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ResumoEste trabalho prop~oe uma t�e
ni
a n~ao-param�etri
a para dete
�
~ao de bordas em im-agens spe
kle. As imagens SAR (\Syntheti
 aperture Radar"), sonar, B-ultrasounde laser s~ao 
orrompidas por um ru��do n~ao aditivo 
hamado spe
kle. V�arios modelosestat��sti
os foram propostos para des
rever este ru��do, levando ao desenvolvimentode t�e
ni
as espe
iais para melhoramento e an�alise de imagens. A distribui�
~ao G0 �eum modelo estat��sti
o que 
onsegue des
rever uma ampla gama de �areas, 
omo, porexemplo, em dados SAR, pastos (lisos), 
orestas (rugosos) e �areas urbanas (muitorugosos). O objetivo deste trabalho �e estudar t�e
ni
as alternativas na dete
�
~ao deimagens spe
kled, tomando 
omo ponto de partida Gambini et al. (2006, 2008).Um novo dete
tor de borda baseado no teste de Kruskal Wallis �e proposto. Osnossos resultados num�eri
os mostram que esse dete
tor �e uma alternativa atraenteao dete
tor de M. Gambini, que �e baseado na fun�
~ao de verossimilhan�
a.Neste trabalho forne
emos evidên
ias de que a t�e
ni
a de M. Gambini pode sersubstitu��da 
om su
esso pelo m�etodo Kruskal Wallis. O ganho reside em ter umalgoritmo 1000 vezes mais r�apido, sem 
omprometer a qualidade dos resultados.
Palavras-chave: estat��sti
a n~ao-param�etri
a, dete
�
~ao de bordas, imagens SAR,imagens spe
kled, ru��do spe
kle.

iv



AbstractThis thesis proposes a non-parametri
 te
hnique for boundary dete
tion in spe
kledimagery. Syntheti
 Aperture Radar (SAR), sonar, B-ultrasound and laser imagery is
orrupted by a signal-dependent non-additive noise 
alled spe
kle. Several statisti
almodels have been proposed to des
ribe su
h a noise, thus of spe
ialized te
hniquesfor image improvement and analysis. The G0 distribution is a statisti
al model thatsu

eeds in des
ribing a wide range of areas as, for instan
e in SAR data, pastures(smooth), forests (rough) and urban (extremely rough) areas. The aim of this the-sis is to develop alternative te
hniques for edge dete
tion in spe
kled imagery. Itsstarting point are the works by Gambini et al. (2006, 2008). We des
ribe a newedge dete
tor based on the Kruskal Wallis test and show that it is an useful alter-native to the method proposed by M. Gambini, whi
h is based on the likelihoodfun
tion of the data. We provide eviden
e that the M. Gambini te
hnique 
an besu

essfully repla
ed by the Kruskal Wallis method. The latter is more 
ompu-tationally eÆ
ient, the 
orresponding algorithm being up to 1000 times fasted thatthe M. Gambini algorithm.
Keywords: non-parametri
s statisti
s, edges dete
tion, SAR imagery, spe
kledimagery, spe
kle noise.

v



Contents

1 Introduction 6

2 Methodology 152.1 The multipli
ative model . . . . . . . . . . . . . . . . . . . . . . . . 192.2 G0
I distribution: properties and estimation . . . . . . . . . . . . . . . 232.3 Edge dete
tion in SAR imagery . . . . . . . . . . . . . . . . . . . . . 272.3.1 Gambini algorithm for edge dete
tion . . . . . . . . . . . . . 292.3.2 Non-parametri
 edge dete
tion . . . . . . . . . . . . . . . . . 312.3.3 The Mann-Whitney test . . . . . . . . . . . . . . . . . . . . . 332.3.4 The Kruskal-Wallis test . . . . . . . . . . . . . . . . . . . . . 342.3.5 The Squared Ranks test for varian
es . . . . . . . . . . . . . 372.3.6 The TPE empiri
al statisti
 . . . . . . . . . . . . . . . . . . . 392.4 Proposal . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

3 Results 433.1 Extremely heterogeneous areas, n = 1 and αℓ = −3 . . . . . . . . . . 483.2 Heterogeneous areas, n = 1 and αℓ = −8 . . . . . . . . . . . . . . . . 513.3 Homogeneous areas, n = 1 and αℓ = −12 . . . . . . . . . . . . . . . . 543.4 Homogeneous areas, n = 1 and αℓ = −18 . . . . . . . . . . . . . . . . 573.5 Extremely heterogeneous areas, n = 3 and αℓ = −3 . . . . . . . . . . 603.6 Heterogeneous areas, n = 3 and αℓ = −8 . . . . . . . . . . . . . . . . 623.7 Homogeneous areas, n = 3 and αℓ = −12 . . . . . . . . . . . . . . . . 651



CONTENTS 23.8 Homogeneous areas, n = 3 and αℓ = −18 . . . . . . . . . . . . . . . . 683.9 Extremely heterogeneous areas, n = 8 and αℓ = −3 . . . . . . . . . . 713.10 Heterogeneous areas, n = 8 and αℓ = −8 . . . . . . . . . . . . . . . . 743.11 Homogeneous areas, n = 8 and αℓ = −12 . . . . . . . . . . . . . . . . 773.12 Homogeneous areas, n = 8 and αℓ = −18 . . . . . . . . . . . . . . . . 80
4 Conclusions 84

A Simulation results for n = 1 88

B Simulation results for n = 3 94

C Simulation results for n = 8 100

D Ox Codes 106



List of Figures

1.1 Interpretation of the roughness parameter . . . . . . . . . . . . . . . 132.1 Densidade do spea
kle para 1, 2, 4 e 8 looks . . . . . . . . . . . . . . 202.2 Γ−1 densities for α = −0.5, −2, −4, −10 . . . . . . . . . . . . . . . . . 222.3 G0
I densities for α = −2, −4, −6, −8 − 12 . . . . . . . . . . . . . . . . 242.4 Radial straight lines proje
ted . . . . . . . . . . . . . . . . . . . . . . 302.5 Values of the obje
tive fun
tion for a segment of straight . . . . . . 312.6 Displa
ement of a re
tangular window on a straight segment . . . . 402.7 Typi
al values of the non-parametri
 statisti
s . . . . . . . . . . . . 423.1 S
heme of a re
tangular window on a straight segment . . . . . . . . 463.2 Syntheti
 images G0

I(−3, 1, 1) . . . . . . . . . . . . . . . . . . . . . . 483.3 Average exe
ution time for αℓ = −3 and n = 1 . . . . . . . . . . . . 503.4 Syntheti
 images from G0
I(−8, 1, 1) . . . . . . . . . . . . . . . . . . . 513.5 Error rate in edge dete
tion for αℓ = −8 and n = 1 . . . . . . . . . . 533.6 Average exe
ution time for αℓ = −8 and n = 1 . . . . . . . . . . . . 533.7 Syntheti
 images from G0
I(−12, 1, 1) . . . . . . . . . . . . . . . . . . . 543.8 Error rate in edge dete
tion for αℓ = −12 and n = 1 . . . . . . . . . 563.9 Average exe
ution time for αℓ = −12 and n = 1 . . . . . . . . . . . . 563.10 Syntheti
 images G0

