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ABSTRACT

In this work, we present a set of experiments involving four-wave mixing processes
in rubidium atoms. We employ several experimental configurations exploring two- and
three-level systems in cascade or A configurations, all of which are in a copropagating
geometry, to investigate different physical phenomena present in each scenario. In the
first experiment, we combine a cw diode laser and a 1 GHz femtosecond pulse train to
generate coherent blue light through the four-wave mixing process in hot rubidium vapor.
The generated coherent signal is analyzed by scanning either the diode frequency or
the repetition rate of the frequency comb. In both cases, the cw laser induces an Autler-
Townes splitting with a wide separation in the doublet structure due to the configuration of
copropagating fields. To model these results, we employ the density matrix formalism to
write the Bloch equations and solve them numerically. The solutions allow us to explore
other cases beyond those involving our experimental setup, comparing the response of
the upper-level population and the generated signal coherence for homogeneously and
non-homogeneously broadened systems. Moreover, in this same experiment, we also
observed an unexpected interference effect between excitation routes of the four-wave
mixing process when the repetition rate of the pulse train is scanned. The theoretical
model demonstrates that the interfering effect appears only when the repetition rate
is carefully chosen to produce a pair of modes of the frequency comb resonant with
both one- and two-photon transitions for the same atomic velocity group. In the second
experiment, still with a hot rubidium vapor, we explore two symmetrical degenerate four-
wave mixing signals induced by two almost copropagating laser beams, with k. and k,,
wave-vectors, and detected simultaneously in the 2k, —k, and 2k, — k, directions. Each
spectrum has a single peak with a short frequency separation between them, which our
model indicates is due to the nonlinear behavior of the refractive indexes, a consequence
of the high intensity of both input fields. Finally, we use the same experimental setup for
the two symmetrical signals to study the field intensity fluctuations of the degenerate
four-wave mixing signals and the transmission signals. In this case, the sample is
an ensemble of cold rubidium atoms in a magneto-optical trap. There is an intensity-
intensity cross-correlation between the signals due to the resonant phase-noise to

amplitude-noise conversion. In this type of cold system, we can neglect the Doppler-



broadening, allowing a straightforward study of the dependency of the correlations
on the laser detuning. In these measurements, we observe a type of oscillation in
the correlation curves that the theoretical model indicates to be connected with Rabi

oscillations, revealed by the fluctuations long after the transient period.

Keywords: four-wave mixing; nonlinear optics; atomic spectroscopy; rubidium vapor;

cold atoms.



RESUMO

Neste trabalho, é apresentado um conjunto de experimentos envolvendo pro-
cessos de mistura de quatro ondas em atomos de rubidio. Diversas configuragoes
experimentais sdo utilizadas explorando sistema de dois e trés niveis em configuracao
de cascata e A, todas numa geometria copropagante, procurando investigar fenémenos
fisicos presentes em cada cenario. No primeiro experimento, um laser de diodo conti-
nuo e um trem de pulsos ultracurtos, de 1GHz, sdo combinados para gerar um sinal
de luz azul coerente via processo de mistura de quatro ondas em um vapor quente
de rubidio. O sinal coerente é analisado variando a frequéncia do laser de diodo ou
a taxa de repeticdo do pente de frequéncias. Em ambos os casos, o laser continuo
induz um efeito Autler-Townes com uma larga separagéo na estrutura de dubleto devido
a configuracao copropagante dos campos. O formalismo da matriz densidade é utili-
zado para modelar esses resultados, obtendo as equacdes de Bloch e as resolvendo
numericamente. As solu¢des permitem explorar mais cenarios que o experimento, com-
parando a resposta da populagéao do estado excitado e do sinal gerado coerentemente
para sistemas alargados homogénea e inomogeneamente. Ademais, neste mesmo
experimento, também se observa um efeito de interferéncia inesperado entre rotas de
excitacdo do processo de mistura de quatro ondas quando a taxa de repeticdo do trem
de pulsos é variada. O modelo tedrico demonstra que este efeito de interferéncia ocorre
apenas quando a taxa de repeticao é escolhida cuidadosamente para produzir um par
de modos do pente de frequéncia ressonante com ambas as transicdes de um e dois
fétons para 0 mesmo grupo de velocidade. O segundo experimento, ainda utilizando
vapor quente de rubidio, explora dois sinais simétricos de mistura de quatro ondas
degenerada, induzidos por dois campos quase copropagantes com vetores de onda
k. e kp, e detectados simultaneamente nas dire¢ées 2k, —k;, € 2k;, — ko. Cada espectro
apresenta um Unico pico com uma pequena separacao em frequéncia entre eles. O
modelo tedrico indica que esta separacdo é causada pelo comportamento néo linear do
indice de refragdo devido ao fato dos dois feixes incidentes serem intensos. Finalmente,
a mesma configuracao experimental de geracao de sinais simétricos € utilizada para
estudar as flutuacdes de intensidade dos sinais de mistura de quatro ondas degenerada

e dos sinais de transmissdo. Nesse caso, a amostra € um conjunto de atomos frios



de rubidio em uma armadilha magneto-o6tica. Existe uma correlacédo cruzada entre as
intensidades dos sinais, devido a conversao ressonante de ruido de fase em ruido
de amplitude. Neste tipo de sistema frio, € possivel descartar o alargamento Doppler,
0 que permite um estudo mais direto da relagao entre a correlagao e a dessintonia
do laser. Nestas medidas, observa-se um tipo de oscilacdo nas curvas de correlacao
que o modelo tedrico indica estar conectado com oscilacées de Rabi, reveladas pelas

flutuagdes de intensidade muito tempo apds o periodo transiente.

Palavras-chave: mistura de quatro ondas; ética ndo-linear; espectroscopia atémica;

vapor de rubidio; atomos frios.
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18

1 INTRODUCTION

A new era in optics began with the development of the first laser by Maiman [1] in
1960. This source of intense coherent light is behind several technological innovations
that do not restrict themselves to physics but permeates several areas of knowledge,
from basic science to industry or even medicine. In physics, the impact was particularly
overriding for the field of nonlinear optics [2] since laser light combines high coherence
and high intensity in a way never seen before. These properties represented an enor-
mous advance from the previous light sources, which gave rise to a new type of physical

process to be studied.

Nonlinear optics has been studied as early as the nineteenth century, with the
first studies on the Kerr effect [3]. However, the first experiment to explore this area of
physics in the laser era was the classical experiment by Franken et al. in 1961 [4]. It
is impressive how quickly this invention, the laser, was already being used in the most
different scenarios in such a short time. In this experiment, Franken et al. shone a quartz
crystal with an intense pulse of red light from a ruby laser. The output signal included a
small blue light pulse with precisely half the wavelength of the original red light. This
new frequency is generated because of the crystal nonlinearity, rendering the famous

second harmonic generation (SHG).

After this demonstration of the potential of the laser in nonlinear optics, a series
of new fascinating results came along. We can quote some relevant examples, such
as the observation of two-photon absorption by Kaiser and Garrett [5], the stimulated
Raman scattering by Ng and Woodbury [6], the third-harmonic generation, and the
anti-Stokes frequency mixing both by Maker and Terhune [7, 8]. An interesting case is
the parametric down-conversion [9], the inverse process of SHG. In this phenomenon,
one photon interacts with a nonlinear medium (typically a crystal) and generates two
photons, obeying momentum and energy conservation. These “twins” photons are
produced simultaneously and are said to be correlated. The particularity of these output
photons lies in the statistics behind the process. In opposition to the classical fields

produced by a beam splitter acting on a laser, for example, that obeys Poisson counting
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statistics, the twin photons of the parametric down-conversion present a correlation
incompatible with classical light fields. This is one example of non-classical light, which
eventually resulted in modern quantum optics, a field in accelerated growth in the past

decades.

The topics of nonlinear optics we want to address in this thesis arise from the
interaction of coherent optical fields within a third-order nonlinear medium. In particular,
among the several third-order phenomena, we are interested in four-wave mixing (FWM).
This process has been used extensively to investigate a variety of optical phenomena
in different atomic systems. Regarding the energy structure, since very early studies,
different atomic level configurations have been explored to enhance the efficiency of
this nonlinear process as, for example, two-level [10, 11], three-level A [12, 13], and

four-level double-A schemes [14].

In terms of recent applications of FWM that are relevant to some of the results
in this thesis, we may cite the generation of quantum correlated beams [15, 16], the
storage of quantum memory, the transfer of orbital angular momentum between light
beams [17, 18], the reduction of the paraxial diffraction of light [19], and the development

of single-photon sources [20].

In particular, a common characteristic in much of the FWM processes described
in the literature is the possibility to control the refractive index [21] of the medium,
and in some conditions cancel the resonant absorption, due to the phenomenon of
electromagnetically induced transparency (EIT) [22, 23], or enhance the absorption, via

electromagnetically induced absorption (EIA) [24, 25].

We describe the FWM process in more detail in section 2, where we present
the fundamental concepts necessary for understanding the experiments reported in
this thesis. Namely, we delineate the energy structure of our sample, rubidium atoms,
which we explore in different experimental setups involving hot vapors or cooled trapped
Rb gases. Moreover, we present the electromagnetic wave theory, which eventually
connects with the theoretical models for the phenomena, building a semiclassical
treatment, in which the fields are classic, but the atoms are quantum systems. The

quantum treatment of the atomic systems is provided, as well as an example of a
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three-level system, which is useful for the description of the results of the remaining

sections.

The bulk of this work encloses three different experiments, each one exploring
different aspects and effects of the FWM process, in particular, in a forward configuration.
This configuration poses some experimental challenges but also reveals phenomena

that could not be observed in a counterpropagating arrangement of the input fields.

Most of the FWM experiments are performed with cw lasers, exploring the high
power and the tunability near atomic resonances. However, a powerful tool one can
employ is a femtosecond (fs) laser, taking advantage of coherent temporal control
techniques [26]. In recent years, advances in ultrafast lasers have enhanced the direct
application of mode-locked fs lasers, leading, for instance, to the development of a rapid
multidimensional coherent spectroscopy with high spectral resolution [27]. In this sense,
we present in section 3 a set of results involving a coherent blue light signal obtained
through an FWM process using a combination of cw laser and femtosecond pulse train.
This combination allows us not only to probe the action of each laser but also to explore

the different characteristics of the nonlinear process.

In particular, we want to explore the dynamic Stark shift, also known as the AC
Stark effect, observed in the FWM results of this experiment. This phenomenon occurs
when a near-resonant strong field interacts with matter. It results in the energy level
splitting at a transition and has important implications in spectroscopy. In three-level
systems, this effect is also known as the Autler-Townes (AT) splitting [28]. Typically, it
results in a double peak in the weak field absorption, with the most common setup in
three-level cascade systems being with counterpropagating laser beams, exploring the
almost Doppler-free configuration. However, our experimental setup has a copropagating
configuration, leading to different results. In particular, we demonstrate that the AT
doublet, in the copropagating setup, can only be distinguished in the FWM signal, in
opposition to what would be detected in the fluorescence signal. To confirm this, we
employ numerical methods to model the phenomenon in the high-intensity regime and

for a Doppler-broadened media, exploring more scenarios than in the experiment.

Another feature the same experimental system allows us to observe is an inter-
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ference between FWM excitation routes. This interference is characterized by a very
narrow peak over the AT spectra, and it connects with the repetition rate of the fs laser.
We show that if one tunes the repetition rate attentively, the first step of the FWM
process can be performed by either of the lasers, cw or fs. This creates a situation of
indistinguishability, inducing an interference that can be controlled via the repetition rate

of the fs laser.

Working with Doppler-broadened media still, we present in section 4 results
regarding a degenerate FWM process. In this case, we focus on two symmetric FWM
signals that are generated within a hot rubidium cell. These signals are generated by two
laser beams, with k, and k;, wave vectors. It is an interesting configuration since most
of the experiments involving degenerate FWM are performed by counterpropagating
input laser beams, as this setup satisfies the phase-matching conditions automatically.
However, we show the phase-matching conditions for copropagating configurations give
rise to new interesting phenomena. In particular, we observe that each FWM spectra
shows a single peak separated by a small frequency shift when the two input fields
resonate with the closed transition °Rb 55, »(F = 3) — 5P;(F = 4). This frequency
shift itself is not unexpected, as there are reports in the literature connecting it to the
phase-matching conditions [29], in which the phase mismatch is mainly due to the
wavelength differences. However, since our process is degenerate, the changes in the
refractive index of both input fields lead to a shift in the opposite direction of these typical

cases.

Especially, as we detect the two signals simultaneously, we can distinguish a
frequency shift towards red or blue, from each peak associated with the FWM signals,
depending on how the beam whose frequency is swept contributes to the observed
signal. Naturally, understanding how to effectively control the proprieties of the atomic
media, where the nonlinear process is taking place, is of widespread interest for funda-
mental aspects of atom-light interaction. In this sense, this section aims to investigate
the main physical mechanisms responsible for these frequency shifts and how they are

related to the coherence induced in the atomic system.

Finally, in section 5, we present a study of the correlation between intensity

fluctuations of both FWM signals and the transmission signals in a similar experimental
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configuration to section 4. However, for this study, we change the hot rubidium cells
for a cloud of trapped Rb atoms in a magneto-optical trap. We do so to avoid the
complications of Doppler-broadening, as one of the objectives of this experiment is
to study how these correlations behave as a function of laser detuning. As will be
discussed extensively, Doppler-broadened media have several velocity groups that
respond differently to the input laser in terms of detuning, while the cold sample has a

very narrow Maxwell-Boltzmann distribution.

There has been a significant interest in the past decades in the study of light
intensity fluctuations when it interacts with matter. Early experimental work by Yabusaki
et al [30] demonstrated that it was possible to obtain spectroscopic information by
analyzing the intensity fluctuations of a laser beam interacting with rubidium vapor, that
is, without any need to modulate the laser frequency. R. Walser and P. Zoller [31] then
provided a theoretical framework to explain this new spectroscopy, in particular how the

conversion of phase noise to amplitude noise plays a crucial role in the process.

This type of spectroscopy involves the measurement of noise (or fluctuations)
in a system to extract information about the underlying physics. This can be done by
analyzing the frequency spectrum of the noise, which may reveal information about the
dynamics and interactions of the system. In laser systems, noise can arise from various
sources, such as fluctuations in pump power, thermal fluctuations, and noise in cavity

mirrors.

An important aspect of these cases is the distinction between different types of
fluctuation. Typically one can model these fluctuations as Gaussian or non-Gaussian
fluctuations, and the distinction between them is important because they reveal informa-
tion about the noise sources within the system. For example, Gaussian noise is often
associated with thermal fluctuations, while non-Gaussian noise is often associated with

external noise sources and nonlinear processes [32].

Since these pioneering studies, there have been numerous research efforts
focused on exploring these fluctuations in light-matter interactions. Notable findings
include the examination of correlations and anti-correlations in electromagnetically

induced transparency [33, 34, 35, 36], the control of intensity noise correlations and
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squeezing of FWM processes through polarization [37], and the generation of correlated

and anti-correlated fields using atomic spin coherence [38].

In our experiment, different polarization configurations are compared, accessing
distinct internal energy level structures. Furthermore, we observe an oscillatory behavior
compatible with Rabi oscillations [39] in the correlation functions. We can detect these
oscillations long after the transient period, retrieving the frequency information through
the correlation function. To model the correlation in general and, in particular understand
these oscillations, we use the theoretical model from Ariunbold et al. [40] to simulate

the fluctuations and look for agreements with the experimental results.

In this introductory section, we have provided a comprehensive overview of
the research topic and problems that our thesis aims to address. We have discussed
some of the backgrounds of the experiments, as well as the research questions and
objectives that we will be addressing throughout the thesis. We have also outlined
the thesis structure and the methods that were used. In section 6, we will present the
conclusions of our research, summarize our findings, and discuss their implications for

future research in the field.
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2 FUNDAMENTAL CONCEPTS

This section introduces the basic set of concepts relevant to the understanding
of the problems we address throughout this thesis. We begin describing the energy
structure of alkali atoms, with particular attention to rubidium, as it is the atomic species
we use in all of the experiments described here. Next, we briefly describe the classic
electromagnetic fields that interact with the atomic medium to build a semiclassical
treatment of the phenomena [41]. We then present the density-matrix formalism and
the optical Bloch equations to study the dynamics of the atom-light interaction. As an
example, we show the step-by-step solution of a three-level system interacting with two
input fields. Not only this serves as an example but also sets the first steps to solving

some of the problems of the following sections.

2.1 Energy structure of alkali atoms

The experiments presented here are all performed with rubidium samples, an
alkali metal with the atomic number Z = 37. Alkalis are a family of elements much used
in atomic physics experiments due to their single optically active electron. Even though
these are multi-electron atoms, and therefore we cannot solve their energy structure
analytically, we can make approximations that take advantage of their similarities with
the hydrogen atom. With alkalis, all electrons but one fully occupy the energy subshells.
The single unpaired valence electron behaves much like the single electron of hydrogen,
meaning that, given adequate approximations, alkalis are a fairly simple atomic system

to study.

In the past few decades, there was a popularization of rubidium and cesium
samples in atomic spectroscopy laboratories. Since the 1990s, cheap diode lasers
have been available in the near-infrared, the same region of the spectrum in which lies
the D; and D; lines of Rb and Cs. The atomic vapor is also easily obtainable in small
cells due to the relatively low vapor pressure of these atomic species, leading to the
spread of these samples in many research groups. Especially for Rb, there was quite a

success in laser cooling techniques with the development of the magneto-optical trap
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[42] and consequently, the first realization of Bose-Einstein condensation [43], both

achievements that rendered Nobel prizes.

Then, it is relevant for this work to understand the energy structure of the alkalis,
with particular attention to Rb. One can perform a phenomenological qualitative analysis
of the spectra and write down the energy levels of the alkalis (with some corrections) just
like for the hydrogen atom. This is the so-called quantum defect approach, which uses
the hydrogen expressions correcting the numerical parameters phenomenologically. On
the other hand, more quantitative approaches are also available with the Hartree-Fock
method [44] or even the post-Hartree-Fock methods that include electron correlation
to achieve more precise results. However, in this work, we are interested in the energy

structures that lie within the energy levels.

One can obtain the hydrogen energy structure through the Schrédinger equation.
However, there are relativistic corrections that must be performed to account for some
shifts in the energy levels or even degeneracy breaks. In the latter case, the existence
of the electron spin leads to the spin-orbit (SO) interaction, which is described by the

hamiltonian [44]

Ze? (gs—1)
HSO = ( > 2m202r3L : Sa (1)
where g, is the vacuum permittivity; m is the electron’s mass; g; is the electron spin

g-factor; L and S are the orbital and spin angular momentum operators, respectively.

The basic idea behind the SO coupling is that an electron’s spin and orbital
angular momentum are not independent, but are instead coupled together through the
interaction of the electron’s intrinsic magnetic moment with the magnetic moment of the
orbit. This interaction results in a shift in the energy levels of the electron. One of the
most relevant effects of SO coupling is the break of the degeneracy of some energy

levels into the so-called fine structure.

To find out the energy shifts due to the SO coupling, it is interesting to look for an

adequate set of quantum numbers, which will be |n,L,S,J,m;). This way, we can express
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the product L - S in terms of total angular momentum J=L+S

JZ_LZ_SZ

L-S=
2

Therefore, the fine structure shift is proportional to

AEfs:%[J(JJrl)—L(LJrl)—S(S—H)], (3)

where all the parameters of Eq. 1 are contained in the constant A r,. Consider the energy
level n =5, which is the fundamental energy level of the valence electron of Rb, then the
SO interaction breaks the degeneracy of the L =0 and L = 1 components of this level
into 5S, /», 5P, 2, and 5P5 ;. Notice that we are using spectroscopic notation, which is

especially useful for this situation.

Spectroscopic notation is used to describe the energy levels of an atom and the
transitions between them. The notation consists of three parts: the principal quantum
number (n), the angular momentum quantum number (L), and the total angular mo-
mentum quantum number (J). It is the typical way to write down the state of an atom
and it is particularly useful when dealing with fine structure energy levels. The general
formis nL;, where L is written as S, B, D, F for L =0,1,2,3. For atoms with more than
one optically active electron, the number of spin states 25+ 1 is also depicted as a
superscript after the principal quantum number. For alkalis, this number is always 2, so

we choose to not write it down.

So far, we have neglected the nucleus spin, but the same type of coupling
between orbital angular momentum and spin applies to it as well. This will lead to an
even smaller energy structure called hyperfine energy structure. The strength of this
energy structure splitting depends on the nuclear spin of the element and the energy
level of the electron. In the case of rubidium, it will allow differentiating both naturally
occurring isotopes, 8 Rb and 37Rb, as the differences in the number of neutrons change

the nucleus total spin.
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We can express this coupling with the hamiltonian [44]

Hypy = Apgsd-J, (4)

where the physical parameters are within A;y,. In this case, we go to a new basis
|n,J,I,F,mp) for which we redefine the total angular momentum to include the nucleus

spin angular momentum

F=J+1 (5)

The form of the energy shift is very similar to the fine structure one, with the adequate

changes of the angular momentum operators

AEhfS:%[F(FH)—I(IH)—J(JH)]. (6)

Once the energy structure of the alkalis is detailed, we can show the actual
energy levels with the fine and hyperfine structure for the D, line of both rubidium
isotopes in Figs. 1 and 2. We detail the two atomic species because there are some
results of this work with one of them and some with the other. The following section’s
experiment also includes the 5D levels, which have their energy structure detailed in
Ref. [45]. The so-called D, lines encopasses the transitions 5S, , —5P;3, while the D,

line is for transitions 55, , —5P /5.

The final energy structure within the scope of this work is the Zeeman sublevels.
Consider an external weak magnetic field, that is, that can be treated as a perturbation to
the hyperfine hamiltonian ;B < Ays,. Then, the effective hamiltonian for this interaction

is

Hp = .uBgFBF‘Za (7)

where up is the Bohr magneton; g is the Landé factor; B the external magnetic field;
and F, the z-component of the total angular momentum F. The Landé g-factors are
multiplicative terms in the Hamiltonians of the interaction of the atom with an external

magnetic field and, in this case, are given by [46]
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Figure 1 — Rubidium 85 D, transition hyperfine structure, with frequency splittings between the hyperfine energy
levels. The approximate Landé gg-factors for each level are also given, with the corresponding Zeeman
splittings between adjacent magnetic sublevels.
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Figure 2 — Rubidium 87 D, transition hyperfine structure, with frequency splittings between the hyperfine energy
levels. The approximate Landé gr-factors for each level are also given, with the corresponding Zeeman

splittings between adjacent magnetic sublevels.
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F(F+1)—I(I+1)+J(J+1)

gF R &) SF(FE1) : (8)
T +S(S+1)—L(L+1)
g1~ 1+ 20 +1) ) ©)

where we performed a few approximations, namely: neglect the nuclear term in gr as it
is a 0.1% correction and use the approximate values gg ~2 and g; ~ 1. This last g-factor
might deviate from this approximation depending on the isotope or energy level due to
multielectron or quantum electrodynamics (QED) [47] effects, so it is advisable to use

experimentally obtained values.

Notice that, in this Zeeman effect scenario, the degeneracy of the sublevels
within the hyperfine structure is lifted with each F hyperfine energy level containing
2F + 1 sublevels, labeled by mp. This is of particular importance even when there is
not an external magnetic field, due to the selection rules for transitions between these

sublevels. We address this problem in more detail in section 4.

Finally, for a strong magnetic field, one must change the basis once again as
the basis |n,J,1,F,mr) that we used for describing the hyperfine structure is no longer
adequate. In this case, we treat the hyperfine hamiltonian as a perturbation leading to

different energy levels, in the so-called Paschen-Back regime [44].

2.2 Electromagnetic fields

After this brief description of the atomic systems used in the experiments of this
work, it is time to look at the electromagnetic fields. The existence and behavior of
electromagnetic waves within an atomic medium are dictated by Maxwell’s equations

[48]

V.-B=0, (11)
0B

VXE:—E, (12)

vaxra="2.; (13)

ot



Section 2. Fundamental concepts 31

where p is the charge density and j is the free current density. The constitutive relations

are

D=¢gE+P, (14)

B =uH+M, (15)

where py is the vacuum magnetic permeability, P is the polarization, and M is the
magnetization. There are a few simplifications that the neutral atomic samples we use
allow: first, there are no free charges (p = 0) nor free currents (j = 0); second, the
material is nonmagnetic (M = 0). This second condition connects to the fact that we will
treat the interaction hamiltonian using the electric dipole term, as it is the most relevant
one. With these considerations, it is rather simple to find the optical wave equation
following the usual procedure of taking the curl of the Maxwell-Faraday equation (Eq.
12). Hence, we arrive at the partial differential equation (PDE)
1 92 1 0%P

2 —

We must emphasize that in deriving this last PDE, we neglected the contribution of
V(V-E) that comes from the vector identity for V x V x E. Even though this term is only
null for linear phenomena in isotropic media, it is usually very small in the nonlinear

optics problems we are interested in here [49].

