [[9 an useful method to describe the motion of the classical harmonic

oscillator by introducing the dimensioless parameters z.(t) = /™ (t) and p.(t) = nlmwp(t).
In that case, Newton's equations become
d t dzx.
i = Z& — - = Wpc(t)
dt m dt (2.30)
d _ —mw?z(t) — dp. _ wre(t).
dt dt

These two equations can be combined into a single complex-valued differential equation:

dz,
dt

= —iwz.(t) (2.31)

with z.(t) = %[mc(t) + ipc(t)]. In this case, the position and the momentum of the particle
are specified by the single complex parameter z.(t).

The solution of ([2.31)) is easy to obtain and is simply
2e(t) = 2z.(0)e~(t=to), (2.32)

It means that, if we set t; = 0,

_ @ el = 2(0) cosw ]ﬂsinw
m(t)—\/;R{c(t)} (0) coswt + -~ t (2.33)

p(t) = vV2mhw Im{z.(t)} = —mwz(0) sinwt 4 p(0) cos wt

10" Here we follow the exposition in (COHEN-TANNOUDJI; DIU; LALOg, [2019) (Complement G'y/) in a very brief
way.
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which are exactly the classical results (note how similar are (2.32)) and the evolution of z in
(2.29)!). Moreover, using (2.33)) the energy of the system can be obtained immediately:

E. = Tw|z:(0)[* (2.34)

where, of course, we must have the condition |2.(0)|> > 1, because we are analyzing a classical

system.
Now, it is a simple matter to show, using Eqs.(2.27)), (2.29), that (H). = hw(]z(t)[24+1/2),
(X). = /2h/mw Re{z(t)} and (P). = v/2mhwIm{z(t)}; or even,

(X).(t) = (X),(0) cos wt + W sin wt (2.35a)
(P).(t) = —mw(X).(0) sinwt + (P).(0) cos wt (2.35b)

(H).(t) = hw (IZ(O)I2 + ;) (2.35¢)

A

which are exactlythe classical results (2.33]) with (X).(0) = \/%Re{z(O)} and (P),(0) =
v2mhwIm{z(0)}. This is a remarkable point.

This exposition makes it clear that (i) stationary states of the classical harmonic oscillator
(i.e. states for which the oscillator does not move, and, consequently z(t) = p(t) = 0) are
connected with stationary states of the quantum harmonic oscillator (where (X),, = (P),, = 0)
and (ii) the quantum nonstationary states that recover the classical motion are the states |z).

As said before, those states have a set of very compeling properties, such as (2.29)); we

end the discussion by listing two more of them.

1. (The uncertainty relation is minimum.) A simple calculation, using

(). - $(3e2 (o} + i)

1 (2.36)

(P?), = 2mhw(1m2 {z} + 4)

shows that AX, = /52—, AP, = \/@ and, consequently,
AX,AP, = Z (2.37)

11 Of course there is an extra factor in (H’}Z due to the zero point energy. But we know that an additive
constant in the energy does not change any physical prediction, since all that can be measured are energy
differences.
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This is nice because, following the discussion in [2.1.4] to obtain a certain definite out-
come of, say, X, the price we shall pay in making the distribution of P broader is the

lesser possible.

2. (The wavepacket remains Gaussian.) Because of (2.29)), we see that the wavefunction
of the states |z) shall not vary its shape in time. Indeed, in (COHEN-TANNOUDJI; DIU;

LALOg, [2019) (Complement G\) it is shown that

1/4 . 2¥%42 T /P z—(X)s
V.(z,t) = (7”;;) e it/2g T (P (0) RO (2.38)
™

so that the shape of the probability density is simply

(a2, )" = |l — (X)(@)]]. (2.39)

That means that the wavepacket (another name for the probability density) oscillates
back and forth arround x = 0 without changing its shape (contrary to what occurs,
for example, with free particles, whose wavepackets just spread in space with time). We
note that this behaviour is very similar to the behaviour of a classical particle under the
action of a parabolic potential, further confirming the connection between the states |z)

and the nonstationary states of a classical harmonic oscillator.

2.4 SPIN

The approach of section is particularly suited for extrinsic degrees of freedom, which
are the degrees of freedom that can be described in terms of the position and the momentum
observables. However, there are degrees of freedom which cannot be described in this way, and,
therefore, are said to be intrinsic to the system. We shall, in this section, study the so called
spin angular momentum degree of freedom in order to illustrate how the general approach of
may be, indeed, more handful, as it allows the description of such intrinsic quantities
without making explicit reference to algebraic functions in £2.

Let us begin with a brief introduction. In classical mechanics, if we imagine an spherical
body that moves in space and rotates about its own axis (such as a planet like the Earth, which
rotates around the sun and also around “itself") we can define two tipes of angular momenta:
the orbital angular momentum I = r X p and the spin angular momentum s = [w, where [
represents the moment of inertia of the particle (the rest of the notation should be clear in

the classical picture). Nevertheless, both of those degrees of freedom are said to be extrinsic,
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because, classically, a macroscopic body can be decomposed as a set of smaller constituents,
and, therefore, the calculation of s involves the motion of those constituents around the axis
of rotation (parallel to w).

In quantum mechanics, we know that electrons, for example, are said to be elementary
particles, and, therefore, cannot be decomposed into a set of smaller constituents. Precisely,
the electron cannot be described as for ex. a spinning sphere, but the very existence of an
angular momentum analogous to s is experimentally confirmed, and that is why we inherit the
name spin angular momentum.

Spin is an essential part of the description of quantum behaviour and it allows us to
understand many properties of matter, such as ferromagnetism in metals. Its existence is
experimentally confirmed in a broad rage of phenomena, such as the fine structure of spectral
lines and the Zeeman effect (see (COHEN-TANNOUDJI; DIU; LALOg, 2019)), Chap.IX); however,
it can only be deduced theoretically by relativistic approaches to quantum mechanics, where
the equation of motion is no longer the Schrédinger equation. E In nonrelativistic contexts
(our case), where velocities are much smaller than the velocity of light, it has to be nonetheless
postulated.

The analysis of the Stern-Gerlach apparatus (which is another experiment that confirms
the existence of spin), where silver atoms are deflected from their classical trajectories[F5|when
passing through a region where an inhomogeneous magnetic field is B present, suggests that
this intrinsic angular momentum is proportional to the magnetic moment p of a quantum
particle. Furthermore, this same deflection, regardless of the fact that p can have any spatial
orientation, can only occur in two possible directions, which are aligned with the direction of
B. Because of that, we see that spin is also a quantized quantity, such as the energy of the
harmonic oscillator !

Following this last discussion and postulate 2 of section [2.1.1, we promote s for quantum
particles to an operator S acting in a two dimensional Hilbert space H ;. If in a Stern-Gerlach
apparatus we choose B to point in the z direction, a basis for .y, is denoted by the two states
|+) (particle deflected to +z direction[?)) and |—) (particle deflected to —z direction). Those

states are constructed as being normalized eigenvectors of S, with respective experimentally

12 For fermions (half-spin perticles) it is, for example, the so called Dirac equation (see (THOMSON, 2013),
Chap.4, §4.4)

13 They are heavy enough to be considered to behave so.

14 For a detailed discussion of the Stern-Gerlach experiment, see (COHEN-TANNOUDJI; DIU; LALO&, [2019),
Chap.IV.

15 A more precise word, in the context of mathematics, would be “orientation”.



31

measured eigenvalues ig . Because S represents a physical quantity (Hermitian operator),
the set {|£)} is an orthogonal set (<s’f’s’§> = 04 o, Where sk sk = +) and its operator

representation, together with S, and S*y are given by

8= 20 -1 1) ()
Sy = =21 1= =) () (240)
N h

The set of eigenvectors of S, and §y can be verified to be

1

Sl

(£ =1
{1, =A

(1) £ =)}
() £i[=)}

2
| (2.41)

Sl

2

with respective eigenvalues i%.

It can also be verified that those definitions imply the so called angular momentum algebra:

where €;;;, is the usual Levy-Civita total antisymetric tensor, which is equal to 1 if ijk is a
cyclic permutation of zyz (such as yzz and zxy), —1 for noncyclic permutations (such as
yxz and zyx) and 0 if two indexes are equal. Note that those commutation relations together
with imply that spins in different directions are incompatible observables.

Finally, still in the Stern-Gerlach context, if we write pu, = fygz, the interaction energy
between the particle and the external magnetic field B def B.e, can be imported from classical
electrodynamics (U = —p.B) and, the composite hilbert space being symbolized by, H o pitai @
Hopin (sec2.1.5), regarded as

Uit = =B, ® 8, (2.43)

where the proportionality constant v is the so called gyromagnetic ratio of the particle and
B., to represent an inhomogeneous field in space, must be a function of the position operator,

ie. B, = B.(X,Y,Z) (ensuring, of course, that V.B = 0).

16 We are treating here electrons, which are fermions, and, therefore, have half-integer values for its spin. At
the other hand, Bosons have integer values, such as 0, &, 2h, etc.
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2.5 THE DENSITY OPERATOR

We have formulated quantum mechanics in a way that a system S is characterized by a state
vector |¢)) which evolves in time and can be used to compute significant physical quantities
related to that system. However, this characterization is not the most general possible, because
it can only specify quantum uncertainties; that is, uncertainties which are inherent to .S and
cannot be controlled by any means as, say, sharpening our measurement apparatus. In order to
include in our description classical uncertainties (that is, uncertainties which can be controlled
by, say, sharpening our measurement apparatus) we need a more general object, such as the
so called density operator, usually denoted by p.

Indeed, in “real life” we face the situation of not exactly knowing even if |¢)) alone can
characterize S. Perhaps all information we may have beforehand is only that there is a prob-
ability p,, that S can be characterized by the normalized state vector [i,) from a given set
{ |ta)}. Fixing then this scenario, if the states accessible to S lie in a Hilbert space Hg, we

construct p € B(Hg) simply as

PES paltha) (tal. (2.44)

It was said before that quantum mechanics can only make predictions relative to an en-
semble of equally prepared systems and that when we speak about the object [¢)) we refer
precisely to [¢)) determined via an ensemble as such. In this way, we immediately see that the
characterization through p already includes the very nature of this “ensemble-determination”.