I(−18, 1, 1) . . . . . . . . . . . . . . . . . . . . . . 573.11 Error rate for αℓ = −18 and n = 1 . . . . . . . . . . . . . . . . . . . 593.12 Average exe
ution time for αℓ = −18 and n = 1 . . . . . . . . . . . . 593.13 Syntheti
 images G0
I(−3, 1, 3) . . . . . . . . . . . . . . . . . . . . . . 603



LIST OF FIGURES 43.14 Average exe
ution time for αℓ = −3 and n = 3 . . . . . . . . . . . . 613.15 Syntheti
 images G0
I(−8, 1, 3) . . . . . . . . . . . . . . . . . . . . . . 623.16 Error rate in edge dete
tion for αℓ = −8 and n = 3 . . . . . . . . . . 643.17 Average exe
ution time for αℓ = −8 and n = 3 . . . . . . . . . . . . 643.18 Syntheti
 images G0
I(−12, 1, 3) . . . . . . . . . . . . . . . . . . . . . . 653.19 Error rate in edge dete
tion for αℓ = −12 and n = 3 . . . . . . . . . 673.20 Average exe
ution time for αℓ = −12 and n = 3 . . . . . . . . . . . . 673.21 Syntheti
 images G0
I(−18, 1, 3) . . . . . . . . . . . . . . . . . . . . . . 683.22 Error rate in edge dete
tion for αℓ = −18 and n = 3 . . . . . . . . . 703.23 Average exe
ution time for αℓ = −18 and n = 3 . . . . . . . . . . . . 703.24 Syntheti
 images G0
I(−3, 1, 8) . . . . . . . . . . . . . . . . . . . . . . 713.25 Average exe
ution time for αℓ = −3 and n = 8 . . . . . . . . . . . . 733.26 Syntheti
 images G0
I(−8, 1, 8) . . . . . . . . . . . . . . . . . . . . . . 743.27 Error rate in edge dete
tion for αℓ = −8 and n = 8 . . . . . . . . . . 763.28 Average exe
ution time for αℓ = −8 and n = 8 . . . . . . . . . . . . 763.29 Syntheti
 images G0
I(−12, 1, 8) . . . . . . . . . . . . . . . . . . . . . . 773.30 Error rate in edge dete
tion for αℓ = −12 and n = 8 . . . . . . . . . 793.31 Average exe
ution time for αℓ = −12 and n = 8 . . . . . . . . . . . . 793.32 Syntheti
 images G0
I(−18, 1, 8) . . . . . . . . . . . . . . . . . . . . . . 803.33 Error rate in edge dete
tion for αℓ = −18 and n = 8 . . . . . . . . . 823.34 Average exe
ution time for αℓ = −18 and n = 8 . . . . . . . . . . . . 82



List of Tables

3.1 Error rate and average time for αℓ = −3 and n = 1 . . . . . . . . . . 503.2 Error rate and average time for αℓ = −8 and n = 1 . . . . . . . . . . 523.3 Error rate and average time for αℓ = −12 and n = 1 . . . . . . . . . 553.4 Error rate and average time for αℓ = −18 and n = 1 . . . . . . . . . 583.5 Error rate and average time for αℓ = −3 and n = 3 . . . . . . . . . . 613.6 Error rate and average time for αℓ = −8 and n = 3 . . . . . . . . . . 633.7 Error rate and average time for αℓ = −12 and n = 3 . . . . . . . . . 663.8 Error rate and average time for αℓ = −18 and n = 3 . . . . . . . . . 693.9 Error rate and average time for αℓ = −3 and n = 8 . . . . . . . . . . 723.10 Error rate and average time for αℓ = −8 and n = 8 . . . . . . . . . . 753.11 Error rate and average time for αℓ = −12 and n = 8 . . . . . . . . . 783.12 Error rate and average time for αℓ = −18 and n = 8 . . . . . . . . . 81

5



Chapter 1

Introduction

ResumoNos �ultimos anos, o desenvolvimento de novas te
nologias de observa�
~ao da terra apartir do espa�
o tem estimulado o interesse da so
iedade em suas apli
a�
~oes. Estaste
nologias permitiram que alguns dos pa��ses desenvolvidos 
ome�
assem a 
orridaespa
ial, induzindo o desenvolvimento de novas t�e
ni
as que, 
om o tempo, foramdenominadas \espa�
o de sensoriamento remoto".As imagens de radar SAR (\Syntheti
 aperture Radar ") ofere
em uma pers-pe
tiva �uni
a da terra, seus re
ursos e o impa
to que sobre ela exer
em os sereshumanos. Imagens SAR têm demonstrado ser uma fonte de informa�
~ao valiosa parav�arias apli
a�
~oes, entre as quais �e poss��vel 
itar o planejamento urbano, o monitori-za�
~ao ambiental, a gest~ao dos 
ultivos, a prospe
�
~ao de petr�oleo, a explora�
~ao min-eral, a dete
�
~ao de vida animal e muitas outras.SAR �e um radar de ilumina�
~ao 
oerente de alta resolu�
~ao que fun
iona utilizandouma antena sint�eti
a a bordo de uma plataforma a�erea m�ovel, 
omo um avi~ao ou umsat�elite, 
obrindo grandes superf��
ies e produzindo imagens de alta resolu�
~ao. Ao
ontr�ario de um radar 
onven
ional, SAR utiliza o movimento da plataforma paraobter uma antena sint�eti
a de maior dimens~ao e, por 
onseguinte, maior resolu�
~aodo que a obtida a trav�es antena real. 6



CHAPTER 1. INTRODUCTION 7Um sensor SAR emite e re
ebe sinais eletromagn�eti
os de natureza 
omplexa, osinal re
ebido podendo ser armazenado em diferentes formatos: 
omplexo, intensi-dade e fase (Oliver and Quegan, 1998).O radar ilumina uma 
ena 
om uma su
ess~ao de pulsos e uma determinadafreq�uên
ia. A energia �e propagada em todas as dire�
~oes e uma parte retorna �a an-tena (este retorno �e 
hamado e
o). O sensor mede a intensidade e o atraso dos sinaisemitidos e devolvidos �a antena. A interpreta�
~ao desses e
os permite a forma�
~ao deimagens em termos de distân
ias ao radar, ou seja, a imagem �e formada em fun�
~aoda energia devolvida por qualquer ponto da superf��
ie.Algumas das 
ara
ter��sti
as mais importantes que o sensor SAR apresenta s~ao:� O 
ar�ater ativo do instrumento o torna independente da ilumina�
~ao solar, sendo
apaz de re
olher imagens a qualquer momento.� As mi
roondas s~ao pou
o afetadas pela presen�
a de nuvens, o que torna poss��vela aquisi�
~ao de imagens independentemente das 
ondi�
~oes meteorol�ogi
as e emregi~oes 
om 
obertura freq�uente.� O sensor SAR permite obter imagens 
om resolu�
~oes de dezenas de 
ent��metrosa quil�ometros de altura.� As imagens SAR forne
em informa�
~oes 
omplementares �as propor
ionadaspelas imagens �opti
as. A sele�
~ao da freq�uên
ia, da polariza�
~ao e do ângulo dein
idên
ia do SAR permite dis
riminar diferentes propriedades da superf��
ie.Em uma imagem SAR �e poss��vel distinguir v�arios tipos de rugosidade ou textura:
Áreas homogêneas: Superf��
ies de pou
a textura, por exemplo, zonas de 
ultivos,zonas 
om desmatamento, neve, �agua ou gelo, et
.
Áreas heterogêneas: Superf��
ies que apresentam 
erto grau de textura, por exem-plo, 
orestas.
Áreas extremamente heterogêneas: Superf��
ies onde a textura �e intensa, porexemplo, zonas urbanas, industriais, entre outros.