It is in the polarization, that is, the dipole moment per unit volume, that lies the
description of the optical response in nonlinear optics phenomena. We can express it in

a power series in terms of the electric field as

P=g <X(I)E+x(2)E2+x(3)E3+...), (17)

where the coefficients (") are the n-th-order optical susceptibilities of the medium. Note
that we considered the polarization P and electrical field E as scalars for simplicity.
In general, ¥ is an (n+ 1)-th-rank tensor which represents both the polarization-

dependent nature of the interaction and the symmetries of the nonlinear medium.
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Figure 3 — Wave mixing processes described by Eqg. 18 that can occur when two input waves interact in a medium
characterized by a x(®) susceptibility.
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Atomic vapors are naturally centrosymmetric, hence they have a null second-order term,

meaning that the first nonlinear term is the third-order term.

Consider then that two incident fields with frequency components w, and w,,
with the latter being a weak field, interact with a x®) medium. There will be several
frequency combinations allowed to happen, but we are interested in the combination

with frequency 2w, — wy, that is, the FWM process frequency (see Fig. 3(a)).

FWM is a parametric nonlinear optical process that occurs when two photons of
the field with frequency w, are annihilated while another photon is created in the weak

field mode so that the nonlinear polarization associated with this phenomenon is

P20, — wy) =30y VE2E]} . (18)

The factor of 3 comes from the different field permutations that may contribute to this
particular polarization term. With such polarization, a fourth photon is generated in the
frequency of the FWM process to conserve energy and momentum. This process is

depicted in the simple level scheme of Fig. 3(b).
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This process we described is parametric because the system’s initial and final
quantum states are identical. A difference between parametric and nonparametric
processes is that in the first case photon energy is always conserved, while this condition
does not necessarily hold for the second process, since energy can be transferred to

(or from) the medium.

Still, regarding the energy level structure, a very common configuration for the
FWM process is the non-degenerate configuration, in which the incident fields are
at different frequencies. This is the case we analyze in section 3. Another common
configuration for the FWM process is the so-called degenerate configuration, in which
all of the incident fields are at the same frequency. In this case, the generated fields
will also be at the same frequency, with the direction and polarization dictated by the
specific conditions of the experiment. We analyze a process such as this in sections 4
and 5.

One of the key factors that determine the efficiency of FWM is the phase-
matching condition, which determines the direction of propagation of the generated
fields. Phase-matching can be achieved either by adjusting the refractive index of the
medium or by adjusting the angle of the incident fields. In some cases, it is also possible
to achieve phase-matching by using an external field, such as an electric or magnetic

field, to modify the energy levels of the atoms in the medium.

Finally, keep in mind that FWM is a process with typically very small efficiency.
This means that it is usually necessary to use very high-intensity fields to obtain
significant amounts of the generated fields. Hence, the generated fields are often very

weak, and it can be challenging to detect them experimentally.

2.3 Bloch equations

Our final goal is to use the quantum mechanics formalisms to derive the atomic
parameters that connect with the nonlinear optical susceptibilities. The idea is to express
how the susceptibility depends on the atomic system’s parameters such as dipole
transition moments and energy levels. Moreover, by solving the equations of motion

that we will find, we can make predictions of the numerical values of the nonlinear



Section 2. Fundamental concepts 34

response and model experimental results. These numerical results are typically reliable
for the case of atomic vapors since the parameters of these systems (energy levels,
dipole transition moments, decay rates, etc.) are often available in the literature with

high accuracy.

To describe the dynamics of the atomic medium under the interaction with
electromagnetic fields we must look for the equations of motion of this system. We have
already provided a classical description of the fields, but the treatment of the atoms
must follow the rules of quantum mechanics as depicted in the first subsection. Hence,
let us briefly recapitulate the traditional quantum mechanics postulates and then build

up the density-matrix formalism.

For a pure quantum system, at any time 1, its state can be specified by the ket
lw (t)), an element of the Hilbert space .#” [50]. An observable, that is, any measurable
quantity, is a Hermitian operator A acting upon .##. When a measurement is performed,
the possible outcomes are the eigenvalues of the observable A corresponding to that

measurement. Moreover, the probability of obtaining an eigenvalue a, is given by

, (19)

p(an> = Z

where g, is the degenerescence degree of the eigenvalue a, and \uﬁ} represents

the set of orthonormal kets of the degenerate subspace. We must be careful with
these degeneracies especially in the context of this work, because of transitions in
the hyperfine structure, as each level contains several Zeeman sublevels. The same

probability can also be written in terms of a projector into the set of kets ]uﬁ}

P(an):<IV‘Pn‘W>> (20)

with the projector being P, = Y3~ | [uk) (uk|. If the result of the measurement is a,, the

system abruptly evolves to a new state
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This type of measurement, called a projective measurement, causes the system state
to evolve in time in this immediate way, referred to as the “collapse” of the wavefunction.
There are other ways to extract information about the system state, but they are out of

the scope of this text.

The temporal evolution of the system, when there is not a measurement happe-

ning, is given by the Schrédinger equation

i y) = A (0)y). 22

This completes the basic set of postulates that allows the description of quantum sys-
tems (for distinguishable particles). However, not all physical systems can be adequately
described by these rules. A system that includes classical uncertainties can be seen as
a statistical mixture of quantum states. The proper way to describe these systems is with
the density operator p. These operators must obey a few properties: (i) Tr(p) = 1; (ii)p
is Hermitian; (iii) its eigenvalues are non-negative. In particular, given that the density

operator is Hermitian, there must be a spectral decomposition

p = pilvi) (il (23)

where p; represents the probability of finding the system in a certain state |y;).

We must emphasize that the density operator is not in the Hilbert space but
rather “acts” upon its vectors. Albeit that, it still represents the system state and is part
of its own vectorial space with a defined internal product, the Hilbert-Schmidt space,

with dimension N2, for a Hilbert space of dimension N.

With these definitions of the density operator, we can still represent pure states,
when it is possible to write p as a projector, p = |y) (y|. In this case, it is easy to see

that 7r(p?) = 1. On the other hand, for a mixed state, or a non-pure state, Tr(p?) < 1.

The elements of the density operator have distinct meanings: the diagonal terms
are the populations associated with the probability of finding the system in a certain
state of the basis; the off-diagonal terms are called coherences and they represent the

superposition of states.
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One can obtain the temporal dynamics of the density operator through the

Schrddinger equation. For simplicity, consider a time-independent hamiltonian:

b= Yalwn) (W), (24)
= Zpie_%ﬂt |yo) (ol e (25)
dp Q. 0.
o ;.ZHP+%PH7 (26)
[t

This is the Liouville-von Neumann equation and it applies to closed systems. However,
the typical systems we want to address in this thesis are atoms interacting with light,
which are naturally open systems. A very clear example of that is the coupling between
the atomic states and vacuum modes that induces spontaneous decay [51]. The alter-
native approach, under a few considerations, is the Lindblad equation, from which we
may derive the dynamics of open quantum systems. However, a faster (and more suited
to the scope of this work) approach is to add these decay terms phenomenologically
dp i ap

o= ﬁ[H,p}-I—E . (28)

relax
Once these terms are added we have the optical Bloch equations [52], that is, the

equations of motion for an atomic system interacting with an electromagnetic field.

As an example, that sets the path of the following sections models, let us obtain
the optical Bloch equations of a three-level system interacting with two input fields.
There are three possible arrangements for such a system: a cascade system, in which
there is a ground, an intermediate, and an excited state; the A system, with two ground
states and a shared excited state; the V state, which is the opposite of the A, that is,

two excited states and a common ground state. These systems are depicted in Fig. 4.

The total hamiltonian of the system is:

H=H, +f7im, (29)
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Figure 4 — Possible arrangements for a three-level system: (a) cascade; (b) A; (c) V configuration.
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Source: The author (2023).

where Hj is the free atom hamiltonian given by

Ho = hlon [1) (1] + @ 2) (2] + 3 [3) (3], (30)

while for the interaction hamiltonian we consider only the electric dipole term:

I:Iint = —Ze?~Ej, (31)
J

where j = a,b. The electric fields can be written as:

B, = [ea(n)e @ Km0 4 e e (32)

E, — [e,,(;)e—iw—kb'”%) n c.c.} e, (33)

where ¢, are the electric field amplitudes; w,, are the angular frequencies of each
input field; k, , are the wavevectors; ¢, represent the phases; and e, ;, are the polari-
zation unit vectors. A few remarks are due at this point. First, given the choice of our
representation of these fields with their complex amplitudes, the real representation of
the field must have a multiplicative factor of 2, that is, E; &~ 2cos (w;t — kjz+ ¢;). Moreo-
ver, we are considering that the fields have wavevectors in the z-direction, eliminating

transversal components. We will see that our experimental setup will not always obey



Section 2. Fundamental concepts 38

this consideration. Finally, for most of this thesis, we will neglect the phase of the input
fields, including now. However, in the last section, this phase plays a crucial role in

understanding the relevant phenomena.

We define the Rabi frequency and the transition dipole moment as:

Hnp€j
sz—g J. (34)
,u,,pze<n|r-ej’p>. (35)

Our first task is to calculate all the elements of the interaction hamiltonian. First,
notice that all elements in the main diagonal are zero, for there is no dipole interaction
of a level with itself. To calculate the off-diagonal terms we move to a rotating frame,
which eliminates one of the complex components to avoid fast-spinning terms in the next
steps of the derivation. We are doing this simplification at this point to avoid carrying the

cumbersome complex notation. The interaction hamiltonian is then

0 Qe 0
Hyy = —h| Que—i®d 0 Qe ot | . (36)

0 Qe 0
We incorporated the spatial part of the electric field into the Rabi frequencies, that is
Q; = Q;e'* . Finally, to write down the total hamiltonian, we shift the energy levels by

the energy of level |1)

0 Q el 0
H=—-h Qae—iwat —wy; Qbe—iwht , (37)
0 Q;;eiwbt — 3]
where we used the definition w,, = ®, — @,,.

Let us use the Liouville-von Neumann equation (see Eq. 27) to obtain the
density-matrix elements. For now, we will overlook the relaxation terms. By using the

completeness relations of the system:
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pnp = %(panlp + anHZP + pn3H3p - pIpHnl - p2pHn2 - P3pHn3> (38)

Given that, the populations and coherences are:

Pll:i(}ler/ﬂLPlezl+%H/—W—P21H12—M); (39)
P22 = E (P21H12 + pazbtns + P23tz — p12H21 — Pazin — p32baz); (40)
P33 = E (p3tH13 + p3atas + p3stas — pisHst — psHs — pasHss); (41)
p21 = ﬁ ((p22 — p11) Ha1 + P21 (H11 — Haz) — p31Has + pasHit); (42)
P31 = E.( — BT — P13z + p31 (Hiy — H3z) + psaHar + pssHn) ; (43)
P23 = ﬁ (—parH13 + (P22 — p33) Hoz + p23 (P22 — p33) — P13H21) - (44)

The missing off-diagonal terms are the complex conjugate of the ones presented.

Rearranging and substituting the hamiltonian elements:

Pr1 = —i (p12Qae” " — pr1 Qe ; (45)
P2 = —i (P21 Qe — p1oQue " + o3 Qe — p3r Qe ') ; (46)
P33 = —i (p2Qpe " — Pr3e’ ™) ; (47)
P21 = —i (P22 — p11) Qe "™ + pry oy — p31Qpe ") ; (48)
P31 = —i (—p21 Qe + p31 @31 + P32 Qe ) ; (49)
P23 = —i ((p22 — P33) Qpe "' + o3 (— 21 + @31) — P13Que ") . (50)

At this point, we introduce the slow variables of the system to later eliminate explicit

time dependence. Let us define the slow coherences:

P12 = 012" (51)
wp)t

P13 = Op3e! (P D) (52)
P32 = O3 ™. (53)
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These choices of frequencies in which the system frame may rotate are intentional,
as we are looking for a very simple description of the interaction in the low-intensity
regime. We can use the equations that follow to approximate higher-order responses.
A more rigorous (and complicated) treatment would be to write these coherences as
a Floquet expansion, allowing the system to oscillate in any combination of the input

fields frequencies [53].

With these definitions, we rewrite the density-matrix elements:

pr1 = —io12Q, + 021 Q; (54)
P22 = —i021Q +i0612Q, — i623Q5 +i03,Qy; (55)
P33 = —io0Qy + i03Q;; (56)
G21 = 8,021 — i (P22 — P11) Qu +i031Qy; (57)
631 = i(A—w31) 031 +i021Q — i63,Q4; (58)
G23 = i (8 — @31) 023 — i (P22 — P33) Qpp + 1013 (59)

We have defined the detunings as

6a = W, — W1, (60)
Op = W — 03; (61)
A= 0w, — . (62)

At this point, our description of the atom-light interaction is still missing the decay
rates. To add them properly we must choose which type of three-level system we want
to address. For this example, let us detail the case of the A system (see Fig. 4(b)), in
which the population of the excited state can decay to each one of the ground states.
Population decay rates will be represented by I',, while coherence decay rates will be

Yap- Hence, the final set of optical Bloch equations is
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P11 = —i012Q4 + 0621 Q) + 21 p22; (63)
P22 = —i021 Y +i012Q, — 102305 +10632Qp — (Ta1 +T23) pa2; (64)
P33 = —i03Q), +10623Q) + Ta3pan; (65)
621 = (18, — 1) G21 — i (P22 — p11) Qu +i031Q; (66)
631 = (iA— iw31 — 131) 031 + 021 QY — i632Q0; (67)
O3 = (i — i31 — 123) Oa3 — i (P22 — P33) Q) +i013Q0. (68)

We chose a very general form for the decay rates. However, different processes may
require different decay terms, for example, the decay rate that could be introduced due

to the finite time of interaction between the input field and the atoms.

The treatment we have built so far assumes that all the atoms in a sample can
be described by the same set of equations. However, there are scenarios in which
some groups of atoms might have different interactions than others. The most common
effect that causes this is Doppler-broadening, a type of inhomogeneous broadening. In
this case, the detuning is a function of the atom’s velocity, which on the other hand is
given by the Maxwell-Boltzmann distribution for an atomic vapor. We treat the Doppler-

broadening in sections 3 and 4 in more detail.

Let us look for solutions to the set of Egs. 63-68 in the steady-state. In this case,
the time derivatives are set to zero and we are left with a system of linear equations. It
is possible to solve them analytically [54], but the solution is quite cumbersome. We opt
at this moment to solve them numerically using Gaussian elimination. To do so, we write
the set of Egs. 63-68 in a matrix form and then solve for the density-matrix elements
using a linear algebra suite (Wolfram Mathematica 12.0). The program containing this

solution is in appendix A.

An interesting phenomenon that this system allows us to explore is electromag-
netically induced transparency (EIT), a phenomenon in which the transmission of light
through an optically dense medium is suppressed by the application of a control laser
beam. It occurs in atomic systems such as the one we are modeling in this example.

Interference between the two input fields exciting the atoms creates a “dark state” which
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Figure 5 — Transmission signal as a function of the probe field detuning. (a) , = 0.5T, (b) Q, = 5I'. The two graphs
are normalized independently.
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leads to a suppression of the probe light transmission through the medium. It was first

observed in the late 1980s [55, 56] and it has since been abundantly studied.

Consider then that the a field (control) has a fixed detuning 8, = 0 in the transition
|1) — |2), and we scan the frequency of the b field (probe) in the transition [3) — |2).
Moreover, we consider I';; =13 =T. The b field is set to be very weak (Q, = 0.01I).
Finally, for a thin sample, that is, with a length smaller than the Rayleigh length of
the input lasers, we can approximate the imaginary part of the coherence o,3 as the
transmission of the b field. We detail this particular approximation in section 5 where
we will use it again. The other decay rates come from Refs. [46, 45]. With all of these
considerations, we plot the transmission T, ~ Im(o,3) as a function of the detuning &, in

Fig. 5.

In Fig. 5(a) the control field has a Rabi frequency equal to half the natural
linewidth, that is, Q, = 0.5T". Near resonance, the probe field is absorbed as expected.
However, on resonance, there is a narrow peak indicating that the probe field is no longer
absorbed, showing the EIT phenomenon. On the hand, in Fig. 5(b) we increased the
Rabi frequency of the control field tenfold, rendering a completely different transmission
curve. The once thin peak that indicated the EIT phenomenon is no longer present

and we see a doublet structure. This is a characteristic signature of the Autler-Townes
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splitting, our main focus in section 3. For now, it is sufficient to say that for strong fields,
the excited level is split into two different levels. These two levels are separated enough
to distinguish the excitation routes, eliminating the interference once responsible for
the EIT and rendering two well-separated peaks. The transition between EIT and AT
splitting is still nowadays a topic of interest [57, 58]. A final comment is about how the
two peaks are separated by 2Q,. This separation might change considerably depending
on the Doppler-broadening and the geometric arrangement of the experiment, as we

detail in the following section.

This simple example described here sets the first steps of the modeling of the
actual experimental results of this thesis. We will in the following sections introduce
phenomena connected to the Doppler broadening, the geometry of the nonlinear pro-
cess, or even the stochastic phase of the input fields. Overall, the route to obtaining the
equations of motion and eventually the final output signals follow the procedure shown

here but with the proper adaptations to each situation.
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3 COHERENT BLUE LIGHT GENERATION IN A DOPPLER-BROADENED FOUR-
WAVE MIXING PROCESS

In this section, we present our results on the coherent blue light (CBL) generation
via four-wave mixing (FWM) in a hot vapor of rubidium atoms using a combination of
a cw diode laser and a 1 GHz femtosecond pulse train. Special atention is directed
towards two aspects of the problem: an analysis of the Autler-Townes (AT) splitting of

the CBL signal [59] and an interference effect between FWM excitation routes [60].

We obtain the CBL signal by scanning the cw laser frequency or the repetition
rate of the pulsed laser. In both scenarios, there is an AT splitting with a large separation
in the doublet structure due to the configuration of copropagating fields. We will see that
this is in opposition to the typical result found in the literature for AT splitting which scales
with the Rabi frequency. Moreover, if one scans the repetition rate of the femtosecond
pulse train in a specific region of values, the spectra present a narrow peak, which we
interpret as a sign of the interfering pathways of excitation. We model both results, the
interference pattern and the AT splitting, employing the density matrix formalism to write
the Bloch equations and solve them numerically. For the interference effect, the solution
shows that the narrow peak appears only when both lasers are resonant with one- and
two-photon transitions for the same atomic velocity group. As for the AT splitting, we
use the model to detail cases beyond the experimental setup, comparing, for instance,
the fluorescence and the FWM signal for homogeneously and non-homogeneously
broadened systems. We also study how the AT splitting behaves if one scans the strong

or the weak laser beam.

3.1 Optical pulse train

For the experiment described in this section, we use a combination of continuous
and pulsed laser sources. In order to proceed, we first provide some details about the
pulsed laser and how it interacts with the atomic vapor. A mode-locked pulsed laser
is a sequence of optical pulses with a well-defined phase relationship separated by a

constant time interval. These lasers are said to be mode-locked and can produce a
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series of extremely short, intense pulses of light at a very high repetition rate. These
pulses are typically on the order of picoseconds or femtoseconds in duration and can

be generated at repetition rates up to several gigahertz.

Mode-locked lasers are used in a variety of applications, including spectroscopy,
time and frequency metrology, and optical communication [61]. The basic principle of
mode-locking is to create a feedback loop within the laser cavity that locks the phase of
the laser’s output field to a specific value. This can be achieved by using a nonlinear
element, such as a saturable absorber or a Kerr cell, to modulate the gain of the laser.
When the gain of the laser is modulated in this way, it creates a series of pulses that are

evenly spaced in time.

One of the key features of mode-locked lasers arises in the frequency domain
since they generate a series of equally spaced frequency components, known as a
frequency comb. A frequency comb is a periodic array of equally spaced frequencies that
can be used as a very precise frequency ruler. One of the main advantages of frequency
combs is their ability to provide a highly precise and stable frequency reference, when
locked into a frequency pattern. This makes them ideal for applications where high
accuracy and stability are required, such as in spectroscopy and time and frequency
metrology [62]. In spectroscopy, frequency combs can be used to precisely measure the
absorption or emission spectrum of a sample, and to detect extremely small differences

in the frequencies of the absorbed or emitted light.

Frequency combs are also employed in optical communication systems to trans-
mit large amounts of data over long distances. In these systems, the frequency comb
is used to generate a series of optical carriers at different frequencies, transmitting
data with a technique known as wavelength division multiplexing (WDM) [63]. In turn,
WDM systems are used to transmit multiple optical signals over a single fiber by using
different wavelengths for each signal and are widely common in modern communication

systems.

In our experiment, we have a mode-locked Ti:sapphire laser (BR Labs Ltda),
which emits 100 fs pulses at a 1 GHz repetition rate, with a maximum output average

power of 500 mW, and a 20 nm bandwidth centered near 776 nm. It is helpful to analyze
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Figure 6 — Diagrammatic representation of a pulse train in the time domain and its respective Fourier transform.
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the mathematical description of such a laser source. Consider the electric field [64]:
N-—1

Efs (l) _ Z gfs (t N nTR)e—i(wfst—na)fsTR-ﬁ—nAq))’ (69)
n=0

where, £7,(t) is the pulse envelope of the fs field; Tz is the repetition period; N is
the number of pulses; wy, is the frequency of the carrier wave; and A¢ is the phase

difference between each pulse, introduced by optical elements within the laser cavity.

This train of ultrashort pulses can be thought of as a frequency comb if one
describes the electric field amplitude in the frequency domain. Therefore, taking the

Fourier transform of Eq. 69 renders:

N—1

Ers(@) = &0 — wp) Y e mM@TrmA0), (70)
m=0

A representation of the pulses and frequency modes is provided Fig. 6. Notice

that, in this representation, the modes are depicted as thin lines. The actual width of

each frequency mode is ~ 1/n1;. Therefore, the modes are thinner as the number of
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pulses increases. In the limit N — oo:

Ep(@) = 208 (0 — o) i Y, 80— o), (71)

m—=—oo

in which
O = 27t(fo +mfr), (72)

where we consider A¢ fr = 2nfy; the repetition rate is defined as 1/Tx = fr; @y, IS
the frequency of the mth mode of the frequency comb; and f; is the so-called offset

frequency.

Finally, the number of modes in the frequency comb is of special interest. In
our case, for fr = 1 GHz and 100 fs pulses, there are about 10* frequency modes in
our laser. This repetition rate is measured with a photodiode and phase locked to a
signal generator (E8663B-Agilent), with 1 Hz resolution, using a cavity mirror mounted
on a piezoelectric transducer (PZT) allowing to scan fg. The carrier-envelope-offset

frequency, fo, is free running.

In terms of application, we are interested in employing this type of pulsed laser to
perform spectroscopic measurements. In particular, when a frequency comb with such
a high repetition rate interacts with an atomic medium, the necessary conditions for the
coherent accumulation [65] are fulfilled since the atomic relaxation time is much larger
than the time interval between pulses. In addition, for this 1 GHz repetition rate, only
one or two modes lie within the Doppler width, which allows the treatment of the pulsed
laser as a series of continuous modes that interact with the atoms. This is critical to the
results we present here and how we model them. For instance, some works perform
spectroscopy taking advantage of this, distinguishing the different hyperfine levels and

investigating the coherent processes induced by the train of ultrashort pulses [66, 67].

In fact, one can employ different types of spectroscopy using a combination of
this high-repetition-rate pulsed laser and a cw laser. That is, the repetition rate of the fs
laser is fixed and the different atomic velocity groups are selected as the frequency of
the diode laser is scanned. This technique is called velocity-selective spectroscopy [68].
On the other hand, we can scan the repetition rate itself and fix the diode frequency,

leading to a case in which a specific group of atoms is probed each time.



Section 3. Coherent Blue Light Generation in a Doppler-Broadened Four-Wave Mixing Process 48

3.2 CBL experimental setup

Our initial goal with this experiment was to extend a previous study of the CBL
generated in rubidium vapor, now using our 1 GHz pulse train instead of the previous 100
MHz pulse train [67]. This change in parameters, increasing the frequency separation
between the optical modes, allows us to easily distinguish the blue signal generated by
each mode of the frequency comb. Consequently, the results resemble those obtained
using two cw diode lasers [69]. However, we will show that the combination of pulsed and
continuous lasers allows the observation of a few novel effects, such as the interference

between excitation routes.

A diagrammatic representation of the experiment is depicted in Fig. 7, together
with the relevant energy levels in the center. For simplicity we label the levels 5S; ,,
SP3/», 5Ds)5, and 6P3, as [1), [2), [3), and |4), respectively. We use a mode-locked
Ti:sapphire laser, with the parameters already described, together with a diode laser
stabilized in temperature and with a linewidth of about 1 MHz. This linewidth is much
smaller than the hot Rb Doppler linewidth (of hundreds of MHz). The cw laser has a
transverse mode TEM,, with a 0.7 mm beam waist, while the fs laser has a beam waist

of 0.6 mm, both measured at the Rb cell position with a CCD camera.

The two beams have parallel circular polarizations obtained with polarizing beam-
splitters (PBS) and quarter-wave plates. These beams are aligned in a copropagating
configuration and pass through a 5 cm long cell containing natural Rb heated up to
~ 100 °C. Throughout the measurements, the average power of the fs laser is fixed at
250 mW (~ 7 W/cm?) while the power of the diode laser varied from 0.070 up to 4.5
mW (1.4 to 90 mW/cm?), both values acquired at the cell entrance. With a set of lenses,
we focused both beams in the center of the cell to increase the intensity, collecting them

after the Rb cell with another lens.