Of course p must attend to some specific conditions in order to characterize S prop-
erly. Direct from we see that (i) pf = p (p is Hermitian) and that (ii) (| p ) =
SaPol (Uha) |2 > 0V |0) € Hs (pis positive semi-definite). If { |a,)} is a normalized eigen-
basis of the operator A € B(#g), because of Born rule (§2.1.1] postulate 4) and because

S o Pa = 1, we must necessarily have (i) Trp = 3, Do Son | (an|¥a) | = 1 (p has unitary
trace).

If there is only one possible value for oz we say that S is in a pure state. In this case, p is
a single projector and we have p? = p. If there is more than one possible value for o we say

that S is in a mixed state. For this latter case, in general, p> # p. Moreover, the quantity
PET{p} <1 (2.45)
can measure how far p is from a pure state (for which P = 1) and, because of that, is called

purity.
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Now, consider an arbitrary orthonormal basis set { |n)} C H. We can define the so called
matrix elements of p relative to the basis {|n)} as the quantities p,,, = (m|p|n). Fur-
thermore, if we make the expansion [¢,) = Y, [canl€® n), ¢n € R, we have p,,, =
Yo PalCaml|Can|e’®m=¢n). The diagonal elements p,, = Y., PalCan|* are called the popu-
lations of p because they are simply the probability that we will find the system in the state
|n). On the other hand, the non-diagonal elements p,,,,, m # n, are called the coherences
of p because they give us information about the phase difference between the states |m) and
|n). Note that this is a basis-dependent nomenclature and for the special case where {|n)}
is a normalized eigenbasis which diagonalizes p, we see that only populations are nonzero.
Naturally, choosing this basis may simplify a lot specific analysis.

In the same context, it can be verified by expanding [1,) in in terms of {|n)} that

the expectation value of the arbitrary observable Ais given simply by

(A); = Tf{ﬁfl}

A (2.46)
= Po (Yol Altha)

If we choose to characterize S using p, we must also specify how the dynamics works.
Suppose that the Hamiltonian H of Sis time-independent and that at £ = 0 the system is

in the state (2.44)). Writing U, & e=Ht/" postulate 3 of 31 implies that |¢,) evolves in
time to |1 (t)) = U, [th). Consequently,

p(t) = U,pU;. (2.47)

Differentiating this last equation, we arrive then at the so called von Neumann master

equation
V- i) (2.48)
which shall be very important to our subsequent analysis.

To solve this equation with initial condition 5(0) = j is, of course, equivalent to calculate
(2.47)) explicitly and we shall use both approaches in due course, depending on the specific
situation.

In the next chapter we will show how the description of quantum systems in terms of
density matrices can be useful to analyze a very important and powerful context: that of an

open system. This is basically the context where a system of interest is no more isolated, but

coupled to another system in a way that they may interact.
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3 OPEN QUANTUM SYSTEMS

In this chapter, a generalization of the construction considered in the previous chapter
will be presented. Using the description of quantum system in terms of density operators,
introduced in §2.5, we shall construct a scenario which is closer to experimental realizations:
that of open quantum systems and master equations. We do so in order to set up the context

and the terminology to be used in our project (Chap..

3.1 DEFINITION AND TIME-EVOLUTION OF AN OPEN SYSTEM

Suppose that at £ = 0 we have a system of interest S which is set in interaction with
another system E (not necessarily large or having infinite degrees of freedom). We call S the
reduced system or simply the system, E the environment and S + E the composite system.

Suppose that the states of S and E lie within the Hilbert spaces Hg and H g, respectively.
We know from §2.1.5|that the Hilbert space of the composite system can be constructed simply
as Hs® Hp. Furthermore, if S and E are characterized at t = 0 by the states pg(0) = ps and
pr(0) = pg, respectively, and if these states are initially uncorrelated, the initial composite
state can be constructed as

pse(0) = ps @ pp. (3.1)

Consequently, noting that, despite the fact that S and E can interact as times passes,

S + E will be always isolated, the discussion of the above section implies that the state
pse(t) = Uips ® ppU} (3.2)

is not necessarily a product-form state as (3.1]). This means that, in general, the interaction may
entangle S and E. Of course, to obtain U, we must specify how the composite Hamiltonian
is constructed. If S and E when isolated have Hamiltonians Hg € B(Hs) and Hg € B(HEg),

respectively, the standard form of the composite Hamiltonian taken in literature is
ﬁ:ﬁg®f+j®ﬁE+ﬁ5E (33)

where the “additional” term Hgp represents the interaction energy between S and E.
Now, suppose that the state psg(t) is specified. Because S is our system of interest, we

can define a partial trace operation £ : Hs, g — Hg with respect only to the degrees of
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freedom of E to know exactly what happened to S after the interaction:

ps(t) € E(ps) = T {ﬁt,ﬁs ® ﬁEUj}. (3.4)
This state is called the reduced state of S. For example, if S + E is in the Bell state psp =
|@7) (27 = (|0s,0g) (0s,0g|+[0s,0r) (1s, 1|+ |1s,15) (0s, 05|+ [1s, 1) (1s,1E()/2,
we would have ps = (|0s) (05| + |1s) (1s])/2.

It can be verified that the map & satisfies (i) E(cp) = c€(p),c € C; (ii) E(p1 + p2) =
E(p1) + E(po); (iii) Tr{&€(p)} = Tr{p} and (iv) &£ takes positive operators into positive
operators (§2.5 above). That is, £ is a linear positive-definite trace-preserving map. In the
same way, we could also define a reduced state for E simply as pg(t) = Trg {Utﬁs ® ﬁE(A]f}.

Finally, the following important question arises: we know, in principle, how to treat the
dynamics of an open system; but, for instance, would it possible to describe this dynamics in
some alternative way? Specifically, in a way s.t. we may refer only to quantities associated
with the system of interest S? Fortunately, the answer is positive. We treat that in a simple
context in the next section based in the exposition of ref. (SCHUMACHER; WESTMORELAND,
2010).

3.1.1 Kraus decomposition and the Lindblad master equation

Let {|v;)} C Hg be an orthonormal basis set and suppose that E is initially in a pure

state pp = |x) (x| . If we define a set of operators {A; : Hg — Hs} s.t.

Ajld)g = (] Ui|b, x) V|o)g € Hs (3.5)

the following relation can be verified [}
E(ps) = > A;psAl. (3.6)

That is, in this case to specify the set {121]} is equivalent to specify the action of £. The
operators Aj are known as Kraus operators and as the Kraus decomposition of the map
E. If Hg has dimension N, we choose by convention 7 = 0,1,2,..., N — 1. Moreover, it can
also be verified that the trace-preserving condition of £ implies a normalization condition for

{A;}, namely > fl;flj = 1.

1

If it is not the case, we can always couple E to another system E’ in a way that the total state is pure.
This method called purification.

This more easily achievable if we consider without loss of generality the diagonal representation (or the
spectral decomposition) of pg.

2
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For example, for a general qubit state ps = (f+ $-0)/2, 8 = (84,8,,5.) €E R o =
(64,6y,02), interacting with another (environment) qubit described by the state |x) = (]0)+
|1))/+/2 via the CNOT evolution operator (see (SCHUMACHER; WESTMORELAND), |2010)), chap.
18) U, = I ® [0) (0] + 6, 1) (1], we have Ay = I//2 and A; = 6,//2. In this case, S
evolves to the state pg(t) = (I 4 5,0,)/v/2, which is just the projection of jg onto the z-axis.

This approach is very useful because it allows us to develop a master equation to describe
the dynamics of S “alone” without referring specifically to E. Although the most general
deduction of such a master equation requires a discussion about dynamical semi-groups in
Markovian dynamics and Liouville operators, we choose to follow the simpler procedure in
(SCHUMACHER; WESTMORELAND), 2010) and deduce it using a set of assumptions which shall
suffice for us in due course. For the most general case, we refer to (BREUER; PETRUCCIONE,
2007)), Chap. 3.

First, we suppose that after a short time interval dt, we have

A (3.7)
=Y AypsAl
j
where the Aj's are written in an appropriate form to describe an infinitesimal change:
h (3.8)

Aj = VotL; (j #0).
Note that this choice recovers the infinitesimal dynamics of a closed system in the limit
f)j — 0. Indeed, if we apply Ay, in this case, a large number of times we recover the exponential
representation Ay = Uy, = e~ H8t/h for a finite (non-infinitesimal) time-evolution (see footnote
2 in §2.1.1).
Now, substituting into (3.7)), we get

AL A ~ A ~ ~ A /l TSN 7:,\ A
Apps Al = ps + 0t(Lops + psLo — —Hps + ﬁpSH) + O(6t%)

h (3.9)
A;psAl = 6tLipsL.
Therefore, neglecting second order terms in dt,
0p
5t = {Lo. ps} — *[H ps] + ZL]pSL (3.10)

where {EO, ps}t gef ﬁoﬁs + ﬁsLo is the usual anticommutator symbolic notation. Taking then

explicitly the limit 6t — 0, we have

dps U P A
T —%[H,ps] + 3 LipsLl +{Lo, ps}- (3.11)
J
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Finally, because Tr{p} = 1 = Tr{dp/dt} = 0O for arbitrary p, we get the restriction

Ly=-1%, i;f/] j # 0, so that we arrive at

dps i p e

T _ﬁ[HJ)S] + zj: (LjpSLj — 2{L]~Lj,p5}). (3.12)
This is the so called Lindblad equation, which represents the time-evolution of an open system
only in terms of quantities related to the system of interest S (recall that flj :Hs — Hs.
Consequently, L : Hg — Hg).

It can be seen imediately by that in the limit flj — 0 the Lindblad equation reduces
to the von Neumann equation , but there are some subtleties that shall be pointed out
in the following.

Recall that we are assuming since the very beginning that the state of E is pure. Thus, we
are also considering that the initial composite state is separable. This means that we cannot
simply evolve the system from, say, t = 0 to t = 24t just applying the map two times.
After the first evolution the state of the composite system could become an entangled state
and, consequently, the second evolution using the same map would not be justified. Therefore,
we see that the exact regime where we can apply the Lindblad equation so deduced is that
of 0t <« Ty and 0t > Tg, where Ty is the time scale over which the state of S does not
change significantly (although it may indeed change) and T is the timescale over which the
entanglement between S and E is no longer present.

