e~
e
e

=

UFPE

UNIVERSIDADE FEDERAL DE PERNAMBUCO
CENTRO DE CIENCIAS EXATAS E DA NATUREZA
PROGRAMA DE POS-GRADUACAO EM MATEMATICA

Michelle Gonzaga dos Santos

Bifurcations of Two Symmetric Families of Dziobek

Configurations

Recife
2023



Michelle Gonzaga dos Santos

Bifurcations of Two Symmetric Families of Dziobek

Configurations

Trabalho apresentado ao Programa de Pds-
graduacdao em Matematica do Departamento de
Matematica da Universidade Federal de Pernam-
buco como requisito parcial para a obtencdo do grau
de Doutora em Matematica.

Concentration Area: Analysis.

Aduvisor: Prof. Dr. Eduardo Shirlippe Goes Leandro.

Recife
2023



Catalogacao na fonte
Bibliotecaria: Ménica Uchbéa, CRB4-1010

S237b

Santos, Michelle Gonzaga dos .
Bifurcations of Two Symmetric Families of Dziobek Configurations / Michelle
Gonzaga dos Santos.— 2023.

81 f.:l., fig.

Orientador: Eduardo Shirlippe Goes Leandro.

Tese (Doutorado) — Universidade Federal de Pernambuco. Centro de
Ciéncias Exatas e da Natureza, Programa de Pdés-graduagdo em Matematica,
Recife, 2023.

Inclui referéncias e apéndices.

1. Problema de N corpos. 2. Configuragdes centrais simétricas. 3.
Configuragdes de Dziobek. 4. Bifurcagdes. |. Leandro, Eduardo Shirlippe Goes.
1. Titulo.

510 CDD (23. ed.) UFPE - CCEN 2024 — 47




MICHELLE GONZAGA DOS SANTOS

BIFURCATIONS OF TWO SYMMETRIC FAMILIES OF
DZIOBEK CONFIGURATIONS

Tese apresentada ao Programa de Pos-
graduacdo do Departamento de Matematica
da Universidade Federal de Pernambuco, como
requisito parcial para a obtencao do titulo de
Doutorado em Matematica.

Aprovada em: 20/12/2023.

BANCA EXAMINADORA

Prof. Dr. Eduardo Shirlippe Goes Leandro (Orientador)
Universidade Federal de Pernambuco

Prof. Dr. Alan Almeida Santos (Examinador Externo)
Universidade Federal de Sergipe

Prof. Dr. Marcelo Pedro dos Santos (Examinador Externo)
Universidade Federal Rural de Pernambuco

Prof. Dr. Alain Jean Christian Albouy (Examinador Externo)
Université Paris Diderot - Paris VII

Prof. Dr. Dieter S. Schmidt (Examinador Externo)
University of Cincinnati



RESUMO

Neste trabalho, investigamos bifurcacoes de configuracdes de Dziobek nos problemas de
quatro e cinco corpos, considerando o expoente da funcao potencial de cada sistema negativo
e menor do que menos um. O objetivo deste estudo é encontrar novas configuracdes centrais.
Inicialmente estudamos as bifurcacdes de uma configuracdo triangular com corpos de massas
unitarias em seus vértices e um corpo de massa arbitraria no centro. Utilizando o método de
Reducdo de Liapunov-Schmidt e o Teorema da Ramificacdo Equivariante, encontramos trés
familias de configuracdes centrais que bifurcam da configuracdo triangular centrada degener-
ada. No caso Newtoniano, realizamos uma analise completa das solucoes e também encon-
tramos trés familias de configuracdes centrais assim como em (MEYER; SCHMIDT, |1987). Em
seguida, investigamos as bifurcacoes de uma configuracdo de Dziobek do problema de cinco
corpos no espaco. Mais precisamente, consideramos uma configuracdo tetraedral com corpos
de massas unitarias nos vértices e centrada num corpo de massa arbitraria. Primeiramente,
analisamos o que ocorre numa vizinhanca da configuracdo degenerada variando igualmente
trés das massas dos vértices. Em seguida, variamos igualmente duas das massas dos vértices.
Utilizamos o método de Reducdo de Liapunov-Schmidt, a equivariancia das equacdes que de-
screvem o problema e expansao de Taylor para obter novas configuracdes centrais. No primeiro
caso, encontramos quatro novas familias simétricas que surgem da configuracao degenerada

e no segundo, encontramos trés novas familias simétricas.

Palavras-chaves: Problema de N Corpos. Configuracdes Centrais Simétricas. Configuracdes

de Dziobek. Bifurcacdes.



ABSTRACT

In this work, we investigate bifurcations of Dziobek configurations in four and five-body
problems, considering the exponent of the potential function of each system to be negative
and less than minus one. The aim of this study is to find new central configurations. Initially,
we investigate the bifurcations of the equilateral triangular configuration with bodies of unit
mass at its vertices and a body with a mass of arbitrary value at its center. Using the Liapunov-
Schmidt reduction method and the Equivariant Branching Theorem, we find three families of
central configurations that bifurcate from the degenerate centered triangular configuration.
In the Newtonian case, we performed a complete analysis of the solutions found and also
found three families of central configurations with the same behavior as well as in (MEYER;
SCHMIDT, (1987)). Next, we study the bifurcations of a Dziobek configuration of the five-body
problem in space. More precisely, we consider the regular tetrahedral configuration with bodies
of unit mass at the vertices and a body of arbitrary mass at the center. Firstly, we analyze
what happens in a neighborhood of the degenerate configuration by varying three of the
vertex masses in the same fashion. Next, we vary two of the vertex masses equally. We use
the Liapunov-Schmidt reduction method, the equivariance of the equations that describe the
problem and Taylor's formula to obtain new central configurations. In the first case, we found
four new symmetrical families that arise from the degenerate configuration and, in the second,

we found three new symmetrical families.

Keywords: N-Body Problem. Symmetrical Central Configurations. Dziobek Configurations.

Bifurcations.
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1 INTRODUCTION

The N-body problem is a mathematical problem that has existed for more than three
centuries and continues to challenge mathematicians in various fields. In essence, this problem
is the study of the dynamics of N massive bodies which are attracted to each other by
the gravitational force that each body exerts on the others. So far, our understanding of
the general solution to this problem is limited. For two bodies, the problem was completely
solved by Isaac Newton [1687] . The only explicitly known solutions are so-called homographic
solutions. These solutions are such that the bodies start in a special configuration, called central
configuration. The main property of central configurations is that the gravitational acceleration
vector produced on each mass by all the others must point towards the center of mass and be a
multiple of the position vector of this body relative to the center of mass. These configurations
govern the behavior of solutions near collisions. Finding homographic solutions to the N-body
problem seems to be the main motivation for studying central configurations, but other reasons
have motivated the study of such configurations, as stressed in some references to this subject
(ALBOUY| 2003)), (ALBOUY; LLIBRE, 2002)) and (MOECKEL), [2014).

Central configurations are defined by a complicated system of algebraic equations, which
does not make it easy to find homographic solutions to the N-body problem. Nevertheless,
once we find a solution to the equations of central configurations and perform a rotation,
translation or dilation of this solution, we have a new solution for this system. For this reason,
configurations obtained in this way are said to belong to the same equivalence (similarity)
class.

An important question about the central configuration equations is: for given N positive
masses, is the number (equivalence classes) of solutions finite? This problem is sometimes
called the finiteness problem, and its answer in the affirmative is known as the Chazy-Wintner-
Smale conjecture. There are few definitive answers to this question. There are three classes of
central configurations for any ordering of three bodies with positive masses on a straight line
(EULER, |1764)) and two classes in which the bodies are at the vertices of an equilateral triangle
(LAGRANGE, |1772). These are all the possible three-body central configurations. (MOULTON,
1910)) generalized Euler's result proving that for each ordering of the N bodies along a straight
line, there is exactly one collinear central configuration. A generalization of Lagrange's result

is such that, for IV arbitrary masses, the only associated (N — 1)-dimensional configuration is



the regular simplex (SAARI, 1980).

The classification of central configurations can be explored through the dimension of the
configuration. The dimension of a configuration is understood as the dimension of the smallest
affine space containing the positions of the point masses at the configuration. The (N — 1)-
dimensional configurations are classified as we have already mentioned, but the (N — 2)-
dimensional configurations are not yet well understood. These configurations are often called
Dziobek configurations and stand out, among other reasons, because they allow for a simpler
formulation of the equations of central configuration.

For four bodies in the plane with equal masses, (ALBOUY, 1996)) proved that there exists an
upper bound for the number of classes of Dziobek configurations. A lower bound can be found
in (SIMO|, (1978)). More generally, for any four positive masses, (HAMPTON; MOECKEL, 2006)
and (ALBOUY; KALOSHIN, 2012) showed that the number of equivalence classes of central con-
figurations is finite. For a particular family of d-dimensional symmetric configurations of d + 2
bodies of point masses, (LEANDRO) 2003) showed the finiteness and studied the bifurcations
of these configurations, providing the exact number of central configurations when d = 2, 3.
There are many other enumerative studies for particular cases. For five bodies with any pos-
itive masses, except for an explicitly determined set of zero measure in the space of masses,
(ALBOUY; KALOSHIN, 2012) showed that the number of classes of central configurations is
finite (generic finiteness).

For six bodies or more, even generic finiteness is an open problem. However, recently some
contributions have been made, see (DIAS; PAN, 2020)) and (CHEN; CHANG, 2023).

The equations for central configurations suggest that we interpret a central configuration
as a critical point of the potential function of the N-body system under the condition that
the moment of inertia is constant. A central configuration is called degenerate if it is not
isolated, already considering its equivalence class modulo rotations, translations and dilations.
Bifurcation theory has proved to be an important way of obtaining new central configurations
that shoot out from a degenerate configuration. For this purpose, the masses of the bodies
are typically considered to be the bifurcation parameters.

The use of bifurcation methods in Celestial Mechanics was probably pioneered by (PAL-
MORE, 1973) considering a configuration consisting of three bodies with unitary masses at the
vertices of an equilateral triangle centered at a fourth body with arbitrary mass. He also con-
sidered a configuration consisting of four bodies of unitary masses at the vertices of a square

centered at a fifth body of arbitrary mass. In both cases, the author showed that there exists a
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unique positive value of the central mass for which these configurations are degenerate. Consid-
ering the central mass as the bifurcation parameter in each case, Palmore found a new central
configuration family bifurcating from the degenerate configuration. (MEYER; SCHMIDT) [1987)),
repeated the bifurcation analysis of these problems using mutual distances as coordinates and
showed the existence of new central configurations. Namely, the configurations that bifurcate
from the centered equilateral triangle are pseudo- centered isosceles triangles. For five bodies,
the configurations that bifurcate from the centered square form either a pseudo-centered kite
or an isosceles trapezoid.

In the case of a rhombus configuration with unitary masses at the vertices and centered
at a mass of arbitrary value, there is a negative value for the central mass which makes this
configuration degenerate. It was shown in (ROBERTS, (1999) that there is a continuum of
central configurations bifurcating from this one. This is an important result that shows that
considering positive masses is a necessary condition for finiteness.

Applying the same analytical techniques as in (MEYER; SCHMIDT, |1987)), (SCHMIDT, [1988])
studied the bifurcations of a regular tetrahedral configuration with unitary masses at the
vertices and a mass of arbitrary value at the barycenter. It was shown that there is a single
positive value for the central mass which makes the configuration degenerate. Considering
the central mass as the bifurcation parameter, the author proved the existence of four new
families of symmetric tetrahedrons. This work was continued in (SANTOS, |2004)). The author
showed, after reformulating the problem using Dziobek equations and bifurcation theory with
symmetry, that there are in fact at least seven families of central configurations close to the
centered regular tetrahedron. The three new configurations that were found have a so-called
planar symmetry.

(MEYER; SCHMIDT, 1988)) extended the method to find the value of the central mass that
makes the central configuration formed by any centered regular polygon with equal masses at
the vertices degenerate. They used the so-called Palmore coordinates. In addition, with the
help of the software Macsyma and Polypak, they carried out a complete bifurcation analysis
for problems of five to thirteen bodies where the central mass is the bifurcation parameter.

In a numerical study, (GLASS, 1997)) examined the bifurcations of central configurations in
the planar four-body problem under the condition of equal masses and using the exponent of
the system's potential as the bifurcation parameter. In the same way, (GLASS, 2000)) discussed
the many bifurcations that occur in the central configuration equation with the number of

bodies between five and eight. Some asymmetrical configurations were found for the six-body
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problem.

Assuming again the centered tetrahedral configuration with equal masses at its vertices and
the central mass as the bifurcation parameter, (ALVAREZ-RAMIREZ; CORBERA; LLIBRE, 2016))
analyzed numerically this family with the central mass varying from zero to one. However, no
central configurations were found other than those by Schmidt and Santos.

Considering homogeneous potentials with negative exponents, (SANTOS et al., 2017)) proved
the existence of new Dziobek configurations arising from the centered equilateral triangular
configuration and the centered regular tetrahedron with unitary masses at their vertices and
an arbitrary mass at the barycenter. In both cases, the mass at one of the vertices of the
configuration was taken as the bifurcation parameter, with the mass at the barycenter assuming
the specific degenerate value and the remaining masses equal to one. For the four-bodies
problem, there are two symmetrical configurations and two non-symmetrical configurations
bifurcating from the degenerate centered equilateral triangle. For the five-bodies problem,
there are five symmetrical configurations which were found bifurcating from the degenerate
centered regular tetrahedron, two with so-called axial symmetry and three with so-called planar
symmetry.

The present thesis is divided into three parts and was mostly inspired by (SANTOS et al.,
2017)) and (SANTOS| 2004)). Our main results derive from the study of the bifurcations of the
centered tetrahedral configuration. We will continue to treat the masses of the vertices as
bifurcation parameters, but the degenerate configuration will be approached differently than
in preceding works.

The second chapter provides a foundation for the technical concepts that will be used to
study bifurcations of central configurations in the following chapters. It also reviews relevant
concepts about bifurcations (GOLUBITSKY; STEWART; SCHAEFFER, [1985) and (GOLUBITSKY;
SCHAEFFER, 1988)) and central configurations (ALBOUY, 2003)).

In the third chapter, we analyze the bifurcations of the centered triangular configuration.
We consider the exponent of the potential function of the system to be less than minus one.
The central mass that makes the configuration degenerate is determined as a function of this
exponent. We consider the central mass as the bifurcation parameter, and apply the Liapunov-
Schimidt reduction method to the equation that describes the problem. In the simplified
equations, we apply a theorem, known as Equivariant Branching Theorem, which guarantees
the existence and uniqueness of solutions for particular bifurcation problems. We find three

families of central configurations that bifurcate from the centered equilateral triangle. In the
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Newtonian case, a more detailed analysis of the three families revealed that the configurations
that bifurcate from the centered equilateral triangle are pseudo-centered isosceles triangles, as
in (MEYER; SCHMIDT, |1987)).

Finally in chapter four, we investigate the bifurcations of the centered regular tetrahedron
with equal masses at the vertices and a body of arbitrary mass at the barycenter. Keeping in
mind that this is a bifurcation problem with five different parameters, we study two particular
cases of this general problem. The first problem consists of varying three vertex masses equally,
while the second consists of varying two of the vertex masses equally. We use the same tech-
nique to solve both problems. We start by applying the Liapunov-Schmidt reduction method
to simplify the equations that describe these problems. Next, we make use of the equivariance
of the reduced equations to find some solutions. To look for more solutions, we use analyticity
to obtain an interesting factorization of the Taylor expansion of the functions involved. The
implicit function theorem is an important tool in this process. For the first problem, we found
four central configuration families emerging from the degenerate configuration with the same
type of symmetry as the solutions presented in (SANTOS et al., 2017)). In the second problem,
we found three new central configuration families bifurcating from the degenerate configura-
tion. These configurations are symmetrical with respect to a plane containing one edge of the
tetrahedron and the midpoint of the opposite edge. To display the solutions analytically, we
use Taylor series.

We used the computer algebra system Maple to perform the extensive calculations in this

thesis.
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2 PRELIMINARIES

2.1 MOTIVATION

Consider N particles with masses m,...,my € R* located at the positions ¢, ..., gy at
time ¢, with each ¢; in R¢. Determining the positions and velocities of these particles at each
instant is the classical problem of Celestial Mechanics known as the N-body problem, whose
mathematical formulation is given by the system of equations of motion

N
QZ:Zm]HQZ_q]HQa<QJ_qz)a Z:177N7 (21)
J#i
when a = —3/2. We define the potential function of the system by

1
20+ 2

N
Somam; || g —q; |27, Va# 1. (2.2)

i<j

Finding solutions for the system of equations is a challenging task and has motivated
many research works covering different areas of Mathematics. In this sense the study of central
configurations plays an important role, one major reason being that these configurations are
initial conditions for a special family of solutions of the N-body problem called homographic

solutions (see chapter 2 in (LLIBRE; MOECKEL; SIMO, 2015)) and (MOECKEL, 2014)).

Definition 2.1. A configuration ¢ = (q1,...,q,) € R is central if there exists a constant
A € R such that

N
ij || qi — gj ”2(1 (Qi - qj) - )‘(QZ - qG)a Vi= 17 "'7N’ (23)
J#

where ¢ = L % m;q; is center of mass when M = ﬁ m; # 0.