The two copropagating beams, at 780 nm (cw) and 776 nm (fs), drive each step
of the two-photon transition 5S, , —+ 5P3,, — 5Ds, of 8Rb. Since these input beams
have circular polarizations, there is a significant optical pumping whitin the Zeeman
sublevel structure. Hence, the excitation process only happens in states with the highest

mg. Moreover, if the repetition rate of the pulsed laser is chosen very carefully, there
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Figure 7 — Experimental setup with relevant energy levels of $Rb. BS, L, M, PBS, PMT, and SAS indicate beam-
splitter, lens, mirror, polarizer beam-splitter, photomultiplier, and saturated absorption spectroscopy, res-

pectively.
Ti:53PPNIre [kl el Counter o
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BS BS PBS

Rb vapor

Source: Ref. [60].

will also be a frequency mode in the first transition 5S; , — 5P3,, but in this initial

description, we do not consider this case.

The combination of both lasers exciting the two-photon transition, together with
quantum fluctuations, is sufficient to induce a parametric process [70]. Hence, there is
an induced coherence between the levels 55, , and 6P ,, leading to the generation
of new light beams at 5.23 um (mid-infrared) and 420 nm (blue). The infrared field
undergoes the process of amplified spontaneous emission (ASE) but it cannot be
detected as it is absorbed by the pyrex cell that holds the vapor. Our main focus is on
the blue signal generated through the FWM process. This CBL signal is selected using
a blue bandpass filter and diffraction gratings to, only then, be sent into a photomultiplier

tube and recorded by an oscilloscope.
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Figure 8 — Simplified scheme of the saturated absorption spectroscopy. Ol, BS and ND are optical isolators, beam-
splitters, and neutral density filters, respectively.

Rb Cell

Source: The author (2023).

3.2.1 Saturated absorption spectroscopy

In Fig. 7 we show that part of the light of the diode laser is taken to a saturated
absorption spectroscopy (SAS) experiment. Let us detail this experimental technique

and its importance to our experiments.

The diode laser frequency can be tuned in a range of about 10 GHz by changing
the injection current of the laser head. Therefore, we can choose which rubidium isotope
we want to study. However, most of our results are with 33Rb, since this isotope renders
larger signals. It is crucial to monitor the frequency of the diode laser and to do so we

use the results of SAS.

The SAS setup is shown in the simplified scheme of Fig. 8. Only a small fraction
of the laser power is necessary to perform the SAS, so we use a microscope slide to
divide the beam into two parts. The stronger beam goes to the CBL experiment, while

the weaker is used in the SAS.

This experimental method, a well-known type of Doppler-free spectroscopy, uses
a pair of counter-propagating beams to distinguish the hyperfine levels of an atomic
vapor. These beams are called pump and probe, the latter being less intense, and they
interact, in our system, with a sample of rubidium atoms. Both vapor cells, the reference
one in the SAS setup and the one in the CBL setup, contain the two stable isotopes of

rubidium in natural abundance, i.e. 72.2% of 8°Rb and 27.8% of 3’Rb.

Separately, the pump and probe beam absorption lines in the atomic vapor are
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Figure 9 — Saturated absorption spectroscopy of the Rb. The zero of the horizontal axis corresponds to the closed
transition |F = 2) — |F’ = 3) of 3 Rb. The inset graph is a zoom of this last transition with the crossover

between |F’ = 1) and |F’ = 3) circled.
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broadened by the Doppler effect. However, when both lasers have the correct frequency
of one of the hyperfine levels and interact with the same velocity group of atoms, the
probe beam is less absorbed resulting in a peak in the transmission measurement, as
shown in Fig. 9. Notice that there are four absorption dips in this result because each
isotope has two hyperfine ground states. Inside each one of these dips, there are six
peaks, meaning that on six occasions the pump and probe beams were interacting with

the same atoms.

Due to angular momentum selection rules, only three transitions are allowed
from the hyperfine ground states. Thus, only in three out of these six peaks, both beams
are interacting with the same hyperfine level. The other three peaks are crossover
transitions, i.e. the pump beam is resonant with one hyperfine level while the probe

interacts with a different one, for the same group of atoms.

3.3 Autler-Townes splitting

In the previous sections, we have presented the basic tools and experimental
setup for the generation of the CBL signal. We focus now on the experimental results
regarding the dynamic Stark shift observed in this signal, under particular conditions.

Furthermore, we aim to understand why this phenomenon does not present itself in the
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typical way seen in the literature.

The dynamic Stark shift, also known as the AC Stark effect, is a phenomenon
that causes the splitting of energy levels in a transition driven by a strong field that is
near resonant. This effect can be observed in fluorescent spectroscopy as the Mollow
triplet [71, 72], which is caused by the splitting of the “bare” atom states into two
“dressed” states with a separation that is proportional to the Rabi frequency. In three-
level systems, this effect is known as Autler-Townes (AT) splitting [28]. In this case, the
Stark-shifted levels stimulated by a strong laser field are probed by a weak field in a
different transition, resulting in a double peak structure in the weak field transmission
curve. In our experiment, the diode laser serves as the strong field in the first transition,
while the optical modes of the fs laser act as the weak field (power per mode ~ 50uW)

in the second transition of this three-level ladder system.

The Autler-Townes doublet has been extensively studied in atomic and molecular
spectroscopy for various purposes. For example, the AT splitting has been used to
measure transition dipole moments and lifetimes of highly excited states [73, 74], to
store information in quantum memories [75], and to study microwave propagation in
transmission lines [76]. However, in our experiment, we aim to understand why the

dynamic Stark shift does not present itself in the usual way seen in the literature.

In a typical three-level cascade system, counterpropagating laser beams are
used to explore the almost Doppler-free configuration when the wavelength difference
between the two transitions is small. Early studies investigating the AT splitting in a
Doppler-broadened medium were conducted in the 1970s [77, 78, 79]. In these cases,
it can be challenging to analyze the system analytically, especially in the high-intensity
regime. Therefore, numerical methods are often used to study the system, such as the
work of Ahmed and Lyyra [80], which investigates the impact of the Doppler width on
the observation of the AT splitting for co- and counter-propagating beams. They show
that the presence of the AT splitting in the fluorescence depends not only on the Rabi
frequency but also on the ratio between the wavenumbers of the coupling and probe
laser beams. In particular, the AT doublet is difficult to observe in the copropagating
beams configuration, as it does not cancel the Doppler broadening. However, as our

results demonstrate, the AT doublet can be distinguished in the CBL signal using a
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copropagating setup. In addition, we want to explore how the AT manifests itself in the
CBL under two different frequency scanning scenarios: scanning either the repetition

rate of the pulsed laser or the cw laser frequency.

Overall, the Autler-Townes effect is an important and widely studied phenomenon
that has a wide range of applications in a variety of fields. By understanding the
underlying physics of the effect and developing new techniques to control and manipulate
the Autler-Townes sublevels, it is possible to harness the full potential of this effect and

to advance our understanding of atomic and molecular systems.

3.3.1 Experimental results

Let us begin the discussion of the experimental results with the scenario in which
we scan the repetition rate of the fs laser. By proceeding in this manner we change
the spacing of the optical modes delivered by the femtosecond laser. We show in Fig.
10 the intensity of the CBL as a function of the Ti:sapphire optical mode detuning (6,3)
(bottom axis) or repetition rate (top axis), for different intensities of the diode laser. The
diode laser was almost resonant with the closed transition 5S,, F =3 — 5P3 5, F =4
for the zero velocity group, though its frequency may have varied slightly from curve to
curve as we did not use a frequency lock. Instead, we turned off any current modulation
in the laser head using the SAS curve as a reference. However, this may have caused
the frequency to drift slightly. These measurements were taken with the Rb cell at a
temperature of 74 °C, which corresponds to an atomic density of approximately 10'2
atoms/cm? [81]. Based on measurements of the laser power before and after the Rb
cell, we estimate that the intensity of the diode laser at the center of the cell ranged
from I, = 1.27 to 14.5 mW/cm?, while the intensity per optical mode of the Ti:sapphire

laser was approximately >3 ~0.42 mW/cm?.

As the power of the strong field increases, we observe a doublet structure in the
results shown in Fig. 10. The separation between the peaks depends on the power of
the diode laser as well. This structure is typically caused by the energy level splitting
resulting from the dynamic Stark shift. However, in this case, the frequency separation
is much larger than what would be expected based on the Rabi frequency of the strong

field. Normally, the frequency separation scales linearly with the Rabi frequency (or the
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Figure 10 — CBL as a function of the optical mode detuning in the |2) — |3) transition, for diode laser intensities from
1.27 mW/cm? up to 14.5 mW/cm? (estimate at the middle of the cell). Bottom axis: detuning of the optical
mode nearest to resonance. Top axis: the correspondent repetition rate variation from fz =990.410 MHz.
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Source: Ref. [59].

square root of the laser power) and is of the order of the Rabi frequency itself. In the
results shown in Fig. 10, the frequency separation is hundreds of MHz, while the Rabi
frequency of the diode laser (strong field) is only in the tens of MHz. In the following
sections, we will use a theoretical model to try to explain these characteristics. It is
important to note that, even though this is a more typical setup with the strong laser
fixed in frequency and the weak laser scanning, the copropagating configuration of
the experiment does not eliminate the effects of Doppler broadening. It is much more
common to study the AT splitting using counter-propagating configurations, as these

lead to Doppler-free results.

In addition to the doublet structure, our model will also address the asymmetry
in the double peak shape and the behavior of the signal amplitude as a function of the

strong laser power. The asymmetry may be connected to the fact that the diode laser
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was not locked in frequency and may have drifted slightly. The signal amplitude appears
to have a saturation behavior, as the curve with the highest laser power is much smaller

than the others.

To calibrate the horizontal axis of this graph we remember that, for a resonant
mode of the frequency comb (8,3 = 0, for the zero velocity atoms), the transition fre-

quency w3 must match an integer multiple of the repetition rate (see Eq. 72). Therefore

w3
T mfg. (73)

If we treat m as a continuous variable, then a small change Am implies in

__ @3
Afg = anzAm’ (74)
2n ,
= —— fpAm. 75
waR (75)

For neighboring modes (Am = 1), the change in the repetition rate is |Afz| =~ 2.5 kHz. With
this, we can connect the variations in the repetition rate with the changes in the optical
frequency. Note that each curve in Fig. 10 includes a pair of doublets that correspond
to the CBL signal generated by two adjacent modes of the frequency comb. We can
use the frequency difference between these two doublets to calibrate the bottom axis
(optical frequency), with a repetition rate of approximately 990.4 MHz, and consequently,

calibrate the top axis (repetition rate variation).

In Fig. 11, we present the results for the second frequency scanning scenario,
where the frequency of the diode laser (strong field) is varied while the fs laser (weak
field) has a fixed frequency. In this case, the repetition rate is locked, but the offset
frequency of the pulse trains is free running. The characteristics of these results are
similar to the previous ones. Again, as the power of the strong field increases, a double
peak structure appears. Now, we see a contribution from only one mode of the frequency
comb. The asymmetry in these results is more pronounced and could be caused by two
factors: differences in diode laser absorption across the three hyperfine transitions of the
Rb D, line, and the mode of the Ti:sapphire laser not being precisely on resonance due

to the drifting offset laser frequency. The first factor could be addressed by using large
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Figure 11 — Normalized CBL as a function of the diode laser detuning, for a fixed Ti:sapphire laser intensity and
diode laser intensities ranging from I}, =1.52 up to 10.6 mW/cm? (estimate at the middle of the cell).
The calibration of the diode laser detuning is obtained with saturated absorption spectroscopy (top
curve).
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Source: Ref. [59].

magnetic fields as proposed in Refs.[82, 83]. We will show in the theoretical subsection
that even a small detuning can change the symmetry of the FWM signal. As for the
splitting of the doublet, we again see a linear dependence on the square root of the
diode laser power, and a frequency separation that is at least one order of magnitude
larger than the Rabi frequency of the strong field (see Fig. 20). This is the main feature

we will attempt to explain in the following subsection.

3.3.2 Theoretical model

In this subsection, we aim to model our experimental results and identify the

physical mechanisms responsible for the characteristics we observed. To do this, we
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consider a four-level system based on the rubidium excitation route 55, — 5P/, —
5Ds,, — 6P3)5, labeled as [1), [2), |3), and |4), respectively (see Figs. 7 and 12). Our
focus is on the CBL generated near the |[4) — |1) transition (420 nm) when three input
fields with Rabi frequencies Q1,, Q;3, and Q34 copropagate through Doppler-broadened
rubidium atoms. We assume that the interaction between the atomic system and the fs
laser satisfies the conditions for coherent accumulation, as the atomic relaxation time is
much longer than the time interval between pulses. Additionally, our frequency comb
has a repetition rate such that only one or two modes can interact simultaneously with

the velocity groups. Therefore, our theoretical treatment will only consider cw fields.

The electric fields present in the Hamiltonian can be written as
E;(r,1) = g, &e kir—on) 4 o o (76)

where g is the polarization vector, &; is the field amplitude, k; is the wavevector, w; is the
frequency of each field, and c.c. represents the complex conjugate. The Rabi frequency
for the |j) — |k) transition is defined as Q j = “%ﬁl where pj = (j| (L - &) |k), with j #k,
is the transition dipole matrix element. For simplicity, we will ignore the spatial part of
the fields in our calculations, as we are only interested in the spectral response of the

FWM process that leads to CBL generation.

There are a few approaches we can take to understand the energy level splitting
observed in our results. One approach is to use the dressed state formalism, which
naturally introduces new energy levels. In this case, the field in the |1) — |2) transition
is intense, causing the Stark effect to split the energy level structure and create new
resonances associated with the dressed states |1;+) and |2;+) (see Fig. 12). These

new states have an energy shift given by [49]:

S, 1
W+ = —%iiwﬂﬂ%z-i—élz, (77a)
S, 1
Wy = +%2i§,/4g%2+5122, (77b)

where §;; is the detuning of the field regarding the |i) — |j) transition.

This formalism might ease some of our analysis and notation. However, we

choose a different path. We will solve numerically the Bloch equations using the atom
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Figure 12 — Stark-shifted rubidium level diagram considering a strong field in the |1) — |2) transition. Q;; and §;; are
the Rabi frequency and the detuning of the field regarding the |i) — |j) transition, respectively.
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Source: Ref. [59].

states basis, in a similar procedure of the previous section. We begin the analysis
employing the density-matrix formalism with Liouville’s equation (see Eq. 27). In this

four-level case, the matrix representation of the hamiltonian A, in the rotating frame, is

)
O—# _9/1*2 021 _QIZS 0
0 —QF w1 —Qy

oy 0 -0 ey

In this notation, Q' = Qe'®’, in which @y is the frequency of the laser in a particular
transition. The density-matrix elements should be similar to the example in section 2.
However, we add the velocity component v, in the direction of the propagation of the

lasers, to the detuning terms. Hence, we write the Bloch equations as
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P11 = —iQo1+c.c.—iQ4014+c.c+T20p +T41paa, (79a)
P = Q2012 +c.c. — Q3023+ c.c. —Tnpr +T30p33, (79Db)
P33 = Q3003 +c.c. —iQ34034+c.c. — (T'3p +134)p3a, (79c)
Pas = —iQ34003+c.c.+iQ14014 +c.c. +T34p33 —T41 P44, (79d)
612 = [i(612 —ki2v) — Y12] 012 +iQ14042 — Q03013 +iQ12(p22 — p11),  (79€)

623 = [i(83 —ka3v) — 23] 023 +iQ12013 — iQ43004 + iQ03 (P33 — P22), (79f)

( ) - )
( )= ( )
Gla = [i(614 —k14v) — Y14] O14 + iQ12024 — iQ43013 + iQ14(Paa — P11), (799)
( )= ( )
(

643 = [i(043 — ka3v) — Ya3] 043 + Q14013 — Q223042 + 1Q43(P33 — pas),  (79h)
613 = [i(612+ 623 — (k12 +k23)v) — Vi3] 013 +

+  iQ12023 + Q214043 — iQ23012 — iQ43014, (79i)
Gy = [i(614— 612 — (k14 —k12)v) — 14| 024 +

+ Q12014 +i823034 — Q14021 —iQ43023. (79))

where yj, represent the relaxation rates of the coherences, I'j; is the population spon-
taneous relaxation rate from a |k) state to a | ) state, J;x and kj; are the detuning and
wavenumber of the field associated to the Rabi frequency Q j, and o, = pjre 1" is the

slow envelope of the coherence p ;.

Out of all elements of the density matrix, we are interested in the coherence o4
and the population of the state |3), p33. The square modulus of o4 connects with the
FWM signal while the upper state population represents the fluorescence emitted by the
atoms. To compare the results with the experimental data, one must take into account

the contribution of all velocity groups of the hot vapor:

P33 = / p33(v)f(v)dv, (80a)
G = [ _oumsar. (80b)
where f(v) is the Maxwell-Boltzmann velocity distribution.

In order to obtain the results presented in the following sections, we solved

the Bloch equations (Egs. 79) numerically using the fourth-order Runge-Kutta method
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Table 1 — Numerical parameters for the theoretical model.

Decay rates (MHz)

I 271 x 6.06
F33 271 x 0.66
F44 2nx 1.3
I3 0.65T"33
| BV 0.35T'33
Y12 /2
V3 (I'33+T22)/2
V34 (T334+T44)/2
T4 F44/2
"3 F33/2
Y4 (Tyq+T122)/2
Wavelengths (nm)

M2 780
A3 776
A4 5300
M4 420

Source: Ref. [46, 45].

over a time period of r =0 to r =2 us (code available in Ref. [84]). This integration
time is approximately the average transit time of the atoms through laser beams with
a diameter of 0.2 mm. The initial conditions we used were p;;(0) =1 and px(0) =
p33(0) = p4a(0) = 0;;(0) = 0. This calculation is computationally intensive, so we used
three graphics processing units (Nvidia RTX 2070 Super) to solve the differential
equations simultaneously for all velocity groups. The numerical parameters we used
in all our computations are listed in Table 1. The decay rates and wavelengths come
from Ref. [46, 45]. To simulate the amplified spontaneous emission that occurs in the
5D — 6P transition [69], we set a small Rabi frequency value for the 5.23 um field (Q34
= 1 rad/s) to act as a seed in the FWM process. Additionally, we fixed the frequency
of this field on resonance (d34 = 0) and, as a result, ;4 = 81> + &3 — 834 due to energy

conservation.

3.3.2.1 Velocity dependence of the fluorescence and CBL

Before including the contribution of all atoms and therefore introducing Doppler
broadening, it may be helpful to examine the dependence of the fluorescence and CBL
signal on each atomic velocity group. As in the experiment, we consider two frequency

scanning scenarios, where either the frequency of the weak beam (Q,3) or the frequency
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Figure 13 — (a) p33 as a function of 8,3 and v, considering Q,/(2x) = 12 MHz, Q3 /(27) = 0.6 MHz and &y, = 0. (b)
p33 for three velocity groups. (c) ps3 integrated over the Maxwell-Boltzmann distribution.
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of the strong beam (Q),) is varied.

First, let us consider the case where we scan the frequency of the weak beam
Q3 while the strong beam is in resonance with the |1) — |2) transition (8, = 0) for the
zero velocity group. In Fig. 13(a), we present the population of the upper state p3; as a
function of 6,3 for various velocity groups. The fluorescence signal is proportional to this

term in the density matrix, so all the analysis regarding this signal will be based on ps3.

We highlight the behavior of the population ps3 for three specific velocity groups
in Fig. 13(b), where it is possible to see the doublet structure due to the dynamic Stark
shift. If we consider k; ~ ko3 = k, then the peaks of the doublets shown in Fig. 13(b)

arise when the two-photon condition is satisfied. Therefore, we solve the equation
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O3 —kv+ amp =0 and find that ([77])

3y 1
8 = TViT/m%ﬁksz. (81)

Whenever v # 0, the doublet is asymmetric as the red curve in Fig. 13(b) indicates.
Moreover, the nearest side-band from the resonance is always smaller [85]. Even though
specific velocity groups might have a level splitting, the Doppler-broadening hides the
AT effect, as it is possible to observe in Fig. 13(c). This result is also in agreement with
the discussion in Ref. [77]: one should observe a larger power broadening without any
splitting in the fluorescence signal. Consequently, it is unlikely to observe the splitting
in experiments that detect only fluorescence. However, as we will show, the FWM can

reveal this effect in the CBL signal, even after the Doppler integration.

In Fig. 14, we present a similar analysis for the coherence o4, where we first
examine the response of each velocity group and then obtain the total response of the
Doppler-broadened medium. We are interested in the FWM signal, so we look at the
squared modulus of o4 rather than the coherence itself. The color map in Fig. 14(a)
shows a doublet structure, similar to Fig. 13(a), but the overall curve shape is different.
To understand this curve in more detail, we can look at specific velocity groups in Fig.
14(b). The peak positions of each of these curves are dictated by Eq. (81), linking their
origin to the FWM process.

It is important to note that we present the squared modulus of o4 for each
velocity group in Fig. 14(a) and (b). However, if the phases between each velocity group
are relevant, we must first integrate the coherence o4 with the Maxwell-Boltzmann
distribution, and only then take its squared modulus, as shown in the blue curve of
Fig. 14(c). There are situations, which we explore in the following subsection, where
we can neglect these phases and integrate the squared modulus of the coherence
directly, but for modeling the AT splitting, it is crucial to perform these calculations in
the correct order. As discussed in Ref. [86], the macroscopic field polarization from
different ensembles of atoms within the atomic velocity groups can interfere, leading to
a modification of the FWM spectra. To illustrate the difference between the two ways of

calculating the signal, we present the dashed curve in Fig. 14(c), where we first take the
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Figure 14 — (a) |o14(v)|* as a function of &3, for many velocity groups, considering Q,/2x = 12 MHz, Qy3/21 =
0.6 MHz and &;, = 0. (b) |o14(v)|* for three velocity groups. (c) Blue: o4 integrated over the Maxwell-
Boltzmann distribution and then squared; Dashed line: |o14|? integrated over the Maxwell-Boltzmann

distribution.
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squared modulus of the coherence and then integrate it. It is clear that, although the
splitting is present, the frequency distance between the peaks is larger than in the blue

curve

The comparison between Figs. 13(b) and 14(b) renders interesting results. One
can see that the behavior of the coherence o4 is significantly different from the popula-
tion p33 when it comes to the nonzero velocity groups (see the green and red curves).
Once the velocity increases, there is a dramatic difference in the coherence response
near resonance. The AC Stark effect takes place and splits the level structure for each
velocity group, as in the red curve of Fig. 14(b). However, the peak near resonance is
very small. Once all the groups add up in the Doppler integration, they contribute to
the FWM signal in the blue curve of Fig. 14(c) with a doublet-like structure. The same

argument applies to the population p3;3. However, in this case, the difference between



Section 3. Coherent Blue Light Generation in a Doppler-Broadened Four-Wave Mixing Process 64

the peak’s amplitude is not as dramatic as with the coherence, so once the groups add

up, the splitting is gone.

Let us analyze the second frequency sweeping scheme. This is an unusual case,
in which we investigate the presence of Stark shift as a function of the strong field
detuning, 0;2. That is, the same field that splits the energy level is the one we scan.
Using again Eq. (77b) and the resonance of two photons with the frequency of the
weak field fixed at the resonance (4,3 = 0), we obtain the following equation for the peak

position, considering v # 0:

2k2 2 QZ
012 = — 12 (82)

The analysis is very similar for this case. We examine the behavior of the upper
population p33 as a function of the detuning 6;,, while keeping the Rabi frequencies
Q1 and Q3 constant at 2z x 12 MHz and 2z x 0.6 MHz, respectively, and setting the
detuning &3 to zero. The results are shown in Figs. 15(a) and (b). It is interesting to
note that the two-photon resonance condition is never satisfied for a velocity of v = 0.
However, for very small velocities (v < 3 m/s), a far detuned Qi field is necessary to
achieve two-photon resonance. The black and red curves in Fig. 15(b) correspond to
a non-resonant situation, where the Q,; field does not resonate with the Stark-shifted
sidebands .. In contrast, the green curve in Fig. 15(b) corresponds to an exact
two-photon resonance, which results in a higher, narrow peak. Since Equation (82) has
a single solution, there is not a doublet-like structure. When the Doppler integration is
performed, the contribution of the non-resonant two-photon transition near 6,, = 0 for
many velocity groups is sufficient to produce a large value of ps3 near resonance, which

hides the Autler-Townes (AT) splitting, as can be seen in Fig. 15(c).

The copropagating setup is a key factor in explaining the absence of the Autler-
Townes (AT) splitting in the upper population of a Doppler medium. In this geometric
arrangement, an experimental fluorescence measurement would not show the cha-
racteristic two peaks of the AT doublet. This is because the observation of the AT
splitting depends on the relationship between the wavevectors and intensities of the

incident beams, as noted by Feneuille and Schweighofer [77]. In contrast, in the typical
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Figure 15 — (a) p33 as a function of 8, and v, considering Q,/(2x) = 12 MHz, Q3 /(27) = 0.6 MHz and 8,3 = 0. (b)
p33 for three velocity groups. (c) ps3 integrated over the Maxwell-Boltzmann distribution.
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counterpropagating setup, the AT splitting can be observed regardless of which beam is
sweeping, the strong or the weak [87]. However, if the atoms are at rest, the behavior is

the same for copropagating and counterpropagating beams.