As an example of those subtleties, consider the case of a two-level atom S in the sur-
roundings of an electromagnetic field E in its vacuum state |0), (a state where no photon
is present). The interaction between S and E may induce a transition in the atom making
it emit a photon to E whose state can be entangled to the state of S. Therefore, as the
photon pertains now to E, we can say that the state of S + E became entangled. However,
the photon quickly propagates away, making the whole process to happen as if the state of
E have remained |0) . Therefore, T's would be the timescale over which the atom emits the
photon and, consequently, has its state altered, and Tz would be the timescale over which the
photon is gone away (making the state of E become |0) . again).

We shall regard the Lindblad equation as an effective model to describe the dynamics of
open quantum systems and, consequently, the specification of a set of Lindblad operators {IA/}
must take this into account.

As a plausible illustration, we could model the transition of a two-level atom accompanied

by the emission of a photon taking a single Lindblad operator L = A |0) (1], where A is
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a constant with units of v/time, and writing p = poo|0) (0] + po1 |0) (1] + p1o|1) (O] +
p11]1) (1|. Plugging that into the Lindblad equation we get a simple system of ordinary
differential equations for the components p; ; whose solution is pgo(t) = 1 — pljl(O)e*'g,
po1(t) = po1(0)e=Z2, p1o(t) = p1o(0)e 22, p1(t) = p1.1(0)e~ 2. Note then that given

any initial state, for £ — oo the system approaches the ground state |0) (0.

3.2 THE MONTE CARLO WAVEFUNTION APPROACH

After the discussion about the deduction of the Lindblad equation, whose objective is
to describe the evolution of the system S “alone” without making explicit reference to its
environment FE, we shall discuss now the alternative algorithmic approach given in (MgLMER;
CASTIN; DALIBARD, 1993). It may serve to shed some more light between the analysis of open
systems formulated in terms of density operators and in terms of state vectors. The equivalence

between the two methods shall be explicitly shown.

3.2.1 General presentation

Suppose that our system of interest S in contact with an environment E can be described
at time ¢ by the normalized vector state |i5(t)). We can predict its time-evolution basically

in two steps:

1. We define a new non-Hermitian Hamiltonian
N N ih PO
H=Hs— 5> L (3.13)
J
where Hg is the Hamiltonian of the system S (when isolated) and {L;} is a set of

Lindblad operators constructed as in the previous section. Then, for a sufficiently small

Ot we write

st + 5t)) = (f - ;ffwt) s () (3.14)

for an infinitesimal time-evolution of the state [ g(t)). But because H is not Hermitian,

we cannot guarantee that this evolved state ket will be normalized. Its norm will be

(st -+ 80ls(t +61)) = (ws(0) (f + ;fﬁ&) (f - ,ifm) 9s(1)
(3.15)

L —op
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where

Sp =3 (s(0)] (I — 1) (1)) 51 % 5" o,
j (3.16)

0p; = 8t (s (t) LI L; [vs(t)) > 0.
The magnitude of dt is adjusted so that the calculation is valid to first order and dp < 1.

2. Now we simulate the effect of £/ which may cause in S a possible quantum jump, such
as a transition between accesible states of .S or even a projection of its state associated
with a possible measurement process (postulate 5 in . Because such change of
the state of S may or may not happen, we decide it by throwing a coin ¢; i.e. we generate

a random number ¢ between 0 and 1 and compare the outcome with the value of dp.

If op < €, which is more likely to occur, we update the state of .S to

Wt + 8t)) = W' (3.17)

But if dp > €, we choose the new state of S as ﬁj |1s(t)) with probability p; = dp;/op

and normalize it:

94t +6t)) =

A (3.18)
_ Lilys(t)

\Jop /ot

(Note that (3.16]) implies >, p; = 1.)

This algorithm is called the Monte Carlo wavefunction (MCWF) approach and, as an

illustration, we take a situation very similar to the one analyzed in the last paragraph of §

3.1.1] Consider a quibit state of the Harmonic oscillator (see

15(0)) = ag [0) + o [1) - (3.19)

Suppose that we know that by interacting with some environment, the system will relax into
the state |0). This process may occur accompanied by the emission of a photon (probability
|ag|?) or without emiting any photon (probability |3y|?). (Note also that this is very similar to

the situation of a measurement process of the number operator N = ata, whose eigenstate

setis {|n)}).
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If we fix the energy reference point as the energy of the ground state |0), Ey = fuw/2, we
may use the Hamiltonian Hg = hwN instead of (2.21)). Choosing a single Lindblad operator
ﬁl = /T4, the first step of the algorithm leads to

—I'dt

> o [1) (3.20)

W)i@(ét» = qp ‘()> 4 eTwity

where we used that © < 1 = 14 x =~ e*. The probability for a quantum jump emitting a
photon between ¢ = 0 and ¢ = 6¢ to happen is then dp = I'|5y|?dt. After that, by (3.18), the
system relax into the state |0) and remains there.

This last situation corresponds to the case where dp > €. For the case dp < € the state of

the system would simply evolve to
, ot ot e
[¥5(d1)) = ao (1+2|50|2) 10) + o (1 - 2|CVO|2)6 1) (3.21)

Note that the probability of being in the state |0) has increased, whilst the probability of being
in the state |1) has decreased. This indicates that the system indeed evolves into relaxation

(in this case emitting no photon).

3.2.2 Equivalence between the MCWF approach and the Lindblad equation ap-

proach

Before proceeding, we show explicitly that the two presented methods for describing the
effective evolution of a quantum open system are actually equivalent.

First, because in the MCWF approach we are using the state ket formalism of , we
must look at an ensemble of copies of the same system in order to determine its state at
time ¢t. More precisely, to construct the density matrix which describe the system at time ¢,
we must average the projectors |¢s(t)) (1s(t)| over all possible states [¢g(t)) in which the
system may be at time .

At t + &t we have a probability dp of being in the state and a probability 1 — dp of
being in the state ([3.17]). Therefore, we get

ps(t + ot) = 5prjL WS(?;(/?S(O' 2

s (t +dt)) (Ys(t + dt)|
1—9dp

+

(3.22)

+ (1 —dp)
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Now, if we use (3.14)) this last equation reads

plt 1) = Ws(t)) (s(t)] + o [s(0)) (D), Hs)+
(3.23)

a3 (B s G001 £y~ HUESE s 450 )

Taking then the average of this last equation over all possible states [i¢g(t)) (¢s(t)| and
making 6t — 0 we arrive at the Lindblad equation (3.12). Q.E.D.

We point that although the two methods lead to the same physical predictions, there
are many computational advantages in using the MCWF approach instead of the Lindblad

equation. Many examples of such are given in (MgLMER; CASTIN; DALIBARD) 1993).

3.2.3 Expectation values of observables

Because after repeating the MCWF approach to an ensemble of equally prepared systems
we shall have at time ¢ a set of N — oo state vectors { [¢%(¢))}, n = 0,1,2,..., N, we can
define the expectation value of some observable A € B(Hg) at time t simply as the mean

value

A0 = + 3 Wa0| Alz). (3:24)

Because N is supposed to be large, this shall give us a correct value for the expectation value

defined in §2.1.3] We shall come back to this point in Chapf4]

3.3 MEASUREMENT MASTER EQUATION

In §3| we presented the map & defined by and in the context of time-evolutions,
but we made no restriction about what it can represent. In particular, it may also represent the
effective action of a sequence of measurements made in some isolated system described by
the state j(t) at time ¢ (just as if the system was the reduced system .S and the experimental
apparatus was the environment E). This process is also called continuous monitoring process
of the system and we shall see here, following (CRESSER et al,, 2006), that a simple master
equation of Lindblad-form can also be derived in this context.

Let A be the Hilbert space of our system and {a,} be the spectrum of the observable
Ae B(#). Suppose that the eingenvalue a,, is associated with the eingenvector |a,,) of A

In terms of density operators, the von Neumann measurement scheme (§2.1.1} postulate 5)
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can be represented simply by

5 messurement, Panfsﬁan (3.25)
Te{ P, p}
where P, &ef la,) (a,| = paTn is the projector onto the subspace asosciated with |a,). In this
case, note that if p = |¢) (¢], Tr{ﬁanﬁ} = | {a,|®) |* is the probability that the outcome
will be a,,.
If the result of the measurement is not known (or, in other words, is not recorded), we

must also incorporate that into the density operator (§2.5)):

pa Apa A ~ A
p— S [ant) Peln = 5™ P, pP,. (3.26)
. {l,.p} =

The set {f)an} will be then the Kraus decomposition of the evolution caused by the monitoring
process.

Let H be the Hamiltonian of the system as usual and suppose that now we make a sequence
of measurements of the observable A at a measurement rate R. After a small time interval 6t
there will be a probability Rdt that the state of the system will be given by the above equation
(that is, that a measurement occurs in the time interval 0t) and a probability 1 — R4t that

the state of the system will be

Pt + ) = p(t) — ;[H Aot (3.27)

according to the von Neumann master equation ([2.48)) (this is the case where a measurement
does not occur in the time interval 6t). We know that the density operator must also incorporate
those two possibilities at ¢ + dt. Therefore, we have

1

plt+6t) = (1= Rot)p(t) —

[H,plot + R6t > P, pP., (3.28)

at first order in 0t. Finally, taking the limit ¢ — 0 and using that 15a2n = ﬁan, we arrive at the
master equation
dp i
dt  h

> P pP,, - ﬁ] (3.29)

which is clearly of Lindblad form ([3.12) with Lindblad operators {L,, &f VRP, }.
As an example, suppose that we have a two-level atom whose resonant interaction with a
driven laser field is described by the Hamiltonian H = —hQ6, /2, where Q) is a constant called

Rabi frequency of the atom. If at time time ¢ the atom is subject to a monitoring process as
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described above and its state may be projected to |0) or |1), we take the elements of the set

{P, } to be

Py = 10) (0]
A (3.30)
b= 1) (1.
In this case, the master equation ((3.29) takes the form (see
dp i) R
L 60, 5l + = (6.p6- — p). 331
0p = 5 (0 Pl + 5 (625 — p) (3.31)
Writing then p as a general time-dependent qubit state,
174
pt) = (1 +u(t), + v(t)s, + w(t)6z> (3.32)
we arrive at the following system of linear differential equations
du
R
dt B
dv _ Qw — Rv (3.33)
dt '
dw
— = —.
dt !
The solution can verified to be:
u(t) = u(0)e
v(t) = v(0)e B2 | cos V't — 1 t]+ w(O)e’Rt/29 sin Q'
20 94 (3.34)

_ R
w(t) = w(0)e /2 (cos 't + T o

Q
i t) +v(0)e B2 _ sin 't

with @ & /02 = ~2. Note that at t — oo the atom reaches the steady state p = f/2 which

is a fully mixed state as described in §2.5|
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4 SIMULATING AN OPEN SYSTEM VIA CONTINUOUS SPIN MEASURE-
MENTS

This chapter contains the main results of our project. We shall investigate precisely how
continuous observations of the spin degree of freedom of an harmonic oscillator put in a region
of space where an inhomogeneous magnetic field is present may affect its orbital degree of
freedom. In analogy with the notation of the previous chapter, we shall refer to this orbital
degree of freedom of the system as S and to the spin degree of freedom coupled with .S through
the inhomogeneous magnetic field as E. The situation can be pictured “imaginatively” as if
E was a “diathermal wall” mediating the interaction between the system and an effective
environment (the measurement apparatus). Particularly, this is a problem to which we could
find a detailed closed analytical solution not only for the state of the system, but also for all
relevant physical quantities (something unusual given the complexity intuitively expected by
its statement). Numerical simulations shall be presented in order to double-check or clarify
those results and an appendix containing lengthily calculations is also included at the end for

the sake of fluidity and cleanness of the discussion.