CHAPTER 1. INTRODUCTION 8Um fator importante que degrada a qualidade da imagem SAR �e o ru��do spe
kle,que apare
e quando se usa ilumina�
~ao 
oerente 
omo �e o 
aso de todas as te
nolo-gias que utilizam mi
roondas, Sonar, laser e ultra-som. Para reduzir o n��vel de ru��dospe
kle em imagens SAR, uma t�e
ni
a 
hamada \multilook" pode ser usada. Estat�e
ni
a 
onsiste em subdividir o pulso emitido pela antena em v�arios setores inde-pendentes e 
ombinar os dados obtidos em uma imagem �nal, de modo que estaimagem seja menos afetada pelo spe
kle.Para en
ontrar os pontos de borda entre as diferentes regi~oes da imagem, osdados SAR s~ao modelados 
om a distribui�
~ao G0
I sob o modelo multipli
ativo. Asregi~oes da imagem 
om diferentes graus de homogeneidade �
am 
ara
terizadas pelosparâmetros da distribui�
~ao. Se um ponto perten
e �a borda, ent~ao numa vizinhan�
adesse ponto existe uma mudan�
a brus
a nos parâmetros da distribui�
~ao.O modelo multipli
ativo a�rma que a vari�avel aleat�oria Z que des
reve as ob-serva�
~oes, �e o resultado do produto de duas vari�aveis aleat�orias independentes, quen~ao s~ao observadas diretamente: X e Y, a vari�avel aleat�oria X modela �area de estudo(ba
ks
atter), enquanto que a vari�avel aleat�oria Y modela o ru��do spe
kle.O objetivo deste trabalho �e estudar t�e
ni
as alternativas na dete
�
~ao de imagensspe
kled, tomando 
omo ponto de partida o trabalho de Gambini et al. (2006,

2008). Neste trabalho forne
emos evidên
ias de que a t�e
ni
a de M. Gambini podeser substitu��da 
om su
esso pelo m�etodo Kruskal Wallis. O ganho reside em terum algoritmo 1000 vezes mais r�apido, sem 
ompromisso da qualidade dos resultados.Esta tese �e 
omposta pelos seguintes 
ap��tulos: o presente 
ap��tulo 1; o 
ap��tulo 2apresenta o modelo multipli
ativo que des
reve as imagens SAR, a distribui�
~ao G0
I esuas propriedades, e apresenta uma revis~ao de dete
�
~ao de bordas em imagens SARin
luindo t�e
ni
as n~ao-param�etri
a e nossa proposta. Cap��tulo 3 apresenta resulta-dos que permitem a 
ompara�
~ao dos m�etodos sob avalia�
~ao. Cap��tulo 4 dis
ute as
on
lus~oes extra��das dos resultados apresentados.



CHAPTER 1. INTRODUCTION 9
IntroductionIn the last years, the development of new te
hnologies for Earth observation fromspa
e has stimulated the interest of the so
iety on their appli
ations. These te
hnolo-gies allowed some of the most powerful 
ountries to begin the spa
e ra
e, indu
ingthe development of new te
hniques that, with time, were denominated \spa
e remotesensing".SAR (\Syntheti
 Aperture Radar") imagery o�ers an unique Earth perspe
tive,its resour
es and the impa
t that on its humans exert. SAR images have demon-strated to be a sour
e of valuable information for numerous appli
ations, amongwhi
h it is possible to mention urban planning, monitoring of environment, mana-gement of 
rops, oil prospe
tion, mining exploration, wind dete
tion, dete
tion ofanimal life and many others.SAR is a 
oherent radar of high resolution that works on board using a syntheti
antenna of a movable platform, like an airplane or a satellite, 
overing extendedsurfa
es and produ
ing images. Unlike a 
onventional radar, SAR uses the movementof the platform to obtain a syntheti
 antenna and, therefore, higher resolutions thanthe real antenna.During the pro
ess of data a
quisition, the target remains illuminated under theantenna beam during several instants, being observed by the radar from numerouspositions 
aused by movement throughout the platform traje
tory, prolonging in thisway the real length of the antenna. The radar illuminates a s
ene with a su

ession ofpulses in a 
ertain frequen
y. The energy is propagated in all dire
tions and returnspartially to the antenna (this return is 
alled e
ho). The sensor measures both theintensity and the delay of the emitted and returned signals to the antenna. Theinterpretation of these e
hoes allows the formation of images in terms of distan
esto the radar, the image being formed as fun
tion of the energy returned by everypoint of the surfa
e.Some of the most important 
hara
teristi
s that the SAR sensor presents forremote sensing are:



CHAPTER 1. INTRODUCTION 10� The a
tive nature of the instrument makes it independent of other illuminationsour
es, being able to gather images at any time.� Mi
rowaves are little a�e
ted by the presen
e of 
louds, so image a
quisitionis possible regardless of the meteorologi
al 
onditions and in regions with per-manent 
loud 
overage.� SAR images 
an have high spatial resolution, e.g. of less than one meter,allowing, thus, the study of small s
ale phenomena.� SAR images 
ontain 
omplementary information to that provided by opti
alimages. The sele
tion of the frequen
y band, polarization and angle of in
i-den
e in SAR imagery allows dis
rimination of di�erent surfa
e properties.A SAR sensor emits and re
eives ele
tromagneti
 waves of 
omplex nature and,therefore, the re
eived signal 
an be stored in di�erent formats: 
omplex, intensity,amplitude and phase (Oliver & Quegan 1998).In a SAR image it is possible to distinguish several types of roughness or texture,a

ording to whi
h it is possible to 
lassify the di�erent types of 
overs in:
Homogenous areas: Surfa
es of very little texture, for example, zones of 
rops,zones with deforestation, snow, water or i
e, et
.
Heterogeneous areas: Surfa
es that present 
ertain degree of texture, for exampleforest on not very pronoun
ed relief, among others.
Extremely heterogeneous areas: Surfa
es where the texture is intense, for exam-ple urban and industrial zones and of pronoun
ed reliefs, among others.\Texture", in the 
ontext of SAR imagery, should be understood as a measure ofthe number of obje
ts in a 
ell of the size of the wavelength employed by the sensor.A �ne texture is asso
iated to a large number of obje
ts per 
ell, while a 
oarse orextremely heterogeneous textures are those for whi
h only a few obje
ts are 
ountedper 
ell. The Japanese Earth Resour
es Satellite JERS-1, for instan
e, operates on