M = i=1
Remark 2.2. It is important to emphasize that the value of the exponent a may play a
fundamental role in the dynamics of the system (see (ALBOUY, 2003)), but if the interest is
to study central configurations, which is a problem from statics, its value seems to be not
so relevant. In this work, we usually consider a < —1 and, when it is convenient, we will

concentrate on the Newtonian case, a = —3/2.

Remark 2.3. The dimension of a configuration is understood as the dimension of the smallest
affine subspace of R? containing the points ¢, ..., gn, or simply the dimension of the space

generated by ¢; — ¢, ..., gy — ¢;, which does not depend on the choice of the point g;.
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Proposition 2.4. For any value of a # 0, a configuration of N non-zero masses of dimension

exactly N — 1 is central if and only if it is the regular simplex.
Remark 2.5. The value of the exponent a = 0 implies every configuration is central.
Additional fundamental information can be found in (ALBOUY, 2003).

Lemma 2.6. Let ¢ = (qi, ..., qn) be a configuration. If the dimension of q is exactly N — 2,
then there exists a unique non-zero N —tuple X = (z1,...,zn) € RY, up to a common factor,

such that
N N
=1 i=1

Proof. The dimension of a configuration is N — 2, if and only if, for each 1 < i < N, there
is ke {1,..i—1,i4+1,..., N} such that the vectors {g; — ¢;} ;£ are linearly independent.
So, there exists o; € R such that

N

Qe — ¢ = Z aj(¢gj —¢) =il — qi) + ... + 2ic1(gio1 — @) + g1 (G — @) + -
J#ik

+ ap—1(qr—1 — @) + p1(@i1 — @) + .. + an(gn — ¢).

Grouping common terms, we have

Qg+ ...+ o 1qi—1 + Qip1Gi1 +Op1GQr—1 T Qpp1qre1 - ONGN

+ (11— — o — g1 — 1 — . —an)Gi — qr = 0.

Hence, taking z; =1 -0y — ... —ajp—1 — Qg1 — ... —an, 2y = —1l and z; = o, j # i, k,
the existence follows. Now, suppose that there are X and Y € R¥ satisfying (2.4). Since the

dimension of ¢ is N — 2, we have

Qk - Qz Z {L‘] z ) (25)

J#k

Yk Qk - % — Zy] z . (26)
Jj#k

By multiplying (2.5) by —yx, (2.6]) by ), and adding the resulting expressions, we get
> (ywj = ya) (g5 — ai) = 0.
7k
By linear independence, it follows that y,x; — y;xx = 0, so z; = py;, for all j # k.4, where

= ﬁ, since for some k we have that y; # 0. m
Yk
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Definition 2.7. A Dziobek configuration is a configuration ¢ = (q, ..., qn), with non-zero
masses, such that there exists a non-zero X € R¥ satisfying (2.4)) and, for some pair (£,7) €
R?, we have that
a Ty Ty . .
Sij:£+7777] Vi# g, (2.7)
mg; m;

where s;; =|| ¢; — q; ||* .

Lemma 2.8. A Dziobek configuration is a central configuration with & = W

Lemma 2.9. A central configuration with non-zero masses and M # 0 of dimension exactly

N — 2 is a Dziobek configuration.

A proof of both lemmas is found in (ALBOUY, [2003)) as well as that 7 < 0 for any Dziobek

configuration, with a < 0 and m; > 0, for all i.

Remark 2.10. Setting t; = 3=, ; si;2;, equations ({2.4) are equivalent to

N
ZI'ZZO and ti:tj, VZ%]

i=1
See (SANTOS, 2004).The variables x; can be interpreted as barycentric coordinates and are
sometimes called barycentric weights (ALBOUY, [2003). For more details about these coordi-

nates, see (BERGER, [2009) and (COXETER), 1969)).

The central configuration equations can be written equivalently as:

ViUl(q) -

A
SVid(@) =0, i=1,...N,

where U is the potential function given by (2.2)) and I is the moment of inertia of the system

) = 5 Som ol 28)

The constant A can be interpreted as a Lagrange multiplier. Thus, central configurations are
critical points of U(q) under the condition that I(q) = Iy, where I, is a constant.
Bifurcation Theory allows us to find new central configurations close to a degenerate

central configuration.

Remark 2.11. We must keep in mind that a central configuration is understood as being
degenerate if it is not isolated as we vary the masses, already considering its equivalence class

modulo rotations, translations, and dilations.
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2.2 SOME BIFURCATION THEORY

In this section, we will describe some techniques, concepts, and results that will help us to
study central configurations in some degenerate cases, as well to analyze the behavior of the
bifurcation branches arising from a degenerate central configuration.

We begin by studying the structure of the bifurcations of an equilibrium solution of a
system of ODEs

T =®(x,¢€),

where ® : R” x R¥ — R" is a smooth map. Assuming that = z, is an equilibrium solution,
i.e. ®(x9,€) = 0 for all ¢ € R*, we consider a bifurcation problem as a problem of finding
solutions to the equation

O(z,6) =0 (2.9)

in the neighborhood of a degenerate solution (zg, €y) in which € is the bifurcation parameter.

These solutions are usually of the form z(e) but can also be of the form e(x).

Definition 2.12. A degenerate solution of is a solution such that ®(z,€y) = 0 and
D, ®(x¢,¢0) = 0. We call bifurcation diagram the set S = {(x,¢) € R* x R¥|®(x,¢) = 0
near (xg,€p)}. If n(e) denotes the number of solutions x(¢) of ®(x,€) = 0, a bifurcation point
is a point (g, €) € S at which n(e) changes when we vary the parameter in a neighborhood

of €0-

The vanishing of the determinant of D,®(x0,€o) is a necessary condition for the point
(xo, €0) to be a bifurcation point. As a matter of fact, if rank(D,®)(zo, €9) is maximum, then
the implicit function theorem ensures that equation ([2.9) may be solved uniquely for x in terms
of € in a neighborhood of €;. Therefore, in a neighborhood of (xg, ¢y) the number of solutions
is always the same. So, by definition, (g, €y) can not be a bifurcation point (for more details,

see (GOLUBITSKY; SCHAEFFER, (1988)) ).

Example 2.13. Consider the ODE

i =12 +¢,

where ,¢ € R and ®(z,¢) = 2% + €. The equilibrium points are z = +/—¢. If ¢ < 0, then

there are two real equilibrium points, but if ¢ = 0, then there is only one. It is clear that
dd

7 (0,0) = 0, so the point (0,0) is the bifurcation point, and in a neighborhood of zero the
T
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equilibrium points appear and disappear. This type of bifurcation is known in the literature as

a saddle node bifurcation.

Figure 1. Saddle node bifurcation at (0,0). The bifurcation branches are defined for € < 0.

Example 2.14. Consider the ODE
& =21 —eux,

where z,¢ € R and ®(z,¢) = 2° — ex. The equilibrium points are z = 0 and z = +./ec.
Similar to the previous example, the point (0,0) is the only bifurcation point. The number of
solutions of ® = 0 jumps from one to three when € crosses zero and the equilibrium points
that appear are symmetrical with respect to the e—axis. In this case, the bifurcation is known

in the literature as a pitchfork bifurcation

Ve

Figure 2. Pitchfork Bifurcation at (0,0). The bifurcation branches are defined for ¢ > 0.

For more examples and basic concepts, see (STROGATZ, 2000), (GOLUBITSKY; SCHAEFFER,

1988) and (HALE; KOCAK, 2012).
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Remark 2.15. This thesis is concerned only with finding bifurcations that arise from degen-

erate configurations, but not in classifying them.

2.2.1 Liapunov-Schmidt Reduction Method

The Liapunov-Schmidt reduction can help to solve, or at least simplify, degenerate prob-
lems. This method allows us to apply the implicit function theorem in situations where it
apparently cannot be used. More precisely, we can apply it to minimally degenerate prob-
lems. The purpose of this section is to present the Liapunov-Schimidt reduction method for
finite dimensional problems with or without symmetry. (for further details see (GOLUBITSKY;
SCHAEFFER, |1988))).

Let us start with the Liapunov-Schmidt reduction method without symmetry. We consider
a bifurcation problem as (2.9)), where ®(0,0) = 0, rank(D,®(0,0)) = n —r, and let L =
D,®(0,0). By choosing subspaces complementary to the kernel and the image of L, it is
possible to obtain a direct sum decompositions of the domain and the condomain of ¢

R"™ = ker(L) ® M, (2.10)

R" = N & Im(L). (2.11)

Lemma 2.16. Let P be the projection of R" onto Im(L) and I — P the projection of R™ onto
N. Ifu € R", then uw =0 if and only if P(u) =0 and (I — P)(u) = 0.

Proof.

(=) It is clear since P and (I — P) are linear maps.

(<) If u € ker(P) = N and u € ker(I — P) = Im(L), since N NIm(L) = {0}, it follows that
u=0. [l

By lemma [2.16] equation ([2.9) is equivalent to the pair of equations

(Po®)(xz,e) =0, (2.12)
[(I — P)o®|(x,e) =0. (2.13)
Dividing the problem into this pair of equations becomes interesting because it allows us to

solve equation ([2.12)) for (n — r) variables by applying the implicit function theorem to the
function (P o ®)(x,€). Actually, according to decomposition (2.10]), any vetor = € R" can be
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written as x = v + w, where v € ker(L) and w € M. So, defining a map

F :ker(L) x M x RF — Im(L)

(v,w,€) — F(v,w,€) = (Po®)(v+w,e),
we have that F(0,0,0) = 0 and
D, F(v,w,e) = (P o Dy,®)(v+w,e).

At (0,0,0), it follows that D, F(0,0,0) = L|,, is an invertible linear map. Hence, by the
implicit function theorem, there exists a neighborhood V' C ker(L) x R* such that for all
(v,€) € V there is a unique smooth function w = W (v,¢) : V. — M, where W (0,0) = 0
and F(v, W(v,¢€),€) = 0.

Now, we substitute W into equation to obtain the map

¢ ker(L) x R¥ — N

(v,€) — d(v,€) = [(I = P) o (v + W(uv,€), ).

Thus, for all (v,¢€) near (0,0), the zeros of ¢(v, €) determine the zeros of ®(z, €).
After replacing W in equation ([2.12)), if we choose explicit bases for ker(L) and N, namely

{v1,...,v.} and {v],...,v}}, respectively, we can define a map

g:R"xRF — R"
(y,€) — (g1, 9r),

by gi = (vf,¢ (X7, yivi,€)), when (-,-) is the canonical inner product of R", and y =
(y1, ..., yr) are the coordinates of the vector v € ker(L) with respect to the chosen basis. So,
g(y,e) = 0 if and only if ¢ (37_, y;vi,€) = 0. Both of these equations are called reduced
equations.

In particular, we can choose M = ker(L)* and N = Im(L)*.

Remark 2.17. The function g can be seen as a representation of ¢ in specific coordinates.
Indeed, since ¢ (Z§:1 Yivj, 6) € N, we have ¢(3°7_; y;v5, €) = Xi_; a;v; and taking the inner
product on both sides with v, and assuming that the basis of IV is an orthogonal basis, we
obtain

<U'Zk7 ¢ (Zz:l YiVy, 6))

a;(y,€) = e Li=1,..,r
7




20

So, by definition of ¢(v,¢), if N =Im(L)*, we have

<Uz>'k7 @ (Zgzl YiU; + W(Z::l YiVi, 6)7 €)>

o7 12 ’

a;(y,€) = i=1,..r, (2.14)

for v} € Im(L)* whereas (P o ®) (X0, yivi + W (X1, yivi, €) ,€) € Im(L). Therefore, we

can define g; := q;.

2.2.2 Groups in Bifurcation Theory

In this section, we consider the Liapunov-Schmidt reduction method with symmetry. We
treat the case when the operator L in the bifurcation problem ([2.9) commutes with a group
of symmetries. Usually, the symmetries present in the problem furnish a simplification for the
equations after the Liapunov-Schmidt reduction. The reduced equation inherits the symmetry
of the complete equation (the best reference, in my opinion, is chapter XVII of (GOLUBITSKY;
SCHAEFFER, |1988))).

Definition 2.18. Let I' be a group and V a nonzero finite-dimensional vector space. A rep-
resentation of I' on V is a homomorphism p : I' — GL(V). In other words, I' acts linearly

on V if to each element v € I' we can associate an isomorphism p., € GL(V) defined by

py:V—V

[ p’Y(v)a

such that
p'Yl-’Y2 ('U) = (p’ﬂ o p’Yz) (U)7 v ’Yla 72 c F

Definition 2.19. A representation p of a group I' on V is absolutely irreducible if the only

linear operators on V that commute with each p, are scalar multiples of the identity.

Definition 2.20. A map ® : V — W commutes with the representation p of a group of
symmetries I if

B(p, (0)) = p(®(v), VyeET,weV.
In this case we say that ¢ is I'— equivariant.
Remark 2.21. If we want the representation p act on the domain of ® in the same way that

it acts on the codomain, we must have that V. C W. Otherwise, it is necessary to define a

representation different from p for act on V.
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In the context of the Liapunov-Schmidt reduction, definition [2.20] makes sense if we restrict
the choice of the complements of the kernel and the image of the derivative map to I'-invariant
( or, simply, invariant) subspaces M and N, respectively. The next two lemmas will allow us

to construct such subspaces.

Lemma 2.22. Consider I a finite group, ® : V — W a I'—equivariant map, where V and
W are finite-dimensional vector subspaces, and L = D®(0). Then,

(a) L commutes with T.

(b) ker(L) is I'-invariant subspace of V.

(c) Im(L) is T'-invariant subspace of W.

Proof.
(a) Let p be a representation of I'. By hypothesis, ®(p,(v)) = p,(P(v)), for ally € I'. So, by

the chain rule

Do, (0)Dpy(v)| = Dy (0) DDy (v)

v= v=0

It follows that L o p, = p, o L, forally € I"and v € V.

(b) Pick v € ker(L). In accordance with (a), we have

L(p(0)) = o (L(0)) = p5(0) =0, ¥y €T
Thus, p,(v) € ker(L). Item (c) is proved similarly to item (b). O

Lemma 2.23. I/fV is a vector space equipped with an inner product (-, -), which is preserved

by the action of a group T, i.e.,

(py(v1), py(v2)) = (v1,v2), Vv, 02 € Vaandy e I, ()
then the orthogonal complements of ker(L) and Im(L) are I'-invariant.

Proof. Assume u € ker(L)* and v € ker(L). We want to show that p,(u) € ker(L)*. Since
ker(L) is I-invariant, by the previous lemma, we have p-'(v) € ker(L) and (u, p;'(v)) = 0.
Hence,

(p (1), v) = {py (1), p (7" (v))) = (u, p " (v)) = 0,
where the second equality follows from the hypothesis (3 ). Since u was arbitrarily chosen, we

proved the first claim. Similarly, we show that Im(L)+ is T-invariant. ]

In order to show that the reduced map is equivariant, we need the next lemma. Let us

assume that the parameters are not affected by the action of T'.
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Lemma 2.24. Consider T a finite group. If W is an implicit solution of equation (2.13), then

W(pW(U)7 6) = pW(W(U’ 6))7
for all v € T" and v € ker(L) near the origin.

Proof. Firstly, we prove that P commutes with the action of " (recall that P : N@Im(L) —
Im(L) is the projection on the image and its kernel is N). If u € N, w € Im(L) and z = u+w,

then

py(P(2)) = py(w) = P(py(w)) = P(py(u)) + Plpy(w)) = P(py(u) + py(w)) = Ppy(2)),

where it was used that the projection is the identity on Im(L), as well as the linearity of P and
p for all v € I'. In the same way, we prove that (I — P) commutes with p. Now, we verify

that p,—1 (W (p,(v),€)) is also a solution of (2.12) for all v € ker(L) near the origin. Indeed,

(Po®)(w + o, (W(p, (1), ), €) = (P o ®)(py-1(ps (0) + W(py (), 0)). )
= p1((P o ®)(p, (v) + W(p, (0), ), )
=0,

provided v is near the origin, so p,(v) € ker(L) is also near the origin. So, p,-1(W(p,(v), €))
is a solution of equation (2.12)) with p,-1(W(p,(0),0)) = p,-:(W(0,0)) = 0. Therefore, by

the uniqueness of the implicit solution, the statement follows. n

Proposition 2.25. In the situation given in the previous section, if M and N are I'-invariant

subspaces, then the reduced map ¢ : ker(L) x R¥ — N commutes with p., for all v € T.
Proof. Indeed,

¢(py(v), €) = (I = P)(®(py(v) + W(py(v), €),€)),
= (I —P)(P(py,(v+W(v,€)),€)) (by lemma and linearity of p,),
= p,(¢(v,€)), Vy eI (by the equivariance of ® and I — P).

[]

In coordinates, let 3 = {v1,...,v,} and 8* = {v%,...,v}} be bases of ker(L) and Im(L)*,

respectively. Let pgl) and p(f) be the actions of v on ker(L) and Im(L)L, respectively, so that

n

PP (v) = Z aij(7)vi, (2.15)
PP (W) = Zn: bii (v)vr. (2.16)

=1
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The actions are determined by the matrices A(y) and B(7), called action matrices in relation
to the respective ordered bases. The actions pgl) and pﬁf) are isomorphic if there exists a linear

isomorphism 7 : ker(L) — Im(L)* such that

Topgl):p,(yQ)oT, Vyel.