4.1 PRESENTATION OF THE SYSTEM

Suppose that we put a spin-1/2 oscillating particle (§2.4)) initially described by a coherent
state |z) in a region where an inhomogeneous magnetic field B is present. If we fix our
coordinate system (z,y, z) in a way that the particle oscillates in the z-direction and B points
effectively in the z-direction, we may write B = B f(x)e., where f is, for now, an arbitrary
dimensionless function of the coordinate .

Following Postulate 2 of §2.1.1| and taking Egs.(2.16)),(2.43) into account, we may, there-

fore, write the Hamiltonian of the system simply as

H=Huo®I—af(X)®d, (4.1)

= @ is the coupling constant that describes the strength of interaction between

where «
the system and the magnetic field B (or, in other words, how strongly B may affect the
spin of the particle). Note that this last equation is already in the form of Eq. (with
& 0), indicating that we may study, indeed, how changes in E may affect S (as if £ was

a "diathermal wall” through which energy coming from the external world may pass).
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4.1.1 Time-evolution of a superposition of coherent states

As mentioned, our aim is to study in the following sections how continuous measurements
performed on FE may affect S. However, before that, we need to address the question of how

a state of the form
[(0)) = (Zci \Zﬁ) ® [8), (4.2)
=1

unitarily evolves in time (§2.1.1] postulate 3) given the Hamiltonian (4.1). In this formula, the
states |z;), i = 1,2,3,...,n, are all eigenstates of the operator & (coherent states), the ¢;'s
are, for now, arbitrary complex coefficients, and s = +1. The evolution of the initial state |z)
of S would correspond naturally to the case where : = 1,¢; = 1. Latter on, when we discuss
our spin measurement protocol ( it will be clarified why we need to evolve a state of this
specific type and why we are considering the state of E written in terms of the eigenstates of
0., not of 6., as would be more natural to regard if we look at our Hamiltonian E]

First, we begin by noting that, by Egs.(2.41)), we have
1
S = —

so that, writing for now |¢) o > cilzi),

[(6t)) = e #1% |3(0))
AN (4.4)
_ [Z(—h5t> fﬁ,] 6) = (14+) +51-))

n=0

(I+) +s1=)) (4.3)

S

But,
H|¢) |£) = {[Hro F af(X)]]6)} |£)
= (Hs|9)) |£) (4.5)
= H"[9) |+) = (AL |6)) | +)
where Hyo = P?/2m + mw?X?/2 is the Hamiltonian of the harmonic oscillator [Eq.(2.16))]
and H def Hyo ¥ af(f().
Therefore, writing U2, we arrive at
[$(30) = sl H ) 6) 14 + s(eTH ) g) )]

1
V2

= SO + 502 |)] [+, + [0 50 16)] 1),

Nonetheless, some information about this choice can be already obtained in the Introduction of this present
text.

N

(T 16) |+) + s(U2 [9)) |-)] (4.6)

S

1
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Now, in order to finish the calculation we must explicitly obtain U lp) = eiHxot/h o).
This is not (analytically) easy in general because it may depend on the specific dependence
of f(X) on X. However, this is achievable, for example, for the case f(X) def X /d, where
d= \/77,/27w We believe that this is also true for f(X) o X2, but in this project we shall

focus in the former case.

4.1.2 Linear external magnetic field

Let us begin by writing the Hamiltonians H, using the representation of Eq.(2.16]) in terms

of X and P, the position and the momentum operators of the harmonic oscillator. We have

A P2 mw?X? 2mw 4
Hy=— —X. 4.7
tTom T T2 T (4.7)
Completing the square, this gives
Ao Lpr T R x o T e (4.8)
£ om g A TR '

where X, ¢ o \/27”7”. Defining a further parameter z, def Xay/mw/2h, this last equation

mw?

can be rewritten in terms of the non-Hermitian operators

def [MW , & 1

ie =\ (X F X,) + iy =——P?
= 2h (X F Xa) +i 2mhw (4.9)
=04 F 24-
That is,
R 1
H, = m(a;ai + 2) — hw2?. (4.10)

This is handful, because now we note the following fact: if the state |z;) is an eigenstate

of a with eigenvalue z;, so it is an eigenstate of ay with eigenvalue z; F z,. Hence, following

the discussion of , if |ny) is an eigenstate of N, e alay (and, consequently, of H.)

with eigenvalue n., the following expansion is possible:

ClmFaal X (2 F 2a)"
n=0 :

This expression for d is a convenient choice. Because the purpose of this parameter is only to make f
dimensionless, any parameter with units of length would in principle suffice.

2



47

Using this last equation together with Eq.(2.29)), now it becomes very easy to obtain Uf o)

st (Zczlzz )

= Zcz ) (4.12)

explicitly Er]:

= e_iw 5_20) Z Ci |(ZZ :F Za>e_iwat>:t .
%

where the subscript “£" indicates that we are expanding the coherent state |(z; F 2, )e ™)

using the basis {|n.)}. We may come back to the eigenstate basis { [n)} of N = ala by
noting that, conversely to the previous fact, if |zy) is an eigenstate of a. with eigenvalue =,

so it is an eigenstate of a = a4 + z, with eigenvalue z4+ + z,. That is,
Ut |p) = e iz —2la)dt (2 F 20)e % 4+ 2,) . (4.13)
Finally, for a fixed value of dt, we may define the set of maps
{Zi RxC—C ‘ Zi (20,2, 0t) & (2 F 20)e ™% £ za} (4.14)

and drop the unimportant global phase factor e~(1/2=z2)dt to write (4.6)) simply as

[Y(6t)) = {Zcz |24 (2a, 7)) + 51224, 21))] ’+>x+

(4.15)
+ 2 cil[1Z24 (20, 2)) = 812 (20, 2))] 1) }
For the special case where it = 1,¢; = 1, 21 = 2z, we have
9000 = 5{ 1124 Gar ) + 512z, )] 4, +
(4.16)

+ (124 (20 2)) = 5120, D] 1), -

The importance of those mathematical results shall become clear in the next section, where
we will define our measurement protocol. For the sake of latter reference, we state also here

the general form of N compositions of the map (4.14)):

Ziy (ZOM 2 5t) &ef (Z — i1Za)€_iNW6t Z — 2J+1 —i(N—j)wdt +in

(4.17)

Note only the additional phase factor e~ in comparison to Eq. (2.29). It comes from the definition of
H. (Eq. (4.10)), which is basically the Hamiltonian of the Harmonic oscillator with an additive constant.
However, this phase factor shall not be important for us.

This is possible, as mentioned before, because expectation values are not changed by a global phase factor.
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In this notation, Iny = {in,in_1,iN—2,...,72,71} denotes an specific arrangement of N ele-
ments i, = £1. It is to be understood that the map Z;, is applied first, followed the maps
Zi, Zigy Ziyy - Ziy (notice that the ordering of the set Iy runs from iy to i, not from i,
to ix). This last result can be proved straightforwardly by finite induction.

We further fix that all capital subscripts (such as Iy) will denote specific arrangements,
such as, say, for N = 3, {+,+,+}, {+,—,+}, {—,—,—}, and so on. For the sake of
clarity, we anticipate that latter on we shall perform summations over all possibilities of such

arrangements; that is, we shall write, for example, expressions like

> 121) (4.18)

In

or even

> 1200 (20l (4.19)

In,JN

(From now on let us also omit the arguments z,, z and &t from the maps Z¥ in order to clean
the notation even further.)

We are now in a position to begin our analysis.

4.2 SPIN MEASUREMENT PROTOCOL

Let us return to our first question of how continuous observations (measurements) of the
spin degree of freedom E can affect the orbital degree of freedom .S. More precisely, we want to
predict what happens to physical quantities related to S when the following simple procedure

is repeated a certain number N of times:

1. The state of the system (S+ FE) is let to evolve unitarily in time by 0t units: s, (1)) —
|Ys1u(t+ 0t)).

2. A von Neumann measurement is performed on E returning a random outcome and

projecting its state onto some state |yg).

According to our Hamiltonian (Eq.(4.1])), the presence of the magnetic field may induce
interactions between S and E as time passes, so that the projection of E in the second step
may induce transitions in S. This shall become fully clear in the next section.

This is a so called stochastic process, because it involves a set of random outcomes. In

other words, if the procedure is repeated a certain number N of times for a given initial state
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and, then, repeated again the same number N of times for the same given initial state, the
state of the system after the second set of repetitions will not, in general be equal to the state
of the system after the first set of repetitions. In the literature it is common to call a step
a single realization of 1 and 2 above and a trajectory, usually symbolized by vV, a set of N
steps repeated in sequence.

As discussed briefly in Chap., quantum mechanics is an ensemble theory. Because of that,
a large enough set {7 }7_, of N-steps trajectories must be realized so that we obtain a set
{ Wk ) }i_, of all possible states which may describe the system at step NV together with their
respective probabilities py to occur (or their frequencies of occurrence). More precisely, if we
realize a large set of n N-steps trajectories, we may determine with accuracy that there are
k)

occurs ny times, its probability of occurence is simply py, = ny/n. In this way, the quantity

J possible states accessible to the system at step /N and that, if one of such state, say,

(A) = ;pk (W Ak (4.20)

coincides with the expectation value of some observable A e B(H), where H is the Hilbert
space of the system. This is very similar to the well known context of statistical mechanics,
where a system let to evolve sufficiently long in time access all of its possible microstates,
and those microstates, given their respective probabilities to occur as time passes, are used to
compute mean values of physical quantities related to the system.