CHAPTER 1. INTRODUCTION 11L-Band (1.3GHz, 23.5 
m wavelength) and the European Remote Sensing SatellitesERS-1 and ERS-2 use C-Band (5.3GHz, 5.6 
m wavelength). The ERS1 is not idealfor forest dis
rimination, with less than 50% of the nonforest areas being 
orre-
tly dete
ted. This re
e
ts the fa
t that even low vegetation 
anopies 
an have aba
ks
attering 
oeÆ
ient similar to that of primary forest at C-band. Longer wave-lengths are more appropriate to this appli
ation, su
h as the L-band data providedby JERS-1. A more 
omplete temporal 
overage of the region may have given betterperforman
e. Long time sequen
es of ERS images gathered over temperate forest,whi
h also show very stable behavior, allow good forest dis
rimination using 
hange-dete
tion te
hniques. C-band systems are 
apable of good forest dis
rimination inthe tropi
s if they have suÆ
ient resolution (Oliver & Quegan 1998).A problem of fundamental importan
e in the analysis of images is the dete
tionof edges. Edges 
hara
terize the limits of obje
ts and, therefore, they are useful forsegmentation, registration and identi�
ation of obje
ts. Edge points 
an be thoughtas the lo
ations of pixels where abrupt 
hanges of intensity or other relevant propertyo

ur.Segmentation is the pro
ess that divides an image in its 
onstituent parts orobje
ts. It is one of the most important steps in the whole pro
ess of image analysis.Its obje
tive is to group image areas that have similar 
hara
teristi
s within di�erentgroups that represent parts of the image.One of the basi
 prin
iples in the segmentation pro
ess is the dete
tion of dis-
ontinuities. The edges 
hara
terize the borders of the obje
ts, and therefore theyare very useful for the segmentation and identi�
ation of obje
ts in s
enes.An important fa
tor that degrades the quality of the SAR images is the spe
klenoise, that appears when 
oherent illumination is used. It is the 
ase of all te
h-nologies that employ mi
rowaves, sonar, laser and ultrasound; it is inherent to the
oherent illumination, i.e., image formation where phase is re
orded.The noise is the main diÆ
ulty for the edge dete
tion algorithms, be
ause manyof them �nd regions using lo
al 
hara
teristi
s. In the 
ase of dete
tion of edges ofobje
ts in images with spe
kle noise, it is not possible in general to use pointwise
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essary to analyze the image using sets of pixels that providelo
al information (Gambini et al. 2006).To redu
e the level of spe
kle noise in SAR images, a te
hnology 
alled \multi-look" 
an be used. It 
onsists of subdividing the antenna beam in several indepen-dent se
tors and 
ombining the resulting data in a �nal image, so that this imageis less a�e
ted by spe
kle. Meanwhile, this type of pro
essing redu
es the spatialresolution proportionally to the number of looks.Di�erent approa
hes 
an be used in order to �nd edges of di�erent regions, amongthem a statisti
al approa
h has been shown to be one of the most suited for spe
kledimagery (Gambini et al. 2008). In order to do this, the family of G distributions 
anbe used to model data. This 
hoi
e is based on the fa
t that this distribution presentsthe best results when used to des
ribe areas with di�erent degree of homogeneity(Frery et al. 1997, Mejail et al. 2001, 2003, Freitas et al. 2005).The multipli
ative model states that the random �eld Z that des
ribes the ob-servations is the result of the produ
t of two independent random �elds, whi
h arenot observed dire
tly: X and Y.The random �eld X models the properties of the studied area (ba
ks
atter),whereas the random �eld Y models the spe
kle noise asso
iated to the me
hanismof image formation inherent to 
oherent illumination. We shall only 
onsider theintensity format in this thesis.The phenomenon of spe
kle noise generation allows us to assume that ea
h 
om-ponent of the �eld Y follows a Γ law (Goodman 1985). Several models 
an be usedfor the random �eld X, among them the Γ distribution, whi
h leads to KI distribu-tion for the return Z (Jakeman & Pusey 1976, Jao 1984, Oliver & Quegan 1998).Nevertheless, this model fails in situations where the return represents extremelyheterogeneous areas, like urban areas, the distribution being in addition diÆ
ult todeal with from the 
omputational viewpoint.Frery et al. (1997) propose a new 
lass of distributions, G, whi
h has the KIdistribution as a spe
ial 
ase. Another spe
ial 
ase is the G0
I distribution, whi
hhas as many parameters as the KI law, and allows modeling su

essfully extremely
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h as urban zones, whi
h 
annot be adequately modeled bythe KI distribution (Pi

o et al. (2007)).The G0
I distribution is 
hara
terized by as many parameters as theKI distribution,namely: the number of looks (n), the (γ) parameter of s
ale and the parameter (α).Both KI and G0

I distributions allow the interpretation of their parameters. Theroughness parameter is of interest in many appli
ations, sin
e it 
an be used as anindi
ator of are land type. The s
ale parameter (γ) makes referen
e to the relativepower between the re
e
ted and in
ident signals (Frery et al. 1997).Figure 1.1 presents the interpretation of the roughness parameter α. Small valuesof α (α < −10, for instan
e) are asso
iated with homogeneous areas, e.g. pastures.Values of α ∈ [−10, −4] 
hara
terize heterogeneous regions, for example forests,whereas bigger values of α (say −4 < α < 0) are observed in extremely heterogeneousareas as is the 
ase of 
ities (Bustos et al. 2002, Mejail et al. 2003, Pizarro 2003).

Figure 1.1: Interpretation of the roughness parameterThis thesis does not aim at 
ombating spe
kle, but at taking advantage of itsstatisti
al properties for edge dete
tion.In this work we propose non-parametri
 methods for the dete
tion of edges, andwe 
ompare them with existing ones to determine their advantages and disadvan-tages.After proposing and analyzing di�erent methods of edge dete
tion, we evaluateand 
ompare them using a Monte Carlo experiment. The fun
tion under assessment



CHAPTER 1. INTRODUCTION 14is a measure of error in �tting (estimating) an edge to known situations.This thesis is 
omposed of the following 
hapters: the present Chapter 1; Chap-ter 2 presents the multipli
ative model for SAR image des
ription, the G0
I distribu-tion and its properties, and a review of edge dete
tion in SAR imagery in
ludingnon-parametri
 te
hniques and our proposal. Chapter 3 presents the results thatallow the 
omparison of the methods under assessment. Chapter 4 dis
usses the
on
lusions drawn from this approa
h.



Chapter 2

Methodology

ResumoO modelo multipli
ativo �e uma ex
elente ferramenta para expli
ar as 
ara
ter��sti
asestat��sti
as dos dados provenientes de um sistema que emprega ilumina�
~ao por ra-dia�
~ao 
oerente 
omo as imagens SAR.Este modelo 
onsidera que o retorno, denotado 
omo Z, pode ser modelado 
omoo produto de duas vari�aveis aleat�orias independentes, uma 
orrespondente ao terreno
X, tamb�em 
onhe
ida 
omo ba
ks
atter, que des
reve as propriedades intr��nse
as da�area, e outra 
orrespondente ao ru��do spe
kle Y, que degrada a qualidade da imageme di�
ulta a sua visualiza�
~ao e interpreta�
~ao.O modelo multipli
ativo \
l�assi
o" introduzido por Tur et al. (1982), a�rma queo retorno de �areas n~ao homogêneas segue uma distribui�
~ao K. Quando a �area �ehomogênea, a distribui�
~ao Γ modela muito bem os dados por ser um 
aso parti
ularda distribui�
~ao K; no entanto, a distribui�
~ao K n~ao modela adequadamente os dadosprovenientes de �areas extremamente heterogêneas.Frery et al. (1997) propuseram uma nova 
lasse de distribui�
~oes, G, que tem adistribui�
~ao K 
omo um 
aso parti
ular. Outro 
aso espe
ial desta fam��lia �e a dis-tribui�
~ao G0, que tem o mesmo n�umero de parâmetros que a distribui�
~ao K e permitea modelagem de �areas extremamente heterogêneas, tais 
omo as zonas urbanas que15