As a consequence, there is an inverse matrix .S such that

B(y) = ST'A(7)S, Yy eTl.

Hence, by changing the basis of Im(L)!, we can have the same action on ker(L) and Im(L)*

(for a more general discussion in the context of group representation theory see (SERRE, |[1977))).

With respect to the bases 5 and 5*, the reduced equation satisfies

9(AM)y, €) = A(7)g(y, €). (2.17)

As a matter of fact, from (2.15)) and ([2.16]), the i-th coordinate of the vector on the right-hand
side of equation is
Z%'W) <U;=¢ (Z yivi7€>>' (2.18)
j=1 i=1

On the other hand,

#4000 = (110 (S (St ) vac) ). .19
but, for each v € ker(L), we have p,(v) = Z}; <j§i:l a;j (w)yj> v;. So
9i(A)y, €) = (V7 0y (v), €)) = (v7, (py 0 D) (v, €)) = (py-1(v7), B(v, €)),
= il )5 000, ) (2.20

since, as long as p,, is orthogonal, it follows that A(y~!) = [A(7)]". Hence the last expression

in (2.20) is equal to (2.18) and equation ([2.17)) is verified.

Lemma 2.26. In the context discussed previously, the derivatives of the functions W and ¢

at (0,0) are zero.

Proof. Differentiating both sides of equality (2.12)) with respect to v € ker(L) at (0,0), we

obtain, for u € ker(L),

PD®(0 + W(0,0),0)(1 + D,W(0,0))u = 0,
PL(u+ D,W(0,0)u) = 0.
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Since L is an invertible operator and P acts as the identity when restricted to M, it follows
that D, W (0,0) = 0. Recall g; = (v}, ¢(>°7_, y;vi, €)). Differentiating g; with respect to y;,

we obtain
Dngi((), 0) = (v},({ — P)DG(0+ W (0,0),0)(v; + D,W(0,0)v;)) = 0,

foralli,j =1,..1. O

2.2.3 Restriction to Fixed-Point Subspaces

According to (GOLUBITSKY; STEWART; SCHAEFFER, |1985), although the Liapunov-Schmidt
reduction is useful for simplifying bifurcation problems with symmetry, often, after applying
this method, we are still left with a problem that is difficult to solve. Restricting the equations
to the subspace of fixed points of a certain subgroup of the symmetry group of the problem
allows us to reduce the number of equations to be solved. To be more precise, the number
of equations left to solve after applying the method is not greater than the dimension of
ker(L), since the fixed point subspace is a subspace of ker(L). So we may effectively reduce
the number of equations to be solved and the chances of obtaining solutions are higher. When
we make such a restriction we are also restricting our search to solutions with a certain type
of symmetry.

Let I' be the symmetry group of and y a solution of the reduced equation (after
applying Liapunov-Schmidt reduction). This solution has the symmetry of some subgroup X

of ' if it satisfies p,(y) = vy, for all o € ¥; besides, it is in
Fix(X) ={y € ker(L) | p,(y) =y, Vo € X}.
This set is called fixed point subspace for ¥. In this context, we have the following lemma.

Lemma 2.27. Let g : V x R — V be a I'—equivariant map. The fixed point subspaces, for

each ¥ < I are invariant by g.

Proof. Assume y € Fix(X), for some subgroup ¥ of I'. Thus,

00(9(y,€)) = g(ps(y), €) = g(y,€), Yo €X.

Hence, g(y, €) € Fix(2). O
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Due to the last lemma, when we want to find solutions of the reduced equation with some

specific symmetry, it is sufficient to solve the restricted system of equations

g|Fix(E)><IR =0. (2.21)

A question asked in (GOLUBITSKY; SCHAEFFER, 1988) is: when does making this restriction
help us find a solution to the bifurcation problem? In other words, which isotropy subgroup
>’ guarantees that there is a solution with this type of symmetry? A partial answer occurs for
subgroups such that

dim Fix(2) = 1. (2.22)

The following result ensures the existence of symmetrical solutions.

Theorem 2.28. (Equivariant Branching Theorem) Suppose that the action of a finite
group I on a vector spaceV is absolutely irreducible and g : Vx A — V defines a smooth and
[-equivariant bifurcation problem (consequently Dg(0,¢€) = c(€)ld). Assume that 0 € A C R
with ¢(0) = 0 and ¢/(0) # 0. Moreover, let ¥ < I' be an isotropy subgroup which satisfies
(2.22). Then there exists a unique branch (y,€e(y)) of solutions to g(y, €) = 0 near the trivial

solution with symmetry 3.

Theorem is due to (VANDERBAUWHEDE, |1980) and (CICOGNA, 1981)). In (GOLUBITSKY;
SCHAEFFER, |1988)) there is a slightly more general statement of this theorem and a similar

theorem when dim Fix(3) = 2. This is particularly true when analyzing Hopf bifurcations.

Remark 2.29. Although this theorem is an important tool for ensuring the existence of certain
symmetric solutions that bifurcate from the degenerate solution, it does not guarantee that

other solutions do not also bifurcate.

In (SANTOS, 2004), theorem was used to prove the existence of some central config-
urations which arise from the centered regular tetrahedron. In the next chapter, we will apply

it to find central configurations bifurcating from the centered equilateral triangle.
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3 BIFURCATIONS OF THE CENTERED EQUILATERAL TRIANGULAR CON-
FIGURATION

The goal of this chapter is to study central configurations of the four-body problem in the
plane, specifically the bifurcations that occur from a centered triangular configuration with
unit masses at its vertices and a mass of arbitrary value at the center. Our approach is based
on (SANTOS| 2004). Initially, we were motivated to explore the symmetry of the problem so
that we can make a more general study and find new solutions. We assume that the exponent
of the potential function of the system is negative and can take any value less than —1. We
find three families of central configurations bifurcating from the centered equilateral triangle.
So far, we have been able to fully analyze the Newtonian case, and the solutions found behave
in the same way as the solutions in (MEYER; SCHMIDT, |1987)), i.e. configurations in the shape

of isosceles triangles.

3.1 PROBLEM OVERVIEW

Let (¢1, g2, g3, ga) be a planar configuration with three unitary masses located at the vertices
of an equilateral triangle and one variable mass at its barycenter. More precisely, we consider
my = my = mz = 1, my = m and the squares of the mutual distances s;; =| ¢ — ¢; |?
between the bodies given by s;o = s13 = s93 = 3 and s;4 = Soq4 = s34 = 1. It is already
known that this configuration is central for all values of the central mass. This configuration
has dimension 2 = 4 — 2, so, by lemma 2.9, it is a Dziobek configuration and must satisfy the

system of equations

4
Z T; = 0,
i=1

a A Tl
S — = ——
vooM mym;’

1 <1<y <4, where t; = > SijTj, M = Zle m; and A = m + 317, Indeed, if m; = m;
and s;; = s, for some £, then x; = ;. Thus, x; = 22 = x5 and 4 = —3x, and substituting

these in the system ([3.1)), the last equations are reduced to just two,

A
_3a — 2
34+m ml’Q
A 3%

3+m m
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Multiplying the first equation by 3, the second by m, and adding them together, we obtain the

expression for A\. Consequently, we have (x1, z9, x3, x4) = (k, k, k, —3k), where k = k(m, a) =

m(1 — 3%)
3+m

Let us assume that M is positive and a < —1.

_ A T s\
Since 14 = —x1 — 29 —x3 and s;; = (M — Z]> , system ([3.1]) can be represented
m; my;

by equation

represents the centered triangular family of central configurations.

F(X,m) =0, (3.2)
where X = (21, 29,73) and F : R® x R — R3 is a smooth function given by F; = t; — t4,

1= 1,2, 3. Explicitly,

A 1/a A 1/a
Fi(X,m) =, ( — x1$2> + 3 < — xlzvg)

M M
A (21 4 3o+ x3)
—($1+I2+$3) (M+ 1( ! m2 3>> —t4,
A 1/a A 1/a
FQ(X, m) =T (M — 131I2> + x3 <M — ach?,)
A +ay +x3) )"
= (g + 72+ 5) (M N To(7 nfg :E3)> .
A 1/a A 1/a
F3(X,m) =1, (M — x1$3> + x5 <M - xgxg)
A a2y + 3o+ 23) )
—($1+I2+$3) (M+ 3( ! m2 3>> —t4,
and
A [El(l’l + ) + J]g))l/a ( A IQ(ZEl + T + [Eg))l/a
ty = — —
1= <M * m + o M + m
A + Ya
+ 3 ( + 2321 + 2 x3)> .
M m

We can immediately verify that F' is S3-equivariant, i.e.,

where p is the representation of S, the permutation group of the three symbols 1,2, 3, on R?

given by p, (21, T2, 23) = (24(1), Ty(2), Ty(3)), for all v € Ss.

Remark 3.1. The matrices of the representation p with respect to the canonical basis of R?

are

Pa2y - 11 0 Of>Pa3)- |0 1 O P23 |0 0 1],
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Paz23y - [0 0 1|,Pa32)- |1 0 O

Since I is Ss-equivariant and X°(m) = (k(m), k(m), k(m)) € Fix(Ss) for all m, we can
apply the chain rule in (3.3) and obtain

DXF(‘XO(m)?m)p’Y = p’YDXF(XO(m>7m)>

i,e., DxF(X%m), m) is also Ss-equivariant. Hence, it follows from equivariance that

m T2 12
DxF(X°(m),m) = |ny m na] (3.4)
M2 T2
where
0F; 2k? ( - 9) oF, k2 < - 9)
=1 =2 (304 2 ) and g = = —1-— (3ey 2 ).
n 01 [(X0(m),m) a + m and 7z 09 |(X0(m),m) a + m
Thus, the determinant of (3.4)) is
det(Dx F(X°,m)) = (i + 2m2)(m — 12)*
279
The term 7 + 21y = —— < + 31+“> is positive whenever a < —1 and m > 0. On the
a \m

other hand, we have that

3k2<3 ) <3“—a—1>
—mp=-3-——{—4+3°)=0<= m=m"=3(——— .
m =12 7 T m=m 3a+q—1

81+ 64v/3
249
in (PALMORE, (1973) and (MEYER; SCHMIDT, |1987)).

Remark 3.2. When a = —3/2, we have m* = which agrees with the value found

Proposition 3.3. For a < —1, the value of m* is in the interval (0,1).
Proof. See (SANTOS et al., 2017). O

Equation ({3.2)) describes a bifurcation problem with four parameters. For each exponent
a, the pair (X (m*),m*) represents a degenerate centered equilateral triangular configura-
tion, which is a candidate for a bifurcation point. Actually the degenerate mass vector is the

quadruple (my, mg,m3,my) = (1,1,1,m*). We will study what happens with the number



29

of solutions of equation (3.2) in a neighborhood of the point (1,1,1,m*). In other words,
we want to approach this point on the straight line generated by (0,0,0,€). As in (SANTOS,
2004), we will make use of the Equivariant Branch Theorem to guarantee the existence and

uniqueness of symmetric solutions to this problem.

3.2 BIFURCATION ANALYSIS

Consider m; = mo = mg = 1 and m4 = m* +e¢. Replacing in (3.1]), we obtain a bifurcation
problem

F(X,e) =0, (3.5)

with three variables X = (1,2, x3) and a parameter €. Let us represent the centered trian-

gular configuration by X (¢) = (k(¢), k(¢), k(¢)) which is non-degenerate for all € # 0, where

* 1 — 3¢
The derivative of F' at (X(0),0) is

m T T

m m ™

Let us apply Liapunov-Schmidt reduction with symmetry. If we define L = DxF'(X(0),0), it

follows that

ker(L) = {(vl,vg,vg) eR? ’ Z:vi = O} and Im(L) = {(s,s,s)| s € R}.

These subspaces are p-invariant. It is convenient to pick

e (R ) (00

6 6’ 6 2 2
and
[ (VBVB B
fo = Juz = ?,?;? )

as bases for the kernel and the image of L, respectively. Moreover, we decompose the domain
and codomain of L as

R* = ker(L) @ Im(L)

and perform the change of variables

3
(21,22, 23) = Zyzuz (3.7)
i=1
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Explicitly,
V6 V3 V6 V23
— Y3, T3 = ——Y1 + 792 + ?yz’)-

i VBV G
3 1773 6

Ty = —?yl TRE + ?ys, Ty =
Remark 3.4. Let A be the change of basis matrix from 5 = 3; U 5 to the canonical basis

of R3. Since A is orthogonal, we can obtain the matrices of the representation p with respect

to basis 3 by computing the matrices [p,]5 = A'[p,].A, for all v € S3. Thus,

_ -1 13 0] 0 o _ -3 3V3 0
Pa2) - —%\/3 % 0l>Pa3): |0 —1 0|, Pe3): %\/3 % 0f s
I 0 0 1_ _0 0 1_ I 0 0 1_
K] B B
pazs) | —v3 -1 0|, pas: [4V3 -1 0
I 0 0 1_ I 0 0 1_
Substituting the change of variable in , we have a new equation
G(Y,e) = 0. (3.8)
Lemma 3.5. The function G(Y, €) is S3—equivariant.
Proof. Since F'(X,¢) and X (Y') are Ss-equivariant, it follows that
G(py(Y),€) = F(X(py(Y)),€) = Flpy(X(Y)), €) = py F(X(Y), €) = p,G(Y €).
O]

The solution of equation ([3.8)) which corresponds to the centered triangular configuration

is given by
Y(e) = A'X (e) = (0,0,v/3k(e)).

Due to the decomposition of R?, we can define a projection onto Im(L), denoted by P :

R3 — Im(L) such that ker(L) = ker(P), and another projection onto ker(L) given by

(I — P) : R® — ker(L). Keeping this in mind, equation (3.8) is equivalent to system
3

(Po @Y. = LX(1,1,1).GV.0) u =0, 39)

V2

(I = P)oG)(Y,e) = \ég((—l, 2,-1),G(Y,¢e)) uy + 7((—1, 0,1),G(Y,€)) uz = 0.
(3.10)
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Let us verify that equation ([3.9) may be solved for y3. We must check the hypotheses of

3
the implicit function theorem for the function ¥ (Y, ¢) = \g_ (X5, Gi(Y,€)) . We have that
v v 4k? 9
gyz (Y(O)J O) = 07 1= ]-7 27 whereas gy?)(y(o), 0) = —7 <3l—a + T)’L*) > 0, forall a < —1.

Thus, there exist U C R? x R and V' C R neighborhoods of (0,0,0) and V3k, respectively,
such that for each (y;,ys2,€) € U there is a unique smooth function y3 = W : U — V/, such
that 1//(0,0,0) = v/3k and W(y1, yo, W (y1, y2, €), €) = 0 (we denoted k = k(0)).

Lemma 3.6. The function V¥ is Ssz-invariant.

Proof. Indeed,

(L6 m.0)

( Gy (Y, e)) (by the equivariance of G)
=1

3

(Z G;(Y, 6))

(Yie) (if j =~(1), Vv €S3).

Il
=

O

Remark 3.7. We define the representation of S3 on ker(L) as p and check that the function

W is Ss-invariant. In fact, for (y1,y2) near the origin, it follows that

\Il(yby% W(ﬁ’y<y17y2)76)7 6) = qj(ﬁ’y(ylayQ)v W(ﬁ’y(ylayQ)a 6)76) = 07

by invariance of W for (y1,y2) near the origin. Hence, W (5, (y1,y2), €) is a solution of ¥ = 0.

Provided the implicit solution is unique, we have that W (p,(y1,y2),€) = W(y1, y2, €).