This treatment for our specific case (that is, of a single coherent state whose spin is subject
to continuous observations in a region of space where an inhomogeneous linear magnetic field

is present) shall be explicitly developed in the following two subsections.

4.2.1 Determination of a single trajectory

Let us analyse what happens in a single trajectory i' if the initial state of the system is

prepared as
4(0)) = [2) |s0), (4.21)

and we subject E to continuous observations of S,
But, why gx? Indeed, we could have chosen to perform measurements of Sn where n is an
arbitrary direction. However, not of S, as Eq.(4.5)) implies that after the first measurement

the state of E would be projected onto |+) or |—) and remain there even throughout a
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time-evolution. In other words, in the case where we choose to measure gz, if the outcome
of the first measurement happens to be, say, +//2, the outcome of all the subsequent ones
would be simply +7%/2 with probability 1, meaning that the process would not be random at
all. Hence, it would not be possible to simulate the contact of a system of interest with an
environment.

This choice of S, (or S.n # z) is also physically interesting, because the magnetic field B
points in the z-direction and we know (as mentioned in that the magnetic moment p o< S
of the system will tend to align with it after some time. This means that if a measurement of
S, is performed, the state of E is projected onto |+), or |—)_ and the time-evolution tends
to bring it back to the z-direction. This is more or less as if we were “hitting £ onto the
x-direction whilst the field tries to realign it with the z-direction.

That said, we turn now to the protocol.

STEP 0.

The state of the system is given simply by Eq.(4.21)) and after a time 0t, it evolves to
Eq.(4.16)):

[90(51)) = IO + 500%) 23] 149, + [0 — 560%) 23] =), )
= S22 + 502 ) 1), + (122 = 50 120)1-),)]

If now a measurement of S, is performed on F, Born rule (§2.1.1} postulate 4) implies

that we have a probability

1, - .
pi(silso) = ZIU + stsoU) [2) [

! k 2 (4.22)
= 7l112+) +siso[2-) ||

that the outcome will be s¥h/2 = +h/2. Consequently, immediately after that, E will

be projected onto |s} = &)

STEP 1.

A measurement of S, was performed on E, the outcome was s¥h/2 and, according to

the previous mathematical analysis, the state of S + E is now

|¢k((5t>> _ (?—?—t + Sllcs()(;'it) ‘z> |Sk>
' (038 + sksgUty |2) |||

(4.23)

|22) + skso|22)
)

k
S .
Tz, + stwo 2071 s
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Note that the projection of the state of E effectively changes the state of .S, meaning
that something happened to S after an observation of E. More precisely, an observation

of E has turned now S into a normalized linear combination of coherent states.

It is useful to make a table associating the label of each state of the linear combination

in the numerator of Eq.([4.23)) with its respective associated coefficient:

Z, (SIfSO)O

/_ (S]fSO)l

Proceeding further, after a time dt, the state of the system evolves to

(Uf + sksoU) |2)
U(St U(St | > +
(U + s§soU) |2) |

(U++s ksoU0%) |2 ]| }
)
)
(

[ (20t)) = ;{@f +5107) [H

(0 - 0%

(4.24)

)
1T + stsoU") |2) ||
+ (s1)%s0]2--)
|

_ |Z244) + sts0 |25 — >+51\Z +
2 1124) + stso |2

|24 4) — stso | Z4,-) = sF 122 1) + (sh)%s0 |2, >1 - }
112+) + stso|2-) || ;

[+)e +

+

where we have used Eq. (4.15]). (Now it should be fully clear why we have evolved an

state of the form (4.2)) in §4.1.1})

If a measurement of S, is again to be performed, we have a probability

(U + s5s102) (O + stso0) |2) |2
1T + sts0U") |2) |2
1121 .1) + shso|24.-) + s5st 2= 4) + s5(s1)?s0 | 2= ) ||
1124) + shso [2-) |2

pa(sh|st, s0) =
(4.25)

»Jk\»i »JMH

that the outcome will be s5h/2 = +h/2. Naturally, immediately after that, E will be

projected onto |s§ = +) .

STEP 2.

The outcome of the last measurement performed on F was s& and S+ F is now described

by the state

|45 (261))

[ (U + sshU) (U + sk soU) |2) 1s5)
(U + shshU) (UL + sksoU) |2) || ’

(4.26)
[ | Z4,4) + 8150 |Z4,— >+S’§S'fIZ +) +s5(sh)?s0 |2 ) ]

1124.4) + stso | 21.-) + shst |2 1) + s5(s1)?s0 12— ) ||
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It is also useful to construct a table associating each label of the states in the linear com-
bination of the numerator of this last expression and its respective associated coefficient,

exactly as we did in the previous step:

YA (Sgslf)o(slfso)o
Zy, | (shst)"(shso)!
Z_ . | (s5s7)"(shs0)"

Z_— | (s3s7)"(s7s0)!

Notice that for each index +(—) on the left side we have a power 0(1) on the right side.

Now, the state of the system evolves to

1 N N
V5(361)) = 2{<Uf + 5507 x

(% + skskU) (U + shsoU) |2) ]| "
(U + sEsf U ) (U + sisoU2) [2) ||| (4.27)
+ (0% — kD)

(O + 5t UMY (OF + stsal™) |2) |,
[ |

(U3t + shsU) (U3 + shsoU2t) |2)

(Let us not write this and the next expression explicitly in terms of the set { |Z,)} in

order to avoid even longer equations.)
Consequently, there is a probability

pa(shlsk st ) = LU+ 55U O + S0 (U + sisol™) [2) |2, o
A IO+ kU (OF + sfsel2) |2) |2

that the outcome of a further measurement of S, will be s%7i/2.

STEP 3. It can be demonstrated that, if we write the state of the system now (before

evolving it in time), we would have the following table
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AR (Sésg)o(sgslf)o(slfso)o
Zy o | (s5s5)°(shst) (shs0)!
yA— (5535)0(353’f)1(31f50)0
Zy—— | (s555)°(s5s7)" (s750)"
AR (5158129)1(815(9?)0(811@80)0
Z_ i | (s5s5)"(shs1) (sTs0)"
Z_—+ | (s555)"(s5s1)" (s150)°
Z_ | (s§s5)(s5s)" (s7s0)"

(We restrict ourselves here to just construct the table because the explicit expressions
for the state of the system are too long and because all of the relevant information which

will allow us to generalize the procedure is contained in it.)

Notice that, again, for each subscript +(—) on the left we have an associated power

0(1) on the right.

Now, it may be verified that at the N-th step we would have the following.

STEP N.

The state of the system is projected onto

N Frot kE Jk Frot
m:l(U—i- + Smsm—lU— )

| K
Y (N6t)) = - - SN ) a
VN0 = T (B ¢ b0 2 1)
. (4.29)
d:ef ZIN ary |ZIN> |Sk>
S ab 2 11|
where
def N
a’}N eR a]}N = I (sk, sk, ))0im— = £1 5. (4.30)
j=1

In this formula, ¢; ; is simply the Kronecker delta symbol, which is equal to 1 if i = j

and 0 otherwise Pl

5 This is not the only possible representation for the coefficients. Indeed, any “binary” function which assumes

only an even and an odd value would in principle suffice. We have chosen the Kronecker delta because it
is well known.
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In

According to the above analysis, the state (4.29) evolves to

AN+ 1)50) = ;{a?f 0%

(Uét + Sk sk 1U6t) |
ot k k: ot |+>l’+
T, (O3 1 shysbo 07) 1) (431)
+ (U‘St — slfvﬁft)x

(UMS O |2) ]I—) }
T (O + shst, 1U“)|z>|| '

Finally, it implies that we have a probability

LY + b KO IO+ s, 0% 2
pu(Sivaalehn - ) = Iy 1<U6t sk sk 0% [2) |12
1 || HN+1(U5t + S U(St) |Z> ||2
Ay 1<U6t+sm k00 [2) |2
1S, dh [Z ) I
T1 sk 2 P

(4.32)

that the outcome of a further measurement of S, will be sk..1h/2, and so on.

Fig/[l)we use a matrix-representation algorithm to implement this measurement protocol

and plot the energy of the system for three different trajectories. We see that random fluctu-

ations arise during each process, meaning that the process is indeed stochastic. In the next

section we shall analyse the behaviour of S if we consider not only one, two or three, but an

ensemble of such trajectories.

Figure 1 — Energy of the system for three different implementations of our measurement pro-

30.0

(Hs)n/hw

tocol. Here z = 1/4/2 +i/v/2, wét = 0.1. In each plot the dashed line indicates
the energy of the system for z, = 0 as a reference.

30.0

—— z,=10.0 —— 2,=10.0
——- 2,=0.0 ——- 2,=0.0
3 20.0 3
£ £
2 2
= 2
wn wn
‘L 10.0 ‘T
1.5

Source: personal archive.
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4.2.2 Full ensemble: emergence of an equal-probability rule for orbital microstates

Now that we have determined the general form of the state of the system for the k-th
trajectory 72, we apply the discussion in §2.5| to calculate the average of those results over
an entire ensemble of N-steps trajectories {7+’ }?_,, n — oo. Note that, given an initial state
|s0), for E, the k-th trajectory is uniquely characterized by the set {s}, sk, sk ... sk} of N
specific outcomes.

First, in expression , because each i,, assumes only two values, all the 2V possible
arrangements of the set Iy = {iy,in_1,..,71} take part in the labeling of the indexes in the
state of the system at step NV (for example, at the second step there is a state with label
Z, , another with label Z, _, another with label Z_ | and, finally, another with label Z_ _).
This implies that the state of S after the trajectory 7} differs from the state of S after the
trajectory ’yJN, k # j, only through the values assumed by the coefficients used to construct
the linear combinations of the coherent states {|Z;,)} (Eq.(4.30)). Moreover, because s% also
assumes only two possible values, like i,,, at step N there are 2V possible states (or linear
combinations of coherent states) which the system can reach after the trajectory 77" .