CHAPTER 2. METHODOLOGY 16n~ao s~ao modeladas adequadamente pela distribui�
~ao K.Sob o modelo em formato intensidade n-look (Frery et al. 1997), o ru��do spe
klesegue uma distribui�
~ao gamma, denotada por Y
(n)

I ∼ Γ(n, n), 
uja densidade �e dadapor
fYI

(y) =
nn

Γ(n)
yn−1 exp (−ny), n ≥ 1, y > 0,onde o n�umero de looks (n) indi
a a quantidade de imagens independentes que foramregistradas na �area.A partir dos resultados apresentados em Frery et al. (1997) e Mejail (1999), oba
ks
atter �e 
onsiderado 
omo uma vari�avel aleat�oria 
om distribui�
~ao gaussianainversa generalizada. Esta distribui�
~ao est�a 
ara
terizada pela densidade

fX(x) =
(λ/γ)

α
2

2Kα(
√

λγ)
xα−1 exp{−1

2

(
λx +

γ

x

)}
, x > 0,onde Kα denota a fun�
~ao de Bessel modi�
ada do ter
eiro tipo e ordem α.Se XI ∼ N−1(α, γ, λ) e YI ∼ Γ(n, n) s~ao vari�aveis aleat�orias independentes, ent~aoo produto ZI = XIYI tem distribui�
~ao GI(α, γ, λ, n) e sua densidade �e dada por Freryet al. (1997):

fzI
(z) =

nn(λ/γ)α/2

Γ(n)Kα(2
√

λγ)
zn−1

(
γ + nz

λ

)(α−n)/2

Kα−n

(
2
√

λ(γ + nz)
)
,onde n ≥ 1, z > 0.A distribui�
~ao G0

I �e muito atraente para modelagem de dados 
om ru��do spe
kle,devido a seu f�a
il manejo matem�ati
o e porque ela �e 
apaz de modelar muito bemdados provenientes de qualquer tipo de �area. Sua densidade �e dada por Frery et al.(1997):
fZI

(z) =
nnΓ(n − α)

γαΓ(n)Γ(−α)

zn−1

(γ + nz)n−α
, z > 0, (2.1)onde −α > 0 �e o parâmetro de rugosidade, γ > 0 �e o parâmetro de es
ala e n ≥ 1 �eo n�umero de looks.Dete
tores de bordas de imagens ruidosas baseados na teoria estat��sti
a foram
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ritos por diversos autores, 
omo, por exemplo, Bovik et al. (1986). Os autoresintroduziram o uso da estat��sti
a n~ao-param�etri
a para a dete
�
~ao de bordas 
omru��do gaussiano aditivo.A dete
�
~ao de bordas em imagens 
om ru��do spe
kle tem sido estudada por di-versos autores e uma variedade de t�e
ni
as �e apresentada em Gambini et al. (2006,2008). O algoritmo utilizado por Gambini et al. (2006, 2008) 
onsidera a imagempor regi~oes, em vez de 
onsiderar a imagem total, e
onomizando tempo 
omputa-
ional. Se um ponto perten
e �a borda do objeto, ent~ao uma amostra retirada da suavizinhan�
a dever�a exibir uma mudan�
a nos parâmetros e, portanto, �e 
onsiderado
omo ponto de transi�
~ao.Este 
ap��tulo apresenta uma introdu�
~ao elementar a imagens SAR, o b�asi
o domodelo multipli
ativo para spe
kled imagens, a distribui�
~ao G0
I e os quatro testesestat��sti
os. Faremos mais adiante uma avalia�
~ao dos desempenhos destas quatrot�e
ni
as, 
omparativamente ao m�etodo apresentado por Gambini et al. (2006, 2008).



CHAPTER 2. METHODOLOGY 18
MethodologyThe multipli
ative model is an ex
ellent tool for explaining the statisti
al 
hara
te-risti
s of data obtained by systems whi
h employ 
oherent illumination; su
h assonar, laser, ultrasound-B and SAR imagery. This model 
onsiders that the intensityreturn, denoted Z, in every pixel, 
an be viewed as the produ
t of two independentrandom variables, one 
orresponding to the terrain, X, also known as ba
ks
atter,that des
ribes the intrinsi
 properties of the area, and another 
orresponding to thespe
kle noise Y, that degrades the quality of the image and hampers its visualizationand interpretation. The distribution of Z = XY is determined by the distributionsof X and of Y.The image format (
omplex, intensity or amplitude) determines the distributionof the variable Y, whereas the heterogeneity of the target determines the X distribu-tion. It is, therefore, possible to obtain di�erent distributions to model the return
Z, depending on the degree of target homogeneity.The \
lassi
al" multipli
ative model, introdu
ed by Tur et al. (1982), states thatthe return from non-homogeneous areas follows the K distribution. When the area ishomogeneous the Γ distribution models the return data well and, being a parti
ular
ase of the previous one, the validity of the K model is preserved. Nevertheless, the
K distribution does not model adequately data from extremely heterogeneous areas.Frery et al. (1997) proposed a new 
lass of distributions, G, whi
h has the Kdistribution as a parti
ular 
ase. Another spe
ial 
ase of this family is the G0 dis-tribution, that has as many parameters as the K law, and allows the modeling ofextremely heterogeneous areas, su
h as urban zones, whi
h 
annot be appropriatelymodeled by the K distribution.In the following se
tion, we will present a review of the multipli
ative model,with emphasis on the information required for our proposal.
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2.1 The multiplicative modelUnder the n-looks format model of intensity (Frery et al. 1997), the spe
kle noisefollows a gamma distribution, denoted by Y

(n)

I ∼ Γ(n, n), whose density is given by:
fYI

(y) =
nn

Γ(n)
yn−1 exp (−ny), n ≥ 1, y > 0,where the number of looks (n) denotes the quantity of independent images that wereregistered on the area. The moments of this distribution are given byE[Yr

I] =
1

nr

Γ(n + r)

Γ(n)
,where r is the order of the moment.In the modeling of SAR images, the minimum value of n is 1, whi
h 
orrespondsto images generated without multi-look pro
essing. Su
h images are, thus, noisier,but they 
arry more information with respe
t to resolution. The number n 
an beassumed to be known or estimated beforehand from the whole image. In this workwe assume it is known.Figure 2.1 shows four gamma densities 
orresponding to 1, 2, 4 and 8 looks. Itis noti
eable that the bigger n the more symmetri
 the density. In fa
t, it is easy toshow that the varian
e, the skewness and the kurtosis of this distribution 
onvergeto zero when n → ∞ (see, for instan
e, Yanasse et al. 1995).The ba
ks
atter may exhibit di�erent degrees of homogeneity, and di�erent mo-dels 
ould be used to en
ompass this 
hara
teristi
. Two main models have proveduseful for modelling intensity ba
ks
atter: a gamma distributed random variable(for heterogeneous areas) and, more re
ently, a re
ipro
al of a gamma distributedrandom variable (for extremely heterogeneous areas). From the results presentedin Frery et al. (1997) these two situations are uni�ed by the generalized inverseGaussian distribution, whose density fun
tion is given by

fX(x) =
(λ/γ)

α
2

2Kα(
√

λγ)
xα−1 exp{−1

2

(
λx +

γ

x

)}
, x > 0, (2.2)
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Figure 2.1: Densidade do spea
kle para 1, 2, 4 e 8 looks (S�olido, tra�
os, pontos epontos de tra�
os respe
tivamente)where Kα denotes the modi�ed Bessel fun
tion of the third kind and order α (Grad-shteyn & Ryzhik 1998) given by
Kα

(√
λγ
)

=
1

2

(λ

γ

)α
2

∫∞

0

tα−1exp
{
−

γ

t
− λt

}
dt.The parameter spa
e is 





γ > 0, λ ≥ 0, if α < 0

γ > 0, λ > 0, if α = 0

γ ≥ 0, λ > 0, if α > 0.