Substituting W in equation (3.10f), we define
9(Y1,Y2,€) = 0, (3.11)
where g : U — R? is an analytic function given by
9i(y1 y2, €) = (ui, G(yr, y2, WY1, 92, €) €)), i = 1,2,

which becomes the bifurcation problem to be solved, that is, gy = 0 and g, = 0.
To find solutions to equation ([3.11)) we will apply the Equivariant Branching Theorem to

the function g. The following lemma states that g verifies the hypotheses of this theorem.
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Lemma 3.8. The map g, which we have previously defined, satisfies:
a) g(0,0,0) = 0.

b) g is Ss-equivariant.

c) The action of S3 on ker(L) is absolutely irreducible.

d) Dg(0,0,€) = c(€)Ioxa, and Dg(0,0,0) = 0 with dil(:) # 0.

e=0
Proof.
(a) Since G(0,0,+/3k,0) = 0, the statement follows directly from definition of g.

b) Representing the matrices of the action of S5 on ker(L) with respect to basis ; by

aix a2
p'y = 9
a21 A2

and with respect to canonical basis by p.,, as defined before for each 7 € S, we have by ([2.20))
that

gi(ﬁv(g)a 6) = <ui> G(ﬁw(g)a W(ﬁ’y(g)a 6)7 €)> = <ui> G(ﬁw(g)a W(ﬂ, 5)7 6)),
= <ui> G(pw(@ W(ﬂ, E))7 6)) = <ui’ va(@ W(ﬂ, 6)’ €)>7
= (py(w), G(7: W(g,€),€)), i= 1.2,

where § = (y1,y2). Hence,

g( () ) <p'y(u1) (va(ga€)7€)>7<pfy(u2)7G(g7W(g7€)7e)>)a

(
(<a11U1 + aqoug, G(?Ja W(Z?? 6)7 €>>7 (%1”1 + agoug, G(gj, W(’lja 5)7 €)>>,
= (a1101 + a1292, a2191 + a2292),

= P(9(7,€)),

The second equality follows from the form of the matrix representation of the p in the remarks
and 3.4, noting for example, that p{;,4) = p(i42)-

c) By definition of absolutely irreducible, taking a 2 X 2 matrix representing a linear transfor-
mation of R?, and making it commute with p, for all v € Ss, p, as defined in item (b), we
verify that this matrix must be a multiple of the identity.

d) Since g is an Ss-equivariant map, we have that D;g(0,¢€) is a linear map which is also
Ss-equivariant. So, by item (c), the derivative of g is a multiple of the identity which depends

on €. Let us check its expression. Recall equation ([3.6)). We have that
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DyG(Y (¢€),€) = Dx F(X(€),€) Dy X (Y (€)) I3x3

By —m) 2y —m) L(m+2n)
= | 268 m — me) 0 3 (11 + 2np)
NG V3 V3

s —m) 5 (m—m2) 5 (m+2m)

Since %(0,6) = (u;, D3G(0, €)e;), we have that

dy;

0 1

8791(0’6) =% (=1,2,=1), (2 =m0, 2(m — m2), 2 — m))) = M — N2,
Y

0 3

ag;(oa 6) = \é_ <(_17 2, _1)7 (772 — M, 07771 - 772))> =0,

o) V3

6792(07 ) = <(_1707 1)7 (772 - 7]1’2<7]1 - 772)7772 - 7]1)» =0,
Y1 6

892 1

—= =—((—-1,0,1 — — =1 — Ns.

ay2 (076) 9 <( 707 )7 (772 771707771 7]2>>> T 2

Hence,

Dyg(0,€) = (m — n2)(€) Lax2,
where (1, — 12)(€) = c(e), so

34 4 39(m* 4 ¢) — €] * [ 9(1 —3%) }( m* +3 )
cle) = — —
m*+3+e a(B3+m*+e)l \m*+3+¢
- [(m*+e)(1—3“)] [31+a+3“(m*+6) —11?
(34+m* +¢€)a m*+3+e€ '

When € = 0, we have that D;¢(0,0,0) = 0. Furthermore, differentiating c(e) with respect to
€, we get

[30(1 - a) — 1] [3(3a _ 1)&2 + 3a+1 (1 _ 3a) a—2- 3a+1 + 32a+1 + 3]
Saa2 (3(1 _ 1)3

¢0) =

All that is left to show is that ¢/(0) # 0 for all @ < —1. Since the denominator is never 0 for
a < —1, we can see this fact directly from its numerator, which is already decomposed in two
factors, none of which vanish for a < —1.
The first factor
pla) :=3%(1—a) -1,

can be readily shown to vanish if, and only if,

pila)=1—a—37°
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vanishes. This last expression has derivative:

pi(a) = —1+3""In(3)
which we can estimate from below term by term

pi(a) >—-14+3-1=2,

so p; is monotonically increasing on the interval (—oo, —1), hence it attains its maximum value
at —1, p1(—1) = —1, which in particular is less than zero. It follows that p; never vanishes
on this interval, and so does not the original p.

As for the second term
g(a) =3(3" = 1)a® + 3" (1 = 3")a — 2. 3%+ 4 32*1 4.3,
Notice we can manipulate the last few terms
—2-3% 43" +1=(-3"-3")+3"3" + 1= -3+ (=3 + 3"3%) + 1
=-3"+3"(-143")4+1=3%(-1+3%)+ (1 -3,
by substituting these terms into q(a), we obtain the following short factorization:
q(a) = 3(1 — 3%)(—a® + 3“a — 3" + 1)

the factor 3(1 — 3%) is positive for a < —1, while the first three terms of the other factor can
be seen to be negative, with the first term being the main reason behind this entire expression
being negative since —a? + 1 < 0 and 3% and —3® are also less than zero for a < —1.
Therefore there are no roots of the numerator in the interval for which we are considering.
We conclude that ¢(0) # 0 for all a < —1.
The figure illustrates the behavior of ¢/(0) as well as its derivative with respect to
a. [

Now, we need to determine all isotropy subgroups whose fixed point subspaces are one-

dimensional. Actually, three subgroups which satisfy this condition, namely
¥ ={id, (12)}, X5 = {id, (13)}, and X3 = {id, (23)}.
Let us denote the corresponding subspaces of fixed points by

Fix(¥1) = { (v, —v3y) }, Fix(32) = {(3.0)}, and Fix(35) = {(y,V3y)} .
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Figure 3: The figure on the left shows how the function ¢/(0) behaves when a decreases, while the figure on
the right shows how the derivative of ¢/(0) with respect to a behaves.

Provided all hypotheses of the Equivariant Branching Theorem are satisfied, for each isotropy
subgroup X;, there is only one solution branch of the bifurcation problem ([3.11)). Thus, we

have proved the main result of this chapter, see the theorem below.

Theorem 3.9. Let q(1,1,1,m) be a central configuration of four bodies in the plane forming
a centered equilateral triangle. Denote by m* > 0 the value of the central mass, which depends
on the exponent a < —1, such that the configuration is degenerate. For values of m close to
m*, there are only three symmetrical families of central configurations which bifurcate from

the degenerate solution q(1,1,1,m*).

3.3 BIFURCATION BRANCHES

In this section, we present analytical expressions for the solutions obtained in the previous
section. Using the analyticity of functions G;, i = 1,2, 3, we can determine the Taylor series
of the implicit solution W of equation and express y; and ¥, as analytical functions of
€ . Firstly, let us make the translation of the variable y3 to y3 + \/§k(e) in the function G,

i = 1,2, 3, before calculating the terms of the Taylor expansion at (0,0,0,0). Thus,
1
W (Y1, Y2, Y3, €) = bays + bee + E(buyf + baaty + sy + ece®) + bacyze + O(3).

Recall that G; is the i-th coordinate function of G and ¥ = Z?Zl Gi.

Since W is a solution of ¥ = 0, let us substitute the generic Taylor series of W into the
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above expansion of W and compare each term with the null series. We obtain

1 b b b, b\
W(yl,y2,€) = _bi3 {bee + %y% + % 54‘ !bee + b3€ (bg) - b33 (bg)

e + 0(3)} ,
where

4K* 9
by = — (31“+*>>0,
a m

~6[3*(1—a)—1][(3" —1)* 4+ a(l — 3%)]

be = 1 3 > 0,
+a—3°
3a — 1] 3 3a+1 ()

a3~ 1) \/ .
B 2k (3a+1m*2 . 33a+3 _ 3m*2> (CL o 1) - 32a+2<am* + 3)
) m*(3 + m*)32e ’
bao = 11,

2\/_]{2 ( ) [12m (CI, — 1) — (Sm*2 _ 12)3a+1a + 32a+1(a 4 1) —4. 32a+2m*a:|
b33 o 3 32aa2(3 + m*)m*
39— 1)2 [12m* (a — 1) — (8m* — 12)391q + 3%+ (a + 1) — 4 - 3242’

3
bee = 5 32002(3 + m* )4k
by, = 2[2(3% — 1)a® + (3 — 3%(2 + 3%))a + 2(1 — 3%(2 + 3%))] (1 + 3%a — 37)

3aa2(3a _ 1)3
Substituting the expansion of W into the expansions of the functions g;, i = 1, 2, and combining

common terms, we get

1
g1 (Y1, Y2, €) = 5(7'119% + To213) + (Tiswe + T1a)y1e + O(3), (3.12)
G2(Y1, Y2, €) = Matry2 + (Nazwe + M24)y2€ + O(3), (3.13)

where

V2¢ [3%H1 (a3 + 5a + 2) — 3971 (6a% + 8a + 4) + 3%2(a® 4 a) + (15a% + 18a) + 6]

e 3023 —a — 1)(1 — 39)
20 3%t (2a% — a — a®) + 3771 (2a — 3a?) + 3(a® + a® — a)]

s = 30H12(30 —q — 1)(3 — 1) ’
(T 43%a—1))[3%*(1 —a) + 3! (a® + a — 2) — 3a® + 3]

T4 = 3a1g2(30 — 1)3 ’

3‘”1 1+a—3“)
C y Tog = T2 = —Ti1, 123 = T13, 724 = T14-

Remark 3.10. The terms of the Taylor series that were displayed are nonzero in a neigh-
borhood of a = —3/2. However, no analysis has been performed to determine whether this

property holds for arbitrary values of a.
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Since Fix(X;)= [(1, —+/3)], by the equivariance of g, we have that g; = —+/3¢s. Indeed,
substituting y; = p and y, = —+v/3p in expression ((3.13)) we have

9211, =31, €) = —V3nuap® — V3(mpswe + 1) e + O(2)
= \/ngl,U - \/5(7-13?1]6 + 1) pe + O(2)
= _\/ggl(”a _\/§,U7 6)'

We obtain similar expressions for the other fixed point subspace 5 and 3.
The solutions guaranteed by the Equivariant Branching Theorem are written as functions

of the variable (1, e(n)) (for example, setting y; = p). Let

e(p) = dp+ O(p?),

where § is nonzero. By restricting g = (g1, g2) to Fix(21)= [(1, —v/3)], we restricted ourselves

to solving the equation g; = 0, where
g1 (1, —=V3p, () = [=711 + 8(migwe + 1a) ] + O(€?).

Since g1 (1, —v/3p, (1)) = 0, the quadratic term gives us

T11

5= (3.14)

T13We 1+ T14

Therefore, undoing the translation made in the variable ys3, the solutions of (3.8)) are

/

N =N
Yy = :i:\/g )

Families (1),(11): ’ :
ys = V3k(p) +wedp +O(u?),
e =0p+O0(u?).
n =N
y2 =0,

Family (I11): { )
ys = V3k(p) +weop +O(u?),
. 1
L€ =outO(?), o=-;

26
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Returning to the variables z;, we obtain

( V6 V3
V6 V3
xe =k(op)+ \é_ + \é_wg(s 1+ O(u?),
Family (1): o5 3
| = —3k(6p) — V3w + O(u?).
( 26 V3
r1 = k(0p) = ;/_ - \g_wgé 1+ O(p?),
V6 V3
Family (I1): N
6 3
| 74 = —3k(6p) — V3w + O(u?).
( - [V V3]
x1 = k(0p) — \g_ - ?wﬁ pu+O(p?),
- VB VB ]
vy = k(0p) + v, ‘gwea o+ O(p2),
Family (111): \;’_ g
_ 6 3
Tr3 = ]f((SM) - ? - ?weé M+ O(:UJz)a
xy = —3k(6p) — V3w + O(p?).

\

The behavior of the solutions can be analyzed by looking at the growth of the mutual distances.

Let
sij(11) = 545(0) + vy + O(u?),
dsij A may \Y .
where v;; = i (1) . Recalling that s;; = ( — x%) and assuming a = —3/2,
du o M mym;

we calculate the values of v;; for the family . Namely,

/

216 40130 2(27 + 29v/3)
— _ —_ 2~ 78
Y2 ( 1009 17181 ﬁ) 39 ’
216 91673 > 2(27 + 29v/3)
_ _ e —— x~ —18.7
vis = 02 (1909 el Y3 \ 39 ’

L (2313 B 122300¢§> 2(27 + 29/3)
Ui =247 1909~ 51543 39
(21124 4410) 2(27 4+ 29v/3)
v = (S VB
| 51543 1909 39

~ —bH.8,

~ —3.2.

=
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Therefore, this analysis shows that the central configuration that bifurcates from the cen-

tered equilateral triangle is an isosceles triangle. Due to the relationship between p and e,

3632612 212892 \f) 27 4+ 294/3

475341 i 158447 78
Then, the mass m* moves along the axis of symmetry and approaches the mass m3. On the

considering 0 = — ( < 0, when p < 0 we have € > 0.
other hand, when 1 > 0 we have € < 0 and the opposite motion of m* happens.
Similarly, we analyze the other two families. Due to the symmetry, we have an isosceles

triangle with the mass m* moving along the axis of symmetry passing through the mass m;

and mo.
m
o
ms
o
ms
°
°
o m>m*
m<m °
m* °
¢ ®
® e M mao
[ ® my mo
m m
! u<0 2 uw=20 u>0

Figure 5. Bifurcation of the centered equilateral triangle representing family . The central mass m* moves
along the axis of symmetry. When ¢ > 0, m™* approaches ms. Conversely, when ¢ < 0, m* moves away from
ms.
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4 BIFURCATIONS OF THE CENTERED REGULAR TETRAHEDRAL CONFIG-
URATION

4.1 INTRODUCTION

Consider a configuration ¢ = (q1, 2, 3, 44, q5) of massive points in R? forming a centered
regular tetrahedron with masses m; = ms = m3 = my = 1 at the vertices and m4, = m at the
barycenter. For the sake of comparison, we denotation and ordering of masses are the same
as in (SANTOS et al}, 2017). The squares of the mutual distances s;; =|| ¢ — ¢; ||* between

the bodies are S12 = S13 = S15 = 893 = S95 = S35 = UV and S14 = S94 = 834 = S45 = 1,

where we set v = % as the value of the edge of the tetrahedron. As we saw in chapter 2, this
configuration of five bodies in space is a Dziobek configuration and must satisfy the system

of equations

=1
Z SijZL'j = Z Sijxia (41)
J#i i#]
o N mw
K M mimj’

for all 1 <17 < j <5, where A must be equal to m + 4v°. Indeed, if m; = m; and s;, = sji,

for some k, then x; = x;. Substituting these in system (4.1]), the last equations are reduced

to just two:
A 2
vt = i,
44+m !
A A
44 m m’

Multiplying the first equation by 4, the second by m, and adding them together, we obtain
the expression for .

As on chapter 3, we assume M > 0 and a < —1.

Note that the first equation in gives us T4 = — (Z?Zl T; + x5) , and the variables

o_,0_,0_,0__ 0 _

m(l —v?)
4+m
and denote it by X°. We choose the positive sigh of k for convenience. If we put t; =

1/a
) , from the third equation in 1) we have a system

where k = + determine the centered tetrahedron. We call it the trivial solution

A T
i Si;4, with s--z(— !
gt Sig T " M mym;
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of four equations given by t; —t, =0, ¢ = 1,2,3,5. We denote the new system by
F(X,m) =0, (4.2)

where X = (z1, 79,23, 75) and F = (Fy, Fy, F3, F5) : R* x R — R* is a smooth function
such that F(X°(m),m) = 0, for any given value of m.
The symmetry group of (4.2) is Sy, the permutation group of the four symbols 1,2, 3,5,

i.e., the function F' commutes with the action of S; on R* defined by the representation p

given by po(‘rly L2, .Z'g,xgj) = ($U(1)7 L(2)s Lo (3) SCO—(5)),\V/O' S S4-

Proposition 4.1. The mapping F' is Sy—equivariant, i.e.,

F(py-X,m)=p,-F(X,m), Voeb’,.

1/a
Proof. By defining the function ¢ (X) = (A - X) , we have that
44+ m
5 T;iTa T4,
Fu(X,m) = - p) — - .
H(X,m) > ( @ire) = (52)) + (o — e (52
i#kA

Hence,

Fi(pg(X),m) = 25: To(i) <¢ (To()Tor)) — ¥ <M)) + (4 — To) )Y (M> ’

i#k,4
= o) — 0 () + (s - (o)
jgl X (1/} (xj$a(k)> w < m + (.134 'Ta(k))w - ,
j#o(k),4
= F,4n(X,m), k=1,2,3,5and o € S,
where the second equality follows from j = o (4). —

Consequently, the derivative of F' at the point (X%(m), m) is a linear transformation which

commutes with p, for all o € S, since X° € Fix(S;). We have that

b ¢ ¢ ¢

DxF(X° m) = , (4.3)
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where
oF k2 28
h= 1 :—2—<3yla+>, and
8x1 (X9,m) a m
oF; k? 12
c=—— :(V—Q)—<V1_“+>.
0y 1(X9,m) a m

So, the determinant of Dx F'(X° m) is
|IDxF(X° m)| = (b+3c)(b—c)®.

The term
1—v° 4
a(4+m) \m
is positive for a < —1 and m > 0, whereas
m(l —v®) (16 >

b— — 4 - 21—a
c v a4+ m) + 2v

m
is zero if and only if m is equal to
. <3V“ —2a — 3)
2Tt 4qaq— 2

10368 + 1701+/6
When a = —%, the Newtonian case, we have the value m* = 51_952 V6 found by

Schmidt in (SCHMIDT, [1988).
Proposition 4.2. The value of m* is positive for all a < —1.
Proof. See (SANTOS et al., 2017)). O

Equation describes a bifurcation problem where the central mass m plays the role
of the bifurcation parameter. For each exponent a the pair (X° m*) represents the degen-
erate centered tetrahedral configuration, where the degenerate mass vector is the quintuple
(my, ma, m3, my,ms) = (1,1,1,m*,1). Therefore, (X° m*) is a candidate for a bifurcation
point. In the most general sense, we have a bifurcation problem where the five masses are the
bifurcation parameters. However, bifurcation problems with more than one parameter can be
technically very challenging and we shall restrict ourselves to studying particular cases. The
fundamental idea is to study what happens with the number of solutions of equation in
a neighborhood of the point (1,1,1,m*, 1).