Note that Eq.(4.32)) implies that the probability for the trajectory i’ to occur is given by

pn ] = pi(sh]so)p2(sh]st, so)-..pa(sh|sh 1, -es S0)
TR (U + sk sk %) |2) |2
_ o
Ny dfy 1Z) |1
_ L ,

(4.33)
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Therefore, we can construct the density operator of the system S + E at step N as

2N
pSve = > pNI ] [WN (NGL)) (Vi (N6t)]
k=1

2
oV |15, ak |2
:[ZH Iy Z\J/V’ [N>H N
k=1

ZJN CL?N |ZJN> ZLN CL%N <ZLN‘

* (H&N a’;N\zmu) (uzmaﬁv zzN>H>]®

® |sK)p o (K|
112~ (4.34)
. [Z(zaﬁuzfm)(zazMZLm) & sk, (k1
k=1 \ Iy Ly
1
4N( S ahyaby 1Z1y) <ZLN|> & [sk), ., (s
kIn Ly
1
:4N<Z ‘ZIN> <ZIN’+
kI

ko k k k
+ Z ar ar 12ny) <ZLN|> ® |SN)g 2 (SN
kJIN#LN
2
where we have used that <a’}N) =1.
Let us concentrate now in the second term inside the parenthesis. Expanding the summation

over, say, I, we have

2]\7
Z a’;NalzN |ZIN> <ZLN| - Z |\al[€11\1 ‘ZI}V> ( Z alzN <ZLN|>+

k,IN#LN k=1 Ly#IY

+a];12\7 ‘ZIJZV> ( Z alzN <ZLN’> + ...+ (4.35)

Ln#I%

b |2 ( RN )]

N
Ly#1%

where 1%, j =1,2,3,...,2" is used to indicate all specific “values” (or arrangements of
“+"-es and “—"-es) that Iy may assume (it does not matter which arrangement is associated
with each I%). For example, for N = 2, we could choose I} = {+,+}, I2 = {+,—}, I} =
{—.4} and I} = {—, —}. Now, looking at the definition of the coefficients a}  (Eq.(4.30))
note that for each possible trajectory vi' where a’;]jv =1, Ijjv # {+,+,+, ..., +}, there always

exist a “reciprocal” trajectory ~X, where ap = —1. This implies that when the summation
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over all possible trajectories is performed, this last quantity will simply vanish [}|

> dbab 1Zn) (2| =0 (4.36)
kJIN#LN

This happens because for each trajectory 77 where at step N the outcome is sk = 1,
there corresponds a “reciprocal” trajectory %])V where s8, = —1 (and the coefficients a’}N are
defined in terms of the s?'s, j = 1,2,3,..., N, so that this fact occurs —again, it can be
verified by checking Eq.(4.30)).

Finally, noting that the first term inside the parenthesis is a summation of 2V terms which

do not depend on the index k, and tracing off E from p¥, 5, we have finally
. 1
ps = o Y 121y) (Zryl- (4.37)
In

That is, given the definitions in Eqs.(4.17)),(4.30)) for the composite maps Z;, and the
coefficients a’}N, respectively, we could construct an analytic expression for the state of the
system after the realization of all possible trajectories {7/ }2" (taking into account, of course,
their respective probabilities to occur).

However, what makes Eq.([4.37)) interesting is that, regarding the discussion of §2.5 it can
be interpreted as follows: each of all 2V possible microstates accessible to the system { |Zr,)}
occurs with probability 1/2" . In other words, this is an equal-probability rule, such as we have,
for example, in the well known case postulated a priori in statistical mechanics (of course
there we are dealing with a closed system, whilst here we are dealing with an open system).
Nevertheless, this is a somewhat simple result, given the expected complexity of our problem.
Finally, we point that, because of the mathematical arguments given right above, such a fact

would occur for any choice of the function f(f() that defines the magnetic field B.

4.2.3 Expectation values of physical quantities

With Eq.([4.37)) in hands, we may use Eq.([2.46) to explicitly compute the expectation value
of some observable A € B(Hs), where Hg is the Hilbert space of S. We have simply

(Ah = o ENEIENE (4.38)

6 The fact that the coefficient a*,
In={+++,...+}

tions of Eq.(4.35]) we are considering only terms Ly # I]j\,.

is always equal to 1 is not relevant, because in the summa-
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Nevertheless, we have also arrived at a somewhat simple expression for the expectation value
of any observable A € B(Hg). Note the similarity of the above equation with Eq.(3-24)) in
our discussion about the MCWF approach (§3.2)).

Because the states | Z;, ) are all coherent states, we may use Eqgs.({2.35)), to write

N 1 1
(Hs)n = oxfw (!ZINF + 2) (4.39)
In
A 1 2h
Iy

(P)y = ;V\/thwlz:Im{Z[N} (4.39¢)

(X = ;V:fd 3 (R& {ZIN} + i) (4.39d)
(P = 21N2mhwz (Im2 {Z[N} + le) (4.3%)

Although the above formulae may seem compact enough, it is possible to use Eq.(4.17) to
simplify it even further in terms of the parameters {z, z,, N, dt}. Because this shall elucidate
considerably the analysis of what precisely happens to S due to continuous observations of F,

we describe the explicit calculations (which are somewhat heavy for the purpose of exposition)

in the Appendix 4|

4.2.4 Energy

It can be demonstrated (§A.1)) that the expectation value of the energy of S at the N-th
step is given by

2 1 ot
(Hs)n = hw (\2\2 + 2) + 4N hwz? sin® <w2> (4.40)

Because the first term is just the energy of the initial state, |z), we see that every observation of
FE raises the expectation value of the energy of the system by an ammount 4hwz? sin®(wdt/2).
The maximum and the minimum energy gain at each measurement occurs when we choose
wdt = nm: the maximum being 4hwz§, for n odd, and the minimum being 0, for n even.

If the continuous measurement process occurs between the instants ¢ty = 0 and ¢, and we

take 6t < 1 (so that (Hg)y is a continuous function), we may write N = ¢/§t and state the
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rate of change of the expectation value of the energy at step N simply as

& 2
NHs)n _ 4oz, ;o <“5t> > 0. (4.41)

ot ot 2
(Note that the total time elapsed ¢ and the time-step &t have different meanings.)
Furthermore, we see that in the limit « — 0 = 2z, — 0 (that is, in the limit where the
influence of the magnetic field is no longer present) the energy of S remains simply the energy
of its initial state. This happens, of course, because E never leaves the |so>$ state, so that

the process is no longer random.

Figure 2 — (a) Energy of S through direct implementation of Eq.(4.39a) (not (4.40)). (b)
Comparison between a matrix representation algorithm and Eq.(4.40). The higher

the number of terms we keep in the expansion of the initial coherent state, the
better the curve approaches our theoretical model. Here we considered a set of 10°

trajectories such as the one described in our protocol (§4.2.1]).

—&— 50 terms
80 100 terms
=& 300 terms
= = Theoretical result
360-
[l
~
2
“ 40
<
20
T T T T T T T T T T T T T o- T T T T T T T T T T T T T
012 3456 7 8 91011121314 01 2 3 456 7 8 91011121314
N N
(a) z = 1/v2+1i/v/2, wit = 0.1. (b) z=1/vV2+i/V2, wit = 0.5, 2 = 5.0

Source: personal archive.

We can also further confirm this result for the energy with a numerical analysis. In Fig[24]
we implement Eq.(4.39a)) using a simple algorithm to calculate all Z;,'s so that, comparing it
with Eq.(4.40), we see that it confirms the linear dependence of the energy on N. Moreover,
in Fig[2b] we implemented also a very basic algorithm using the matrix representations of all
relevant quantities (operators and state vectors) and directly applied steps 1 and 2 of our
protocol ( for 10° trajectories. In this last algorithm we used the qutip python package
for the study of open quantum systems, which is a handful and well known tool for this kind
of implementation (J.R.JOHANSSONAL; NATIONB; NORI, 2013),(J.R.JOHANSSONAL; NATIONB;
NORI, [2012). However, it must be pointed that, in this latter case, the finite representation of
the infinite sum in the expansion of the coherent state |z) (Eq.(2.28])) may lead us to wrong
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conclusions if we are not careful [ It is explicitly shown in that figure that, the higher the
number of terms we keep in the expansion of |z), the better the curve plotted by the algorithm
approaches our analytic closed expression.

We comment finally that, at first, we intended to study the problem numerically, but noted
after some time that this “finite-representation difficulty” was not so easy to overcome. Then
we decided to invest in the present analytical solution, which, for instance (and luckily!), could

be obtained in a very neat and closed form.

4.2.5 Position and momentum

Following, the expectation value of the position and the momentum at step /V are obtained

in §4.2] They are given, respectively, by

(X)n = jfu [Re{z} cos (Nwt) + Im{z} sin (Nwat)} (4.42)
(B)y = zmm[ — Re{z} sin (Nwét) + Tm{z} cos (Nwét)} (4.43)

Comparing those expressions with the previous results for a single coherent state (Egs.([2.35])),
we see that they are exactly the same expressions we would obtain by a simple unitary time
evolution of the initial state by Ndt units. Therefore, we conclude that continuous observations
of E do not affect the expectation values of the position and the momentum of S throughout
time. Nevertheless, we shall see soon that the uncertainties (AX and AP) related to those
quantities change drastically with respect of those of a Simple harmonic oscillator.

Note that the above results are independent of the coupling constant «, meaning that
it does not matter how strong the field drives the system, the behaviour of S is exactly the
same (Figs and . This latter result together with the expression that we obtained for the
expectation value of the energy shows that, just though observations of E, we could obtain
a very effective way of raising the expectation value of the energy of S without changing the
expectation value of its position or its momentum.

In Figl4al we, again, confirm our analytical results with a simple matrix-representation al-
gorithm, exactly as we did for the expectation value of the energy. Finally, in Fig[4b| we make
a phase-space plot of the position and the momentum of the system through direct imple-

mentation of our analytic expressions. The figure is exactly equal to the standard “textbook”

7

It is not possible to implement an infinite sum in a numerical (not symbolic) algorithm.
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Figure 3 — Expectation values of the position (a) and the momentum (b) of S for z = 1/v/2+

i/+/2 and wét = 0.5 through direct implementation of Eqs.(4.42),(4.39d). In both

plots all curves are superposed so that there is no dependence on z,, as indicated
by our theoretical model (Egs.(4.42), (4.43)). Although we would prefer to make
those plots for a lower value of wdt (so that the measurement process is closer to
what we could call “continuous"), this choice would make the oscillation frequencies
too low, forcing us to use more steps and making the algorithm too heavy. (For
example, the dimension of the set Iy would be 2%5 = 33554432 for 25 steps.)