(2.3)The distribution indu
ed by the density given in equation (2.2) is denoted as
X ∼ N−1(α, γ, λ). This distribution 
an be redu
ed to several important parti
ular
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ases, but the following two are of spe
ial interest in appli
ations:� the gamma distribution, when γ = 0 , denoted as Γ(α, λ) ;� the distribution of the re
ipro
al of a gamma distributed random variable,when λ = 0 , denoted as Γ−1(α, γ).The aforementioned parti
ular 
ases, i.e., the gamma and re
ipro
al of gamma laws,are obtained imposing restri
tions on the parameter spa
e. In order to make thesederivations, two properties of that Bessel fun
tion have to be re
alled:1. for every x > 0 , K−v(x) = Kv(x), and2. every Kv(x) 
an be approximated by Γ(v)2v−1x−v when x ↓ 0 and v > 0.The �rst distribution provides a model for studying surfa
es whi
h are fairlyhomogeneous and heterogeneous. The se
ond, in addition to maintaining the skillsof the �rst law, allowsA random variable X is distributed as the re
ipro
al of a gamma, X ∼ Γ−1(α, γ),if its density fun
tion is
fx(x) =

1

γαΓ(−α)
x−α−1 exp{

−
γ

x

}
, −α, γ, x > 0.Figure 2.2 shows several Γ−1 densities, a

ording to the following parameters:

γ = 1 and α = (−0.5, −2, −4, −10). It is noteworthy that as the values of α are 
loseto zero, the 
urve be
omes 
at, thus indi
ating that the varian
e in
reases with α.Hen
e, this distribution is useful for modeling dispersed data, as is the 
ase of veryheterogeneous areas in SAR images, su
h as, for example, images from urban areas.Under the multipli
ative model, the return of intensity data ZI is the produ
t oftwo independent variables: the intensity ba
ks
atter XI and the intensity spe
kle YI.Therefore, the return has a distribution that depends on the model 
hosen for theba
ks
attering and noise spe
kle.If XI ∼ N−1(α, γ, λ) and YI ∼ Γ(n, n) are independent random variables, then theprodu
t ZI = XIYI has a distribution whi
h is 
alled intensity GI(α, γ, λ, n) and its
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Figure 2.2: Γ−1 densities for α = −0.5, −2, −4, −10 (solid, dashes, dots and dots-dashes respe
tively)density is given by Frery et al. (1997):
fzI

(z) =
nn(λ/γ)α/2

Γ(n)Kα(2
√

λγ)
zn−1

(
γ + nz

λ

)(α−n)/2

Kα−n

(
2
√

λ(γ + nz)
)
,where n ≥ 1, z > 0. The spa
e parameter of (α, γ, λ) is the same as in (2.3).With this model for the return, it is possible to obtain 
losed form expressionsfor the densities of the return under the multipli
ative model in, among others, thefollowing 
ases:� If α, λ > 0 and γ ↓ 0, the GI(α, γ, λ, n) distribution 
onverges in distributionto distribution denoted as KI(α, λ, n);� If −α, γ > 0 and λ ↓ 0, the GI(α, γ, λ, n) distribution 
onverges in distributionto distribution denoted as G0

I(α, γ, n).
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I distribution have the same interpretation as those of the

KI distribution, but the �rst law has greater 
exibility for modeling surfa
es withdi�erent degrees of homogeneity. The G0
I law is numeri
ally and 
omputationallymore manageable than the KI law, whi
h makes it very attra
tive as an alternativefor the analysis of SAR data. This distribution was developed for des
ribing areaswith extremely heterogeneous 
lutter by Frery et al. (1997), and was later proposedand evaluated as an universal model for data with spe
kle noise by Mejail et al.(2001). An extension for the polarimetri
 
ase is presented in Freitas et al. (2005),and its appli
ation to polarimetri
 SAR image 
lassi�
ation is demonstrated in Freryet al. (2007).Next se
tion presents some useful properties of the distribution that will be usedto des
ribe the return in those images where we will look for edges.

2.2 G0
I distribution: properties and estimationThe G0

I distribution is very attra
tive for modeling data with spe
kle noise, due toits mathemati
al tra
tability and be
ause it is able to model very well informationfrom most types of area.Let XI and YI be two independent random variables su
h that XI ∼ Γ−1(α, γ) and
YI ∼ Γ(n, n) with −α, γ > 0, n ≥ 1. Then, the random variable ZI = XIYI follows a
G0

I distribution: ZI ∼ G0
I(α, γ, n) (Frery et al. 1997), 
hara
terized by the density

fZI
(z) =

nnΓ(n − α)

γαΓ(n)Γ(−α)

zn−1

(γ + nz)n−α
, z > 0, (2.4)where −α > 0 is the roughness parameter, γ > 0 is the s
ale parameter and n ≥ 1is the number of looks.The moments of order r, are given byE[Zr

I] =
(γ

n

)r Γ(−α − r)Γ(n + r)

Γ(−α)Γ(n)
, −α > r/2. (2.5)
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e of the G0
I distribution 
an be 
omputed asVar[ZI] =






(
γ

n

)2
[
Γ(−α)Γ(n)Γ(−α − 2)Γ(n + 2) − Γ2(−α − 1)Γ2(n + 1)

Γ2(n)Γ2(−α)

]
−α > 1,

∞ 0 < −α ≤ 1.Figure 2.3 shows di�erent G0
I(α, γ, n) densities for di�erent values of α; the pa-rameters γ = 5 and n = 3 are �xed. It is noted that the varian
e in
reases when αapproa
hes zero.
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Figure 2.3: G0
I densities for α = −2, −4, −6, −8, −12 (solid, dashes, dots, dots-dashesrespe
tively, solid-solid)The proposed model for the return in SAR images depends on three parameters:roughness (α), s
ale (γ) and number of looks (n). There are a number of te
hniquesfor estimating su
h parameters, the most 
ommonly used being those based onthe substitution method (Manski 1988), maximum likelihood methods (Casella &Lehman 1998) and robust methods (Hampel et al. 1986). Besides those approa
hes,
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hniques based either on analyti
 
orre
-tion or on re-sampling.Cribari-Neto et al. (2002) evaluate the e�e
tiveness of bootstrap methods inimproving estimation of 
lutter properties in spe
kled imagery. The estimation isperformed by maximum likelihood methods. They show that the estimators ob-tained in this way 
an be quite biased in �nite samples, and develop bias 
orre
tions
hemes using bootstrap re-sampling. They propose, for numeri
ally bias 
orre
tingthe maximum likelihood point estimates, alternative estimators that 
an deliver sub-stantial �nite-sample improvement over the original maximum likelihood parameterestimates and over other bootstrap-based bias-
orre
ted estimation pro
edures.Vas
on
ellos et al. (2005) propose an analyti
al bias 
orre
tion for the maximumlikelihood estimators of the G0
I distribution. Comparing the performan
e of the
orre
ted estimators with the 
orresponding original version, they observe that themaximum likelihood estimator and its 
orre
ted version are the preferred inferen
epro
edures with respe
t to bias. Also, they have veri�ed that there is a wide rangeof pra
ti
al situations for whi
h the 
orre
ted estimator e�e
tively redu
es both biasand mean square error of the original maximum likelihood estimator.Bustos et al. (2002) derive M-estimators for the parameters of the G0