For the first problem studied in this chapter, we will consider the mass vector (1 4 €1, 1+
€9,1 + €3,m* + €4,1 + €5) with € = €5 = €3 = € and €4 = ¢; = 0. While in the second
problem, we will consider ¢, = €3 = € and €3 = ¢4 = €5 = 0. It is worth emphasizing that the
problems which we propose to study are not equivalent to the problem addressed in (SANTOS

et al., 2017)), where the authors considered €; = €3 = €3 = ¢4, = 0 and €5 = €.
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4.2 BIFURCATION PROBLEM WITH THREE EQUALLY VARYING MASSES

Let us consider the bifurcation problem for the centered tetrahedron with three vertex
masses as bifurcation parameters. This problem consists in studying the solutions of the system
(4.1]) in a neighborhood of the degenerate configuration, i.e., we keep fixed the masses ms = 1
and m4 = m* and we approach the remaining three unit masses in the same way, m; = my =

mg = 1 + e. We substitute these mass values in (4.1]) to obtain the equation
F(X,e) =0, (4.4)

where X = (z1,79,23,75), € is the bifurcation parameter and F' = (I, Fy, F3, F)) : R* x

R — R* is a smooth function such that

5 A 175 1/a 3 A (SR T+ ) Ha

1=2

i#4

> A zom;  \V° 3 A (X w4 xs) /e
ik § (e 2] (B (o B )
o ; M1+ Om R AN TR e 5

i#2,4

5 A T3T; 1/a 3 A xs(XP i+ ws) e
ik § (2] (B (2B
3(X, ) ;m M 1+ eom, ;m T\ T Gt om °

5
A (i as)T\ e
Fi(X,e) = Yy T+ 2= ) -t
1(X€) ;x Vi mam® 5
i#4
and
3 1/a 3 3 1/a
A TiTs > <)\ w5(205, 331'4‘375))
ts = i\ 77— - i - = )
5 ;x <M aro (;x +x5) T -
for all @ < —1 fixed. We already know that when ¢ = 0 the degenerate configuration

is represented by the point (X% 0) = ((k(m*),k(m*), k(m*),k(m*)),0); for this reason
F(X°0) = 0. Furthermore, F is S3-equivariant, that is, the symmetry group of (4.4) is

Y ={o € Sy|o(4) =4} = S3. For 0 € X, we set po (11,72, 73,75) = (To(1); To(2); To(3), T5)-
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Hence,

5 1/a
A Tow)Tali)
Filps- X €)=Y xou <—
; ONM ™ mogyma)

i£4.k

3 A Ty 3 Zowm + Ya
_ (Z To(i) $5) <M + (1@)(21_1 (4) 5))

i—1 Mg (k)M

i < A xg(k)xi >l/a
= Z; _
M mg(k)mi

o(i)#4,k

3 A @y @+ as) ) Ha
— (ZZIZEZ —|—TL’5> (M +

mg(k)m

:Fo(k)(Xae)v k:1>2737
and it is immediate to check that ¢5 and F; have p,—invariant expressions.

Remark 4.3. The matrices of the representation p with respect to the canonical basis of R*

are as follows

Pa2) - y P@13) - y P(23) - )

P(123) - , P32) -

0001 0001

Consequently, by the chain rule, since pU(XO) = X9, the derivative of F' at the point

(X°,0) is also S3—equivariant. We have that

DxF(X°0) = ,
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where )
F F
01 1(x0,0) a m Oxs 1(x0,0)
_ ok
N 8262 (X9,0) N )
oFy k 12
— % — 2 _ 7( l1—a 7)
/ 0z 1(x°,0) V:_ a \V + m/’
OF. k 28
e=—1 :2+—(3V1*“+—):f—b
Oxs 1(x0,0) a
Hence, ) )
b 0 0 —=b
0 b 0 —b
DxF(X°0) =
00 b —b
fr 5 r=o
So, the determinant
|IDx®(X°,0)| = b*(4e — b).
2k? e 92 . ) .
The term 4e¢ — b = — | 3v' ™%+ — | is negative for all @ < —1 and m positive. On the
a m
other hand, b = 0 if only if m = m* (as defined earlier). Therefore, since m = m*, we have
0 000
0 000
DxF(X°,0) = :
0 00O
fFrr

41 —v*)(1 — 2a)
a(4 — 3v9)
previously defined expression.

where f = —

# 0 for a < —1, when we substitute m* and k(m*) in its

Let L = DxF(X°,0) and apply the Liapunov-Schmidt reduction process. From the struc-

ture of L, it is immediate to obtain its kernel and image
4
ker(L) = {(Ul,UQ,Ug,'U4) e R* ‘ Zvi = O} and Im(L) = {(0,0,0,v) | v € R},
i=1

and to check that both are p-invariant subspaces. We make the decomposition R* = ker(L) &

Im(L), choose convenient bases for the kernel and the image, respectively

Bl = {ul = (170707 —1),'&2 = (07 1707 _1)7U’3 = (OJ 07 17 _1)}7

52 = {U4 = (070707 _1)}7
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and perform the change of variables
(w1, 9, 23, 75) = Zyzul

Explicitly,
T1=Y1, To=Yo, T3=Y3, Ts=— Vi

3
since 5 = [3; U 35 forms a basis for R*. We keep in mind that 24 = — (Z T + :175) .
i=1

Remark 4.4. The matrices of the representation of S3 with respect to the basis 3 and the

canonical basis are the same.

By changing variables, we obtain a new function and the problem is described by the

equation
G(Y,e) =0, (4.5)
where
A e ]1/“ [A Y1V T/“ { vy M
Y€)=y | — 3 |~ — — -
GilY6) =ve [M G+o2l "8I ater) TV Urom
{)‘ (Ef 1%)}1/(1 [ 92( i=1 Z)T/a
—yr |t —ys |t
M (1+¢€) M (1+e)
SR <z?1yz>r/“_y A wlEtv) »T/“
LM (1+e M m*
4 1/a
. i= lyl)i|
<lzlyl) 1+€) 9
A y1y2 He A y2y3 Ha yoys M
=Y T Ote + Y3 M (1+ep +Ya M_i(l—i—e)m*
A (Z? 1%)}1/(1 [ 92( i=1 Z)T/a
— W *‘1‘ — Y2 |7+
M (1+¢€) M (1+e)
[AJF ys(Zie lyz)r/“_ [+y4( i1 Z)T/a
RN (1+¢€) v m*
f:y A L el flyz)r/a
=1 ' 1+€) ’
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1/a 1/a

{M+

- — Y2

A yys Ve A Yolys Y34
G3(Y,e) = Yan + Yo |— — +yy |~ —
+ y4 1=1 J

(1+¢)? M (1+e¢)? M (14 e)m*
{M
[]\)\4 o {M m*

|
A gh%qw mé,lﬂ”“
[+ ) qu_ (=
4 1/a
- (; y’) 1 + i)y)} ’
5

WW

1/a

M  (1+4+¢e¢m

* 1+e¢)
s A Y14 ]1/ N Q[A Yola T/“Jr 3[>\ Y34

(1+e€e)m M (14¢e¢m

1/a i " (Z?:l yl)] 1/a

v (Ciyi) A

1+¢€) M (1+¢)

(
A 93( iz1Yi) e A (S, ) e
nlml] [ s

+

2»

IREANYi M m*

1 A (X, yi)r/a

are the coordinates of G(Y,¢€) with respect to canonical basis and A\ = m* + 4%, M =
m*
4+ m*

Remark 4.5. G(Y,¢) is S;—equivariant.

4+m*+3eand k = (1 — v®) are fixed for each a < —1.

Let us write the degenerate solution in the new coordinates by (Y° 0) = (k, k, k, —4k, 0)
and note that Dy G(X°,0) = DxF(X°,0)Dy X(Y?)DyY (Y?). Thus

00001 0 O Of(L O0OO0OO 000 O

000O[|]0 1 0 0]]|0100 000 0
DyG(X°,0) = =
000O[|]0 0 1 0]]00T1O0 000 0

fff fll-1t =1t =1 —1|fo o001 000 —f

In order to solve equation (4.5)), we make use of the equivariance of G and the implicit
function theorem with the same technique as in (SANTOS et al., [2017)).
According to the decomposition of R* = ker(L) & Im(L), equation (4.5) is equivalent to

the system

(PoG)(Y,€) = (uy, G4(Y,€))us =0, (4.6)

(1= P)oG)(Y.0) = 3 (ui, GY. ))u; = 0, (4.7)

=1
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where P : R* — Im(L) is the canonical projection on Im(L) with ker(P) = ker(L), and
I — P is the complementary projection.

We verify that equation (4.6)) may be solved for y,. Firstly, observe that any vector v € R*
may be decomposed in the form v = vy + vo, where v; € ker(L) and vy € Im(L). Therefore,
it is sufficient to solve the equation G4 = 0, since G4 is the coordinate of (P o G)(Y, €) with
respect to (.

We check that G4(Y?,0) = 0 and %G‘* (Y9,0)=0,i=1,2,3, but,
Yi

41 = v)(1 — 2a)
a4 -3

< 0,

for all a < —1. Hence, by the implicit function theorem, there exists an open set U x V' C R? x
R containing (?O, 0), where Yo = (k(m*), k(m*), k(m*)), such that there is a unique analytic
function gy = W : U x V. — R with W(Y?,0) = —4k(m*), and for all (y1,y2,y3) € U
and € € V we have G4(y1,y2, Y3, W (Y1, Y2, Y3, €), €) = 0. Analogously to lemma [2.24] we can
show that the function W is S3—invariant.

Now, substituting W (y1, y2,ys, €) into equations yields an S3-equivariant system of

three equations, three variables and one parameter, namely

Gi(y17y27y376) - 07 1= ]., 2,3 (48)

Lemma 4.6. The system does not admit an implicit differentiable solution defined

around e = 0.

Proof. Indeed, if we had a solution ?(e) = (y1(€),y2(€),y3(€)) of 1' then

~ o~ ~ o~ dY G 1~
0 N 0 ) @ oL 0 _
D.G (Y°,0) = D3G (Y°,0) 0+ (Y°.0) =o0. (4.9)
But, DgCNJ (?O,O> = 0, whereas
o~ 2k3
%(Yo’(n _ = <V1a + 8) < 0’ 7 = 1’2’3’
Oe a m*
for a < —1. So, the claim is proved. O]

Let us consider the parameter € as an additional variable of the problem, and solve one

of the equations él =0,7=1,2,3, for € in terms of (y1,y2,y3). More precisely, we consider

= G
i = 3 and since we already know that G3(Y°,0) = 0 and 873 # 0, by the implicit function
€
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~

theorem, there exist neighborhoods V;(Y?) C R3 and V5(0) C R such that, for all (y1, ¥, y3) €
Vl(}%) NU there is e(y1,y2,y3) € V2(0), such that

G3(y17 Y2, Y3, E(yh Y2, y3)) = Oa
with €(Y?) = 0.
Due to the S3-equivariance of system ({4.8)), the remaining two equations can also be solved

if we restrict ourselves to subspaces of fixed points. In fact, since

010 0 01
Paz23) - |0 0 1f, Pa32) - (1 0 Of >
1 00 010

the fixed points (y1,y2,y3) by pa23) and psg) are Y = (9,0,0) (setting y1 = yo = y3 = 0).
Therefore,
Gl<y17 Y2, Ys, E(yh Y2, y3)) = G2(y17 Y2, Y3, 6(3/17 Y2, 3/3)) = GB(Z/b Y2, Ys, 6(3/17 Y2, 3/3))7

for all (y1,92,y3) € Vl(?o) NU N Fix(Xa23)) or (y1,Y2,y3) € Vl(?o) NU N Fix(X(32)).
Thus, we have that y; = yo = y3 is a solution of system (4.8]). On the other hand, the points

(Y1, Y2, y3) fixed by

Pa2y - [1 0 0], Pa3)- [0 1 O, PE3): (0 0 1],

areY = (0,0,y3) (setting y; = y2 = 9), Y = (0,y2,0) (setting y; = y3 = 0) and Y = (y1,9,9)
(setting yo2 = y3 = 0). Therefore,
@1(y1,y27y3,6(y1,y2,y3)) = éz(yl,yz,yg, (Y1, Y2, Y3)),
éz(yhymys»ﬁ(yl,y%y:s)) = é?»(?Jl,yza?Js, €(y1, Y2, ¥3)),
for all (y1, 42, y3) € Va(YO)NU N Fix(Sqs)) and (41, y2, ys) € Vi(Y2)NU N Fix(Sa3)). Thus,
we have that y; = y3 and y, = y3 are solutions of system . To show that y; = - is also

a solution of system 1} we just have to solve the equation él(yl, y1,Ys, €(y1,y1,y3)) = 0.

Without imposing any restrictions and setting

Hl(yla Y2, Z/3) = 61(3117 Y2, Y3, 6(91, Y2, y3))7 (4-10)

HZ(ylay27y3) = éQ(ylay%yBa 6(91#2:93)), (4-11)
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we can solve the system H; = 0 and Hs = 0 completely.
The following theorem, found in (SANTOS et al., [2017)), allows us to rewrite the functions

H; in an interesting way.

Theorem 4.7. If H(x,y, z) is an analytic function defined in a neighborhood of the origin
(0,0,0), such that H(0,0,0) =0 and H(x,x,z) = 0, then

H(.I‘, Y, Z) = (l’ - y)h(fl" Y, Z)a
where h(z,y, z) is an analytic function in a neighborhood of (0,0, 0).

Proof. We first define an auxiliary function H(£,n, z) = H(E+n,&—n, z) for all (€,7, 2) near
the origin (0,0,0). The function H is an analytic function because H is. Its Taylor expansion

at (0,0,0) has the form

R OH OH OH O*H O*H O?H
(& 2) = 5 08+ 5 O+ 5200 + 5, 08 + 55, 0=+ 55
1 (o°H, ., O°H ., O0*H, . ,

T3 ( o2 (0)&" + o (0)n" + 5.2 (0)z ) +O(3).

(0)nz

By hypothesis, it follows that H(£,0,2) = H(&, &, z) = 0. So,

. _oH oOH OPH 1 (&*H, ., 0*H,
is equal to the null series, which implies that
oO'H O H o' H
. =0, —(0) = —(0) = L7k =1,2,3,....
afz (O) 07 821 (0) 07 and agjazk (0) 07 VZ,], k Y Y 37
Thus,
A oH 10°H 0*H O*H
(& n,2) = (anw) o g O+ a0+ 5o (0)z + 0<2>> . ()

for all (§,m, z) near of the origin. Setting n = x — y and £ = x + y, the result follows. H

Since functions H;, i = 1,2, previously defined, satisfy theorem (Hi(11,92,71) = 0

and Hy(y1, T2, 7o) = 0), so we must have
Hi(y1,92,y3) = (y1 — ya)ha(y1, 92, y3) = 0, (4.13)
Ha(y1, 92, y3) = (y2 — ya)ha(y1, 92, y3) = 0, (4.14)

where the analytic functions hs are defined in V;(O) N U (by translating the point Y0 to the

origin).
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Next, in order to analyze the bifurcations arising from the centered regular tetrahedral
configuration, we will use the analyticity of the function GG to obtain analytical expressions for
the implicit solutions W and ¢ found so far, and the analytical expressions for the functions

hy and hs in equations (4.13]) and (4.14)).

4.2.1 Analytic Expressions

Let us write Taylor expansions for the functions GG; around the origin. For this, we make a
translation of the variables y; = y; + k, © = 1,2, 3, and y4 = y, — 4k. Note that the function
(1 is p(gg)-invariant. Thus, the expression of the Taylor series up to second order terms has

the form

G1(Y,€) =bse + bu?/% + bzz(yg =+ 1/32) + 54492 + bsse? + bia(y2 + y3)y1 + basyays + b1ay1ys

+ bos(y2 + y3)ya + bisyre + bas (Y2 + y3)€ + basyse + O(3).

Moreover, due to the equivariance of G,

G2(y17 Y2,Ys3, Ya, 6) = Gl(y27 Y1,Y3, Y4, 6)7

G3(y1> Y2,Y3, Y4, 6) = Gl(y37 Y2,Y1,Y4, 6)7

thus we get the Taylor expansions of G5 and G3.
On the other hand, the function G4 is Ss-invariant. Thus, its Taylor series can be written

as

Gu(Y,€) = — fys + cse + 011(9% + y% + ?/92,) + 044yi + cs5€? + c12(Y1Y2 + Y1Y3 + Yay3)

+ c1a(yr + Y2 + y3)ya + ci5(y1 + Y2 + y3)€ + casyae + O(3).

The terms in the expansion of G at (0,0, 0,0, 0) which are the most important for the analysis,

will be made explicit, and the remaining ones will be omitted. The expressions of the coefficients
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are

3
012 (e B

Oe a m*
*°Gy 6 1. 64k3
bQQZTy%:—ng +W(1—a),
0G, 12k [2(m* + 4v%) kQ} 3k 4, [ o 3(m"+ 4
C5 = =— + — —vV k _—,
Je a L 44+m*)?2  m a (4 +m*)?