1.00 1.00
0.751 0.751
0.50 3 0.50-
SR o.25 ‘E 0.25
< o0.00 N 0.00
S~
<g -0.251 E.E -0.25 1
< —— =
-0.501 = -0.50 2a =0.00
-— z,=0.10
-0.751 -0.751 —— 2,=1.00
-1.00 -1.00 —— 2,=10.00
01234567 8 91011121314 012345678 91011121314
N N
(a) (b)

Source: personal archive.

phase-space plot of a simple (isolated) harmonic oscillator and shall be used in the next section

for the sake of comparison.

Figure 4 — (a) A new comparison between a matrix-representation algorithm which directly
implements our protocol and our theoretical results. (b) A Phase space plot for
N = 100. The result is the same as that of a simple harmonic oscillator. In both

figures z = 1/v/2 +i/v/2.
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15+ -1.00-0.75-0.50-0.25 0.00 0.25 0.50 0.75 1.00
0123456 7 8 91011121314 A >h
(a) wdt = 0.5, zo = 5.0 (b) wdt =0.1, 2 = 1.0

Source: personal archive.
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4.2.6 Uncertainty relation

Finally, we would like to shed some light on the behaviour of the position-momentum
uncertainty relation throughout the continuous measurement process. In order to do this we

need the expressions for the expectation values of the position squared and the momentum
squared. It can be shown (§A.3)) that they are given by

(X v = (X)% + ;Z{zi lQ(N — 1) sin? (“f) -

sin((N — 1)wdt)
B sin(wdt)

(cos((N + 1wdt) — COS(Nw(;t)) + (4.44)
1
1

<p2>N = (P)% + thw{zg [Q(N —1)sin? <w§t>+

+ 1 + cos? (Nwét) — 2 cos (wét)

and

sin((N — 1)wdt)
sin(wdt)

(cos((N + 1)wdt) — cos(Nwdt)) + (4.45)

1
4

for wdt # nm, respectively. For wdét = nm, we have simply

+ sin? (Nwdt)

(X = jfu (R& {2} +4N22 + i) (4.46)
and
(Pt = 2mhw(1m2 {z} + i) (4.47)

Considering the Hamiltonian of the harmonic oscillator (Eq.(2.16])), we see that with these
equations in hands we may also study the expectation values of the kinetic and the potential
energy of S. Fig.?? indicates that the amount of energy gained by .S at each step can be stored
both as kinetic or potential energy because the particle is oscillating. Note that, naturally, when
one type of such is increased, the other type is decreased. Moreover, Eqs., indicate
that when the energy increment rate is a maximum, the energy given to the system at each

measurement is purely potential. This is further confirmed by Fig[5|
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Figure 5 — Position squared (a) and momentum squared (b) as a function of wdt (not as a
function of time! The parameter that represents time is, essentially, V). Because the
expectation value of the kinetic energy is proportional to (fﬂ) and the expectation
value of the potential energy is proportional to (XZ) for wdt = 7 we see that all
the mean energy gained by S is purely potential. For wdt # 7, we see that the gain
is partially potential and partially kinetic. Nevertheless, it is never purely kinetic. In

both plots z, = 1.0 and z = 1/v/2 4+ i/v/2.
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Source: personal archive.

From the definitions of AX and AP (§2.1.4) we see that the uncertainty relation for the
state of the system at the N-th step is given by

sin((N — 1)wdt)
sin(wdt)

AXNAPyN = 2{423 lZ(N — 1) sin?(wét/2) — <cos((N + 1wdt) — COS(NM&)) + 1+

sin((N — 1)wdt)
sin(wdt) %

1/2
+ cos® (Nwét) — 2 cos (w&t)] + 1} {zi [2(]\7 — 1) sin®(wét/2) +

1/2
+ 1}

X (cos((N + 1)wdt) — cos(Nw5t)> + sin? (Nwét)

(4.48)

for wot # nw. For wit = nw, we have simply

h
AXNAPN == 5 1+16NZ§

Although the expression (4.48) may not seem so elegant as those for the energy, the

(4.49)

position and the momentum, we note that in the limit & — 0 we recover the minimum
relation of Eq.([2.37)). Before analysing the uncertainty relation, in Fig.@ we have a plot of AX
and AP as a function of N for the sake of clarity. As mentioned in the previous section, the

plot indicates that those quantities grow as further measurements are performed on E.
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Figure 6 — Uncertainties of the position (a) and the momentum (b) of S. In both plots wdt =

0.1and z =1/v2+i/V2.
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(b)

This last result, together with the previous ones, indicates that there is indeed a “cost”

in using the measurement process on F to raise the energy of S maintaining the expecta-

tion value of its position and its momentum “invariant”. For example, as further and further

measurements are performed on E, in order to obtain a certain definite value for, say, the

position of S, we must make the distribution of all possible values which can be obtained for

the momentum broader and broader (and vice-versa).

Finally, in Fig[7a] we see that, for z, # 0, the uncertainty relation always grows as further

measurements are performed on the system. Also, in Fig[7b| we make a phase-space plot for

AX and AP. If z, = 0, the uncertainty remains a point (exactly as the case of an isolated

harmonic oscillator), bur if z, # 0, the uncertainty of the position (momentum) always grows

as the uncertainty of the momentum (position) grows.
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Figure 7 — ([7a]). Uncertainty relation for various orders of magnitude of z, according to our

analytic expressions (Egs.(4.48),(4.49)). (7b). Phase-space plot for the uncertain-

ties AX and AP. We see that, in comparison with the simple (isolated) harmonic

oscillator, the uncertainties do not remain only a point throughout time. In both

plots 2 = 1/v/2 +i/v/2.
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5 CONCLUSION AND PERSPECTIVES

In chapter [2] we introduced the mathematical tools that were essential for the development
of our project (postulates of quantum mechanics, tensor products, density operators, etc) and
in chapter 3| we used those tools in order to study the (non-unitary) dynamics of systems that
are no longer closed, but in contact with an external environment. In this way, we could situate
to which context our project represents an alternative approach.

We considered our proposal in chapter 4] and it consists basically in studying no longer
the situation of an external environment as an stochastic source to some system of interest
as in chapter [3] Rather, we are interested in studying random outcomes of measurements
performed in one degree of freedom of some system as an stochastic source for another
degree of freedom of the same system. This latter degree of freedom was indeed the one in
which we had interest and we even made the analogy that the observed degree of freedom
may be seen as a diathermal wall for it. In this way, we could formulate a closed analytical
solution for the problem of a quantum harmonic oscillator whose spin degree of freedom is
subject to a continuous measurement process in a region of space where the influence of an
external inhomogeneous magnetic field which depends linearly on the position of the oscillator
is present.

More precisely, considering an ensemble of quantum trajectories (defined earlier) for this
spin observation process, we concluded that the state of the system in question obeys an equal-
probability rule, similarly to what happens in statistical mechanics. From there on, we studied
in detail the expectation values of all physical quantities related to the system and discovered
that continuous observations of its spin degree of freedom induce a mean-energy gain in
its orbital degree of freedom, leaving the expectation value of its position and momentum
invariant at the cost of raising the distribution of their uncertainties. We also determined,
using numerical plots and algorithm comparisons, that the position-momentum uncertainty
relation always grows as a higher number of spin measurements are considered.

As prospects for the present work, we intend to study the case of the same system (coherent
state + spin) under the influence not of a magnetic field which depends linearly on the position
of the oscillator, but of a magnetic field which depends quadratically on the position of the
oscillator (as said earlier). We also intend to search for measurement regimes where, for

example, a thermalization process could be achieved (thermalization in the sense that the
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energy of the system can become time-independent at some stage). In a certain manner, the
idea of the present project walks in the pathway of the so called quantum thermodynamics
research area, a very promising scientific perspective nowadays. This motivates us also to
address questions relative to entropy production, reversibility and fluctuation theorems (major
characteristics of this subject) to the study of our alternative approach to open quantum

system.
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APPENDIX A - EXPLICIT CALCULATIONS FOR CHAPTER /4

Here we describe in details how we may obtain an analytic closed form to Eqgs.(4.38)).

A.1 EXPLICIT CALCULATION OF THE ENERGY

First we need to obtain |Z;,|?. Indicating by T'(Iy) terms that depend linearly on any
of the i = +1 (such as, for example, i4i9z2, AL etc.), using that z, € R and the
identity | >0, 22 = Y1 |zi)* + 23,00 Re{2 20}, where 2;, i = 1,...,n, are arbitrary

complex numbers, we have

N-1
121012 = {(2 — i12q)e N9 4 2, Y (65— ij11)e —HN= ot g x
7=1
N—1
% {(Z* o i12a> iNwdt + Za[ (Zj . ij+1) i{(N—j)wét +iN]}
7=1
N 2
= |z —i12a|* + 207 Z — iy )e NI g 4
7=1
N-1 -
+ 2z, ReS (2% —d12zq)e gtNwot Z —ij41)e TNt b T(Iy)
J=1
N—1 2
= 2P+ 22+ 22| D (G —ij)e SIN=wstl 41— 2coswdt| + T (Iy).
j=1
But
N—1 R !
> (i —ijpa)e NN = [ij — i [+
j=1 Jj=1
+ 237 (6 = ij41) (ix — ig41) Refe 10700
j<k
N—1 '
= Y [+ 1]+ 2| (iy — i3)(iy — dg)e 24
J=1
N .
(13 — 14) Z — lj41 Re{ _Z(]_?’)“’&} + ..+
j=1
N—2 N
t+ (in-1 —in) Y (i = ij41) Refe 07N L g ()
=1
N — 2 times
=2(N — 1) + 2[— coswdt — coswdt — ... — coswdt] + T(Iy)

=2N —2(N — 2)coswdt — 2+ T(Iy)

ot
= 4N sin® <w2> — 244 coswit +T(Iy)
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so that

1217 = |2]* + 222 — 422 coswit+

St
+ 22 |4N sin® (“ +T(Iy) (A1)

2

) — 2+ 4 coswdt

&t
= |2|? + 4N 22 sin? (“’2) +T(Ix).