We present the results for the coherence o4 in Fig. 16, using the same parame-
ters as in Fig. 15. As with p33, we examine the squared modulus of 4. In comparison
to p33, 014 is even more sensitive to the velocities of the atoms, leading to a small value
near v =0, as shown in Figs. 16(a) and (b). When the Doppler integration is performed,
the doublet structure becomes dominant, resulting in a dip in the squared modulus of
the integrated coherence, |G14)*, as shown by the blue curve in Fig. 16(c). This dip is a
consequence of the Stark shift combined with a non-satisfied two-photon transition for

low velocities.

It is important to notice that in this frequency-sweeping regime, the phase

between velocity groups is not as relevant to the frequency distance between the
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two peaks as it was for the weak field frequency-sweeping results. The dashed line
of Fig. 16(c), obtained first by taking the squared modulus of the coherence and then
integrating it, is slightly wider than the blue curve. Nevertheless, the following results

have the same calculation procedure as the blue curves of Figs. 14(c) and 16(c).

We must emphasize that, while for copropagating beams, the results for fluores-
cence and FWM are different whether it is the strong or the weak beam that is scanning,
for a configuration of counterpropagating beams, the AT splitting can be observed both

in fluorescence and in FWM, no matter which laser beam is being swept [88].

It appears that different physical mechanisms contribute to the presence of the
doublet structure in the FWM signal and the lack of it in the fluorescence when the
Doppler integration is performed for the two frequency sweeping mechanisms. We will
delve deeper into these mechanisms and highlight their differences in the following

subsection.

3.3.2.2 Doppler integration

For a group of atoms with a velocity of v = 0, there are an infinite number of
combinations of laser frequencies that satisfy the two-photon resonance condition for
the transition |1) — |3). These combinations are given by the equation 6y, + 83 = 0.
However, as shown in Fig 17, where |614|2 is plotted as a function of the laser detunings
012 and 8,3, this coherence is dominated by the two-photon transition when one-photon
resonances are also present (6;, = 6,3 =0). The color map in Fig. 17 is plotted on a

logarithmic scale.

The integration of the Maxwell-Boltzmann distribution of velocities introduces
additional possibilities, as shown in Fig. 18(a). This figure displays the square modulus
of |G14|* for the same intensities as in Fig. 17, but with the integration of the coherence
with the Maxwell-Boltzmann distribution as previously discussed. The configuration
where 8, = 63 = 0 still dominates, but for copropagating beams, |614|? is much higher
when 81, = 6,3 compared to 0, = —&3. This is because there is always a group of
atoms with velocities around 8,3 /k»3 that are simultaneously in one- and two-photon

resonance when 8, = 6,3 is selected since k)3 ~ kj, for the rubidium energy levels.
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Figure 16 — (a) |o14(v)|*> as a function of §;», for many velocity groups, considering Q,/2x = 12 MHz, Qy3/21 =
0.6 MHz and 8,3 = 0. (b) |o14(v)|* for three velocity groups. (c) Blue: o4 integrated over the Maxwell-

Boltzmann distribution and then squared; Dashed line: |c14|> integrated over the Maxwell-Boltzmann
distribution.
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Now, consider an increase in the Rabi frequency of the field in the lower transition
(1) — |2)). There is a significant impact in the FWM due to the Stark shift, as Fig. 18(b)
shows. In this figure, we plot |614|2 as a function of 6,2 and &5 when the lower transition
is driven by a strong field (Q1,/27 = 12 MHz) and the weaker field (Q;3/27 = 0.6 MHz)
stimulates the upper transition |2) — |3). It can be seen that the single peak in Fig. 18(a)
splits into two peaks located above the line 6, = —&,3. As a result, there is a doublet
structure in the typical configuration (weak beam varying its frequency with the strong
beam on resonance) and in the opposite situation (strong beam scanning with the weak

beam fixed on resonance), as shown in Figs. 18(c) and (d).

Additionally, the asymmetry observed in the experimental data can be explained
by considering the velocity group of atoms that the fixed frequency laser is resonant

with. If the fixed frequency laser is resonant with a different velocity group that is, d,3 or
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Figure 17 — Coherence |014|2 as a function of 8, and 8,3, for a group of atoms with v =0 in a weak field regime:
Qi3 = Q3 =27 x 0.6 MHz. Logarithmic scale.
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012 # 0, the signal becomes asymmetric, regardless of the frequency scanning scheme.

It is important to remember the results from the previous subsection. The Autler-
Townes splitting appears for each velocity group in both scanning configurations in
the coherence |614(v)|2, but the final FWM spectra can only be obtained after proper
Doppler integration. Therefore, the splitting observed in the FWM is not solely due to
the Stark effect but is also connected to the Doppler integration as the velocity groups

contribute differently to the final FWM output (see Figs. 14(c) and 16(c)).

It is interesting that this particular combination of effects only manifests itself as a
double peak structure in the FWM. We hypothesize that it is connected to the scaling of
the FWM with the one- and two-photon coherences. In a perturbative analysis, a more
intuitive way to view the system, is that fluorescence (or absorption) scales linearly with
the one- and two-photon coherences (oi,, 623, and o;3), while the FWM signal scales

with the square of these same coherences. This behavior should hold in our numerical
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solution with all orders of interaction.

However, it is important to note that this manifestation of the AT effect is unusual.
The typical interpretation of the separation between peaks in the FWM signal as the
actual energy difference between split levels does not apply here. Our results from the
previous subsection show that each velocity group has its energy split, even if this split
behaves differently depending on which field is scanning. We argue that, when added
together, the contributions of all atoms near resonance are very small compared to the
contribution far from resonance, forming the doublet-like structure of Fig. 18(b). The
frequency separation between the peaks is about one order of magnitude greater than
the Rabi frequency, while the actual energy split for each group must be of the order of

the Rabi frequency.

In Figs. 19(a) and (b), we further investigate the relationship between the FWM
signal (|614|>) and the intensity of the lower transition beam, Q,, for the two frequency
scanning setups. In both cases, the splitting increases linearly, but with different slope
coefficients. For the scenario where the weak beam is sweeping, the splitting is approxi-
mately 1.9Q;,, which is very close to the Autler-Townes splitting for a single group of
atoms with v =0 (2Q,). On the other hand, if the strong beam frequency varies, the
splitting is much higher, at approximately 4.2Q1,. We can interpret this greater separa-
tion by looking at the results in Fig. 16(b) for this scanning configuration. It is clear that
the contribution to |G;4|> from one of the AT doublet peaks, which is closer to resonance,
is negligible. Therefore, this greater separation corresponds to the distance between
the most distant peaks of the resonance due to two AT doublets of different velocity
groups. The experimental results do not show a significant difference between the two
frequency scanning configurations. However, small changes in the model parameters

may improve the agreement.

The peak amplitude of the doublet also behaves differently in the two frequency
scanning configurations: it saturates when the weak beam is sweeping its frequency,
while it reaches a maximum and then decreases when the strong beam is sweeping.
These different behaviors are due to distinct physical mechanisms at play in the two
configurations. In the typical experiment, with the weak beam sweeping, the strong

field in the lower transition splits the intermediate level into two due to the Stark effect.
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Figure 18 — \614\2 as a function of 8y, and 6,3, for (a) Q1,/2x = 0.6 MHz and (b) Q, /27 = 12 MHz. (c) and (d): |614|2
for 8, or &,3 constant, as indicated by the dashed curves in (b). The green curve in (c) and the black
curve in (d) are the same as presented in figures 14(c) and 16(c), respectively.
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The weak beam in the upper transition then probes these split levels. Since we are
considering a closed system, there will always be atoms that can satisfy the two-photon
resonance and induce the FWM process. In the other frequency scanning setup, the
weak beam has a fixed frequency, so eventually, the strong beam will lead to splitting so
large that a two-photon resonance can no longer occur, resulting in a decrease in the

signal.

3.3.3 CBL amplitude and frequency separation in the AT splitting

We have discussed the experimental results and developed a model to unders-

tand the mechanisms behind this unusual manifestation of the dynamic Stark shift. The
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Figure 19 — \614\2 as a function of Q, and (a) &3 or (b) 6;,.
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final point to consider is whether the theory can produce spectra with similar amplitude
and frequency separation between the peaks as in the experiment. Let us start by
analyzing the signal amplitude. In Fig. 20(a), we present the experimental results for
this parameter as a function of the square root of the diode laser intensity. It is clear
that there is an amplitude decay for high-intensity beams in both frequency scanning
regimes. However, our theoretical model (Fig. 20(b)) cannot predict the experimental
behavior when the weak beam is scanning. As we discussed previously, if we consider
a closed system, there will always be atoms with the proper velocity to satisfy the

two-photon condition. This type of intensity saturation behavior of the FWM signal was
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observed in a pure four-level system [89]. However, in the experiment we describe here,
three possible hyperfine transitions can be induced by the diode laser. In the weak beam
frequency scanning regime, the diode laser is fixed on a cyclic transition, and therefore,
the system is closed. But if the diode laser is strong enough, it will pump atoms to the
open transitions, meaning that the system will no longer be closed as the atoms fall into
a different fundamental hyperfine level of rubidium [90]. To include this possibility in the
model in a simple way, we introduce a 1 MHz decay rate in the population p,,, allowing
for the loss of about 1/6 of the atoms when solving the Bloch equations. This results in
the peak amplitude as a function of the strong beam Rabi frequency shown in Fig. 20(c).
This way, the model achieves a behavior compatible with the experiment and reveals
that the observed decay of the signal in the two frequency scanning configurations has
different mechanisms behind it for each situation: optical pumping for other hyperfine

levels and far detuning from resonance.

Another feature we highlighted in the experimental results was the frequency
separation between the peaks of the signal or the “splitting” of the doublet. The experi-
mental splitting appears to be the same for both frequency scanning setups, as shown
in Fig. 20(d). However, our theoretical model not only predicts a difference in the splitting
between the two scanning regimes but also gives lower values, as shown in Fig. 20(e).
Once again, if we consider that the system is open due to the high intensity of the strong
field, these results do improve, as shown in Fig. 20(f). A final consideration is the error
bar of the experimental frequency measurement. Each scanning regime uses a different,
and therefore, more or less precise, calibration parameter. If the diode laser is scanning,
we use the saturation absorption curve, while for the Ti:sapphire scanning, the repetition
of the signal, due to two consecutive frequency modes, gives the time-frequency conver-
sion factor. Therefore, there could be a difference between the experimental splittings,

but it could be masked by a systematic error in the time-frequency conversion.

3.4 Interference between excitation pathways

Until this point, we have described an experimental setup in which two copropa-
gating beams, a continuous field at 780 nm, and an optical mode of a frequency comb at

776 nm, drive the steps of a two-photon transition from 5S, , to 5P3, to 5Ds , in 8Rb.
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Figure 20 — Experimental and theoretical curves for amplitude and splitting of the doublet as a function of square
root intensity or Rabi frequency of the strong field. Red circles/lines: weak beam scanning (5,3); Green
triangles/lines: strong beam scanning (8,,). (a) and (d) are the experimental results. (b) and (e) are the
theoretical results for a closed system, while (c) and (f) are the same results for an open system.
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However, if the repetition rate of the pulsed laser is carefully chosen, something else
can occur: another optical mode can have a frequency near the first transition 5S; /,
to 5P;, and then induce the FWM process without the participation of the continuous

wave laser 22. This is the case we want to discuss now.

In this scenario, we are interested in the frequency scanning scheme in which
the repetition rate of the fs laser varies while the diode laser has a fixed frequency. In
particular, we scan the repetition rate around fu = 987749.886 MHz at a temperature of
T = 74°C. With these specific parameters, we present the CBL signal in Fig. 21 as a
function of the repetition rate of the frequency comb. Recall that for a change of ~ 2.5
kHz in the repetition rate the optical frequency variation is equal to an integer multiple of
fr (see Eq. 75), meaning that in Fig. 21 the range 6 fz encloses two adjacent modes of

the pulsed laser, similarly to Fig. 10.

In this graph, we present the curves for three different values of the diode
laser intensity, showcasing the doublet structure due to the dynamic Stark shift with
the features we have previously discussed. However, there is an additional intriguing
feature present: a narrow peak that appears superimposed on the broader AT peaks,
as indicated by the arrows in Fig. 21. This narrow peak is observed depending on the
value of the repetition rate, and a close-up of the doublet structure on the right of the

curve (ll) is displayed in the upper curve of Fig. 21.

Our task now is to verify if this narrow peak is caused by the fact that, for this
particular repetition rate, there are two resonant modes of the pulsed laser, one in the
first transition, and another in the second transition. To do this, we use our theoretical
model considering that the first two transitions can be driven by different routes: (i) two
modes of the frequency comb, @, and w,, (fs-fs pathway) and/or (ii) by the continuous

wave laser and one of the frequency comb modes, w,; and w,, (cw-fs pathway).

As before, we solve the set of Bloch equations non-perturbatively considering
each excitation route separately. This time, instead of using the fourth-order Runge-Kutta
method, we experimented with applying a cofactor expansion method on the system’s
matrix similarly to the example of section 2, which yields similar results. Our variable of

interest is still the coherence o14. After obtaining the full solution for the elements of the
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Figure 21 — Coherent blue light intensity as a function of the repetition rate variation (6 fz), for different intensities of
the diode laser as indicated in each curve. The diode frequency is fixed near the closed transition and
dfr =0 for fr = 987.749 886 MHz. The upper curve is a zoom of the right structure in the curve (Il).
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Figure 22 — Theoretical model considering the two resonant lasers in the first transition

Source: The author (2023).
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Figure 23 — Theoretical results scanning the repetition rate for a fixed diode frequency. \pﬂ”}z is the result for the

cw-fs pathway, while \ pfﬂz accounts for the fs-fs pathway considering the same repetition rate of Fig.
21. The green and dashed curves are the two possible ways of adding these coherence pathways.
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density matrix, we perform Doppler integration. As an extra approximation, we neglect
the phase between velocity groups, that is, we first take the squared modulus of the
coherence and then integrate it. This speeds up the calculations and these phases are

not crucial for answering the current problem.

In the bottom two curves of Fig. 23, we plot the CBL signal for each excitation
route. The parameters are the same as in previous sections, with the same specific
repetition rate as the experiment. To consider only the cw-fs pathway, we fix the field in
the |1) — |2) transition. On the other hand, for the fs-fs pathway, we scan the first two

fields, keeping the frequency difference given by the experimental repetition rate.

The cw-fs pathway gives a result similar to previous sections. In contrast, the fs-fs
result is quite different. Since both fields that induce the first two transitions are scanning,
a much broader spectrum arises. This is due to the AT effect caused by the frequency

comb mode w,, but it is blurred by the other scanning mode. The maximum intensity of
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the CBL generated in this case occurs when the system meets the double-resonance

condition [91]:

_ 3 — W12
2x(m—n)’

Jr (83)

where m and n are integer numbers that determine a pair of comb modes that satisfies

the resonant condition for both excitation steps: |[1) — |2) and |2) — |3).

To get the final signal, we must add the two possible coherence pathways.
This operation can be done in two ways. Either we assume that these processes are
independent, taking the square modulus of each coherence and adding them (dashed
curve in Fig. 23) or we say that these coherences may interfere. If that is the case, we
must first add the coherences and then take the square modulus of this sum. This leads
to the green curve in Fig. 23, with the narrow peak over the AT doublet, just as itis in

the experiment.

The narrow interference peak appears to shift from the resonance regarding
the v = 0 group. It does so because the frequency comb w, and the diode laser field
must be simultaneously in resonance with the |1) — |2) transition for the same group
of atoms. For the repetition rate used both in experiment and theory, this condition is

satisfied for a group of atoms with some velocity.

It is possible to shift the narrow peak by tuning the repetition rate, as we show
in Fig. 24 using our theoretical model. These changes must be in a certain range to
ensure that there is still a group of atoms interacting simultaneously with both lasers
(the cw laser and two modes of the frequency comb) [92]. If the change in repetition
rate is 463.998 kHz (Eq. 83), another pair of modes will be able to produce the same

interference pattern, i.e, with similar frequency position and amplitude.

The linewidth of the observed narrow interference peak, of about 10 MHz, is
mainly limited by experimental conditions such as the repetition rate scanning. In
opposition, the theoretical model shows that the peak has a linewidth of about 1 MHz, a

result that appears to be connected with the lifetime of the 5Ds , state [93].

Since this is an interference process, the phase must play an important role [94].

While the theory assumes that the lasers are in phase, there was no phase control in the
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Figure 24 — Theoretical results scanning the repetition rate for a fixed diode frequency with different repetition rates.
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experiment. This means that we were unable to observe the full range of interference
effects, including both constructive and destructive signals (peaks and dips). However,
we believe that by locking the phase of the lasers and carefully adjusting the optical

path of one of them, it would be possible to shift the narrow peak.

Our numerical analysis suggests that it may also be possible to observe this
type of interference using only continuous-wave (cw) lasers. Specifically, we believe
that using at least three cw lasers and carefully engineering the frequency scan to
vary the frequency of two of them simultaneously could simulate the role played by the
mode-locked laser. While using a pulsed laser with a high repetition rate makes it easier
to find this interference pattern, it may still be possible to achieve the same results using

cw lasers with careful planning.

The results described in this section were published in two regular articles in the Physical Review
A [59, 60]:
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M. P. M. de Souza, A. A. C. de Almeida, and S. S. Vianna, “Interference effect and Autler-Townes

splitting in coherent blue light generated by four-wave mixing”, Phys. Rev. A 99, 043410 (2019).

M. P. M. de Souza, A. A. C. de Almeida, and S. S. Vianna, "Dynamic Stark shift in Doppler-

broadened four-wave mixing”, Phys. Rev. A 105, 053128 (2022).
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4 DEGENERATE FOUR-WAVE MIXING IN ATOMIC VAPOR: FREQUENCY SHIFT
AND PHASE-MATCHING

In this section, we focus on a particular configuration of degenerate four-wave
mixing (FWM) that will be our subject henceforth. We investigate an experimental setup
with two symmetrical nonlinear signals being generated in rubidium vapor through the
copropagating interaction of two laser beams with wave vectors k, and k;. These signals
are detected simultaneously in the 2k, —k; and 2k, —k, directions. We observe a single
peak in each signal when the input fields are resonant with the °Rb 55, ,(F = 3) —
5Py (F = 4) transition. There are reports in the literature of experiments in which all
fields are almost resonant with the same optical transition, with the degenerate FWM
signals studied considering a pure [95, 96] or degenerate two-level system [97], with

one strong field, and arbitrary polarizations of the drive fields [98, 99].

The typical experimental setup for inducing these degenerate FWM processes is
with a counterpropagating beam configuration, used to explore the phase-matching ob-
tained when the generated beam is phase-conjugated with the probe beam. In contrast,
in our experiment, we employ a copropagating beam configuration and simultaneously
detect the transmission of the incident beams and the generated FWM signals. There
are also previous published results using a similar scheme with two FWM fields detected
simultaneously, but with a non-degenerate system. In this case, the result is that the
generated fields with different frequencies, like Stoke and anti-Stokes processes, can
be correlated or anticorrelated depending on the incident beams [38]. In our experiment,
the degeneracy of the nonlinear process combined with incident beams of the same
intensity leads to two symmetric signals, both in space and frequency, regardless of

which beam is being scanned.

Although the two signals in our experiment are generated by two separate FWM
processes, they provide information about the dynamics of an ensemble of atoms
that simultaneously interact with the same drive fields. In a spatially uniform atomic
medium, the coherent superposition of the generated fields at different positions along
the nonlinear medium must satisfy the well-known phase-matching condition. This

condition not only determines the propagation direction of the outgoing FWM field in
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terms of the wave vectors of the incident waves but also the frequencies at which the
signals will be maximal. Recent studies in a non-degenerate three-level system have
shown that the phase-matching condition is crucial for achieving high efficiency in the
FWM signal when the excitation fields are detuned from the atomic transition [29]. In
that case, with counterpropagating beams, the predominant contributions are attributed

to electromagnetically induced absorption (EIA) grating effects [100].

One interesting result in this work is the small frequency separation between the
two FWM peaks revealed by the excitation spectra. While it is well known that phase-
matching conditions can determine the characteristics of the new fields generated in this
nonlinear process, the frequency shift observed in our results is unusual, as it goes in
the opposite direction compared to usual cases, where the phase-matching is controlled
only by the refractive indices of the field whose frequency is being scanned. Given
that we detect the two signals simultaneously, we can distinguish a frequency shift
towards the red or blue from each peak associated with the FWM signals, depending
on how the beam whose frequency is being swept contributes to the observed signal.
Understanding how to effectively control the properties of the atomic media in which
the nonlinear process takes place is of widespread interest, not only for fundamental
aspects of atom-light interaction but also due to the potential for application in quantum

communication and quantum information processing.

To provide supporting arguments for our claims, we have developed a theoretical
model using the same basic tools detailed so far. The theoretical results indicate that,
for a correct description of the frequency position of each peak, we must solve the
Bloch equations including higher-order terms. Moreover, it is crucial to obtain the correct
spectra to write the phase-matching conditions including a variable refractive index
for both lasers, in which the scanning laser experiences an anomalous window in the

refractive index near resonance.

4.1 Experimental setup and results

Let us begin the description of our experimental procedure by presenting a

simplified scheme of the setup in Fig. 25(a) together with the hyperfine structure of the
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D, line of 8Rb. We use two independent cw diode lasers, E, and E}, to drive the two
FWM processes. These beams E, and E,,, with wave-vectors k, and k,, respectively,
have orthogonal and linear polarizations and they converge inside a 5 cm long cell
containing a natural concentration of rubidium atoms at an angle 26 ~ 40 mrad (see
Fig. 25(b)). The rubidium cell was heated to ~ 55 “°C to increase the atomic density.
Both beams are tuned on the same Doppler line of 8°Rb starting in the hyperfine ground
state F = 3, as shown in the inset of Fig. 25(a). Finally, we use a SAS signal to control

and monitor the frequency of each laser.

The acquired data is composed of the four signals: transmission of both incidents
beams T, and T, and the two FWM signals in the 2k, — k;, and 2k, — k, directions, as
shown in Fig. 25(b). In this type of forward geometry and with a degenerate process,
the clean detection of the signals can be a challenge. There is no longer the option
of using bandpass filters as we did in the previous section since all four signals have
the same wavelength. In this situation, the main difficulty is that scattered light from
one beam may reach the detection position of another beam. To deal with this we take
advantage of the linear and orthogonal polarization of the signals and use polarizing
beamsplitters before each detector. The incident beams are typically strong allowing
the use of regular photodiode detectors to acquire T, and T7,,. On the other hand, the
FWM signals are very weak, so we use avalanche photodiodes (Thorlabs APD120A)
to detect them. Moreover, we use masks to align the input beams within the sample,

together with guide laser beams in the direction of the generated signal.

The measurements are carried out by scanning the frequency of one laser
through the three allowed hyperfine transitions of rubidium, while the other laser has a
fixed frequency. The intensity of the input lasers at the cell entrance is 10-100 times the
saturation intensity of the cyclic transition 55, ,(F = 3) — 5P3 ,(F = 4). The absorption
is increased due to the temperature of the vapor, but not enough to completely absorb

the fields E, and E;, so we are operating in a high-intensity regime.

A typical experimental result is in Fig. 26(a), with the transmission of the two
beams T, and T, and the two generated FWM signals, 2k, — k; and 2k, —k,, as a
function of the detuning (5,/2x) of the scanning field E,. We chose the intensities of the

input fields E, and E,, at the cell entrance to be approximately the same (I ~50 mW/cm?)



Section 4. Degenerate Four-Wave Mixing in Atomic Vapor: frequency shift and phase-matching 83

Figure 25 — (a) Experimental setup with relevant energy levels of $°Rb. PBS and HWP indicate polarizing beams-
plitter and half wave-plate, k, and k;, are the wave-vectors of the E, and E;,, beams and 2k, — k; and
2k, —k, indicate the directions of the two detected FWM signals. (b) Schematic representation of phase-
matching for the generation of the two FWM signals.
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and the frequency of E, beam was fixed near the center of the Doppler broadened
spectrum. It is important to state that the fixed-frequency laser was not locked in
frequency. However, since we are dealing with an atomic vapor, as long as the laser is
inside the Doppler-broadened frequency range there will be atomic velocity groups to
interact with the laser. In this graph, all curves are independently normalized to ease the
comparison and we define the frequency detuning to the 55, /»(F = 3) — 5P3»(F = 4)

closed transition.

One notices in the transmission signals that there are three peaks in each curve.

The frequency difference between these peaks matches the hyperfine transitions from
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Figure 26 — (a) Experimental result presenting the transmission of the two incident beams and the two generated
FWM signals as a function of &,. (b) Boxes | and Il show the transitions from the ground state 3Rb
F =3, involved on each peak of the transmission signals.
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the ground state F = 3 of 3Rb. Moreover, these peaks only appear in the spectra due
to the simultaneous interaction of the two incident fields with the atomic medium. The
presence of these sub-Doppler peaks comes from the so-called velocity selective optical
pumping (VSOP) [102], and they have been studied when the transmission of a weak
beam is measured in the presence of a strong fixed frequency field. In our experiment,
the configuration is slightly different, as we measure the transmission of the two beams

with both of them strong.