2 3
S0 B (E ) (S ) (1,

Ci1 =
oy3 a \m* a? \m*?

9%’G, 4k < - ) k3 ( 80 Lo >
_yl-a T _ 20
8y18y2 a \m* + 2 \m2 7 (1-a),

2 4
_acu:kQ;a_8)+2k<8 L))

C12 =

5 = Oy10e  a m*?
9*°Gy k3 (128 1— 2a) 30]{?
Ca4 = 5 = — 2 3v )
8y4 a * >k
e — 9%*G, B 3k4< _ > ( 1 +y1“>
P Gyoe a2 \m? m* ’
82G4 3k ( < 4 l—a)
Csy — 862 = a2 1 — (l - —+ v s
b _82G1_0 _182G1 b A 0°Gy — e
- — Y 12 — & — U22, 14 — 5 o  — Ct11-
H 8y% 2 0y10y» 0110y

The analytic expression of the implicit solution W can be obtained by substituting its
generic Taylor series into G4 and setting each term equal to zero. Moreover, since W is

Ss-invariant, we have

1 2 c
W (y1, Y2, Y3 €) =7 <C5€ +en(yi + 95 +u3) + <C44f2 T Cos T Cas ;) ¢

+ c12(v1y2 + v1ys + y2ys) + <014 7 + 015) (y1 + Y2+ y3)e + 0(3)>7

4(1 —v*)(1 - 2a)
a(4 — 3v)

Recall that f = . Substituting y, = W into the system G; = 0,i =1, 2, 3,

and setting

éi<y17y27y376> = Gi(y17y27y37 W(y17927937€)7 6)7 L= 172737

we get
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~ b
G1(y1, Y2, Y3, €) = bse + by [(yQ +3) + 2(y1y2 + Y1ys + Yays)] + <}465 + b15) Yr€

b b
+ <;§ §+ 705 + bss ) €2 + <24 + b25> (y2 + y3)e + O(3),

~ b
Ga(y1, Y2, Y3, €) = bse + boa [(YF + 3) + 219 + Yays + y1y3)] + <}405 + b15> Yot

b bys b
-l—(;;l cz + fC5+b55 624—(;4—1-1925) (y1 + y3)e + O(3),

~ b
G3(y1, Y2, ys. €) =bse + b [(y5 + 47) + 2(ysy2 + v1ys + y2un)] + <]1“465 + b15> Y3€

b bas b
+ (;; §+ 7 C5 +b55> e+ (;4 —l—b25) (y2 +y1)e + O(3).

Now, the series for €(y,y2,y3) can be obtained by substituting its generic Taylor series into

(3 and setting each term equal to zero. It follows that

b
€(y1,y2,y3) = — blj(yl +y2)2ys + y1 + y2) + dl(?/% + yi’) + d2y§’ + d3y192Y3

+ da(ytye + yay1) + ds(Yiys + y3ys) + do(y3u1 + y3y2) + O(4).

where
“= 223 515 [ch}l * bm} ’
— 5)1;122;91;3 _ b15 [1)123 + 0}2 (bia + 2bay) — bl; Cf5(b14 4 2b) + bw)] ’
di = 83/8 36y2 _blg, :bm B 2152 (625 = 624 (c5 + 012))}
I = 8y638y3 _615 :bm * }(bl‘lcﬂ +bycrz) — @ (bm b14) b <b25 + s b?ﬂ ,
dg = aya;yl _1915 :bm + }(chu ¥ bosen) — ’252 <b15 +C5b}4>} |

Remark 4.8. To express the Taylor series for € up to order-three, it was necessary to calculate

the order three terms of the Taylor series of (G3. However, these terms are omitted because

their expressions were too long.

Finally, we define

Hi(yh Y2, ?JS) = G’i(yla Y2, Y3, e(yla Y2, y3))7
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by replacing the series of € into series of the éi, 1 =1,2. Hence,

Hi(y1,y2,y3) = —boalys + v1)(y1 — y3) + O(3), (4.15)
Hz(yl, Y2, y3) = —522(93 + 92)(92 - ys) + O(3>7 (4-16)
4 3
Recall that by, = —gkz 1= “+ 6 b —(1—a).

Since the Taylor series of a functlon is unique, we compare (4.13)) with ( , and ([4.14)
with (4.16]). We conclude that the analytic functions h; are given by

hi(y1,y2,y3) = —baa(y1 +y3) + O(2), (4.17)
ha(y1, Y2, y3) = —baa(y2 + y3) + O(2). (4.18)
The factorization guaranteed by theorem [4.7] allows us to look for solutions of the system of

equations (4.13]) and (4.14)) using the zeros of the functions h;, i = 1,2. As a matter of fact,

firstly we observe that

oh
L = —by #£0 and hy(0,0,0) = 0.
o

By the implicit function theorem, there is an analytic function 7y : "71(0) CR?> — f/;(O) CR
such that

hi(m1(y2,y3),y2,y3) = 0 and 71(0,0) = 0.
More precisely, we solve h; = 0 for the variable y; = 71(y2, y3). Due to the expansion of Ay,

we conclude that
T1(Y2,y3) = —y3 + O(2).
Similarly, there exists a analytic function 7 : Ul(()) CR?> — (NJQ(O) C R such that

ha(y1, 72(y1,93), y3) = 0, 72(0,0) = 0.

Due to the expansion of hy, we conclude that

To(y1,y3) = —ys + O(2).

Therefore, we implicitly obtain all possible solutions for the system of equations (4.13)) and
(4.14)), i.e., by combining the solutions of (4.13) with the solutions of (4.14)), we determine

four bifurcation branches which form the solution set of the bifurcation problem (/4.5]), namely

Ny =ys and yo = ys,

My =—ys +O0(2) and yo = —ys + O(2),
(M y2 =ys and y1 = —ys + O(2),
(

IV)y1 =y3 and yo = —y3 + O(2).
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In order, to obtain family (1V), we substitute the solution y; = y3 of into equation (|4.14]),
which produces Hy(ys,y2,y3) = (y2 — y3)ha(ys, y2,y3). Assuming that yo # y3, Hy = 0 if
y2 = To(y3) = —y3 + O(2). Family (lll) was obtained by substituting the solution y, = y3 of
into equation ([4.13)). So, we have Hy(y1,y3,v3) = (1 — y3)h1(y1, Y3, y3) and assuming
that y; # y3, Hy = 0 if yo = 71(y3) = —y3 + O(2). Finally, family (1) is the combination of
the zeros of the functions h;.

Our approach coincides with the one in (SANTOS et al., [2017)). Although the problems are
similar, mainly because the symmetry in both problems is the same, in each case one can see
subtle changes in the solutions found. Since the problems have the same symmetry, we could
expect that the solutions found behave similarly.

In the next section we will analyze in more detail two of the four families of solutions found

above and we will compare them with the solutions found in (SANTOS et al., 2017)).

4.2.2 The Behavior of Bifurcation Branches

In the last section, the variables and the bifurcation parameter were determined in terms
of the variable y3 (using the functions 71 and 73). In order to describe the families of central
configurations corresponding to the solutions of equation (4.5)), let us set y3 = 4 as the
bifurcation parameter of the problem and study the behavior of solutions when we approach
the degenerate configuration (by letting & — 0). We should keep in mind that it is necessary to
undo the translation of variables made to study the Taylor series expansions. We will analyze

the four central configurations obtained from the system of equations starting with family
(1):

y1(0) =k+9,

y2(9) =k +9,

Family (1): ¢ y3(0) =Fk+9,
365(611 -+ 012) — 8b2205

ya(6) = —4k + [ B 5%+ 0(3),
e(8) =-— (82522> 5%+ 0(3).

2

Since by > 0 and b5 < 0 for a € (—o0, —1), the derivative 522(6(0)) is positive, which

indicates that ¢(J) has a minimum at § = 0. Furthermore, we consider § near the origin, so

the quadratic term controls the behavior of the function. For this reason, we can state that
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€(9) > 0 and for each value of €, we have two values for §, 5 = ¢ and J, = —6, such that
€(d1) = €(d2) and Y1(61) # Ya(d2). Thus, for the masses my = m*andms = 1 fixed and
m; € (1,1 +€(d)), ¢ = 1,2,3, we have two branches of solution arising from the centered

tetrahedron. Moreover, these branches only exist for positive values of the parameter .

Remark 4.9. When the bifurcation parameter is the mass of one of the vertices of the
tetrahedron (SANTOS et al., 2017)), the branches of bifurcations with this same symmetry exist

for negative values of the parameter .

Returning to the variables x;, we find that

$1(5) = .’172((5) = .773((5) =k + 5,
x4(0) = —4k+ [3[)5(611 +]Cc22) — 8b2265} 62+ 0(3),
5
25(9) :k—sa—[%“q“+;?_8%wﬂ5%+06)
\ 5

Finally, to establish the behavior of the solutions, we use the expressions for the squares of the

distances
A zi(0)xi(0
813(5):{ - _ () J()
4 4+ m* + 3e(9) mm;
These expressions give information about the growth of the distances between the bodies when

1/a
} , 1<i<j<hb. (4.19)

we change the parameter.

We write the Taylor series of s;; around § = 0 as follows

Sz‘j((g) = ng + Uij(s + Oéij($2 -+ 0(53)7 (420)
. ds;;
where v;; = % o and o = % d;; . The linear terms are
2 l—a
Uiz = V13 = V23 = — - k>0,
l1—a
U1s = VU5 = U35 = a k<0,
4k
V14 = V24 = Ugq = o <0,
2
Vs = —7*1{7 >0, forae <—OO, —1),

am
and, the quadratic terms are

4k2 1—2a> pl-e { |:b22 (m* + 4Va):| 2622}
Oélg—(azy (l—a)—l— a —2+48 Em —32167 s

4k?
o= (G ™) (1=

opl—a {3 oy |:b22 (m* + 4pa} I |:3b5(011 + 012) — 8[)2265} B 8]{321)22}
Jbs bs )’

bs (41 m*)?
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Q14 —a2(m*)2/€ (1-@)
1 ng(Tn* + 4Va):| |:3b5(611 + 012) — 8b2205:| (64/€2> bgg}
— 48 | ——=| — 2k -
+ a { 8 [ bs(4 + m*)? fbsm* + m* /) bs )’
144]{32 > 1 { {bgz(m* + 41/a):| [8(?2205 + 3b5<611 + Cu)] }
=——](1—- — 948 | —— | — 10k )
45 <a2(m*)2 (1—a)+ a bs (4 + m*)2 Fbsm*

Calculating the terms of the s;; expansion found in (SANTOS et al., 2017) and comparing them
with ours, we see that the linear terms agree, but the quadratic terms do not ( the terms
of the s;; of (SANTOS et al, 2017) are displayed in Appendix A). Therefore, in the linear
approximation, the solutions have the same behavior, but they must diverge for higher order
terms.

A natural question is whether it is possible to obtain a reparametrization of one of the
solutions capable of obtaining a solution of the other problem, i.e., for different values of the
mass vector, is it possible to obtain the same solution curve? This is an unlikely fact and would
imply the existence of a configuration of the type called perverse in (CHENCINER, 2003).

In order to answer this question we assume that such an analytic reparametrization exists
and let

0(t) =C+pBt+4t"+O(t%), ¢, B, 7 €R,

where ¢ is the parameter used in (SANTOS et al., 2017)). Substituting in (4.20) it is possible to

determine the expressions for possible coefficients. In fact,

312(6<t>> - (i + UlQC + 0112C2> + 6 (’012 + 2CO&12) t+ <U12’Y + 0./12<52 + 2C’)/)) t2 + 0(3)

and comparing each term with the terms in the expression sj in (SANTOS et al [2017)), we

have
C:OorC——g,
a2
B=1orp=—1,
1 32(7’77,* + 4Va):| b22
=4 |16k* — =
7= [0 A+ m )2 | by

In the same way for

s15(0(1)) = (1 + v15¢ + a15C2) + B (v15 + 2Caqs) t + (U157 + as5(8% + 2§7)) 2+ 0(3).

To agree with the coefficients found for si5, we get that ( = 0 and consequently § = 1.
However, in this case we obtain

8k K 12kvt—a > (m* + 4v¢ > 32k3] (m* + 41/“)} bao
— 2, 7" e _ _qo\N " 7 )L Fas
v = {16k: + : 2)(Grmp) ] = armr )
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Unfortunately, it is not possible yet to give a complete analysis when a < —1. For the particular
case when a = —3/2, we can see that we would need different coefficients for §(¢). This leads
us to conclude that, for a = —3/2, there is no class C? reparametrization and, from this
analysis, the solutions seem to behave differently for orders higher than two.

ms
ms

my 0 <0 m2  m, 0=0 m2 my 0>0 ma

Figure 6 : Bifurcations of the centered regular tetrahedron when € > 0 (corresponding to family (1)). The
axis of symmetry passes through the barycenter of the tetrahedron and m* moves along this axis as € varies.
Notice that the base of the tetrahedron remains an equilateral triangle.

Now, we analyze the second family of central configurations obtained from the system of

the equations (4.5)),
y1(0) =k—040(2),
y2(0) =k —04 0O(2),
Family (I1): ¢ 43(8) =k +,

ys(0) = —4k + <

e(8) = do® +0(4),

3611 + C12

) >$+0@,

\

where d = —2dy +dy+d3—2d4+2d5—2dg. In this case, the value of € is uniquely determined by
the value of 9, and we have a single branch of solutions shooting off the centered tetrahedron.

Returning to the variables x;, we get

[ 11(6) = m(6) = k= 6+ 0(2),
ZL‘3(5) = k’ + (5,

3011 + C12

7 > 6%+ 0(3),

3011—|—612>
———2 )62+ 0(3).
7 (3)

Finally, we write the Taylor series of s;; around 6 = 0 up to third order as

x4(8) = —4k+ (

5(0) :k‘+5—<

\

Sij ((5) = S?j + U’L’j5 + Ckij52 + wijd‘?’ + 0(54),
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where v;; =

dsi’ 1 d28i‘ 1 d38i. )
d(;J 50’ 0T g d(;g] =0 and w;; = 31 d(53] o The linear terms are
2 l1—a
Uiz = Y k< 0,

V13 = Ugg = V15 = Vg5 = 0,
4k

am*

4k

Ugg = Vg5 = —— <0,
am

Vg = Vg = — > 0,

2
Vg5 = ——v7% >0, Va<—1.
a

The quadratic terms are

Finally,

Qg = (2212_(1) [2k*(1 —a) —al,

_ _ 2 1—a
Q3 = Qg3 = — V-,
a

) [t

) [Bkf(1 —a)— (3¢11 — c1a)am™],

Q15 = Qg5 = <
2k
Qg = Qgqg = O34 = W
2
g — (anf) 8f(1— a) — 5(3c11 — cra)am®] .

k?) 1-3a 12k 1-2a
wu:<8 >(L—m+aa)+<l/>(r—@

a?

(61/1 a) [3 m* +4y —2k2] "

a 4+ m*)

Wiz = w3z = —6 <V1 ) < Zb_i_tnli)y ) — 2k2) d,

W15 = Wap = 6( )H T+:lli])/2)—k2}d+(gcnf_cu)}7

Wy =Wey = ( 64k ) 1 —3a + 2d%) + <a22:11?f) (311 — ¢12)(1 — a)

6 {|: m* +4V ) 4k’2] 3C11 —012}
_ —+ d_i ,
a (4 + m*)? m* fm*

(%) (1 30+ 24%) — (%) (3ent — e1)(1 — a)
6 {{B(m* + 4v%) 4k2] Q4 3¢y — 012} |

64L3 120%2
Wys = <a3m> (1 —3a+2a ) (a2m*2f> (3ci1 — c12)(1 = a)

b

W34 = —
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wys = (8k3y13a> (~1+3a - 2a%) — (mylza) [k(?’c” o) 1} (1-a)

a3 a? f
-Co P e (o))

Again comparing the solution above with the solution found in (SANTOS et al., 2017), we

notice that they coincide up to terms of quadratic order and diverge for higher order terms.
The analysis for families (111) and (IV) follows the same path as family (Il), noting that

these solutions are basically solution (Il) with the rearrangements of the mass indices.

ms

m
2m1 o = m2m1 6>0 ma

Figure 7: Bifurcation of the centered tetrahedron when ¢ > 0 or ¢ < 0 (corresponding to family (I1)). The
mass m™* moves along a plane passing through the segment g3g5. When § > 0, m™ is closer to the segment
q3qs5, and when 6 < 0, m* is closer to the segment ¢1¢o.

To summarise the results obtained in this chapter, we state the following theorem.