Note that in each step we are simply using that i2 = 1 to select all terms which do not
depend on any i and “absorbing” all the remaining terms into 7'(Iy). That will be so also in
all subsequent calculations of this type.

Now we note that if we fix all ¢;'s except but one, say, i;, there will be a term in the
expansion of the summation Y; |Z,|* where i; = 1 and a term exactly equal but with
t; = —1. Because those two terms shall cancel out and the same argument is valid for each
ix, we see that >°; T'(Iy) = 0. This is basically the same argument that led us to (4.38)

(there we have explained it with more details). Therefore,

. 1 St
(Hg)n = hw <|Z|2 + 2) + 4N hwz? sin® (“’2> : (A.2)

A.2  EXPLICIT CALCULATION OF THE POSITION AND THE MOMENTUM

Repeating the arguments of the above section, those expectation values are simpler to ob-
tain. First we compute Re{Z;, } and Im{Z,, } using that, for two arbitrary complex numbers
z1 and 2o, Re{z122} = Re{z1} Re{z2} — Im{z} Im{25} and Im{z120} = Re{z1} Im{z} +
Im{z;} Re{z}.

Re{{Z,}} = Re{(z - ilza)e*iN“&} +T(Iy)
= Re{(z — 1124)} cos (Nwdt) — Im{(z — i124) } sin (Nwot) + T'(Iy)

= Re{z} cos (Nwdt) + Im{z} sin (Nwdt) + T(Ix)

m{{ 21, }} = Im{ (2 — irza)e ™"} 4+ T(Iy)
= Re{(z — 1124) } sin (Nwdt) + Im{(z — i124) } cos (Nwot) + T (Iy)
= — Re{z} sin (Nwdt) + Im{z} cos (Nwot) + T'(Iy).
Therefore, using once again that >-;, T'(Ix) = 0, we have

(X)ny = :Z} ( Re{z} cos (Nwdt) + Im{z} sin (Nwét) (A.3)
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(P)y = 2m7m( — Re{z} sin (Nwdt) + Im{z} cos (Nwét)). (A.4)

A.3 EXPLICIT CALCULATION OF THE POSITION AND THE MOMENTUM SQUARED

Regarding the two previous subsections, we proceed here straightforwardly to obtain Re? {ZIN}

and Im? {ZIN}.
}2

Z —dj11)cos (N — jlwét) +in

2

Z —4j11) cos (N — j)wét)

+1 —QCosw&}—

— 222 cos (Nwdt) cos (N — 1)wét + T(Iy)

But, using that (31, z)? = 1) 27 4237, Re{z;2;} for arbitrary complex numbers z;,

i =1,...,n, we have that
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N—

—_

J=1

Hence,

(ij = 1j41) cos (N — j)w5t)] = > (ij = ij+1)" cos® (N — jlwdt)+

+2|(

<k

—1j41) cos ((N — j)wdt)] x

X [(ig — igy1) cos ((N — k:)wét)]

N—

Z % (jwdt) + [(22 —i3) cos ((N —2))x

X (i1 —ig) cos (N — 1)) + (i3 — i4) cos (N — 3))x

X

M)

(i, — igy1) cos (N — k)wdt) + ..+

i

1

+ (in—1 — in) cos (wdt) X

X ’; i — ig41) cos (N — k)w(St)}—f—
+T(Iy)
NZ % (jwdt) + 2| — cos (N — 2)wdt)x
x cos (N — 1)wdt) — cos (N — 3)wdt)x
x cos ((N — 2)wdt) — ... — cos (wdt) cos (2wdt) | + T'(In)

=

=2 cos? (jwdt)—

Z .
A

2 ) cos (jwdt) cos ((j + 1)wdt) + T'(In).

.
I

Re? {ZIN} = Re? {z} cos? (Nwét) + Im? {(Nwdt)} sin? (Nwdt )+

+ 2Re{z} Im{z} cos (Nwdt) sin (Nwdt)+

N-1

221]2 i cos® (jwdt) — 2 > cos (jwdt) cos ((j + 1)wdt) + 1+

=1

4 cos? (Nwét) — 2cos (Nwdt)| + T(Iy).



74

In the same way,

— 222 sin (Nwdt) sin (N — 1)wdt) + T(Iy).

Now, by a calculation similar to the above one, it can be shown that

=

-1

[ > (i — ij41) sin (N — j)wdt)] =2 sin? (jwdt)—

Jj=1

PR
b

—2 ) sin(jwdt)sin ((j + 1wdt) +T(Iy).

1

.
Il

This leads to
Im? {ZIN} = Re? {z} sin? (Nwdt) + Im? {2} cos? (Nwdt)—

— 2Re{z} Im{z} sin (Nwét) cos (Nwdt) + 22 x

N—1
x 12> sin® (jwdt)—

Jj=1

Z sin (jwdt) sin ((§ 4+ 1)wdt) + sin® (Nwdt) | + T (Ix).

(It may be explicitly verified that Re* {Z;, } + Im® {2, } concides with Eq. (A.T))).
Now, using Egs.(4.38)) and effecting the summation over Iy, we have

(X y = ;Z{ Re? {2} cos® (Nwét) + Im? {(Nwdt)} sin? (Nwdt)+
+ 2Re{z} Im{z} cos (Nwdt) sin (Nwdt)+

N-1 (A.5)

N-1
2> cos® (jwdt) — 2 > cos (jwdt) cos ((j + 1)wdt) + 1+
j=1 =1

2
+ 2z,

+ cos? (Nwdt) — 2 cos (wit) | + i}
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and
(P = 2mhw{ Re? {z} sin? (Nwét) + Im* {z} cos? (Nwét)—
— 2Re{z} Im{z} sin (Nwdt) cos (Nwdt)+

N-1 (A.6)
2 ) sin® (jwdt)—
1
I

j=1
But, using the partial sum of the geometric series >7_, ar™ = a(1 —r/)/(1 —7), r # 1,

2
+ 2,

N-1
— 2> sin (jwdt) sin ((j + 1)wdt) + sin® (Nwdt)

j=1

we may write

ZJ: sin(na) = U2 g ((J ; 1)x>

sin(x/2) 2
J cos(ng) — sin(Jx/2) o (J+1)x
;::1 (nz) sin(z/2) ( 2 )
z_:lsin2(m:) = ; J - S;iféj;) cos ((J + 1):6)
T, 1 : sin(Jx) : A7)
Z_:lcos (nx) = 5 J + Sin(z) cos ((J + 1)a:>
Zl cos(nzx)cos((n + 1)x) = ; J cos(z) + S;?IE(J;)) cos ((J + 2)90)
lein(nx) sin((n + 1)z) = ; J cos(z) — S;?n(({;)) cos <(J + 2)35)
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so that
z {COSQ(jwat) — cos(jwdt) cos((j + 1)w5t)} = ;x
X ; [2(]\7 — 1) sin*(wdt/2)—
sin((N — 1)wdt)
- sin(wot) (cos ((N + 1)wdt)—
— cos (Nw5t))]

[sm (jwdt) — sin(jwdt) cos((j + 1)w5t)} ;x
7j=1

X ; [2(1\7 — 1) sin®(wét/2)+

_ sin((N — Dwdt)

(COS ((N + 1)wdt)—

Sin(wot)
" cos (Nwét))] |
(A8)
Therefore, for wt # n (that is, sin(wdt) # 0) we have
(X2)y = ;Z { Re? {=} cos? (Nwdt) + Im? {(Nwst)} sin? (Newst)+
4+ 2Re{z} Im{z} cos (Nwdt) sin (Nwst)+
+ 22 [2(N — 1) sin*(wdt /2)— (A9)

_ sin(WV = Lwdt) (cos«zv + Lwdt) - cos<Nw5t>) i

sin(wdt)
+ cos? (Nwdt) — 2 cos (wit) | + le}
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and

(PYy = thw{ Re® {2} sin? (Nwét) + Im? {2} cos® (Nwit)—

— 2Re{z} Im{z} sin (Nwdt) cos (Nwdt)+

2

J— 1 2
+ 25 |2(N — 1) sin®(wdt/2)+ (A.10)
sin((N — 1)wdt)
+ S (wdt) cos((N + 1)wdt) — cos(Nwdt) |+
. 9 1
+ sin® (Nwot) | + il
And for the case wit = T,
(XN = 20| ge2 {2} +4N22 + E (A.11)
N w ¢4 '
(P? [Im2 {z} + (A.12)

It may be verified explicitly that, indeed, (H)y = (P2)y/2m + mw?(X)y /2.

A.4  EXPLICIT CALCULATION OF THE UNCERTAINTY RELATION

With Egs.(A.3), (A.4), (A.5) and (A.10) in hands we may compute AX% = (X?)y—(X)%
and AP2 = (P?)y — (P)% explicitly.

We have
(X)% = 2h { Re? {2} cos® (Nwét) + Im? {(Nwét)} sin® (Nwdt)+
mw (A.13)
+ 2Re{z} Im{z} cos (Nwdt) sin (Nwdt)
and
(P)3 = me’w{ Re? {2} sin? (Nwét) 4+ Im* {2} cos? (Nwdt)—
(A.14)

— 2Re{z} Im{z} sin (Nwdt) cos (Nwdt)
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so that

«

AXY = 772171{22 [2(N — 1) sin®(wdt/2)—

sin((N — 1)wdt)
a sin(wdt)

(cos((N + Dwdt) — cos(Nwét)) + 1+ (A.15)
1
1

APy = thw{zi {2(]\7 — 1) sin®(wdt/2)+

+ cos? (Nwét) — 2 cos (Nwdt)

and

sin((N — 1)wdt)
* sin(wdt)

(COS((N + 1)wdt) — COS(Nu)&)) + (A.16)
1
3

AXNAPy = 2{423 l2(N — 1) sin?(wét/2) —

+ sin® (Nwét)

Therefore,

sin((NV — 1)wdt)
sin(wdt)

<cos((N + 1wdt) — cos(Nwét)) + 14

1/2
+ cos? (Nwdt) — 2 cos (Nwdt) | + 1} X {42’3 [Q(N — 1) sin®(wét/2)+

1/2
+1} _

sin((V — 1)wét)
sin(wdt)

(cos((N + 1wdt) — cos(Nwét)) + sin? (Nwdt)

(A.17)

for wot # nm and

h
AXNAPy = 5\/1+16N22 (A.18)

for wot = nr.
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