The peaks in the transmission curve of the fixed frequency laser appear in the
order of increasing energy as if the hyperfine energy structure is being directly probed.

However, this is not the case for the transmission of the scanning frequency laser. This
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can be explained by considering the different groups of atoms with different velocities
that interact with the lasers. The field E, causes a closed transition (55, »(F = 3) —
5P, (F = 4)) for a group of atoms with velocity v;, as shown by the dashed lines in
the box | of Fig. 26(b). As the frequency of E, is scanned, it induces each one of the
allowed transitions, resulting in a reduction in the absorption of the field E;, at specific

frequencies, leading to the peaks in the T, curve.

On the other hand, for the transmission signal T, the field E, now selects three
groups of atoms with velocities v, v, and v3, promoting the transition to the excited
states F =4, F =3 and F =2, respectively. Once again, as we scan E,, it will have the
resonance frequency of the closed transition, as box Il indicates in Fig. 26(b). For each
velocity group, the optical pumping due to E, lowers the absorption of E, and generates

the three peaks in the opposite order of increasing energy [103, 102, 68].

We obtain an FWM signal due to a degenerate process when both fields interact
with the velocity group v;. In this case, as shown in Fig. 26(b), the two incident fields
induce a closed transition to the excited state F = 4. Additionally, there is a noticeable
frequency shift between the two FWM signals in Fig. 26(a). This shift is somewhat
unexpected because both processes are nearly identical, meaning that the output
signals should not have different frequency positions in the spectrum. We hypothesize
that this shift is caused by phase-matching conditions enclosing a steep variation of the
refractive index due to the interaction of the medium with both incident beams. This kind
of behavior of the refractive index has also been observed in some coherent effects
such as EIA [104]. We provide further support for this hypothesis in the subsection on

theoretical results.

In some of our experimental configurations, we could also observe the presence
of the EIA phenomenon. We present one of the transmission curves and the two
correspondent FWM signals in Fig. 27. In this case, the ratio between the intensities
of the incident beams is ~ 3, with E, being more powerful. In Fig. 27(a), we scan the

frequency of the field E, while E;, has a fixed frequency and vice versa for Fig. 27(b).

Since the FWM signals are related to the same incident fields, involving only an

interchange of the role of each beam, they present the same intensity relation given
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Figure 27 — Measurements of T, and FWM signals as a function of the frequency detuning of the scanning beam,
for a ratio intensity of incident beams of three. (a) Curves for E, scanning and E,, fixed in frequency. (b)
Curves for Ej, scanning and E, fixed in frequency. Insets, zoom of the peak corresponding to the cyclic
transition on the T, curve in each measurement.
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by the incident beams. Hence, we normalize the FWM signals using the highest value
between them to ease the interpretation of the graph. As in Fig. 26(a), these generated
signals appear again with a small frequency separation. However, in Fig. 27, we notice
an interchange in the frequency positions depending on which beam is scanning. The
relative frequency position of the signal 2k, — k;, remains the same concerning the peak
corresponding to the cyclic transition in 7, curve (see Figs. 26 and 27). The same occurs
for the 2k, — k, signal in relation to the peak corresponding to the cyclic transition in 7,

curve.

An interesting feature of Fig. 27 is in the insets: the presence of a narrow
absorption dip inside the cyclic transition peak in the T, curve. This absorption dip
occurs in the middle of the two nonlinear signals which indicates that both lasers are
resonant with the closed transition. The narrow dip is the signature of an ElA-type
process [105] and it is easier to observe when one of the beams is more intense than

the other, as in Fig. 27.
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EIA is a nonlinear optical effect that occurs in the presence of two resonant
driving fields interacting with the same ground-state hyperfine level of an atomic sample.
If the system ground state has a lower total angular momentum than the excited state,
then the system might exhibit a narrow peak in an absorption spectrum indicating the
EIA phenomenon. In this sense, EIA is an analog phenomenon to EIT, but with the
opposite effect. It was first observed in atomic vapors by Akulshin et al. in 1998 [24] and

has since been an object of several studies since then.

EIA has several interesting and useful applications in a variety of fields, especially
for techniques that rely on steep variations of the absorption or the refractive index of
an atomic medium. In our experimental configuration, this phenomenon can also be
detected in a regime where both lasers are strong [106], like in the following results.
There is also an EIA dip in the other two peaks of the transmission curves, although

they are quite smaller.

Finally, to complete our experimental analysis, we examine the FWM spectra for
four different intensities of the incident laser beams. To obtain these measurements, we
scan the frequency of one of the fields (E,) while keeping the frequency of the other field
( Ep) fixed. As the intensity of the input laser increases, we observe a power-broadening
effect in the FWM signals, as well as an increase in the frequency separation between
them. However, this increase in frequency separation appears to saturate for intensities
above 200 mW/cm?. Additionally, we noticed an asymmetry in the signal that becomes

more pronounced at higher intensities. These findings are depicted in Fig. 28.

4.2 Theoretical model

We follow a similar procedure to model the FWM process as we did in the
previous section. Naturally, there are some adaptations to this particular experimental
scenario. The first is that the energy level structure is different as we are dealing with a
degenerate process. One could then assume that a simple two-level system would fit to
model this type of FWM process. However, this is not the case due to the polarizations

of the input fields. They have linear and orthogonal polarizations and therefore can be
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Figure 28 — Behavior of the two FWM signals at different intensities of the beams E, and E,, at the entrance of the
Rb cell. All curves are normalized.
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written on a circular basis as

. A+ 5
E, = [8a<t>e—t(wat—ka2) +C.C.:| (G \_/FE )’
4
E, — [8b (t)e*’(“’bf*’%zuc.c.} (i6T —i6") (84)
\/i )

where g is the amplitude of the electric field; wy is the optical frequency, and k; is the

associated wave-vector.

We chose to write the polarization vector in the circular base as it highlights how
these fields interact with Zeeman sublevels. This means that our quantization axis is in
the direction of propagation. Naturally, we are considering for now that the beams are

copropagating, as the angle between them in the experiment is very small.

The circular components can only induce o transition in the Zeeman sublevels,
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Figure 29 — Zeeman sublevels of |[F =2) — |F' =3) and the allowed transitions for the experimental input laser
beams. Blue arrows indicate o~ transitions while red arrows indicate o transitions.
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Source: The author (2023).

due to the selection rules. We detail these levels within the closed transition |F =2) —

|F’ = 3) in Fig. 29 together with the possible transitions the input beams can induce.

As a consequence of this energy-level structure, FWM generation could be
modeled by an effective three-level system. Notice that if the choice in the quantization
axis is different the energy level structure might be different, even though the final result
is the same. For instance, if one chooses as the quantization axis the polarization
direction of one of the input beams. Then this input beam would induce = transitions and
the basic level structure for generating the FWM process would be a four-level system.
However, we choose to work with a three-level system as it leads to a smaller set of

coupled Bloch equations.

The same three-level system can be replicated throughout the Zeeman sublevels,
leading to several FWM processes happening simultaneously. These multiple processes
must add with the appropriate phases to build up the final signal with proper linear
polarization. Therefore, the basic systems behind each component of the two FWM

signals we want to study are presented in Fig. 30.

Finally, notice that the theoretical treatment would be much simpler if we could
use a two-level system. However, this scenario would only be possible if in the expe-
riment the input laser fields had only parallel circular components, as we did in the
previous section. On the other hand, this would lead to a much harder detection in
the experiment, as all four acquired signals would have the same polarization and the
scattered light would not be easily filtered out by the polarizers in the experiment. So

we chose this compromise to achieve better experimental results.
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Figure 30 — Three-level theoretical model with (a) and (b) being the processes that generate the two circular compo-
nents of the signal, with frequency ay, in the 2k, — k;, direction; (c) and (d) are analogous to the 2k, —k,
direction.
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Source: Ref. [101].

Since our main hypothesis for the frequency shift between the FWM signals is
connected to the phase-matching conditions, only solving the set of coupled Bloch equa-
tions as in the previous section will not be sufficient. We must consider the propagation
of the fields within the atomic sample. To do so, we must solve the Bloch equations
self-consistently with the Maxwell equations. The FWM signals of interest are in the
2k, —k; and 2k, — k, directions, so we calculate the induced coherence p;3; between
the two ground states |1) and |3) in all orders of the incident fields and then add the
interaction with one of the fields, either E, or Ej, to generate the p), or p}; coherences
at the frequencies o, =20, — w, and o; = 2w, — w,, respectively. For each direction,
both coherences p}, and p}; contribute to the generated signal, each one behind a

certain circular component of the signal, as shown in Figs. 30(a) and (b).

The joint contribution of the two coherences to the FWM signal in each direction
can be considered equivalent to the scattering of the two circular components of each
field E, or E, by the coherence p;3. As the fields co-propagate at a small angle, the

scattered fields will travel in different directions.
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Figure 31 — Simplified three-level theoretical model with a single field in each transition.
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We can model both signals generated in the experiment with the same set
of equations. Therefore, we choose to derive the equations that describe the 2k, —k,
process. A further approximation is to treat transition with only field, effectivelly modelling
the system from Fig. 31. We then extrapolate the expressions for each FWM signal
from this set of equations. In this case, the Bloch equations, obtained with a similar
hamiltonian of section 2, with the rotating wave approximation, and in the steady state,

can be written as:

—i612Q4 +i021Q + 210+ VY

P11 = ¥
B 10129, — iO'z].Q.Z — ing.Q.Z + 103282 )
P2 = I +Ts+7y ’
Pz = 102382, — 10329, + 12320 + }/P§)3 )
| L (85)
S —l(Pn.— P22)Q2 — lGlS'Qb;
léa + Y2+ ’)/
i3 — —i07282, —i—ingﬂz;
0 —i0p+ Y13 +7Y
_ —i(p33 — p22)Q; —io13Q;
03) = .

i0p+Y32+7Y

The o, terms are the coherences in the rotating frame, whereas I';; are the
decay rates of the populations; the Rabi frequency has been redefined to include the
spatial phase Q; = Q,e™'; §; is the detuning of each laser to the |j) — [k) transition; p;
are the populations in the absence of the fields and represent the terms that compensate
the loss of atoms from the interaction region with an arrival of new atoms in the ground

state at a rate y. The missing coherence equations are the complex conjugate of the
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ones presented.

One may obtain the coherence o3 through algebraic manipulations, although
the final expressions are intricate [54]. We will write the beginning of this analytical
solution, but the final expressions will be achieved with the help of a linear algebra suite
(see the Mathematica notebook in the Appendix B). We begin isolating the o3 equation

from Eq. 85 and substituting the one-photon coherences

o —i012Qp + ing,QZ )
13 — - N s
0 —i0p+Y13+7Y
o —i(p11—p22) € —i013Q;) . ((—i(p33—P22) 2% —i0132, \ A«
c : ( 184+Y12+Y Qp+i i0p+y3+Y 2,
13 =

10 — 10+ Y13 +7

After simplification, we may write the coherence of interest with a dependency on the
population terms of the density matrix. The population terms are obtained through a

Gaussian elimination of the system of equations

ool (p11—p22) +1 (P33—p22) ]e_i(ka_kb)'r

13 = b | iSatnaty) " (=id+1m+7) (86)
s (X 19’
80— 8+ N3+ Y + 5 ry T Tty

With the complete set of solutions of the Bloch equations, we write the cohe-
rences o5, and o;;. These terms are connected with the FWM field with frequency
o, = 20, — @, and wave-vector k; in the direction of 2k, —k;. We can extrapolate them

from the set of Egs. 85 in the form of

—1

/ i(p11 — P22) Qe 163,00, el ka2
21" Ti28,-6 —i ; (87)
i(264—8) +12+7 iS+12+Y
i(p33 — p22)Qse’hs 1631 Q! (Pka—hp)z
033 = (( ) 31 (88)

20,—8)+yn+Y —iba+tyntY’

where the coherence 63, is the complex conjugate of Eq. 86 without the spatial de-
pendency. Henceforth, we neglect the transversal components in the spatial terms,
projecting the fields in the Z direction, taken to be the bisector between the incident

fields (see Fig. 25(b)), i.e., k; - r =~ k;z. Moreover, it is worth noting that this procedure
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of considering all the important contributions to o3 that can affect the response of the

medium is present in some studies of EIT [23] and EIA [25],

If one assumes the phase-matching conditions to be satisfied, i.e. Ak = 2k, —
k;, —k; = 0 then the final FWM signals would be proportional to the square of the
sum o3, + 05,. However, as we discussed, we need to propagate the fields within the
sample to obtain the observed experimental features, namely asymmetry and frequency
separation. Let us find then the generated electric field E (z,7) = & (z,1) e (@ k3 4 ¢ c..

Consider the wave equation (see Eq. 16)

0’Es(z,1) 1 9%Es(z,1) 1 9*P(r)

022 2 92 g2 o2 (89)

where P is the macroscopic polarization, that is, the dipole moment per unit volume. In
this last step, we also neglected the transversal spatial derivatives. The polarization is

given in terms of the off-diagonal elements of the density matrix [49]

Pi(t) =NTr(pf1) = N (L12p21 + U32p23 +c.c.), (90)

where N is the number density of atoms. The polarization P can be written in terms of a

complex amplitude that oscillates with the frequency of the field

Py(1) = Pe ' L cc. (91)

We can then rewrite the wave equation keeping only the terms that oscillate with

—igt

82

. 2
R (Z,t)e*’(wsf*ksz)] - 1 9

2
il —k2)| _
s L2 [Ss (2,1) e~ @1k _@wN(HIZI)Zl"’I%ZPZS)- (92)

Let us treat each term individually
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32 . . . 0
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In the spatial derivative, we use the slowly varying amplitude approximation to neglect

the second-order derivative

0€(z,1)

072 < ksags<Z7I) .

0z

(98)

As for the time derivatives, we are treating the system in a steady state so they all go to

zero. By collecting all the terms and substituting them back into the wave equation we

get
. .0 w? . Nw?
2 kv 4 . k.v 4 ks A .
—ks & (Z) "% 4 2ik,ét Z_azgs (Z) + _C; & (Z) etkst — __goc; (‘LL120-21 + ,u32623) ;
2

d Nw ,
2iky Ly (z) = — % “ikz (99
ks 5 & (z) P (U12021 + U32023) € (99)

aQ _i|nu|2Nws

0z (@) = 2&ohic (021 + 03) €%,

where Q; is the Rabi frequency of the FWM field and we consider u;» = us, = p since

the system is symmetrical. Finally, we substitute the coherences of Eq. 87 into the wave
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equation
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where we used the couplings X(!) and X3 that are proportional the the first-order and

third-order susceptibilities. We define them as

Y= |uPNa { (P11 —p22) (P33 — p22) } _ (101)
 2ghc | —i(20a—0)+ V2 +Y  —i(26.— )+ 12 +Y ]|’

X0 = _ PN H 5319 5319, H (102)
T 2ghc || =6ty +Y  —ibat+ytY]]

We solve this differential equation for the Rabi frequency of the FWM field in the
non-depleted input approximation, i.e., we assume that the input fields E, and E;, are
strong enough to allow us to neglect their absorption. To find the solution, we first define
Q. = Qe ™™ Then

% _ aig;eiAkZ — X(3)eiAkZ +X(1)Qs, (1 03)
Z Z
M;gg FiAKQ, M — X 3) AT x (1) Q. piBkr (104)
Z
9 o — %0 o (%D _inr) o
59 =x (X - zAk) Q. (105)
The general solution is
, . (3)
Q) = crelXV-imn)e ___XT (106)
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To determine the constant ¢; we impose the condition Q(z = 0) = 0, which is a fair
condition since no signal must be generated at the very beginning of the sample.

Therefore we find that

x3)
= X ik o7
and consequently, the final solution is
xG) x() iAk
Qs:m<e S Z). (108)

Notice that if we neglect the first-order coupling, the FWM intensity after propagating

through a sample with length L is modulated by the well-known sinc? (AkL) [49].

We must turn our attention to the phase-matching conditions at this point. In
an FWM process, phase-matching conditions refer to requirements that must be met
for the FWM process to occur efficiently. These conditions arise from the momentum
and energy conservation and may depend on the wavelengths and polarizations of the
incident fields, as well as the properties of the nonlinear medium in which the FWM

process takes place.

Several factors can affect the phase-matching conditions in an FWM process.
Some of the most important factors include: the refractive indices of the nonlinear
medium, as they determine the phase velocities of the incident fields; The dispersion
of the nonlinear medium or how the refractive index changes with frequency; and the
polarization of the incident fields as different polarizations can couple differently to the

nonlinear medium.

In our case, we may calculate the phase-matching conditions in detail using Fig.
25(b). Let us consider that Ak = |Ak| hence, for both FWM processes, generated in the

2k, — k;, and 2k, — k, directions, and with the field E;, with a fixed frequency while we
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scan the field E,,
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C

We write only the phase-matching in the bisector direction between the incident fields,

since the perpendicular direction might be neglected as 6 is small. This leads to a rather

symmetrical result. We also consider the index of refraction for the generated signal as

the index of the field with a fixed frequency.

To model the refractive indexes

n, or n, we use the real part of the electric

susceptibilities of the transition with which each laser is resonant. Since these suscepti-

bilities are connected to the coherences that we extract solving the Bloch equations to

all orders, we may write the refractive indexes for both beams in the 2k, — k; process as

=1+

np, =1+

N,LLZZI Re (621) )

2ﬁ80 Q, (1 1 0)
N[,L223 Re (623)
277,8() -Qb '

The refractive index as a function of the detuning of the E, field is plotted in

Fig. 32(a) for a stationary atom. The numerical parameters to plot these curves, and
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Figure 32 — (a) refractive index for both input fields; (b) Phase-matching conditions for both FWM signals. All curves
are in function of the detuning of the « field.
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the ones that follow, come from Ref. [46]. Only the coherence decay rate between the
ground states 73 is not available in this reference and it was assumed to be much
smaller than the other decay rates of the system. Notice that n;, exhibits the expected
behavior of increasing with frequency, with an anomalous dispersion window around
the resonance. The interesting thing is that n, is the refractive index of the field with
a fixed frequency, meaning that this is a manifestation of the interaction of the beams,
intermediated by the atomic medium. On the other hand, n, does not display a typical
behavior: in its anomalous dispersion window, there is a small interval in which the
refractive index changes to a positive slope. We believe this small inversion is crucial to
building up the correct phase-matching curve that modulates the FWM fields. This is
a feature seen in the EIA process [104], which is observed in the transmission of the
input beams. We could only obtain these refractive index curves by solving the Bloch
equations in all orders, allowing for high-intensity coherent effects to play a role in the

model.

For these curves of the refractive index, the resulting phase-matching conditions
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Figure 33 — Theoretical FWM signals with velocity integration and propagation with phase-matching from Eqg. 109
(solid line) and with Ak = 0 (dashed line). All curves are in function of the detuning of the « field.
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for both FWM signals are in Fig. 32(b), again for an atom with no velocity. Notice that
the Ak for the 2k, — k,, signal is much closer to zero below the resonance and therefore
the FWM signal itself should appear on the same region of the spectrum, as presented
in the solid curves of Fig. 33. The same argument applies to the other signal, 2k, — k,,
as its phase-matching curve is closer to zero above resonance. If one considers Ak =0,
i.e. no phase mismaitch, the result is shown in the dashed curve of Fig. 33. In this case,

both FWM spectra are overlapping, broad, and identical.

The modeling of the refractive index is crucial for reproducing the features of the
experimental signal. If this refractive index behaves as it usually does in a resonant
interaction with an atomic medium, i.e. it generally increases with frequency but it has
an anomalous dispersion window around the resonance, then the FWM signal 2k, — k,,
would only exist above resonance since the resulting phase-matching curve would
only come closer to zero for § > 0. This is in disagreement with the spectra of the
experiment. See for example the results of Fig. 28, in which the signal 2k, —k; is below
resonance. Moreover, if we choose to neglect any dispersion effects, a phase mismatch
due exclusively to the angle could be obtained, but only for a very large detuning (of
hundreds of MHz). Therefore, angle alone does not provide the proper Ak that can be
compensated by only adjusting the laser detuning. This could be the case if the ground
states were not degenerate and therefore, lasers E, and E;, had different wave numbers,

as the authors of Ref. [29] demonstrate.
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The high temperature of the vapor causes a significant Doppler broadening,
which must be taken into account when calculating the FWM spectra. To obtain the
spectra shown in Fig. 33, we used the Maxwell-Boltzmann velocity distribution to
integrate Eq. 108, similarly to the previous section. The atomic density in these curves is
approximately 10'2 cm—3, and the intensity of both input fields is ten times the saturation
intensity of the transition. These values of intensity and atomic density are consistent
with the range of experimental parameters. However, it should be noted that the model
does not fit the experimental data perfectly, particularly when these parameters are
modified. It is possible to modify the intensity, for example, in the experiment to obtain

FWM results for a wide range of values while the theoretical results are not as robust.

Our model suggests that the nonlinear interaction between the fields in the
medium leads to two fundamental responses: (i) a window with two dispersive curves in
the behavior of the refractive index of the scanning laser, similar to what is seen in the
EIA process; (ii) a variable refractive index for the laser with a fixed frequency. These
two effects work together to create the necessary phase-matching condition to generate

a signal below resonance and another above.

The results described in this section were published in a regular article in the Journal of Physics
B [101]:

A. S. Alvarez, A. A. C. de Almeida, and S. S. Vianna, “Two symmetric four-wave mixing signals
generated in a medium with anomalous refractive index”, J. Phys. B: At. Mol. Opt. Phys. 54 045403

(2021).
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5 DEGENERATE FOUR-WAVE MIXING WITH COLD ATOMS: INTENSITY
CORRELATIONS

In the previous section, we modeled results that were connected to the inho-
mogeneously broadening of the atomic medium. The goal from now on is to continue
exploring the same experimental setup but switch the sample to cold rubidium atoms in a
magneto-optical trap (MOT). In this context, without the Doppler-broadening, we present
a study of the correlation between field intensity fluctuations of the two independent

four-wave mixing (FWM) signals and between the transmission signals as well.

There are different approaches to address the issues related to these fluctuations,
including both frequency domain and time domain analyses. In the latter approach,
the group led by M. O. Scully has produced a set of articles [107, 108, 40] that are
relevant to the problem we present here. Our experiment employs a similar setup using
a single continuous-wave laser. However, in addition to examining correlations between
transmitted beams, we also investigate correlations between two nonlinear signals

generated by the FWM process of the previous section.

In this section, we present a set of experimental observations of strong cor-
relations between the intensity fluctuations of two FWM signals generated through
the interaction of laser light with a cold rubidium sample. We examine the correlation
between the input laser fields, and our observations are consistent with previous findings
in the literature. We also compare different polarization configurations, which allow us to
access distinct internal energy level structures. Since we use a cold atomic sample with
a narrow Maxwell-Boltzmann distribution, we can study how the correlations behave as
a function of laser detuning. This is an advantage of the cold system compared to an
atomic vapor, in which multiple velocity groups can respond to the input laser over a

range of detunings determined by the Doppler broadening.

Additionally, we observe an oscillatory behavior consistent with Rabi oscillations
[39] in the correlation functions. This behavior is detectable long after the transient
period, and we can retrieve the frequency information through the correlation function.

This concept of extracting an oscillation frequency using the correlation function has
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been used in other contexts such as the observation of quantum beats in spontaneous
emission or the detection of temporal beats in Raman Stokes fields [109]. Our theoretical
model supports the idea that it is only due to fluctuations that we can detect this

oscillatory behavior of the system.

Finally, the spectra of each of the polarization configurations are significantly
different due to the distinct level structures. If the input lasers have linear and orthogonal
polarization, the situation is the same as it was in the previous section, i.e. the system
might be modeled with a three-level system. However, if the polarization of the input
beams is circular and parallel then the population is pumped to the extreme Zeeman
sublevels restricting the FWM to a pure two-level system. These differences remain
throughout all spectra, so we draft a theoretical model by the end of the section.
Although we do not consider our results satisfactory, we find them sufficient to identify

the phenomena responsible for these differences.

5.1 Magneto-Optical Trap

Since the experiment described in this section is performed within a sample of
cold rubidium atoms trapped in a MOT, it is useful to first provide some details about

this device.

A magneto-optical trap is a device used to capture and manipulate atoms or
molecules using a combination of lasers and magnetic fields. The MOT was first de-
monstrated by the late 1980s, and eventually rendered the Nobel prize to Steven Chu,
Claude Cohen-Tannoudji, and William D. Phillips [42], and has since become an impor-
tant tool in the fields of atomic physics, molecular physics, and quantum optics. The
basic principle behind a MOT is to use laser light to cool and trap atoms or molecules in
a three-dimensional trap formed by the forces that arise from the interaction of the laser

light and the magnetic field with the atoms.

One of the main advantages of a MOT is that it allows for the precise control
and manipulation of atoms or molecules over a wide range of conditions. This makes
it an ideal tool for studying the properties of these systems and for developing new

technologies based on these properties. Some of the applications include: compact
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atomic clocks [110], as a MOT can be used to create a highly stable and accurate
atomic clock by trapping a large number of atoms and measuring the frequencies of
their transitions between energy levels; the study of cold collisions [111, 112], since the
extremely low temperature highly suppresses the interactions between particles, which
can provide insight into the underlying physics of these systems, and can be used to

develop new technologies based on these interactions.