Theorem 4.10. Let ¢(1,1,1,m,1) be a central configuration of five bodies in the space
forming a centered regular tetrahedron. Denote by m* > O the value of the central mass,
which depends on the exponent a < —1, such that the configuration is degenerate. For each
e > 0, if exactly three of the four vertices of the tetrahedron have equal masses in the interval
(1,1 + €), then there are two families of central configurations with axis-type symmetry that
bifurcate from the degenerate configuration q(1,1,1,m* 1). Furthermore, three additional
families of central configurations with plane-type symmetry bifurcate from the degenerate
solution if the same three of the four vertices of the tetrahedron have equal masses in the
interval (1 —€,1+¢€). In all cases, there are no symmetrical central configurations bifurcating

from q(1,1,1,m*, 1).
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4.3 BIFURCATION PROBLEM WITH TWO EQUALLY VARYING MASSES

Next we are interested in studying the bifurcation problem for the centered tetrahedron
with two vertex masses as bifurcation parameters. More precisely, we keep the masses ms5 =
mg = 1 and my = m™ fixed and we approach the remaining two unit masses in the same way,
m1 = my = 1 + €. If we substitute these values in and consider x4 = — (Zf’zl z; + xg,),
we get a system of four equations defined by ¢; — t4 = 0, four variables X = (x1, 29, x3, x5)
and the bifurcation parameter €. The pair (X, ¢) = (X°,0) = (k, k, k, k,0) is the degenerate
configuration.

Define ® = (&1, &y, b5, B5) : R* x R —s R* by

5 r 11/a 3 r 3 11/a
A 175 A (X + xs)
P (X, e) = il - — — i — = — 1y,
1(X,€) ;x LM (14 ¢€)m;] (;x —i—x5> _M+ (I+e)m* | 4
id
By (X, €) 25: [ A zor; M 23: n A +$2<E?:1xi+$5)_1/a "
€= &, |—— —" — T+ — — 1y,
AU T STM T (T4 omyl Pt °) LM 1+ eym* | !
i£4
5 1/a 3 r 3 11/a
A x3:171> A w3 T+ )
¢ X7 - [ ( - - 7 v = —t y
3(X,€) %x M (le +x5) WA oo |
itd
3 1/a 3 - 3 11/a
A $i1'5> A %5(2-_1 z; + ZC5)
Bo(X,0) = Y (2 - o O = = —ta,
and y
5 3 a
A z; . xT;+x
ty = [ - (Z]_l ) ;
= M m;m*
i£4
m*
where M =44+ m* 4+ 26, \=m* + 4%, k = (1 —-v*) and a < —1.
4 +m*
The problem is described by equation
d(X,e) =0, (4.21)

with symmetry group I' = {id, (12), (35), (12)(35)} = Zy X Z,. The action of the group I" on
R*, similarly to the previous problem, is defined by the representation given by p., (1, x2, T3, 75) =

(:E,y(l),ilﬁ,y(g),x,y(g), 337(5)), V v €I, such that,

P(py - X, €) =py- P(X,¢), Vyel. (4.22)
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Remark 4.11. The matrices of the representation p with respect to the canonical basis are

1 0 0 0 01 00 1 0 00 01 020

01 00 1 0 00 01 00 1 0 00
Plid) - y P(12) - y P(35) - » P(12)(35) -

0010 0 01O 00 01 00 01

00 01 0 0 01 0010 0010

Therefore, the derivative of ® at X, ¢ is a matrix of the form

b ¢ d d

o e b odd
Dx® (X0, ¢) =

e e f g

e e g f

Calculating the derivatives we get

k> 2
b:f:—2—<31/1_“+8),

a m*

2 12
c:d:g:(p—Q)—k(Vl_“+>.

a m*
When m; = my = mg = ms = 1 and my = m*, i.e., ¢ = 0, the derivative of ® coincides with
(4.3). So, at (X°,0) we have
b b b b
b bbb
DX<I>(X0, 0) =
b b b b

b bbb

Let us consider L = Dx®(X"0) and from its structure, it is immediate to obtain its kernel

and image

4
ker(L) = {(vbvz,vs,m) cR* ‘ dovi= 0} and Im(L) = {(s, pt, pt, p1) | o € R},
=1

and to check that both are p-invariant subspaces. Applying the Liapunov-Schmidt reduction

process, we make the decomposition R* = ker(L) @ Im(L) and choose convenient bases for

the kernel and the image, respectively
ﬁl = {ul = (_17 17 _17 1)7 U2 = (_17 _17 17 1)7“3 = (17 _17 _17 1)}7
BZ = {U4 = (17 17 17 1)}
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Because of the splitting of R*, we make the change of variables
4
(xla Xo, T3, .T5) - Z Yil;.
i=1

Explicitly, T1 =~y — Ya + Y3 + Ua,

Ty = Y1 — Yo — Y3 + Y, (4.23)

T3 = —Y1+ Y2 — Y3+ Y,

Ts =Y1 + Y2+ Y3+ Ya.

Substituting (4.23)) in (4.21) we have a new equation

G(Y,e) = 0. (4.24)

We know that G(Y?,0) = 0, where the point Y? = (0,0, 0, k(m*)) represents the degenerate

configuration and was obtained by multiplying the inverse of the change of basis matrix by

X, The functions G; are

A -y tyst — 1y —ys+ya) ]
Gi(Y,€) = (y1 — y2 — Y3 + 1) [M—( hh—dar (191)(6?)/; Y2 — U3 y4)}

(=1 — Yo + Y3+ ya)(—y1 + y2 — ys + y4)} Ya

—(yl—y2+y3—y4)[]\>— 1to

A (i —y st oy tys )]
+ (1 + Y2+ Y3 + ) [M B L (13/‘2%1 Y2 + Y3 y4)}
Ay — ety )]
| .
( y4) M + (1 + E)m* 4
A -ty — o —ys+ )]
Go(Y,e) = — (1 +y2 — Y3 — 1) {M ot (f/jr)(e@)/; Y2 Ys 94)}
1/a
— o —ys+y) (e —ys +
—(h — Y2+ ys — va) [M — (Y1~ y2 — s 9(41):_ 63/)1 Y2 — Y3 @/4)}
A — Y2 — Y3+ oy tys )]
+ (Y1 + Y2 + Yz + ya) [M 7Rt (1/14)15% Y2 + Y3 yﬁ}
A ) — e —ys +u) ]
4 { .
(dya) |7 + 5 o .
A (yi— ety oy (v e —ys )]
Gs(Y,e) = — (y1 +y2 — ys — ) {M _nwty (3/1415 ejyl Y2~ Y3 3/4)}

A — — + —y + _ + 1/a
+ (yl — Y2 — Y3+ Ya) [M — (yl Y2~ Ys 3/(41):_ g)l Y2 — Y3 y4)}

A 1/a
+ (1 + Y2 + Y3 + ya) [M —(=y1 + 12 —y3+y4)(y1+y2+y3+y4)}

A () (e —ys+ya) ]V
— (4 { ¢
(494) M * m* o
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A (—y1—y2+y3+y4)(y1+yz+y3+y4)r/a
M (1+¢)

A — Y-yt +y sty
+ (1 — 92— ys+ ) {—(yl Y2 = Ys+ Y1) (o1 + o F s 3/4)}

Gu(Y,€) = — (11 + Y2 — Y3 — Ya) {

M (I+¢)
A 1/a
—(y1 — Y2+ Ys — ya) {M—(—y1+y2—y3+y4)(y1+y2+y3+y4)}
A (Bya) (g oy +ys + 94)} He
| .
where
A 4y4 y1—y2+y3+y4)>1/“
ty = — — — -
4 (y1 + Y2 — Y3 — Ya) <M+ 1T0)
A (dy)( yl—yz y3+y4)>1/“
+ (Y1 — Y2 — Y3 + Ya) <M+ T
A (4 4 Yy — Ya 1/a
— (1 — Y2+ Y3 — ya) <M+ ya) (=4 yf Y3 ?/4)>
m
N +yo +ys + 1))
+(y1+y2+y3+y4)(M+(y4)<yl Y y4)) 7
m
m*
M:4—|—m*+26,)\:m*+4ya']{: (1_I/a)anda<_1.
4+ m*

Remark 4.12. The matrices of the representation of p with respect to the basis 5 = 31 U 35

are

1 000 0010 0 0 -1 0
01 00 01 00 0O 1 0 O
Pid - y P(12) - » P(35) - )

0 010 1000 -1 0 0 0
0 0 01 0001 0 0 0 1

-1 0 0 O

0O 1 0 O

P(12)(35) *
0 0 -1 0
0O 0 0 1
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The derivative of G(Y, ¢) at the point (Y°,0) is

b bbbl |-1 -1 1 111 0 0 O 0 0 0 4b

b bbbl |1 —1 —11[]{0 100 00 0 4b
DyG(Y°,0) = = ;

b bbbl [-1 1 -1 1[]0 010 0 0 0 4b

b bbbl |1 1 1 110 0 01 0 0 0 4b

4(1 - 2a)(1 — ")

where b = —

. Equation (|4.24]) is equivalent to the pair of equations

a(4 — 3v?)
(POG)(Ya E) = <U4,G(Y, €)>U4 = (0707070)7 (425)
(1= P)oG)(Y,e) = (us, G(Y, ))u; = (0,0,0,0), (4.26)

i=1
where P : R* — Im(L) is the canonical projection on Im(L) with ker(P) = ker(L) and I — P
is the complementary projection. Following the reduction of Liapunov-Schmidt, we want to
show that the implicit function theorem is applicable to the function (P o G)(Y,¢€) in order to
solve equation for y4 in terms of (y1,¥s,ys, €). More precisely, we define the function
U :R*x R — R given by U(Y,¢e) = X1, G4(Y, €), and we verify that ¥(Y° 0) = 0 and
gi(YO, 0) = 16b < 0, for all @ < —1. Hence, by the implicit function theorem, there exists a
unique analytic function v, = W (y1, Y2, y3, €) such that W(yy, ya, ys, W (y1, Y2, ys, €),€) = 0,
for all (y1,y2,ys, €) near of the origin. Since ¥ is p-invariant, that is
4 4

U(py(V),€) = 3 Gilpy(V), ) = Y GilY,e) = W(Y,e), Yy € T,

i=1 =1

where the second equality follows from the equivariance of G, we conclude that Wis p-invariant

(See lemma of chapter 2).

Substituting W in (4.26]), we define the equation
g(Y.e) =0, (4.27)

where Y = (y1,92,93) and g : R® x R — R3 is an analytic function such that ¢g; =
(u;, G(Y , €)), for u; € ker(L), i = 1,2,3.

Using an argument similar to the one used in lemma , we show that equation does
not admit a differentiable solution of the form ?(e) So, the parameter € will be considered

again as an additional variable of the problem.
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Due to the symmetry of the reduced equation (4.27)), one way to find solutions is to
restrict the function ¢ to the subspace of fixed points as discussed in chapter 2. As we saw,
this technique is interesting because it allows us to reduce the number of equations to be
solved to dim(Fix(X))-equations, where X is a subgroup of I'. We will briefly study how to

apply this technique in our context, i.e., start by looking for solutions with symmetry. Consider
¥ ={id, (12)}, X5 = {id, (35)} and 35 = {id, (12)(35)}

subgroups of I'. If there exists a solution Y of 1) for some small €, which has symmetry
Y;, then it must be in the Fix(%;), i = 1,2,3. Let us analyze each of the cases separately.

If Y is a solution with symmetry 3, such that dim(Fix(X23)) = 1, then

Pa2es)(Y) =Y & y=y;=0.
this solution should be of the form Y = (0,92,0). Hence, restricting the function g to this
subspace, we have the equation

= 0.
FiX(Eg)XR

More precisely, we define go(y2, €) = g2(0,y2, 0, €) and the only equation to be solved is

92(y2,€) = 0. (4.28)

We can make use of the implicit function theorem in the function g, to solve equation (|4.28])

for € = €(y2). As a matter of fact, the function g is smooth, §»(0) = 0 and

9g2 B

4(1 — v (m*vie + 8)} m*

@+ ma 1T m*(l —v%) >0, (4.29)

for all a < —1 (recall that m* > 0 and v = %) It is worth noting that we can verify directly
that ¢1(0,y2,0,€) = 0 and g3(0,y2,0,¢) = 0.

For the solution Y whose symmetry is >; we have y; = y3. So, restricting the function g to
Fix(31) (whose dimension of Fix(3;) is equal to two) and setting §1(y1,€) = g1(v1, Y2, Y1, €)

and Go(y1,€) = 92(y1, Y2, Y1, €), it is sufficient to solve the system of equations

gl(ylvaae) = 07 (430)

gz(yhy% 6) = 0. (4-31)

Again, using that the derivative of gy with respect € is different from zero, see (4.29), we

can solve (4.31)) for € = €(y1, y2) for (y1,y2) near of the origin (0,0). Substituting €(y1, y2) in
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(4.30) and noting that the solution found in (4.28) also admits symmetry of Xy, it follows that
(0, Yo, €(y2)) is a solution to (4.30)) for yo near zero. Then, the function §; can be factored

1 (Y1, Y2, €W, y2)) = o f (Y1, y2),

by theorem [4.7] where f is an analytical function. The idea for exploring more solutions to
equation is by studying the zeros of the function f.

Finally, the solution whose symmetry is 35 should be of the form Y = (y1,Y2, —y1). This
case is similar to the previous one and follows the same analysis.

Our intention is not to study these particular cases. We will examine equation (4.27)
without imposing any restrictions, and these cases will appear naturally, due of the symmetry

of the equation.

The system of equations ({4.27)) is

91(Y1, Y2, y3,€) = (Ga — G1 — G3 4+ G4) (Y1, y2, y3,€) = 0,
92(91792, Y3, 6) = (G3 + G4 — Gl - GQ)(ylv Y2,Ys3, 6) = Oa

93(y1792,y3,€) = (G1 —Gy—Gs+ G4)(y1,yg,y3, 6) = 0.

0
Since %(O, 0) # 0 by (4.29)), we solve g = 0 for € = €(y1, Y2, y3) using the implicit function
€

theorem. Substituting in the remaining equations, we have

G (Y15 Y2, y3, €(W1, ¥2,y3)) = 0,

G3(Y1, Y2, Y3, €(Y1, Y2, y3)) = 0,
which is equivalent to the system of equations
Hl(yla Y2, 93) = (gl + §3)(y17 Y2, Ys, €(y17 Y2, y3)) - 07 (432)
H2<y17 Y2, y3) = (gl - 63)(y17 Y2, Ys, E(yh Y2, y3)> = 0. (433)

We check that if y; = —ys, then (—ys, y2,y3) is a solution of (4.32). Moreover, if y; = ys,
then (s, y2,y3) is a solution of (4.33)). This follows directly from the equivariance of g, i.e.,

93(y1,Y2,Y3) = g1(y3,y2,y1), (by element (12)of groupI),

93(917 Y2, 93) = —91(_y37 Y2, _yl)a (by element (35) of group F)

Hence, we can write (4.32)) and (4.33)) in a factored form

Hy(y1,92,y3) = (1 + y3)ha(y1, 92, y3) = 0, (4.34)

HZ(yh Y2, y3) = (yl - y3)h2<y17 y2>y3) = 07 (435)



68

where hy and hy are the analytic functions provided by theorem [4.7] Next, we will determine

the analytical expressions of these functions h; using the analyticity of the function G.

4.3.1 Analytic Expressions

In this section, we use the analyticity of function G to obtain analytic expressions for

function g and the solutions obtained implicitly, W (y1, y2, y3,€) and €(y1, y2,y3).
Firstly, we make a translation y4 = y4 + k in the expression of G;, i = 1,2,3,4, and we

note that G is invariant by p(ss). So, its analytical expression is given by

G1(Y, €) =byys + bse + by1(y7 + ¥ + y3) + baays + bsse® + bia(v1y2 — Y1y3 — Yay3)

+ 011(ys — Y2 — y1)ya + bis(y1 — y3)e + basyae + basyae + O(3).

On the other hand, G is invariant by p(12). Thus

G3(Y, €) =byys + cse + bll(y% + y% + yﬁ) + 54492 + cs5€? + bi2(y1ys — Y1y2 — Y2y3)

—b11(y1 — Y2 + ¥3)ya + c15(y1 + y3)e + Casyae + casyae + O(3).

Due to the I'-equivariance of (G, we must have

Ga(Y, €) =byys + bse + bll(y% + 3/% + yﬁ) + 544%% + bsse® + bi2(Ysy2 — Y1Y3 — Y1Y2)
+b11(y1 — Y2 — Y3)ya + bis(ys — y1)e + basyae + basyae + O(3),
G4(Y,€) =byys + c5e + b11(yf + y% + y§) + b44yi + cs5€? + bia(y1ys + Y1y2 + Y2ys3)

+ b1 (Y1 + Y2 + y3)ys — c15(y1 + y3)e + casyoe + casyse + O(3).

The analytic expression of the function ¥ is given by

(Y, €) =4bays + 2(bs + ¢5)e + 2011 (Y7 + y5 + 3) + 2baayi + 2(bss + c55)€”

+ 2(b25 + C25)y26 + 2(b45 + 045)y4€ + 0(3)

—~ 8k? 32
Since W is a solution to ¥ = 0 with by = ——— <3y1“ + ) we substitute a generic
a m*
Taylor expansion of W into the Taylor expression of W, group the similar term and compare

each term with the null series to obtain

W (Y1, y2,ys,€) = — [wse + wir (¥ + y5 + ¥3) + wsse” + wasyae + O(3)]

where
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1
ws 27)4(55 +¢5),
wy — 2
11 b4 )
1 baa
wss = — |2(bss + ¢55) + —ws + 2bsws (bas + cu5) |
4b4 b4
Waos = 27)4(525 + ca5).