A distribution,and 
ompare them with maximum likelihood estimators. They show that this robustte
hnique is superior to the 
lassi
al approa
h under the presen
e of 
orner re
e
tors,a 
ommon sour
e of 
ontamination in SAR images.Allende et al. (2006) present the derivation of M-estimators with asymmetri
 in-
uen
e fun
tions, motivated by the G0
A distribution. They propose the asymmetri
M-estimator (AM-estimator), an M-estimator with asymmetri
 redes
ending fun
-tions. The performan
e of AM estimators is assessed, and it is shown that theyeither 
ompete with or outperform both maximum likelihood and Huber-type M-estimators.In this se
tion we present estimators for parameters of the G0

I distribution, assu-ming know number of looks and using the method of moments of orders 1
2
and 1.This was the approa
h used by Gambini et al. (2006, 2008), and sin
e we aim at
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omparing our proposal with theirs, we implemented thesame approa
h they used.Let (Z1, . . . , Zn) be a ve
tor of independent and identi
ally distributed randomvariables, with 
ommon G0
I(α, γ, n) distribution, α < −1, γ > 0 and n known. De�nethe r-th sample moment as:

m̂r =
1

n

n∑

i=1

Zr
i,with r = 1

2
, 1 (that is the reason why we assume α < −1 rather than α < 0).From equation (2.5) it is immediate thatE(Z) =

(γ

n

) Γ(−α − 1)Γ(n + 1)

Γ(−α)Γ(n)
, −α > 1/2.and that E(Z

1
2 ) =

(γ

n

) 1
2 Γ(−α − 1

2
)Γ(n + 1

2
)

Γ(−α)Γ(n)
, −α > 1/4.Repla
ing the theoreti
al moments by the sample expressions, and the parametersby their estimators, we build a system of two equations:

m1 =

(
γ̂

n

)
Γ(−α̂ − 1)Γ(n + 1)

Γ(−α̂)Γ(n)
, −α̂ > 1/2. (2.6)and

m 1
2

=

(
γ̂

n

) 1
2 Γ(−α̂ − 1

2
)Γ(n + 1

2
)

Γ(−α̂)Γ(n)
, −α̂ > 1/4.
learing γ̂ of both equations, we obtain

γ̂ =
m1Γ(−α̂)Γ(n)n

Γ(−α̂ − 1)Γ(n + 1)
, (2.7)and

γ̂ =
m2

1
2

Γ2(−α̂)Γ2(n)n

Γ2(−α̂ − 1
2
)Γ2(n + 1

2
)
. (2.8)
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m1Γ(−α̂)Γ(n)n

Γ(−α̂ − 1)Γ(n + 1)
=

m2
1
2

Γ2(−α̂)Γ2(n)n

Γ2(−α̂ − 1
2
)Γ2(n + 1

2
)The estimator of α is obtained by solving numeri
ally the following equation

g(α̂) − ζ = 0,where
g(α̂) =

Γ2(−α̂ − 1
2
)

Γ(−α̂)Γ(−α̂ − 1)
,and

ζ =
m2

1
2

m1

Γ(n + 1)Γ(n)

Γ2(n + 1
2
)

.By plugging the value of α̂ into equation (2.6) one �nds the value of γ̂.Next se
tion presents a summary of the main te
hniques for edge dete
tion inSAR imagery, with spe
ial emphasis on those that expli
itly employ statisti
al mo-dels and te
hniques.
2.3 Edge detection in SAR imageryEdge dete
tors based on the statisti
al theory of edges dete
tion in noisy imageshave been des
ribed by, for example, Bovik et al. (1986). Those authors introdu
ednonparametri
 statisti
s for edge dete
tion in Gaussian additive noise. They demon-strated the usefulness of the median and the Wil
oxon-Mann-Whitney tests for edgedete
tion with the help of a sample image interpreted visually.Fesharaki & Hellestrand (1994) proposed an algorithm for dete
ting edges byusing a t-test. Beau
hemin et al. (1998) des
ribed an edge dete
tion method whi
huses a nonparametri
 alternative based on the Wil
oxon-Mann-Whitney statisti
s fordete
ting 
hanges in adja
ent pixel neighborhoods with relatively distin
t grey levelvalues. They assumed that the neighborhoods are suÆ
iently homogeneous and
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hanges in adja
ent neighborhoods are dete
ted by testing di�eren
es in lo
ationparameters su
h as means or medians. Although these tests may be appropriate forspe
i�
 types of images, they may not dete
t 
hanges in lo
al grey level values inimages with low signal-to-noise ratios, as is the 
ase of SAR imagery.Re
ently, Hoon Lim & Ju Jang (2002) 
ompared two-sample tests for edge dete
-tion in noisy images. Later, Lim (2006) des
ribes a new edge dete
tor based on therobust rank-order test whi
h is a useful alternative to the Wil
oxon test, using ℓ× ℓwindows for dete
ting edges of all possible orientations in noisy images. This methodis based on testing whether an ℓ× ℓ window is partitioned into two sub-regions hav-ing signi�
ant di�eren
es in lo
al gray-level values between neighborhoods of a givenpixel, using an edge-height model to extra
t edges of some suÆ
ient brightness fromimages 
orrupted with noises.The two main advantages of nonparametri
 tests are:1. their statisti
al signi�
an
e is independent of the distribution form, and2. they are robust against the presen
e of extreme observations.These features are of parti
ular interest in the 
ase at hand, namely, spe
kledimagery.The dete
tion of edges in images with spe
kle noise has been studied by manyauthors and a variety of te
hniques are presented in the work of Gambini et al. (2006,2008).This study is based on Juliana Gambini's do
toral thesis, who proposed a methodof 
urve �tting with 
ontours of obje
ts and regions in images with spe
kle noisewhi
h displays ex
ellent results, with an a

eptable 
omputational 
ost. The algo-rithms used by Gambini et al. (2006, 2008) 
onsider the image region by region,instead of 
onsidering the whole image, saving 
omputational time. In addition,this approa
h employs B-splines as the mathemati
al model for the 
ontours; su
h
urves depend on few parameters and are easily 
omputed (Brigger et al. 2000).In order to �nd edge points between di�erent regions of the image, Gambini et al.(2006, 2008) used the assumption that the squared SAR data 
an be modeled by the
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G0

I distribution, i.e., the so-
alled G0
A distribution. Under this model, the regions ofthe image with di�erent degrees of homogeneity are 
hara
terized by the parametersof the distribution. Hen
e, the relevant parameters are estimated, along straightsegments arranged in an adequate surrounding of an initial 
urve. If a point belongsto the edge of the obje
t, then in a neighborhood of this point there should be asudden 
hange in the estimated parameters of the distribution.In this Chapter we des
ribe �ve te
hniques for dete
ting edges in SAR images.One is the method of Gambini and four similar methods based on linear rank sumsare des
ribed; spe
i�
ally, the Wil
oxon-Mann-Whitney, Kruskal-Wallis, Varian
etest and a new statisti
al propose.