Let us describe briefly the physics behind the MOT. Light carries linear mo-
mentum, meaning that when a photon interacts with a moving atom there might be
a momentum transference if the atom absorbs the photon. The force exerted in this

phenomenon is the radiation force [44]

F = %l (111)

c

where o, is the peak absorption cross-section of the atom, / is the laser intensity and ¢
is the light velocity in vacuum. Usually, for the resonance frequency, this peak absorption
cross-section is much larger than the actual size of the atom, making the radiation force

quite significant.

Even though this description of the force does not need to consider a quantized
light, it is insightful to look at the problem in such a way. Each photon absorbed by the
atoms must be re-emitted by spontaneous emission in a random direction. Hence, the
whole process can be seen as a scattering of photons. The force in this case is given by
the multiplication of the photon momentum %k and the scattering rate. If we consider a

two-level atom as a model, then this force is [44]

r I/ La

Fyearr = hk=
seatt 2141/l +482/T2

(112)

where T is the decay rate of the excited state, I, is the saturation intensity, and 6 is the
detuning from resonance. For a moving atom, we might already take into account the
Doppler effect, i.e. 6 = o — wy + kv, where o is the laser frequency, ay is the resonance

frequency, k is the wavevector, and v is the atomic velocity.

From Eq. 112 one derives the optical molasses technique developed by Chu et
al in 1985 [113]. Still with the simple model of a two-level atom, consider the interaction

with a pair of counter-propagating lasers, as presented in Fig. 34.
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Figure 34 — Optical molasses technique: counter-propagating lasers acting on a moving two-level atom.
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Source: The author (2023).

Since the atoms are moving in the direction of propagation of light, there will be a shift
in the frequency of the lasers as seen by the atoms, caused by the Doppler effect. It is
then possible to choose the correct detuning to make one of the lasers resonant with a
set of velocity groups, leading to an absorption. Only these atoms will be slowed. Let
us try to see the behavior of the combined forces in this situation. The net force on the

atom is

Fmalasse :FS‘CClll(w_a)O_kv) _FYCall(a)_a)()+kv)7 (1 13)

and if we make an expansion of the force to consider only low velocities, i.e. kv < T" we
get

oF

oF
Fmolasses ~ Fscatt<w - (0()) - kV% - Fscatt(w — (U()) —|—kv% ,

~ 22 (114)
leX0)

A —Q,

where o = 2k§—g. This is a force similar to the one a particle experiences when it moves
through a viscous fluid, therefore the name of the technique: optical molasses. In the
actual experiment, it is important to use pairs of counter-propagating beams in all three

directions to effectively slow down the atoms.

This is a very successful technique for cooling neutral atoms. Consider alkali
metals as an example: the lowest temperature achievable is of hundreds of uK [114],

which is an outstanding result. This lower limit is imposed by the spontaneous emission



Section 5. Degenerate Four-Wave Mixing with Cold Atoms: intensity correlations 105

of the atoms, i.e., once a photon of the cooling beam is absorbed, the atom must re-emit
this photon in a random direction. To preserve momentum conservation, the atom must
move in the opposite direction with a certain recoil velocity. By associating a temperature
with this velocity, we may find the recoil cooling limit, which is the lowest temperature

we can achieve through the optical molasses technique.

In this technique, although the atoms may accumulate in the region of the
intersection of the beams, because of their small velocities, they are not trapped.
Eventually, the atoms leave the interaction region and regain speed. To trap them, we
must use a specific type of polarization in the beams combined with a magnetic field

gradient, as first suggested by Jean Dalibard [115].

In this scheme, called magneto-optical trap, we add to the experimental setup of
the optical molasses a pair of coils in the anti-Helmholtz configuration, i.e. their currents
have different directions. This pair of coils generates a uniform field gradient near the
point in the middle of them. This means that the atoms will experience a Zeeman shift
in their energy levels. This shift can be explored, along with the selection rules, to add a

new term in the force of Eq. 114.

Let us look in detail at how this field gradient and the lasers act together. For
that, consider a simple transition |F = 0) — |F’ = 1) as shown in Fig. 35. The pair of
counter-propagating beams have orthogonal and circular polarizations, so they will only
interact with the set of velocity groups that have the correct position regarding the center
of the trap. This is caused by the selection rule of angular momentum. A o+ beam may
only cause transitions that increase the angular momentum by one unity, while a 6~

polarization causes only transitions that decrease the angular momentum.

We might rewrite Eqg. 113 if we consider the Zeeman effect in the detuning of the
lasers, i.e. § = o +kv— (my — Bz). The Zeeman shift is given by 3z, where B depends

dB . . . . .
on %~. By doing the same previous expansion, we arrive at:

FMOT%—OCV—%L (115)

There is a new term, a restoring force, meaning that the dynamics of the atoms in the
trap follows a harmonic motion, typically over-damped [44]. A simplified representation

of the apparatus to trap the atoms is presented in Fig. 36.



Section 5. Degenerate Four-Wave Mixing with Cold Atoms: intensity correlations

106

Figure 35 — Magneto-optical trap: counter-propagating lasers with circular polarization acting on a moving atom
through a magnetic field gradient.
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Source: The author (2023).

Figure 36 — Magneto-optical trap scheme.

Source: The author (2023).
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Magneto-optical traps provide good sources of cold atoms for a wide range of
experiments. It is an easy-to-load trap, with typical capture velocities of tens of m/s
[116], and up to 10'? trapped atoms. Surely, these numbers may change significantly
from one specific setup to another. We must also emphasize that this is not a magnetic
trap. The field gradient in a MOT is much smaller than in pure magnetic traps (not even
enough to hold the atoms against gravity) so the forces in play are effectively due to the

lasers.

From a practical point of view, the cooled atoms must stay in a very low-pressure
environment to avoid collisions with background atoms and consequently the escape
from the trap. This implies that the experiment requires a good vacuum system. For the
MQOT, the often used type of pump is an ionic pump, in our case, a Starcell from Varian.
This pump operates typically in an ultra-high vacuum regime, i.e. ~10~° Torr. It ionizes
the gas inside the chamber and accelerates these ions with a high electric potential,
ranging from 3 kV to 7 kV. One of the main reasons for using ionic pumps in cold atoms
experiments is that it does not have moving parts or the need for oil. Thus, they require

little maintenance and produce almost no noise.

The vacuum pump is connected to a glass chamber, henceforth labeled science
chamber, where the lasers can interact with the atoms. It is also in the science chamber
that lies the rubidium dispenser. This dispenser contains a mixture of a rubidium
compound and a reducing agent [117]. The alkali metal is released in a controllable way
via ohmic heating, with currents typically from 5 A to 7 A and reaching temperatures up

to ~800 °C.

Regarding the magnetic field, we use a pair of circular coils with a radius of 27
mm and made of 1.1 mm diameter copper wire, with 50 turns. As mentioned before,
the coils are in an anti-Helmholtz configuration with a 1.5 A current, i.e. the currents
circulate in different directions. The final arrangement is similar to the one presented in

Fig. 36, with a typical magnetic field gradient of 10 G/m inside the science chamber.

In addition to this magnetic field, there are also compensation coils that balance
external fields, especially the Earth’s magnetic field. The cage is made of three pairs

of square coils, arranged to form a cube so that each pair can generate a field in a
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Figure 37 — Level diagram of the D, line of 3 Rb with the cooling and repump transitions in red and blue, respectively.
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specific direction. The sum of these vectors can act against the earth’s magnetic field
and cancel it. For our system, we coarsely tuned the currents in the cage, but a precise

procedure can be used as shown in Ref. [118].

In the optical setup of the experiment, we use two diode lasers of the same type
as in the previous sections (Sanyo DL7140-201S). An extra step that we perform in this
setup compared to what we presented so far, is to use a homemade locking frequency
system to prevent the lasers to drift away from a desired frequency position. This system
uses the peaks from a saturated absorption spectroscopy (SAS) signal as a reference
to correct the frequency of the laser. The key feature of it is that it takes the time control
pulses of the experiment (which we detail further along) to correct the laser frequency
only when a measurement is not being made. Typical frequency locking devices involve
introducing a periodic pertubation into the laser reference signal. Our system assures
that the locking device does not disturb any acquired data. It is used not only to lock the
frequency of the MOT lasers but also for the laser that induces the FWM process of this

section.

The two diode lasers used in the MOT are labeled "cooling"and "repump"(see
Fig. 37). The cooling laser is primarily responsible for the MOT mechanism, transferring
momentum to the atoms through absorption. It is tuned near the transition |F =2) —

|[F' = 3) of 8’Rb. Although this transition is closed, meaning it can only relax back to its
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ground state, some atoms may still be able to reach the state |F’ =2). These atoms
may then fall into the state |F = 1), which is a dark state where they can no longer
interact with the cooling laser. To address this issue, the repump laser is tuned to the

open transition |F = 1) — |F' = 2).

During the operation of the MOT, we use the SAS signal to monitor the frequen-
cies of both the cooling and repump lasers. In order to properly trap the atoms, the
cooling laser is set to a frequency that is near the crossover between the states |F' = 1)
and |F’ = 3). An acoustic-optical modulator (AOM) is used to bring the frequency of the
laser closer to the closed transition, but it is still slightly detuned from the state |F’ = 3).
This is important because it allows the laser to interact with a larger number of atoms. If
the laser frequency is set to be completely in resonance, only the stationary group of

atoms will be able to interact with it.

We use the AOM for two reasons: first, the AOM modulates the cooling laser in
order to switch the MOT in a controlled temporal scheme; second, the cooling laser must
have a small detuning to optimally cool the atoms. In this case, the chosen crossover
transition to fix the laser frequency is 212 MHz below the |F’ = 3) level. The AOM blue
shifts the laser frequency by 200 MHz for the first order, leaving it only 12 MHz from the
cyclic transition. We also use the zero order of the AOM, in other parts of the experiment,

e.g. as a guide beam for alignments or to measure the optical density of the MOT.

Since there are many optical elements in the path of the cooling beam before
arriving at the atoms, significant power is lost. Our diode lasers have typical powers of
tens of mW, making necessary the use of an amplifier to compensate for the losses.
We use a Boosta amplifier from Toptica Photonics. In an optimal alignment situation, an
input power of 20 mW renders an output power of 700 mW, which is enough for all of
the MOT beams.

The MOT can be observed using an IR camera because of the spontaneously
emitted light produced by the trapping process. It is also possible to capture an image
of the trapped atoms using a CCD (charge-coupled device) camera, which can be used
to measure the diameter of the cloud, as shown in Fig. 38, by converting the image into

a matrix that contains the information for each pixel. The data from the sum of the rows
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Figure 38 — CCD image of the atomic cloud. The red line indicates the diameter taken from the Gaussian fit.

Source: The author (2023).

or the sum of the columns can then be plotted and fit with a Gaussian curve. The waist
of this curve is used as the diameter of the MOT and in our case, the cloud measures 4

mm.

The same fluorescence that allows the CCD to capture images of the cloud
might be used to measure the number of atoms. In this case, we use a photodetector
(DET36 from Thorlabs) that captures this fluorescence with the aid of a lens. Using the
peak response of the photodetector we may calculate the total power detected at that
solid angle. By generalizing to a sphere, we know the total power emitted by the atoms.
Finally, we divide this total power by the energy of a single photon and the scattering
rate, finding the number of atoms. For our experimental setup, this number typically has
the order of 10° atoms. The MOT diameter and number of atoms are a fraction of the

several parameters that can be obtained from characterization measurements [119].

5.2 Experimental setup and results

The experimental configuration is similar to the one in the previous section.
However, a key difference is that now we use a single cw laser instead of two. This

means that the two input fields that induce the FWM process come from the same laser.
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Figure 39 — Simplified scheme of the four-wave mixing setup. PBS and APD are polarizing beam-splitter and ava-
lanche photodiode, respectively.
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As the initial goal is to investigate the connection between resonant conversion of phase
fluctuation into intensity fluctuations and the FWM process, it is interesting to use this
single pump setup, as it eliminates the need of locking the phase of one input field to
the other one. That is, both input fields necessarily have the same phase fluctuations

since they come from the same laser.

We present the experimental setup in Fig. 39, in which the two input laser beams
are labeled by their wave-vectors k, and k;,. As mentioned previously, the cw laser is
similar to the cooling and repump lasers of the MOT and therefore can be locked in
frequency and then modulated with an AOM. These two beams interact with our sample
of cold 8’Rb atoms in the MOT.

We explore two cases regarding the polarization of the input laser fields. In the
configuration depicted in Fig. 39, the polarizations are linear and orthogonal. In this
case the fields are aligned in the atomic cloud using a PBS. In the second case, with
circular and parallel polarizations, we substitute the first and last PBS for beam-splitters

and add two quarter-wave plates before and after the atomic cloud.

As in the previous experiment with the atomic vapor, we are mainly interested in
the two similar FWM signals. For this end we set the input beam powers to be almost the
same so that the system generates the two signals shown in Fig. 40. The input beams

are in an almost copropagating configuration, with a small angle of 10 mrad between
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Figure 40 — Spatial distribution of the input beams and FWM signals.
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them to allow for the spatial separation of all four signals. This type of forward geometry
is challenging since scattered light from one beam might arrive at the detection position
of the other beams. To prevent this, we couple each signal in optical fibers, which results

in cleaner detections.

The two FWM signals and the transmissions of the input beams a and b are
detected by avalanche photodiodes (APD) of the models APD120A/M (max responsivity
at 800 nm) and APD120A2/M (max responsivity at 600 nm) from Thorlabs, respectively.
We use these detectors because they are highly sensitive and, for our experimental
situation, the FWM light can be fairly small. To achieve this great sensitivity, APDs

provide gain in the input signal via the process of avalanche multiplication.

The beams that induce the degenerate FWM processes are tuned near the
closed transition |F =2) — |F’ =3), of the D, line of 3’Rb. Since this is the same
transition of the cooling laser of the MOT, there could be a competition between the
lasers, making the FWM process inefficient. To avoid this, we use a temporal scheme to
generate and acquire the signal of interest with the MOT lasers off. In our case, we built
a time control apparatus using an Arduino board that temporally manages the entire

experiment. Fig. 41 shows a scheme of this temporal control.

All trapping fields, i.e. cooling laser and anti-Helmholtz (AH) coil, are shut down
in a 2 ms window. This time is small enough so that the atoms cannot gain much speed
and therefore move away from the center of the science chamber. It is in this window that

we obtain the whole FWM signal. The trigger (red curve in Fig. 41) has a small delay of
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Figure 41 — Temporal control of the FWM experiment.
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hundreds of us, allowing the repump laser to properly prepare the atoms in the ground
state |F = 2), where they can interact with the FWM laser. In fact, the repump laser is
always active throughout the measurement. This trigger controls a signal generator that
generates a DC Offset (green curve in Fig. 41) to control the AOM. The same trigger
that turns the MOT on and off controls the frequency locking circuit. This way, the circuit
only corrects the frequency of the laser while the MOT is on and therefore no data is
being acquired. If, on the other hand, we want to scan the frequency of the input lasers
to generate a spectrum, we switch the DC offset in the signal generator to a ramp and
connect it directly to the laser to modulate the injection current, scanning the frequency
of beams a and b. We detail more of these spectra measurements by the end of the

section.

In the time interval in which the MOT fields are off, we acquire data from a time
series with typically 100 us intervals of all four signals. In these measurements, one
must be careful with the detuning to the resonance because, for small detunings, or
high laser intensities, the radiation pressure can disperse the atomic cloud. Therefore,
there is a practical limitation in our experiment, since the FWM signal increases when
the input laser is closer to resonance and for higher laser intensities, the same regime

increases the radiation pressure.

Because of this limitation, the experimental setup with linear and orthogonal
polarizations has an advantage: its spectrum (see Fig. 42(a)) is wider than the spectrum
for the circular and parallel case (see Fig 42(b)). Furthermore, it has a dip around

the resonance so that the maximum signal is slightly off-resonance. The fundamental
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Figure 42 — FWM spectra with input laser intensity I, = I, = 10 mW/cm? for (a) linear and orthogonal polarizations;
(b) circular and parallel polarizations.
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difference between these cases is in the energy level structure behind each setup.
That is, while the circular case is modeled by a pure two-level system, the linear case
has to be modeled as we discussed in the previous section, with at least a three-level
system. We believe this dip is due to the presence of two degenerate ground levels
together with the equally powerful input laser beams which we scan their frequencies
simultaneously, inducing a coherent population trapping that prevents the signal from
being generated on resonance [54, 120, 121]. We detail this hypothesis by the end
of the section. The important point, for now, is that the measurements with linear and
orthogonal polarizations are easier to obtain and render better results in terms of

signal-to-noise ratio.

The signal we are interested in now is the time series of the intensity fluctuations
of all four signals and the two polarizations. The acquired data typically has 100 us
and is filtered with a high-pass ideal FFT filter with a cutoff frequency of 500 kHz, to
eliminate any slow fluctuations of the signals. Let us begin the analysis by looking at

the intensity fluctuations if there are no atoms to interact with the laser. Naturally, in
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Figure 43 — Time series of the intensity fluctuations for the transmittance of the input lasers with 7, = 1, = 0.15
mW/cm?, MOT off, and (a) circular and parallel polarizations; (b) linear and orthogonal polarizations.
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this case, we can only study the transmission signals, as there cannot be an FWM
signal without the atomic media. We present a 1 us section of these time series in Fig.
43. Notice that there are fluctuations in both fields but they are not at all similar. This
indicates that, without the atomic media to interact, the lasers present no correlation
[40].

The intensity fluctuations of the four signals and their two polarizations are shown
in Fig 44. In both Fig. 44(a) (circular and parallel polarization) and Fig. 44(b) (orthogonal
and linear polarization), we plot the intensity fluctuations over time for FWM signals (red
and blue lines) with input laser intensities of I, = I, = 3.3 mW/cm? and a detuning from
the excited state of 8 /27 = 70 MHz. While the fluctuations show similar behavior, they
are not identical. It can be challenging to obtain a high signal-to-noise ratio for a signal
far from resonance or with input lasers close to or above the saturation intensity, due to

experimental constraints related to radiation pressure.

On the other hand, the intensity fluctuations of the input lasers can be obtained
at a laser frequency much closer to resonance as long as the intensity is small. In Figs.

44(c) and (d) we show the time series of the transmission signals (orange and green
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Figure 44 — Time series of the intensity fluctuations for the FWM signal with input laser intensity of I, = I, = 3.3
mW/cm?, detuning from the excited state of §/2z =70 MHz and (a) circular and parallel polarizations;
(b) linear and orthogonal polarizations. Time series of the intensity fluctuations for the transmittance of
the input lasers with I, = I, = 0.15 mW/cm?, §/2x = 15 MHz and (c) circular and parallel polarizations;

(d) linear and orthogonal polarizations.
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lines) for an input laser intensity of I, = I, = 0.15 mW/cm? and a detuning from the excited
state of 6/2n = 15 MHz. It is clear that these results are remarkably synchronized and

should present near-perfect correlations, a known result [40].

These correlations can be quantified with the second-order correlation function
fo)(r) [107, 108, 40, 38] for intensity fluctuations of two optical beams with time delay

7. It is given by

<6Ii (t) 5Ij (Z+T)>

\/<51i (t)2> <51j (t+ 1)2> |

where the 61; (1) = I; j(t) — (I; j(¢)) are the time-dependent intensity fluctuations, with

Gy (1)= (116)

<I,~7j(t)> being the average intensities of the laser fields and i, j = a, b, s1, s, are the labels

to designate the two input fields and the two FWM signals, respectively.

The second-order correlation function is a statistical measure that quantifies
the degree of correlation between two random variables at different time lags. It is
often used to analyze the temporal dynamics of a system and to identify patterns in
time-series data. In terms of applications, it can be employed to analyze a wide range
of phenomena, including the coherence of lasers and the correlations in noise signals.
The definition we provide here is normalized so that the function is bounded in the
range [-1,1], with the bottom value meaning anti-correlation and the top value meaning

correlation.

In our case, we want to use this function to quantify the correlations between the
data of Fig. 44. We present the intensity fluctuations correlation functions Gg)(r) for the
pairs of time series of Fig. 44 in Fig. 45. We implemented the calculation of the Ggf)(r)
with a Python code (see appendix c). These correlation functions have peaks at zero
time delay with amplitudes (Pearson coefficient) of ~ 0.6 for the FWM signals and over
0.95 for the transmission signals. This confirms the expectation of Fig. 44 that there is
a strong temporal positive correlation in the intensity fluctuations of the output signals.
Moreover, in Figs. 45(c) and (d) we also present the autocorrelation (orange curve) for
the intensity fluctuations of the a laser beam. These curves are remarkably similar to

the cross-correlation (dark brown curves) of the two transmission signals, especially
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Figure 45 — Second-order correlation function Gl(.f) (1) between the FWM signals with input laser intensity of I, = I, =
3.3 mW/cm?, detuning from the excited state of § /2% =70 MHz and (a) circular and parallel polarizations;
(b) linear and orthogonal polarizations. Second-order correlation function Ggf)(r) for the transmittance

of the input lasers (dark brown line) and autocorrelation (orange line) with I, = I, = 0.15 mW/cm?, § /2 =
15 MHz and (c) circular and parallel polarizations; (d) linear and orthogonal polarizations.
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concerning the oscillations near zero delay.

The cross-correlation we see in the transmission beams arises from resonant
phase-noise to amplitude-noise conversion [31, 122, 123, 124, 125], which is driven
by the resonant interaction with atoms. If there were no atoms present or if the input
laser was not near resonance, there would be no correlation. Essentially, the fields are
correlated because they all come from the same laser with the same phase fluctuations.
It would be interesting to examine the correlations between the transmited laser field
and one of the FWM signals. Unfortunately, the experiment does not allow for this, as
there is no suitable choice of parameters to obtain both signals simultaneously. To obtain
the maximum FWM signal, the intensity of the input laser must be increased as much
as possible without causing excessive radiation pressure on the atomic sample. On the
other hand, to measure the intensity fluctuations of the input laser, the intensity must
be kept low to prevent saturation of the medium and minimize the number of detected

photons that do not interact with the atomic cloud.

A notable feature of these correlation curves is that the width of the FWM
correlation peak appears different from the width of the transmission correlation peak,
as expected due to the different intensities and detunings. In a similar experiment using
an atomic vapor and a magnetic field to break the degeneracy of the Zeeman sublevels
[107], the authors noted that the widths of the correlation peaks are related to the
power broadening of the single photon resonance in the Rb vapor. To further investigate
this, we repeated the time series for each pair at different intensities but with a fixed
detuning, and plotted the normalized correlation functions in Fig. 46 for the FWM signals
and transmission beams, respectively. We increased the input laser intensity by up
to a factor of 3 in most cases, but the width of the correlation peak did not change
significantly. This is likely because the atomic medium was not fully saturated in any
of these measurements, either when we measured transmission or FWM signals. In
the case of FWM signals, the input laser fields were above saturation intensity, but the

nonlinear signal itself was weak due to the efficiency of the process.

We must then investigate the behavior of the correlation as a function of the
detuning. Interestingly, the cold atomic systems are more suited to investigate this

behavior than atomic vapors. In hot systems, the Doppler broadening is significant,
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Figure 46 — Normalized second-order correlation function Gﬁ?)(r) between intensity fluctuations of FWM signals
varying input laser intensity at §/2x = 85 MHz with (a) linear and orthogonal polarizationa and (b)
circular and parallel polarizations. Transmission signals varying input laser intensity at 6 /27 = 25 MHz
with (c) linear and orthogonal polarizations and (d) circular and parallel polarizations .
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meaning that variations of the detuning inside the Maxwell-Boltzmann curve will always
find a resonant velocity group and possibly cover any phenomena regarding detuning
variations. We provide in Fig. 47 a detailed map of the correlation between transmission
fluctuations as a function of detuning. We recall that in the case of the transmission
analysis, we can work with very low intensities, so it is easy to tune the laser frequency
without pushing away the atoms, allowing such a complete map. In this graph, the
broadening of the central peak near resonance becomes clearer. Furthermore, it is
noticeable the presence of oscillations near the central peak. It seems that the frequency

of this oscillation gets smaller near resonance.

The same behavior described for the correlation between transmission signals
can be seen in the correlations between FWM fluctuations. However, it is not possible

to produce a detailed map as the intensity necessary to induce the FWM process
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Figure 47 — Second-order correlation function Gl(f)(r) as a function of the detuning 6/27 between transmission

signals with (a) linear and orthogonal polarizations and (b) circular and parallel polarizations. The input
laser intensity is I, = I =0.15 mW/cm?.
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together with a small detuning will certainly exert a radiation pressure strong enough
to push the atoms away. In this sense, we show in Fig. 48 the correlation curves
between FWM signals for three different detunings. The most notable feature is that
the correlation curves become wider as the frequency of the input laser approaches
resonance. Additionally, far from resonance, an oscillation of the correlation curves
becomes more evident and has a higher frequency. There are regions of correlation
(GE?) (t) > 0) and regions of anti-correlation (Gg)(r) < 0). This behavior was also seen
in the previous correlation curves for FWM signals (Figs. 45(a) and 45(b)), as they were

all far from resonance. It is important to note that the results in Fig. 47 are for a fixed
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Figure 48 — Second-order correlation function Gf?)(r) as a function of the detuning 6 /2x between FWM signals with
(a) linear and orthogonal polarization and (b) circular and parallel polarization.
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input intensity of 0.15 mW/cm?, while the results for FWM signals in Fig. 48 are for
different intensities in each case. In the latter we do so to maximize the signals for each
detuning, otherwise, the signal-to-noise ratio would not allow us to properly visualize
the correlation. However, if we consider the generalized Rabi frequency Q = v/Q2 + 82,
it is approximately equal to the detuning since the Rabi frequency of the input beams is

close to the natural linewidth of the transition.