Now, the expressions of the functions g; up to the third order are

91(y1, Y2, Y3, €) = biayoys + (—briws — bis — c15)yre — wir (b + binn)y;
— w1 (b + bi12)y1ys — (briwss + 2bss1 + 2¢551 — biasws — C1a5ws )Y€
— (br1was + bias + c125)y1y2e + (bis — c15)yse + (b2 — buwn)yly§
+ (2bs51 — 2551 — brasws + C145)Z/3€2

+ (b125 — biagws — c125)y2ys€e + O(4),

92(y1, Y2, y3, €) = (¢5 — bs)e + [(cs5 — bss) — 2(cas — bas)ws] € + biayrys
— (briws 4 2(bas + 25))y2€ — (briwiy + bii2)yoy; — briwiiys
— (briwiy + bi12)y2y3
- [b11w55 — biigw; — (bas — ca5)was + 2(bssa + Cs52) + 2(baas + 0245)] Y2€”
— [briwas + 2(cas — bas)wir + 2(baos — ca25)] Yae
— 2 (45 — bas)win + (bi1s — c11s)] yie + [(bas — cas)win + c115 — biis) y3e
+ [(bas — ca5)wss + (555 — bsss) — (bssa — Cs54) + (Cass — baas)] €
+ (brasws + c135 — biss) y1yze + O(4),
93(Y1, Y2, Y3, €) = bray1ye — (br1ws + bis + c15)yse — wyr(bn + b111)y§’
— wyy (b1 + bi12)ysys
+ (—birwss — 2bss1 — 2551 + basws + Crasws)yse”
— (briwas + bizs — c1s5)y2yse + (bis — c15)yr€ + (briz — briwin)ysy;

+ (2bss1 — 2¢551 — brasws + Cras)y1€> + (bros — biasws — c1o5)y1yae + O(4).

Recall ¢5 — by = —

4 1 _ 0 *. 1—a 8 *
(1= v)(my 7 + )} m (1 — v2) is the derivative of go with

(4+m*)a 4 4+ m*
respect to €. Moreover, from the discussion in the last section, € is an implicit solution of
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go = 0. Hence, we obtain the expression of ¢ in the same way as for .

1
5(3/173J2,y3) _<

Cy — b5
— bia (br1ws + 2(bas + 25))y112ys + O(4)]

) [—b1at1ys + briwnys + (briwir + biao) (45 + 3) v

and replacing the above expression of € in g; and gs, it follows that

bia

H1(y1,Y2,y3) =bia(y1 + y3)y2 + < ) (byiws + bis + c15) (Y1 + Y3)v1ys

cs — bs
— w1 (b1 + b)) (1 + y3) (Wi — vy +v3) — wir(big + bii2) (y1 + v3)ys

c15 — b
+ [2 (fbw) bia — brywyy + b112] (y1 + y3)1hys + O(4),
5 — Us

b1
2 > (br1ws + bis + c15) (Y1 — Y3)y1Y3

Hy(y1,Y2,y3) =b12(v1 — y3)y2 + (
Cs — 05

— wi(bin + b)) (1 — ¥3) (Wi + viys + y3) — win (bir + bin2) (v — ¥3)y3

ci5 — b
- [2 (”) brz — buywn + bnz} (y1 — y3)y1ys + O(4).
5~ Ub

We know that y; = —ys is a solution of H; = 0 and y; = y3 is a solution of Hy = 0, as
explained in the previous section. Thus, we factor the term (y; + y3) from expansion of H;

and (y; — y3) from Hy and then, comparing with equations (4.34) and ([4.35)), we get

b12

p— ) (br1ws + 3c15 — bis) + wirbin + b112} Y1Ys3 (4.36)
5 — 05

— w1y [ (b1 + b111)( v +y3) + (bu + 5112)?5} +0(3),

hi(y1, Y2, Ys) =biays + K

)
ha(y1, Y2, Ys) =biaya + K b ) bi1ws + 3bys — c15) — w11 (2611 + b111) + 5112} Y193
cs — bs

—wiy [(biy 4 b111) (U7 + 43) + (bu1 + bu2)yz | + O(3). (4.37)

6k 64k3
The derivative of h;, i = 1,2, with respect to ys is bjg = —v Sy
a a’m

negative for all @ < —1. Thus, it follows from the implicit function theorem that h; = 0,7 =

l1—a

5(a — 1), which is

1,2, can be solved for ¥, in terms of (y1,y3) near the origin (0,0). Therefore, the expression

of the implicit solution of h; =0 is

1 b
y; (?Jl, ys) = K 12 <b11w5 + 3c15 — b15> + b1 + w11b111> Y1Y3
b12 cs — bs

—wiy (b + b)) (4F +43) + O(3)] -

On the other hand, the expression of the implicit solution of hy = 0 is

1 b
yg(yl, Y3) = — beo [( 12 (b11w5 + 3by5 — C15) + bi12 — wii (b1 + 2511)) Y3
12 cs — bs

—wn (b + i) (y5 +43) + O(3)] .



71

Remark 4.13. We calculated all the coefficients b's and ¢'s using the computer algebra system

Maple.

4.3.2 Bifurcation Branches

Bifurcation branches arising from the centered tetrahedron are obtained by combining the

solutions of equations (4.34]) and (4.35)). There are four possible cases.
Firstly, y1 = y3 = 0 is a solution of equations (4.34)) and (4.35]) for any y> near the origin.

The second solution is obtained substituting the solution (—ys, y2, y3) from equation (4.34))

into (4.35]). We have
(—2y3)ha(y1,y2) =0, (4.38)

whose solutions are y3 = 0 and the zeros of the function hy, namely y3(ys).
Similarly, the third solution is obtained by substituting the solution (ys, ¥, y3) from (4.35))

into (4.34)). We get
(2y3)h1(y1, y2) = 0, (4.39)

whose solutions are y3 = 0 and the zeros of hy, namely ya(y3).

Finally, we consider y; # —ys3 and substitute ya(yi,y3) in (4.34), assuming that y; # ys,

we obtain

4b12
Cy; — b5

B2(y1> y%u y3) = K ) (b15 — c15) — 2w11(b111 + b11) | yays + O(3).

If we analyze the first term of hy numerically, we see that in the neighborhood of a = —3/2
this term is nonzero. Therefore, the solution of iLQ = 0is y; = y3 = 0, which results in y, = 0,
i.e., the trivial solution.

To summarize the above discussion, we have obtained three families of solutions. In the
family (1), the free variable is yo, while in the families (II) and (I11), the free variable is y5. This

means that we need to use different bifurcation parameters to represent distinct families, for
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different free variables lead to different relationships with the parameter €. Hence,

(
1 = 07

Y2 = 67
Family (I):< 3 =0,

b
y =k — 162+ 0(3),
by

. by

e

} &+ 0(4).

The term of third order in the above expansion for € is negative, since by, > 0 and ¢5 — bs > 0,

for a < —1. The other two families one

(

N = M,
birz — (3b111 + 4b11)w11} {511w5 + 3b15 — 015}} 2
_ — O3
42 {[ blg C5—b5 a + ( ),
Family (I1): < y3 =: p,
b
Yg = k — |:< Wso12 > + 2U)11:| ,u2 + 0(3),
; Cs — U5
e = (”) 1%+ O(3).
\ cs — bs
(
V1 =N,
bi12 + w11611> <b11w5 + 3c15 — b15>} 9
_ L O3

Family (Il1): < y5 =: p,
biow
vy =k— [mn— <612 - )]u2+0(3),

¢ = <c5—b5> p? + O(3).

In family (II) we have € > 0, since by > 0 and ¢ — b5 > 0. Furthermore, for each value

of €, we have e(u) = e(—pu), but Y (1) # Y (—p). In other words, for each value of ¢, we have
two central configurations shooting off the degenerate centered tetrahedron, when p — 0, as
for family (1), but in this case ¢ < 0.

Returning to the variables x;, we have
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Family (1):

Family (I1):

Family (I11):

where

X

X2

X3

Ty

Z5

X

T2

xs3

Xyq

Ty

T

X2

X3

Ty

X5

k-4 bblj(s2+0(3),
ks 124152 L 0(3),
=k+9o 214152+0(3),
= —4k + 42152 + 0(3),
=k+9¢ l2:52+0(3)

=k +2u — (ag + o) + O(3),
=k —2p— (a2 + B2)p? + O(3),
=k + (a2 = B)p* + O(3),

= —4k + 4312 + O(3),

=k+ (az — B> + O(3).

=k — (a3 + B3)p* + O(3),

=k — (a3 + B3)u* + O(3),

=k —2pu+ (a3 — B3)p* + O(3),
= —4k + 4332 + O(3),

=k +2p+ (a3 — Bs)p* + O(3),

o — briz — (3b111 + 4b11)wn _ buws 4+ 3b1s — a5 By = w512
? b1z cs — bs P c5 — bs
o biio +wi1byr  bryws + 3¢5 — by biaws

5
, B3 = 2wy —

3 =
b12

Finally, the Taylor series of s;; of the first family around 6 = 0 up to second order

v

dSij

do

I _
where v;; =

cs — bs

sh(0) = s?j + v{jé+ a{j(52 +0(8%), 1<i,j <5,

1d?s;;
dol. =2 Y )
5=0 and a 2 do? ls=o

C5—55'

(4.40)

To understand how families (), (II), and (Il) behave, we will analyze the signs of linear

terms of (4.40) to study the growth of s;;.
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The linear terms of the family (1) are

vly = 2:1/1“ <0,

Vi3 = Ugg = V5 = Vg5 = 0,

vl = —2:1/1“ > 0,

Uy = Uy = _aii;* >0,

v, =l = C;lnl; <0, Vae (—o0,—1).

The behavior of the family (1) is shown in figure 8. The symmetry is given by the intersection
of two planes. One of the plane contains the midpoint of the segment ¢3¢5 and the segment
q1q2, and the other contains the midpoint of the segment ¢;¢> and the segment ¢3¢5. The
mass m* must be at the intersection of these two planes. If § > 0, then the mass m* is closer

to the segment g3q5. Conversely, the mass m* is closer to the segment ¢;qs.

my mo my mo my mo

Figure 8. Bifurcation emerging from centered regular tetrahedron, which occurs when € > 0 (6 < 0). The
intersection of the two planes gives us the symmetry.

The Taylor series of s;; of the second and third families around p = 0 up to second order

is
st (n) = sy + vl p+al w4+ O(u?), (4.41)
I 2 T
where v!! dsij ,and off = ld 5ij

dp Tu=0 Y2 dp? =0
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The linear terms of the family (1) are

i Ir  Ir o Ir
Vyp = U3y = U5 = U35 =0,
oI — Il — _%Vl—a

13 = U5 =

3 5 a )

Rk
vl = <0,
am*

2k
m_ 11 _ 1-a
Ups = U5 =V <0,

8k
Vil = R 0, Va € (—o0,—1).

In this case, the plane of symmetry intersects the segment ¢3¢s orthogonally and contains
the segment ¢1q2. If © > 0, then the mass m* lies on this plane, but closer to the segment
q1q2. Furthermore, m* is closer to m; than to msy, meaning that it lies outside the plane of

symmetry that intersects q;¢o at the midpoint. If 4 < 0, the opposite happens with the mass

mo

ma -
uw<0 pw=20

Figure 9: Bifurcation of family (Il), which occurs when € > 0. The plane of symmetry intersects the midpoint
of the segment ¢3qs.

Finally, the linear terms of the family (1) are

Irr _ Iir Q11 IIT
Uyt =y =y =35 =0,
2k
oI — i — 2N 1—a g
13 23 )
a
2k
R !
a
Rk
it — _8E
am*
Sk
vifl = — <0, Va € (—o0,—1).
am*

The plane of symmetry intersects the segment ¢;q orthogonally and contains the segment

q3qs- If > 0, then the mass m™ lies on this plane, but it is closer to ms than to mgs, meaning
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that it lies outside the plane of symmetry that intersects ¢3qs at the midpoint. If © < 0, the

opposite happens with the mass m*.

ms

©w<0 =20 @w>0

Figure 10: Bifurcation of family (1), which occurs when ¢ < 0. The plane of symmetry intersects the midpoint
of the segment ¢1¢5.

Theorem 4.14. Let q(1,1,1,m,1) be a central configuration of five bodies in the space
forming a centered regular tetrahedron. Denote by m* > 0 the value of the central mass,
which depends on the exponent a<-1, such that the configuration is degenerate. If ¢ > 0, for
exactly two equal masses at the vertices of the tetrahedron either in the interval (1,1 + ¢€) or
(1 —¢,1), then in both cases there exist two families of central configurations with plane-type
symmetry which bifurcate from the degenerate solution q(1,1,1,m*, 1). Furthermore, there is
only one family of central configurations with plane-type symmetry that bifurcates from the
degenerate solution if exactly two equal masses are in the interval (1 — e, 1+ €). In all cases,

there are no symmetrical central configurations bifurcating from q(1,1,1,m* 1).

Remark 4.15. According to (GOLUBITSKY; SCHAEFFER, [1988), when a solution to a bi-
furcation problem has less symmetry than the equations that describe such problem, it is
said that there has been a symmetry breaking. In both problems studied in this chapter, the

symmetry-breaking phenomenon has been observed.
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5 CONCLUSION AND PERSPECTIVES

In this thesis, we set out to find new central configurations from two degenerate central con-
figurations of the four-body and five-body problems. We started by analyzing the bifurcations
of a centered triangular configuration. We obtained three families of central configurations that
are valid for any value of the exponent of the potential function in the interval (—oo, —1).
However, we were only able to fully analyze the Newtonian case. We will continue this analysis
in future projects in order to consider other particular cases.

For the five-body problem, we studied the bifurcation of a degenerate centered regu-
lar tetrahedron. We approached this degenerate central configuration following two different
paths. Considering three equal bifurcation parameters, we obtained four families of central
configurations. For two equal bifurcation parameters, there are three families of central con-
figurations. We understand that for these cases the analysis was carried out completely and
the solutions found are valid for any potential function with exponent a < —1.

The bifurcation analysis we used was heavily based on the symmetry of the problems. This
indicates that we need to increasingly understand the role of symmetry in solving bifurcation
problems.

Our expectation for future work is to study the bifurcations of the centered regular tetra-
hedron considering approaching the degenerate configuration through different paths than
those already considered. At first, considering two different parameters and thus reducing the
symmetry group of the problem seems like a natural way forward.

Another problem to be studied later are the bifurcations of a configuration that is not
Dziobek. More precisely, a configuration of five bodies in the plane in the form of a square

with equal masses at the vertices and an arbitrary mass in the center.
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APPENDIX A - COMPARISON OF THE TERMS OF THE EXPANSION OF
THE SQUARE OF THE DISTANCE

To facilitate a comparison the terms of the s;; presented in section with the ones
studied in (SANTOS et al| 2017, we display in this appendix the second-order terms of the
family (1) and the second and third-order terms of family (I) found in (SANTOS et al., [2017)).

The second order terms of family (1) are

4 1 2) yl-e { [m* +4V“} 1)22}
== k) (1 — 2416 |—m—=| —
%P <a2u (1-a)+— + Grm)e) B )

4
a5 = <(12V1_2“k’2) (1—a)

N ma—a {6 16 [m B kQ} 12252 ok {—8b22c5 +J?Zlbaz(cn +612)]} |
Q4 = aQ(lni)ZkQ(l —a)
A e ]
Q5 = (cﬂg;i)?) E*(1 — a)
; a 5
+—i {16[zz%j%i;2<+‘§i] %f-—10k[Sbﬂc5+;ﬁig?1%—cu)]}.

Since the second order terms of family (I1) agree with whose was showed in section [4.2.2]

we will show the third order terms

]k3 (1-3a) 12k (1—2a)
Wi = (V) (1 —3a+2a*) — <I/ (1—a)

a’d a?
6r(1-a) ( m* + 4% )
_ d,
a (4 4+ m*)?

(1—a) * 4 A0
w13=w23:—6<y ) [(m o )] d,

a (4 + m*)?
I/(l_a) { {(m* + 4Va) 2] (3C11 - 612)}
ww—wv~ﬁ( a) Tl L
64k> 24k?
W14 — W9y — — (M) (]_ — 3a + 2(12) + (CL27’)’L"‘2f> (3011 — 012)(1 — CL)

6 {{(m* +4ya)} g 3ci1 —012} ’

a Ll (4+m)? fm

64k3 24k?
W3y = — <a37n*3) (1 — 3a =+ 2@2) — ((127”*2]0) (3611 - Cl2>(1 — a)
6 [[(m*"+ 41/“)} 3c1y — 612}
__ d
a { { (4 + m** " fm* 7
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e 120k
Wys = (a?’m*3> (1 —3a+ 2a*) — () (3c11 — c12)(1 — a)

a?m*’ f
6 [[(m*+ 41/“)} 3c11 — 012}
B 08 (S VAR [ BTt 2
a {{ (44 m*)? N fm* ’
8]€3V1_3a 2 12/€V1_2a k(gCH — C12)
w35:<a3 )(—1+3a—2a)—( a2 )|: f —1:|(1—(I)

(T {2

where d has an expression such as the one at the bottom of the page 58,
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