These results show that the second-order correlation function behaves differently
when the detuning is changed. Moreover, there seems to be a main frequency com-
ponent that depends linearly on the detuning, or more precisely, on Q. Therefore, we
hypothesize that these oscillations in the second-order correlation function are directly

connected to the generalized Rabi frequency. This means that during the process



Section 5. Degenerate Four-Wave Mixing with Cold Atoms: intensity correlations 123

of conversion of phase fluctuations of the laser into intensity fluctuations through its
interaction with the atomic medium, the intensity fluctuations oscillate at approximately
the generalized Rabi frequency [39]. One could expect to see this oscillation in the raw
data, that is, in the time series shown in Fig. 44. However, these oscillations are not
noticeable in this case because the measurements were taken long after the transient
period when the oscillations would be less noticeable. Additionally, the signal we acquire
is the average signal of the light emitted by the atomic ensemble, rather than by a single

atom.

On the other hand, a higher-order measurement should be able to retrieve
the spectral information of the system [109, 126]. This is possible with the intensity
fluctuations correlation function Gg) (1), which does have a noticeable spectral peak. The
Fourier analysis of these curves (Figs. 47 and 48) shows that there is a spectral peak that
is compatible with the generalized Rabi frequency, or when the laser intensity is small,
compatible with the detuning. See, for example in Fig. 49, the Fourier transform of the
second-order correlation function for transmission signals (see of Fig. 47). In this case,
the generalized Rabi frequencies are 10, 20 and 40 MHz, while the spectral peaks are
located at 14, 24 and 37 MHz, respectively. We expect this to be an approximate result
because even for a simple two-level system, the presence of spontaneous emission
decay modifies how the temporal solution of the optical Bloch equations oscillates.

However, the values should be close to Q.

To verify this claim, we plot in Fig. 50 the spectral peak present in each correlation
curve (red dots) compared with the absolute value of the detuning (solid line). There is
a reasonable agreement between the two results, supporting our argument. One can
see in the transmission case (see Fig. 50(c) and (d)) that, near resonance, the spectral
peak of the correlation curves moves away from the detuning as the Rabi frequency

gets more relevant to the generalized Rabi frequency.

One final comment on the results of the correlation between FWM signals is
related to why we observe a positive correlation and not a competition between signals,
that is, an anti-correlation. Yang et al [38] observed an anti-correlation between FWM
signals in an atomic vapor using a A-sytem. This situation compares to our results

using linear and perpendicular configurations. Our case differs from theirs because the
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Figure 49 — Fourier transform of Gl(]?)(r), for two transmission signals with linear and orthogonal polarizations.
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ground states are degenerate, rendering a symmetrical system that forbids competition
between the fields. The results of Ref. [40] show how this degeneracy controls the
correlation by introducing an external magnetic field that can break the degeneracy, and

change from perfect correlation to anti-correlation.

5.3 Theoretical model

In this subsection, we use the theoretical model presented in Ref. [40] to analyze
the correlations between the transmission signals in our system. While the model does
not explicitly consider the FWM signals, we believe that some of the analysis can be
extrapolated to this case. We focus on the dependence of the correlation with the
detuning, paying particular attention to the presence of Rabi oscillations. Our system is
well-suited for this analysis on the detuning dependence as the Doppler broadening can

be neglected in cold atomic systems.

To begin with, we write the Bloch equations for our three-level system, similar
to what was done in the previous sections. However, we now consider that the input

electric fields have a stochastic phase which will render in the amplitude fluctuations we
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Figure 50 — Frequency of the oscillation in the correlation function for FWM signals with (a) linear and orthogonal
polarizations and (b) circular and parallel polarizations; Transmission signals with (c) linear and ortho-
gonal polarizations and (d) circular and parallel polarizations. The solid lines are the absolute value of

the detuning.
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observe. The input fields are then

E, = [8a(t)e—i(a)at+¢(t)—kuz) —|—C.C.] (6+ +6 _)7
o i (117)
— —i(pt+9 (1) —kp2) o~
E, [8b(t)e +c.c.] 7 ,

where g is the amplitude of the electric field, o, is the optical frequency, ¢(¢) is the

fluctuating phase, and k; is the associated wave-vector. The polarization vector is

represented in the circular base as it highlights how these fields interact with the A

system.

The fluctuating phase ¢(z) of the input fields are described by a Wiener-Levy

diffusion process [127]. For these processes, the average of the stochastic variable is
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zero and the average of the two-time correlation is given by (¢ (1) ¢ (1')) =2Dé (1 —1'),

where D is the diffusion coefficient.

We recall that, in the previous section, we considered that the field a is tuned in
one of the transitions while the field 4 is tuned in the other. That is, we only take one
circular component of each field. A complete treatment of this system, including even
wave-mixing processes of superior orders, is performed in Ref. [53]. In this model, they
perform a Floquet expansion of the density-matrix elements in the frequency of the input
fields and their combinations. One could include a stochastical phase in this last model,
but it would take the system from nine coupled equations, as we write it in this work, to
a few tens of equations. The numerical solution becomes unstable and demanding in

terms of computation time.

The Bloch equations in the rotating-wave approximation can be written as (see

section 2):

p11 = —i012Q, +i021Q; +T21p22;

P22 = i012Q, —i0621Q, — i623Q), +i0632Q), — (21 +123)p22;

P33 = 02382, — i032Q), +T23022; (118)

G2 =—012 (i8+Y2— 9 (1)) —i(p11 — P22) Q2 — 013

613 = —013 (04 — i0p + Y13) — i01282 +1023Q;

63 = =03 (I8 + 123 — ¢ (1)) — i(p33 — P22) Q) — i031 Q.
The o, terms are the coherences from equation (4) in the rotating frame, whereas
I, are the decay rates of the populations. The missing coherence equations are the

complex conjugate of the ones presented.

Since the set of Egs. 118 contains stochastical terms, we must solve them
numerically using the so-called I1td’s calculus, a mathematical framework for modeling
and analyzing systems that are subject to random fluctuations. It was developed by
Kiyoshi It in the 1940s and has since become an important tool in fields such as finance,
physics, and engineering, where it is used to model phenomena such as Brownian

motion, option pricing, and noise in electronic circuits.

At the heart of 1t6’s calculus is the concept of a stochastic differential equation
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(SDE). An SDE is a type of differential equation that contains one or more random
variables, or “noise terms”, which describe the random fluctuations in the system. These
noise terms are often modeled using Wiener processes, the stochastical process of a

Brownian motion.

To solve an SDE, Ité’s calculus introduces the concept of an It6 integral, used to
integrate functions of a random variable. This allows one to compute the expected value
and variance of the solution to an SDE, as well as to compute higher-order moments and
probability distributions. One of the key benefits of Itd’s calculus is that it allows one to
model systems that are subject to random fluctuations in a rigorous and mathematically
precise way. This is particularly useful in fields such as finance [128], where it is used to
model the random movements of financial markets, and in physics, where it is used to

model the random motion of particles in a fluid.

When it comes to laser fields, the typical stochastical process used to model the
fluctuating phase is the Ornstein-Uhlenbeck process [129, 130], which is a continuous-
time stochastic process that describes the random evolution of a system over time. It is
named after Leonard Ornstein and George Eugene Uhlenbeck, who first introduced the
process in 1930 as a model for the Brownian motion of particles suspended in a fluid. It
is often used to model systems that exhibit a certain degree of “damping” or “friction”,

meaning that the system tends to an equilibrium state over time.

This process satisfies the SDE:

dX; = o (y—X;)dt + BdW, (119)

where the 1t6’s diffusive process dX; has a deterministic part and a stochastic one.
The deterministic term, the first one, has a magnitude of the mean drift a while the
asymptotic mean is v. If X; > y the drift will be negative and the process will go towards
the mean. If X; < v then the opposite happens, the drift is positive and the process
moves away from the mean. As for the stochastic part, it is a Brownian motion W, with a

magnitude constant .

These properties make the Ornstein-Uhlenbeck process useful for modeling a

wide range of systems that have a stationary distribution, i.e., systems that reach a
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steady state over time. In addition, the Ornstein-Uhlenbeck process has a finite variance,
meaning that the state of the system exhibits a certain level of “stability”. This is in
contrast to a simple random walk, where the variance of the system grows without

bounds over time.

Once the diffusion process is chosen, we can solve the system of SDEs. There
are several different methods for solving SDEs, depending on the specific form of the
equations and the properties of the system being modeled. One common method
for solving SDEs is the Euler-Maruyama method, which is a numerical approximation
method that uses the Euler method to approximate the solution to the SDE at discrete
time steps. It is a method relatively simple to implement and is well-suited for systems
with relatively smooth dynamics. In the reference we are basing this model (Ref. [40]),
the authors use this method. However, it can be prone to numerical instability and may

not be accurate for systems with highly nonlinear or singular dynamics.

Another way to solve the SDE system is with the Runge-Kutta method. It is a
similar algorithm to the Euler-Maruyama method, as it uses a series of discrete time
steps to approximate the solution to the SDE, but with different techniques to improve
the accuracy of the approximation. In addition to numerical approximation methods,
there are also analytical methods for solving SDEs in certain cases. For example, if the
SDE has a linear form and the noise term is additive, the solution can be found using
the Laplace transform or the Fourier transform. If the SDE has a quadratic form and the

noise term is multiplicative, the solution can be found using the Fokker-Planck equation.

In our case, we opt for solving the system of SDEs numerically using the Runge-
Kutta algorithm for scalar noise (Mathematica notebook available in appendix D). It is
a generalization of the Euler method, and similarly to the deterministic Runge-Kutta
method, it involves dividing the time interval of interest into a series of discrete time
steps. At each time step, the solution to the SDE is approximated using a weighted
average of the function at the current time step and its derivative at several points
within the time step. This algorithm possesses a good accuracy for our problem, with a
thin distribution of residuals. We also use the same Brownian increment dW; for both
one-photon coherences, as the original fluctuation comes from a single laser. Finally,

we probed several choices of parameters of the Ornstein-Uhlenbeck process, but the
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outcomes are not drastically different as long as the variance of the process, given by

B?/2a, is small.

Once the numerical simulation is complete, we can use the time series of the
elements of the density matrix to calculate the second-order correlation function for the
intensity fluctuations. However, we need to establish the connection between the density
matrix elements and the actual detected signal. To do this, we solve the wave equation
derived from Maxwell’'s equations with the same procedure and approximations of the

last section, rendering the differential equation

2Qy

FE =1iK;02}, (120)

COIN[.LZZj .
where k»; = -+ and N is the number of atoms.
J 2heyc

Solving this equation leads to the fields we detect in the experiment after they
propagate in the sample. To do so, we can perform an approximation that simplifies the
solution: the MOT diameter L is much smaller than the Rayleigh length of the fields in
play, therefore, it is adequate to consider the thin-medium regime. This implies that, in
a first-order approximation, we detect a superposition of the input and the generated
fields

Ql%.Q.?-i-l'K'szsz. (121)
We are interested in the intensity itself, which scales with the square of the Rabi
frequency, therefore (in first-order):

I =~ [Q?]z —|—Q?K‘2jLIm (sz (t)) . (122)

Since the generated field is much weaker than the input fields, the first term acts
as the average signal. Hence, only the second term should present intensity fluctuations,

as it is explicitly connected to the one-photon coherence. Therefore

3]1 :.Q?szLIm (662j (t)) . (123)
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To calculate the second-order correlation function of the intensity fluctuations we

can rewrite Eq. 116 as:

(Im (8021 (1)) Im (8023 (1 + 7)) _
/(8o ()P fim (S0 (1))

Notably, in the model, as it is, only the transmission results can be directly

G (1) = (124)

explored. However, as our numerical solution renders the elements of the density-matrix
in all orders, the nonlinear effects of wave-mixing are also built in the one-photon
coherence. Naturally, the stronger term should be the lower-order one, which is indeed

connected to the transmission.

5.3.1 Theoretical results

After performing a numerical simulation of the time series for the transmission
signals by solving a system of coupled SDEs, we present an example of a single reali-
zation of the series in Fig. 51(a) for a detuning of 6 /2x = 30 MHz and Rabi frequencies
of Q, = Q, = 0.1T". We simulate the signal for a total of 20 us, but we exclude the first
half of the series to ensure that the transient period is not present. Using Eq. 124, we
calculate the second-order correlation function for the series shown in Fig. 51(a) and

present the results in Fig. 51(b).

Since we use the same Brownian increment dW; for both signals, they must
be perfectly correlated as in Fig. 51(b). It is easy to introduce different increments
for each input field and control how large their correlation is by stating that th(l) =
th(z) + \/1—7!?261‘4’;(3), where p ranges from zero to one; that is, one increment is equal
to the other with the addition of a third increment. However, we use a single cw laser, so

the stochastic phase each input field carries should be the same.

We presented the case of cross-correlation between input field intensity fluctuati-
ons for the scenario with linear and perpendicular polarizations. If we eliminate one of
the ground states and, therefore, all the equations and terms connected to it in Egs. 118,
then we would have a two-level system. This is the scenario with circular and parallel
polarizations. However, as the results are remarkably similar to those in Fig. 51, we do

not present them here.
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Figure 51 — (a) Numerical simulation of a time series of the intensity fluctuations for the transmission signals with
input Rabi frequency Q, = Q;, = 0.1, detuning from the excited state of 6 /27 = 30 MHz and linear and

orthogonal polarizations. (b) Second-order correlation function Gl(f)(r) between the time series of (a).
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A theoretical map such as the one presented in Fig. 47 can be achieved and it is
presented in Fig. 52(a). It shows a broadening of the correlation peak compatible with
the behavior of the experimental result. Moreover, the theoretical results highlight the

oscillation of the correlation curve in the generalized Rabi frequency.

A graph similar to the one shown in Fig. 50 is presented in Fig. 52(b) for the
transmission signals in the linear and perpendicular polarization case. This graph agrees
with the experimental results and therefore supports that the frequency of the oscillation
we see in the correlation curves is indeed well described by the generalized Rabi

frequency.

We must emphasize that our results were able to reveal this oscillating behavior
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Figure 52 — (a) Second-order correlation function Gf?)(r) as a function of the detuning 6/2n between theoretical

transmission signals with linear and orthogonal polarizations. The input laser Rabi frequency is Q, =

Q, =0.1T". (b) Frequency of the oscillation in the correlation function of (a). The solid line is the absolute
value of the detuning
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because the experiments were performed in a cold atom cloud. In a vapor cell, for
example, this signature would have been washed away due to the atomic movement.
The Doppler integration should change the observation of these oscillations, as the

correlation curve would contain the response of several velocity groups.

5.4 Analysis of the FWM spectra

We presented in the first subsection two FWM spectra (see Fig. 42), one for
each polarization configuration. The case with linear and orthogonal polarization has a
dip around the resonance, which we hypothesize is due to coherent population trapping
(CPT).

CPT is a phenomenon that occurs in atomic systems, in which a pair of laser
fields interacting with a three-level system, induces a transverse optical pumping that
accumulates all the atoms in ground levels near-resonance. This is directly connected
to the fact that the optical susceptibility in these systems is purely imaginary, meaning
that dispersive effects due to laser detuning from each ground level mutually cancels
each other. This phenomenon manifests itself as a dip near resonance in the absorption

spectrum [120].

One of the key applications of CPT is in high-precision measurements, where it
is used to measure small changes in the frequency or intensity of the laser fields. For
example, an important application of CPT is in optical frequency standards, where it is

used to create extremely stable and precise frequency references [131, 132].

There is not much literature on this specific configuration we work with, i.e.,
in which both input fields are scanned in frequency simultaneously. In Ref. [121], the
authors comment that, for this specific situation, in which both fields have the same
detuning and Rabi frequency, the population will be equally trapped in the lower levels
because of the optical pumping, i.e., CPT. This effect holds even for high intensities,

which agrees with our experimental results. Let us present them.

To obtain the FWM spectra, we perform the complete FWM measurement in a
single time window (see Fig. 41). Therefore, the scanning wave of the injection current

of the input laser has a 250 Hz frequency. The amplitude of the ramp depends on the
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Figure 53 — (a) Transmission of the input beams both with | ~ 10 mW/cm?. (b) FWM spectra using a single laser.
Inset: 2k, — k;, signal using parallel circularly polarized input beams. All curves are normalized.
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intensity of the input beams since they are copropagating and, therefore, tend to push
the atoms away from the center of the chamber. This radiation pressure is higher on
resonance, so we cannot scan the FWM laser slowly, otherwise the atoms would gain

too much velocity and leave the trap.

We present a typical result for this single laser setup in Fig. 53, for a laser intensity
of 10 mW/cm? for each input beam. The curves in Fig. 53(a) show the transmissions of
the input beams, while in Fig. 53(b), we show the spectra of the two FWM signals. The
transmission curves are slightly asymmetric, possibly due to the fast scanning of the

frequency or even self-focalization effects [133].

The main result is in Fig. 53(b), the FWM spectra, and it presents the dip we
are attributing to CPT. In the inset of Fig. 53(b), we present a result for the same FWM
process but using parallel and circularly polarized input beams, similar to Fig. 42. We
recall that in this case, we are dealing with a pure two-level system as the population

is pumped through the Zeeman sublevels until it reaches the larger m, state. Notice
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that there is no valley in this result, meaning that the use of beams with perpendicular

polarization is crucial to the phenomenon we are addressing.

One could state that this spectral lineshape with a dip on resonance should only
be due to absorption effects since we are dealing with highly absorbing media. Another
possibility would be an AT splitting caused by the lasers, given that they are, for this
particular result, a few times above saturation intensity. If it was the case, the lasers
would split the upper level of the transition in two, leading to more than one possible

excitation route of the FWM process.

To verify these two initial hypotheses, we change the intensity of the input beams
or the density of the atomic sample. We begin the analysis with the results of Fig.
54(a), in which we change the intensity of the two input fields. These three spectra
have different intensities of both input beams and the curves are normalized to allow a
superposition. There is a power broadening effect, considering that the higher intensity
curves have a larger width. Despite that, the valley remains with nearly the same width
and depth. In fact, if the intensity of the input beams is within a range of two orders below
to two orders above saturation intensity, the valley remains nearly the same shape. It
then becomes clear that the AT hypothesis must be ruled out because there should
be no splitting below saturation intensity and for high intensities, there should be two
well-separated peaks. The absorption hypothesis also loses strength, as it should result

in a less pronounced valley for a high-intensity regime.

An additional test to check our first hypothesis is to change the optical depth
(OD) of the atomic sample. One can achieve this by using neutral density filters to lower
the power of the cooling beams. In our case, the optical depth ranged from OD ~ 4 to a
lower density regime with OD = 1, as Fig. 54(c) shows. It is reasonable to expect that, if
the valley is exclusively due to absorption, a sample with lower OD would absorb less
and consequently produce a shallower dip. However, the spectra show otherwise. There

is no significant change in the valley depth regarding this variation of density.

There are additional characteristics of the signal worth mentioning. There is an
asymmetry that is possibly related to the frequency scan rate. For slower scans, that is,

with the same frequency and smaller amplitudes, the signals can become symmetrical,
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Figure 54 — (a) FWM spectra for different intensities of both input beams. (b) FWM spectra for different frequency
scan speeds. (¢) FWM spectra for different optical depths. All curves are normalized.
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as Fig. 54(b) shows. However, as mentioned previously, the geometric configuration of
the experiment limits the scan rate since, at high intensities, the atoms can be pushed

away from the trapping region.

Furthermore, one would expect that the FWM signal in a cold atomic sample
would have a narrow profile, closer to the natural linewidth I". However, the spectra in
Fig. 53 have widths of at least one order of magnitude larger than I'. Once again, this
has to do with the frequency scanning setup. As both fields are varying in frequency, it

is reasonable that the signals get a lot broader.

With all this data in hand, it is hard to support the idea of the valley being a
result of only absorption or even a level-splitting phenomenon. Had this been the case,

we would expect to see the valley depth change as the intensity or sample density
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varies. Only in the low-intensity regime, absorption could justify this feature, as the
input beam could be entirely absorbed by the atoms in this case. Let us attempt to use
the theoretical model we built in section 4 to obtain this dip in the FWM spectra and

hopefully find supporting arguments for the CPT hypothesis.

5.4.1 Theoretical FWM spectra

We use the same set of the equations of section 4, that is, without any stochastical
phase, as the problem we are dealing with now is the FWM spectra. However, instead
of taking a numerical solution, let us look for an analytical expression taking Eq. 86 as

the initial step.

We calculate perturbatively the population difference between excited and ground
states. To do so we consider two approximations: first, the system is closed, that
is, Z?lejj = 1; second, both ground states have the same populations, p;; = ps3.
These two considerations eliminate part of the Bloch equations, so the solution for the

population difference becomes simple:

T+ +7)

2T+ T+ 7) 438 (30,8 (129)

P11 —P22=P33 —Pn2=

The { (64, 6p) function contains all of the detuning dependence and it can be written as

2|2 (12 +7) | 219 ety
24 (ma+v) S+ (rm+v)

In this last step, we cut off high-order terms. Namely, we restrain our solution of the

€ (8a,0p) (126)

population difference to terms of the order of \Qa7b|2.

Once we substitute these population differences into Eq. 86, we can write the
coherence o5,. This density-matrix element is behind the generation of the FWM field
with frequency o, = 2w, — ®,, wave-vector k; in the direction of 2k, —k;, and circular

polarization. It is described by Eq. 87.

Since the angle between the input fields is small, and so is the atomic sample
length, we consider that the phase-matching condition is fulfilled, that is, Ak = 2k, —

k;, —k; = 0. Therefore, the FWM signals are proportional to the modulus square of the
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sum oy, + 05,. However, to take into account the absorption of the generated FWM
field and the input beams we must include the propagation of these fields through the
atomic medium using the same procedure we performed in section 4. However, since
the MOT provides a highly absorbing medium, we will not use the non-depleted input

approximation as we did previously with hot vapor.

Therefore, the Rabi frequencies of the input fields and the FWM field are given

by the coupled equations

a-Qa (Pll - pZZ)Qa
_ : 127a
0z Klz—i5a+}’12+?" ( )
2Qy, (P33 — P22)Qp
9% _ : 127b
0z K32—i5b+7’32+7" ( )
Qs —K(Pu—pn)Qs K263 (127¢)
dz —i6ur+Y2+Y —ibut+ V2tV
a)]N[.Lj?k

where the constant xj; = and k; is the wavenumber. We emphasize that we

hege ?
considered the phase-matching condition to be fulfilled Ak = 2k, — k;, — k; = 0. We solve
these equations numerically with a fourth-order Runge-Kutta method from z=0t0 z =4

mm.

Once this system of coupled Rabi frequencies is solved, we can plot the theoreti-
cal FWM spectra. Since in the experiment we scan the input fields simultaneously, in
the following plots the detunings are §, = §, = 6. We consider three scenarios in Fig.
55: (i) without absorption of the input beams, that is, it derivatives of Eq. 127(a) and (b)
are zero; (ii) with a decay rate of the coherence between ground states ;3 too large,
preventing the CPT from happening; (iii) the full solution including the absorption, that
is, using the Rabi frequencies that are the solution of Egs. 127 to obtain |Q,|* and the
decay rate 7,3 is set as ten orders below the population decay rate. The results will
not change as long the condition ;3 < I';; holds. Most of the numerical parameters
for these plots come from Ref. [46], such as the natural linewidth (27 -6.065 MHz). The
number of atoms in the MOT is estimated using the fluorescence detected at a solid

angle and set as 8- 10 atoms.

Our theoretical result considering constant input fields (Fig. 55(b)) achieves a
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Figure 55 — (a) Experimental spectra; Theoretical spectra with (b) constant input fields; (c) y13 > T'; (d) a Full solution,
including absorption and CPT. All curves are normalized.
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Source: The author (2023).

good agreement with the experimental spectra (Fig. 55(a)) in the high-intensity regime.
The model reproduces the width and there is a dip in the spectrum. However, if the
intensity is smaller than the saturation intensity, or, the Rabi frequency is smaller than

the natural linewidth, the dip vanishes.

On the other hand, we can modify the decay rate y;3 to be much larger than any
other decay rate of the system, meaning that the coherence o3 decays much faster
and therefore forbids the superposition of ground states to happen, which avoids the
CPT. In this case (see Fig. 55(c)) the dip only appears in the low-intensity regime due to

absorption but does not appear in the high-intensity regime.

Finally, we recover the experimental lineshape by adding the possibility of the
input fields being absorbed by the medium and stating that ;3 < I',;. With this addition,

the agreement is successful for high and low input intensities, as Fig. 55(d) shows.

The key to understanding the presence of this valley in the FWM spectrum is in
the coherence o;3. For this very particular situation, in which we scan the frequency of
both incident fields, this coherence should last longer than the other coherences of the
system, as they are connected to the resonance with the excited level. o3, on the other

hand, exists long before the lasers arrive at the resonance frequency. Therefore, to
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plot the theoretical spectra, we must consider that 73, the decay rate of the coherence

between ground states, is much smaller than the other rates of the system.

In this case, the real part of o3 presents a sharp valley only at the resonance,
since the imaginary part is zero [120] (see Eq. 86). This implies that there is a non-
absorption resonance for 6 = 0 [54] due to the transverse optical pumping of the
population. This supports the hypothesis that we are observing a manifestation of CPT
[120, 134].

We must emphasize, however, that this is an atypical manifestation of CPT, due
to our frequency scanning configuration with both input fields changing simultaneously.
In a typical CPT, for this type of level system, one would expect a sharp dip in an
absorption spectrum. However, we are observing the phenomenon in a forward FWM
signal with this very particular frequency scanning setup, which broadens the entire

signal. Therefore, the dip caused by the CPT is wider than usual.

When we make a different assumption for the decay rate ;3 that is to say it is
much larger than the other rates in the system, the real part of o3, (once again, the
imaginary part is zero) would present a peak for 6 = 0 and be zero elsewhere. In this
situation, the coherence between ground states vanishes so quickly that it can only
exist at the resonance, that is, there is not enough time for the CPT to happen. It is a
completely different dynamics. Evidently, in this situation, we cannot achieve the FWM

spectrum with a valley on resonance.

Using the appropriate numerical value for the decay rate of the coherence
between ground states, we present a complete comparison between experimental and
theoretical spectra in Fig. 56 for different intensity values of the incident fields. In this

case, we consider the model of Fig. 55(d).

The colormaps of Fig. 56 make it clear that we can successfully reproduce with a
good agreement the valley and the width of the spectra for this range of intensities. The
asymmetry of the experimental results is not present in the model, but as we discussed
previously, it is connected with the frequency scan rate. To model this feature, one would
need to solve the Bloch equations in the time domain and not assume a steady-state

solution as we do. We have implemented a time solution of the Bloch equations to all
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Figure 56 — Comparison between experimental and theoretical FWM spectra for different intensities of the input
fields. The plots are normalized individually.
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orders and it supports this hypothesis of the asymmetry being connected to the scan

rate. For faster scans, the signal gets more asymmetrical as in the experiment [135].

On the other hand, the theoretical solution fails to agree with the experiment for
higher intensities of the input lasers. The dip in the FWM spectra starts to get wider,
in disagreement with the experiment that shows almost no change in the dip width
for input intensities of ten times the saturation intensity. Once again, we cite Ref. [53],
in which the authors perform a Floquet expansion of the density-matrix elements in
the frequency of the input fields and their combinations. This way they can model any

high-order phenomenon in the high-intensity regime by writing a continuous-fraction



Section 5. Degenerate Four-Wave Mixing with Cold Atoms: intensity correlations 142

solution that includes all orders of interaction. This type of procedure could improve the

agreement with our experimental results.

The results described in this section were submitted as a regular article in the Physical Review A:

A. A. C. de Almeida, M. R. L. da Motta, and S. S. Vianna, “Intensity correlations in the forward

four-wave mixing driven by a single pump”, Phys. Rev. A 107, 023515 (2023).
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6 CONCLUSIONS

We have successfully executed the three four-wave mixing (FWM) experiments
we proposed, observing in each case different aspects and phenomena. We were also

able to build theoretical models that, to some extent, did fit the experimental data.

In the first place, we have presented our findings on the dynamic Stark shift and
interference between excitation routes in the coherent blue light (CBL) signal obtained
through an FWM process in section 3. The geometrical configuration with copropagating
beams was critical to the observed phenomena and it is one of the characteristics of our
experiment that makes the results unique. Furthermore, we have theoretically modeled
the Autler-Townes (AT) splitting pattern in a dressed cascade three-level system using a
numerical calculation of the Bloch equations. This allows us to compare the response
of the CBL signal and the blue fluorescence given by the upper-level population for

homogeneously and non-homogeneously broadened medium.

We found that in the case of homogeneous broadening, the response did not
depend on whether the beams were copropagating or counter-propagating. The AT
doublet was present in both fluorescence and F WM signals w hen the weak beam
frequency was sweeping, but this doublet pattern was indistinguishable in the strong

field frequency scanning regime.

On the other hand, for a Doppler-broadened medium, we found that the response
depends on whether the beams are copropagating or counterpropagating, and which
beam is sweeping. In this case, an interesting result was observed when the beams
traveled in the same direction: a doublet structure was seen in the FWM signal for
both scanning regimes, but not in the fluorescence signal. Noteworthy, we highlighted
the physical mechanism behind this doublet structure and how it varies depending on
the scanning regime. In a weak field scanning regime, the doublet structure is directly
related to the contribution of the AT effect from all velocity groups. However, in the
strong field scanning regime, the two peaks correspond to the most distant peaks of the

resonance due to two AT doublets from different velocity groups.
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We observed an interference effect between two possible FWM excitation routes
when two modes of the 1GHz mode-locked laser are resonant with one- and two-photon
transitions for the same atomic velocity group. This interference resulted in a narrow
peak on top of an Autler-Townes doublet when we scanned the repetition rate of the
frequency comb. This process allows us to selectively probe a specific velocity group of
atoms in the medium. Our model supports the idea that this narrow structure is caused
by interference between the two excitation pathways. These results demonstrate that
the combination of a continuous-wave laser and a 1 GHz frequency comb can create

different pathways that may lead to non-trivial quantum interferences.

Subsequently, in section 4, we presented a study on the excitation spectra of
two symmetrical FWM signals generated in rubidium vapor, using a copropagating laser
beam configuration. The nonlinear signals were produced by two separate lasers that
were both tuned to the closed transition of %°Rb 58, ,(F = 3) — 5P;,(F = 4), resulting
in a single peak in each spectrum. While this type of degenerate FWM process is
well-known, we simultaneously detected and analyzed the symmetry between the two
signals. Our results showed anomalies in the atomic medium’s index of refraction due

to the interaction with both fields.

One interesting aspect of this experiment is that, although the two signals were
generated by separate FWM processes, they provide information on the dynamic of
an ensemble of atoms that interacted simultaneously with the same excitation fields.
This characteristic can be used to investigate the interaction between atoms within the
excitation region or to study correlations induced by the atomic system. Specifically,
the degeneracy of the nonlinear process combined with the field configuration leads to
symmetry in the signals, both spatially and in frequency, regardless of which beam is

used to probe the excitation spectrum.

The anomalies in the refractive index were revealed through two experimental
features: (i) an absorption dip in the transmission of the frequency-scanning beam,
similar to an electromagnetically induced absorption process, and (ii) a frequency shift
of both FWM signals in opposite directions, determined by the phase-matching condition.
Our theoretical analysis, which was applied to a three-level system, demonstrated how

the index of refraction seen by each beam can change during the interaction process.
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Importantly, the correct description of the frequency position of each peak is supported
by a variable refractive index for both lasers, with the scanning laser experiencing an

anomalous window in the refractive index near resonance.

Finally, in section 5, we successfully presented an experiment to study the FWM
process using atoms cooled by a magneto-optical trap (MOT), in a copropagating
configuration of the input beams. The experiment was designed to generate two similar
FWM signals in distinct directions. We have successfully demonstrated that there are
temporal correlations between intensity fluctuations of two distinct degenerate FWM
signals in a cold rubidium sample. It is noteworthy that this is the first demonstration
of these correlations in degenerate FWM processes, which due to this degeneracy,
do not present competitive signals and therefore have a positive correlation between
them. In a complementary scenario to ours are the results of Ref. [38] that present an

anticorrelation between FWM signals due to the nondegeneracy of the ground states.

Furthermore, since our cold atomic system allows a proper definition of detuning,
namely, there is not a significant Doppler broadening, we can study how the correlation
between FWM signals and transmission signals behave as a function of detuning. The
results show that the system exhibits Rabi oscillations that can be revealed by the
second-order correlation function long after the transient. The theoretical model from
Ref. [40] was used to provide numerical results for the transmission signals that support
the experimental findings. Even though the model only deals with the transmission
signals, it provides a good insight that the mechanism behind the correlations, and the
Rabi oscillations we see in them, is the conversion of phase-noise to amplitude-noise
due to the interaction of the laser with the atoms. The FWM signals should follow a very
similar behavior, so we believe that the results regarding the cross-correlation between

transmission signals can be extrapolated to the nonlinear case.

As for the spectra results, we have presented our hypothesis that the dip in
the FWM signal is due to coherent population trapping (CPT). The fact that for high
intensities there was no clear separation between the two peaks ruled out the splitting
of atomic levels due to the AC Stark effect, i.e. an Autler-Townes splitting. In addition,
the linear absorption of the input beams and the generated signal should not be enough

to produce such a deep valley in a high-intensity regime. Changing the optical density
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of the atomic sample confirmed that the dip should not be complete due to absorption

effects, since a low-density sample rendered the same usual FWM spectrum.

To support our interpretation of the features of the FWM signal, we have modeled
the process using the procedure of section 4. The model gives evidence that absorption
effects are only capable to explain the experimental results for a low-intensity regime,
as expected. For high intensities of the input beams, the real part of the Rabi frequency
of the generated FWM light dominates the spectrum, which corroborates with the
hypothesis of a CPT. However, the model does not achieve a perfect description of the

experimental data, especially if the input lasers are too intense.
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APPENDIX A — WOLFRAM MATHEMATICA - EIT IN A 3-LEVEL SYSTEM

EIT in a 3-level system - Chapter 2

Parameters

Ty = T3 = 2% Pi % 3; (xPopulation decay rate in MHz=x)

Nr=

j:

5;
0.01;

Qy = r«Ty; (xControl laser Rabi frequencyw)
Qp = j*T2; (* Probe laser Rabi frequencyx)
Y1z = ¥21 = ¥23 = W32 = ©.5%T; (xCoherence decay ratex)
Y13 = Y31 = (19"-2] *Ty; (»Coherence decay ratex)
82 =2%Pix0; (xControl laser detuningsx)

Sp = 2% Pixx; («Probe laser detuningx)

rangeplot = 5@;

Solving the equations

We write the Bloch equations in a matrix format.

Ta

%]

T2

2}

e |2

2}

e

@

(2}

-Tn e =In
-] ={Fn +Tun) ]
=Tz -] =Ta

-T=Conjugate(n,] I Conjugate(d,] ]

L] ] L}
e ~Iath I a0y
Tetty ~Ieg, a
8 -] a
a8 IeConjugate (o] -TeConjugate[os]

“1em, ] ] 1+ Conjugate(o,] L] L]
Twity L] ~I«Conjugate[Os] -1+ Conjugate[fa] [} Lein
] ] 1 s Conjugate [Oy] a o ~Tamy
~[yi+Teds) -IeConjugate[os] @ @ @ @
-1 wiy “lvis 4 Ta (Sa-ta)] 1sConjugate(oa] @ @ ]
@ Ta0, ~ (s - T d) L] @ [
] ] e “lrn-Ies) Tety ]
a @ 1sConjugate(mn] - [ya-Ts (da-5u)) -Te0a
a (] ;] a ~TeConfugate[ta] (v +Teds)

Xd = LinearSolve [M, R, Method -+ "DivisionFreeRowReduction"];

- rholld = Extract[Xd[[1]], 1];
rho22d = Extract[Xd[[2]], 1];
rho33d = Extract[Xd[[3]], 1];

sigmal2d = Extract[Xd[[4]], 1];
sigmal3d = Extract[Xd[[5]], 11;
sigma23d = Extract[Xd[[6]], 1];
sigma2id = Extract[Xd[[7]1], 1];
sigma3ld = Extract[Xd[[8]], 1];
sigma32d = Extract[Xd[[9]], 1];

EIT example of chapter 2
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o - Plot[Im[sigma23d], {x, -rangeplot, rangeplot},
PlotRange - All, Frame -» True, FrameLabel -» {"&,/2x (MHz)", "Im(o023)"}]
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APPENDIX B — WOLFRAM MATHEMATICA - FWM SPECTRA OF SECTION 4

Forward FWM in copropagating configuration - Chapter 4

Parameters

- T3 = T3 = 2% Pi«3; (xPopulation decay ratex)
r=660;
j = 68;

Q, = r«T; (*Control laser Rabi frequencyx)
Qp =J*Ta; (* Probe laser Rabi frequencyx)
Y12 = ¥21 = ¥23 = ¥32 = 0.5 % Ty; (*Coherence decay ratex)
Y13 = Y31 = (16"-2) * Ty1; (xCoherence decay ratesx)
8; = 2% Pix®; (xControl laser detuningx)
8p = 2% Pixx; (xProbe laser detunings)
rangeplot = 200;
step = 5;
E=2%Pix1%x1076; (+xTime of flight decay ratex)
wy; = 2+ Pix384227940.837 » 10°6; (xOptical frequency of the transitionx)
€ = 2.99792458 % 18%; (#Speed of lightw)
k = E”ﬁ; (*Wavevectorx)
c
63 =2%xPix0+1076 -k »v; (xFixed laser detuningx)
Sp=2%xPixx %1076~k xv; (xScanning laser detunings)

2 #313% 1,38 107 A .
u= ; (»Atomic speed variance at T=402Cx)

1.443 < 10°%

L =0.85; (+«Sample lengthx)

t = 8.84; (»Angle between incident input laser beams=)
d=2%10"18; (xAtomic densityx)

permitivitty = 8.854 » 10~ -12;

dipoleMoment = 2.87 » 18~ -29;

hbar = 1.854 x 10" - 34;

X = wzy »d » dipoleMoment~2 / (2 « hbar « permitivitty » c) ;

Solving the equations

We write the Bloch equations in a matrix format.

-g* 0.5
e
-g*0.5
- R= e =
%]
%]
e
-k Tn L ~leiy L] a I« Conjugatefos] @
4 “(E+Tn+Tn) L] Iatl 2 -I«Conjugate [On] -1 s Conjugate[a.] 8
e ™ -8 a a I« Conjugate [on] ] ]
-T s« Conjugate[@a] 1IsConjugate[oa) [} -{@+va+I«8) -I«Conjugatefan) & @ @
M= Ll L @ ~Temy -[Bsru+Te (8a-8)) IscConjugatefaa] @ @
@ s ¥ I+0n @ Tecy - (B +vas - Tw ) 8 a
Twtl ~Tata @ 8 2 @ ~fg+vn-I+8) Tein
] @ a ] L] 8 I Conjugate[s] = (g+ s =T (8a=6s))
e IaConjugate(oe] -Is=Conjugate[ou] ] e 8 -] -1 « Conjugate [0.] - {g .

;= Xd = SetPrecision[LinearSolve[M, R, Method » "CofactorExpansion"], MachinePrecision];
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rholld = Extract[Xd[[1]], 1];
rho22d = Extract[Xd[[2]], 1];
rho33d = Extract[Xd[[3]], 1];
sigmal2d = Extract[Xd[[4]], 1];
sigmal3d = Extract [Xd[[5]], 1];
sigma23d = Extract[Xd[[6]], 1];
sigma2ld = Extract[Xd[[7]], 1];
sigma31ld = Extract[Xd[[8]], 1];
sigma32d = Extract [Xd[[9]], 1];

- nA =1+ (d«dipoleMoment~2 / (2 » permitivitty « hbar)) «
nB =1+ (d«dipoleMoment~2 / (2 » permitivitty « hbar)) «
deltakB = (2 (wi2) /c) * (Cos[t /2] -Cos[3«t/2]) -

((@23+ (2%Pix (x) »1076)) /c) « (nBxCos[t /2] -nAxCos[3xt/2]);
X3=Txx=* (I*sigma31d*9,'/(-2*1*6a+1*6b+~gu+g));
X1 =
—x*6.5/(-2*I*§a+1*6b+112+g);
Q5 = X3 » (Exp[X1#L] - Exp[I «deltakB«L]) / (X1 - I «deltaks);

(Re[sigmai2d] / (Qa));
(Re[sigma23d] / () ) ;

Numerical integration

datalINT = Transpose[{Table[x, {x, -rangeplot, rangeplot, passointegral}],

_

e v x (Q;/10%6), {v, =, »},

Table [NIntegrate |
uvm

Method - "DoubleExponential", MaxRecursion - 58, WorkingPrecision - 16] 3
{x, -rangeplot, rangeplot, passointegral}]}];

dataFWM = Transpose[{Table[x, {x, -rangeplot, rangeplot, passointegral}],
data[ [All, 2]] » Conjugate[data[[All, 2]]]1}];

o |- ListPlot[{dataFWM}, PlotRange » All, Joined - True,
MaxPlotPoints » Infinity, Frame - True, FramelLabel - {"&,/27 (MHz)", "|Qs|2"}]
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iimport numpy as np

rangeG2=0.5E-6 #G2 Range in us. Be careful, the longer the interval, slower

the program.

def G2(tau,I1,I2, N,stepG2): #G2 function for positive delays

numerator=0
denominator1=0

denominator2=0

meanl=np.mean(I1)

mean2=np.mean (I2)

for i in range (0,N,stepG2):
denominatori=denominator1+(I1[i]-meanl1)*(I1[i]-meanl)

denominatorl=denominatori/N

for i in range (0,N-tau,stepG2):
numerator=numerator+(I1[i]-meanl)*(I2[i+taul -mean?2)
denominator2=denominator2+(I2[i+taul -mean2)*(I2[i+taul] -mean2)
numerator=numerator/(N-tau)

denominator2=denominator2/(N-tau)

return numerator/np.sqrt(denominatoril*denominator?2)

def fullG2(I1,I2, timeVecG2, cut, N,Samples,stepG2): #Function to build the

final correlation curve adding positive and negative delays
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if (len(timeVecG2) % 2) == 0:
timeVecG2=np.arange ((-1E6* (cut*N) /Samples) ,1E6*(cut*N)/Samples,stepG2*1E6/Samples)
vecG2P=np.zeros (int (len(timeVecG2)//2)+1)
for i in range(0,int(len(timeVecG2)//2)+1):

vecG2P [1]=G2(i*stepG2,I1,I2, N,stepG2)

vecG2N=np.zeros(int (len(timeVecG2)//2))
for i in range(0,int(len(timeVecG2)//2)):
vecG2N[1]1=G2((i+1)*stepG2,I12,I1, N, stepG2)
else:
timeVecG2=np.arange ((-1E6* (cut*N)/Samples) ,1E6*(cut*N)/Samples+1E6/Samples, stepG2+
vecG2P=np.zeros (int (len(timeVecG2)//2)+1)
for i in range(0,int(len(timeVecG2)//2)+1):

vecG2P[i]=G2(i*stepG2,11,12, N,stepG2)

vecG2N=np.zeros(int (len(timeVecG2)//2))
for i in range(0,int(len(timeVecG2)//2)):

vecG2N[1]1=G2((i+1)*stepG2,I2,I1, N,stepG2)

vecG2=np.concatenate([np.flip(vecG2N) ,vecG2P])

return vecG2

def main(cl,c2,begin,end): #Choose the columns to calculate the correlation
between them.
for i in range(begin,end):
DATE = ’2022.08.05°
SOURCE = i

print(’Date: ’+DATE+’ Curve: ’+str(SOURCE))
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path = ’File_address_’+DATE+’\\{}.txt’

file

path.format (str (SOURCE))

sampling, sl, s2 =np.loadtxt(file, delimiter=’\t’, skiprows=1,

usecols=(0,cl,c2), unpack=True)

Samples=int (1/(sampling[1]-sampling[0]))

if Samples’10==9:
Samples+=1

elif Samples’10==1:
Samples-=

CutRight = int (OE-6*Samples) #Time cut to the right -> useful for
extracting smaller intervals in big sets of data

CutLeft = int(OE-6*Samples)

stepG2 = 1; #For faster runs, you may choose to jump some points with

this parameters.

dataG2 = []

pearson = []

I1=s1[CutLeft:-CutRight:1]

I2=s2[CutLeft:-CutRight:1]

N=len(I1)

cut=rangeG2*Samples/(N)

timeVecG2=np.arange ((-cut*1E6*N/Samples)+1E6/Samples, cut*1E6*N/Samples,stepG2*1E6/

dataG2.append (fullG2(I1, I2,timeVecG2, cut, N,Samples,stepG2))
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APPENDIX D — WOLFRAM MATHEMATICA - INTENSITY CORRELATIONS OF
SECTION 5

Intensity correlations between transmission signals - chapter 5

Parameters

t0 = 0; (xInital time (us)«)

tF = 28; (xFinal time (us)*)

step = 10/ -3;

j=.1;

X = 30;

Ty; =T33 =2%Pix6; (xPopulation decay rate (MHz)=x)
Q, = Qp = j*T2; (xRabi frequencyx)

¥12 = ¥21 = 21 #0.5; (#Coherence decay ratex)

¥23 = ¥32 = I'23 #0.5; (xCoherence decay ratesx)

¥13 = ¥31 = (1807-2) % ¥12; (*Coherence decay ratex)
P11,0 = @.5; (xInitial populationx)

Paz,e = 8.5; (»Initial populations)

85 = 2 % Pixx; (»Detuningx)

8y = 2 % Pi# x; (xDetuningx)

We write the Bloch equations keeping the time dependence.

egs = {drholl[t] == (i Conjugate[Q,] sigma21[t] + rho22[t] I' - i sigmal2[t] Q,) dt,
drho22[t] = (-i Conjugate[Q,] sigma21i[t] - i Conjugate[Q,] sigma23[t] +
rho22[t] (-Ta - Tp3) +isigmal2[t] Q, + i sigma32[t] @) dt,
drho33([t] = (i Conjugate[Q,] sigma23[t] + rho22[t] I';; - i sigma32[t] @) dt,
dsigmal2[t] = (—iConjugate [Q,] rholl[t] + i Conjugate[Q,] rho22[t] - i Conjugate[Qp]
sigmal3[t] + sigmal2(t] (-yi2-i6.)) dt+ isigmal2[t] dw[t], dsigmal3[t] =
(& Conjugate[Q,] sigma23[t] + sigmal3[t] (-y13 -1 (6a-6p)) - & sigmal2[t] Q) dt,
dsigma23[t] = (sigma23[t] (-yz3+ i 6p) +1isigmal3[t] Q, - i rho22[t] @p + i rho33[t] Q)
dt - i sigma23[t] - dw[t], dsigma2l[t] =
(sigma21[t] (-2 +i &a) + 4 rholl[t] @, - i rho22[t] Q, + i sigma31[t] Q) dt -
1 sigma2l[t] - dw[t], dsigma31i[t] ==
(& Conjugate[Q,] sigma2l[t] + sigma31[t] (-vs1+1 (6a - 6p)) - 4 sigma32[t] Q.) dt,
dsigma32[t] = {i Conjugate[Q,] rho22[t] - i Conjugate[Qp] rho33[t] -
i Conjugate[Q,] sigma31[t] + sigma32[t] (-vy32 -4 6p)) dt+isigma32[t] - dw[t]};

Define the itd’s process and solve the SDEs.

proc = ItoProcess[eqs, {rholl[t], rho22[t], rho33[t], sigmal2[t],
sigmal3[t], sigma23[t], sigma21[t], sigma31[t], sigma32[t]},
{{rhol1, rho22, rho33, sigmal2, sigmal3, sigma23, sigma2l, sigma31l, sigma32},
{P11,05 @, P33,0, 9,0, @, 0, @, 0}}, {t, @}, w=~ OrnsteinUhlenbeckProcess[@, 1, @, @]];
data = RandomFunction[proc, {t@, tF, step}, Method » "StochasticRungeKuttaScalarNoise"];

rholld = data[[2]][[1]][[1]]([[All, 1]];
rho22d =data[[2]]([[1]]1([[2]1]1([[A1]1, 2]];
rho33d = data[[2]] [[1]][[1]]([[All, 3]];
sigmal2d = data[[2]][[1]][[1]][[All, 4]];
sigmal3d = data[[2]][[1]]1[[1]1][[All, 5]];
sigma23d = data[[2]][[1]][[1]][([All, 6]];
sigma2ld = data[[2]][[1]][[1]]([[All, 7]];
sigma3ld = data[[2]][[1]][[1]][[All, B]];
sigma32d = data[[2]][[1]][[1]][[All, 9]];
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We plot part of the simulated time series.

)= ListLinePlot [Im[sigma32d] [[1@©00 ;; 11000]], PlotRange - All,
Frame -» True, FrameLabel - {"Time (ns)", "Im(sigmal2)"}]
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Finally, we calculate the cross -correlation between intensity fluctuations.

wi-1= xcorr[m_] := Mean[Drop[Standardize [Im[sigma21d[[10000 ;;]1]1], -m] *
Drop[Standardize [Im[sigma23d[[10000 ;;]11]1]1, m]]
g2 = Table[xcorr[m], {m, -5@8, 580}];
ListLinePlot[g2, PlotRange -» {All, {-1, 1}},
Frame -» True, FrameLabel » {"Delay (ns)", "g2"}]
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We can also calculate the Fourier transform of the correlation function, showing a peak consistent
with the chosen detuning.
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w1~ ¥t = Fourier[g2, FourierParameters » {-1, 1}];
sr =1/ stepTempo;
ff = Table[ (n-1) sr/Length[ft], {n, Length[ft]}] // N;
ListLinePlot [Transpose[{ff[[2 ;; 560]], Abs[ft[[2 ;; 50@]]1]1}], PlotRange - All,
Frame —» True, FramelLabel » {"Frequency (MHz)", "Absolute Value"}]
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