2.3.1 Gambini algorithm for edge detectionIf a point belongs to an obje
t edge, then a sample taken from its neighbourhoodshould exhibit a 
hanges in the statisti
al parameters and, therefore, should be
onsidered a transition point.Consider N segments of the image, s(i), i ∈ {1, . . . , N}, of the form s(i) = CPiwhere C is the 
entroid of the initial region, the extreme Pi is a point outside theregion and θi = ∠(s(i), s(i+1)) is the angle between two su

essive segments, as shownin Figure 2.4.The segment s(i) is an array of m elements 
oming from a dis
retization of thestraight line on the image and is given by
s(i) =

(
z

(i)

1 , . . . , z(i)
m

)
.For ea
h segment s(i), 1 ≤ i ≤ N, the following partition is 
onsidered:

Z
(i)

k ∼ G0
I(αℓ, γℓ), k = 1, . . . , ji,

Z
(i)

k ∼ G0
I(αr, γr), k = ji, . . . , m,where, for ea
h k, with 1 ≤ k ≤ m, z

(i)

k is the realization of the random variable
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Figure 2.4: Radial straight lines proje
ted from the 
entroid of R to the exterior ofthe region, with a separation of θi

Z
(i)

k . The parameters (αℓ, γℓ) and (αr, γr) 
hara
terize the region and its ba
kground,respe
tively, and they are estimated as explained in se
tion 2.2.In order to �nd the transition point on ea
h segment, s(i), an obje
tive fun
tionis 
onsidered: the likelihood of the sample, whi
h is given byl = j∏

i=1

Pr(zi; α̂ℓ, γ̂ℓ)

m∏

i=j+1

Pr(zi; α̂r, γ̂r).To �nd the transition point, we maximize L = ln(l)
L = ln(l) =

j∑

i=1

ln(fG0
I
(zi; α̂ℓ, γ̂ℓ)

)
+

m∑

i=j+1

ln(fG0
I
(zi; α̂r, γ̂r)

)
.Then, using equations (2.4),

L =

j∑

i=1

ln( nnΓ(n − α̂ℓ)z
n−1
i

γ̂ℓ
cαℓΓ(n)Γ(−α̂ℓ)(γ̂ℓ + nzi)n−cαℓ

)
+

m∑

i=j+1

ln( nnΓ(n − α̂r)z
n−1
i

γ̂r
cαrΓ(n)Γ(−α̂r)(γ̂r + nzi)n−cαr

)
.
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orresponds to the transitionpoint, ̂, is
̂ = argmax

j
L. (2.9)Figure 2.5 shows typi
al values of the obje
tive fun
tion, taken along a straightline segment. The 
orresponding position of the maximum is 
onsidered to be thepoint of transition between both regions, a

ording to formula (2.9).
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Figure 2.5: Values of the obje
tive fun
tion for a segment of straightThe relevant parameters are estimated within a re
tangular window, su
h thatthe dire
tion of its major axis 
oin
ides with the segment being pro
essed and su
hthat it in
ludes a sample from the region and a sample from the ba
kground. Thesesamples are used to estimate the (αℓ, γℓ) and (αr, γr) parameters, respe
tively.Estimation of the parameters that index the G0
I distribution was dis
ussed inSe
tion 2.2. Next se
tion will present non-parametri
 alternatives to edge dete
tion,that will lead to the main proposal of this work.

2.3.2 Non-parametric edge detectionThe usual two-sample situation is that one for whi
h the experimenter has obtainedtwo samples from possibly di�erent populations and wishes to use a statisti
al testto 
he
k if the null hypothesis that the two populations are identi
al 
an be reje
ted.
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t di�eren
es between the two populationson the basis of random samples from those populations. If the samples 
onsist ofordinal-type data, the most interesting di�eren
e is a di�eren
e in the lo
ations ofthe two populations.An intuitive approa
h to the two-sample problem is to 
ombine both samplesinto a single ordered sample and assign ranks to the sample values from the smallestvalue to the largest, regardless the population ea
h value 
ame from. Then, the teststatisti
 
an be 
omputed as the sum of the ranks assigned to those values from oneof the populations. If the sum is too small (or too large), there is indi
ation that thevalues from that population tend to be smaller (or larger, as the 
ase may be) thanthe values from the other population. Hen
e, the null hypothesis of no di�eren
esbetween populations may be reje
ted if the ranks asso
iated with one sample tendto be larger than those of the other sample.Ranks may be preferable to the a
tual data for several reasons. First, if thenumbers assigned to the observations have no meaning by themselves but attainmeaning only in an ordinal 
omparison with the other observations, the numbers
ontain no more information than the ranks 
ontain. Su
h is the nature of ordinaldata. Se
ond, even if the numbers have meaning but the distribution is not aGaussian distribution fun
tion, the theory is usually beyond our rea
h when the teststatisti
 is based on the a
tual data. The probability theory of statisti
s based onranks is relatively simple and, in many 
ases, it does not depend on the underlyingdistribution. A third reason for preferring ranks is that the asymptoti
 relativeeÆ
ien
y of the Mann-Whitney test below is never low when 
ompared with thetwo-sample t test, the usual parametri
 
ounterpart. And yet the 
ontrary is nottrue; the asymptoti
 relative eÆ
ien
y of the t test 
ompared to the Mann-Whitneytest may be as small as zero, or \in�nitely bad." So, the Mann-Whitney test is asafer test to use (Conover 1980).In this paper we will use test statisti
al for ea
h non-parametri
 method, and doesnot take de
ision on the hypothesis, for that reason not to follow rules of de
ision.
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2.3.3 The Mann-Whitney testThe data 
onsist of samples from two di�erent populations. Let X1, X2, . . . , Xn denotethe random variables representing a sample of size n from population A and let
Y1, Y2, . . . , Ym denote the random variables representing a sample of size m frompopulation B. Assign ranks 1 to n + m. Let R(Xi) and R(Yj) denote the ranksassigned to Xi and Yj for all i and j. For 
onvenien
e, let N = n + m.If several sample values are exa
tly equal to ea
h other (tied), assign to ea
h theaverage of the ranks that would have been assigned to them had there been no ties.
Assumptions� Both samples are random samples from the respe
tive populations.� In addition to independen
e within ea
h sample, there is mutual independen
ebetween the two samples.� The measurement s
ale is at least ordinal.
HypothesesLet F(x) and G(x) be the distribution fun
tions of X and Y 
orresponding to popu-lations A and B, respe
tively. Then, the hypotheses may be stated as follows:

H0 : F(x) = G(x)

H1 : F(x) 6= G(x)In many real situations, as is our 
ase in edge dete
tion, di�eren
es betweendistributions imply that Pr(X < Y) is no longer equal to 1/2. Therefore, the following
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H0 : Pr(X < Y) =

1

2

H1 : Pr(X < Y) 6= 1

2The Mann-Whitney test is unbiased and 
onsistent when testing the pre
edinghypotheses involving Pr(X < Y).
Test StatisticIf there are no or just a few ties, the sum of the ranks assigned to the sample frompopulation A 
an be used as a test statisti
:

T =

n∑

i=1

R(Xi).If there are many ties, subtra
t the mean from T and divide by the standarddeviation to get
T1 =

∣∣∣∣∣∣
T − nN+1

2√
nm

N(N−1)

∑N

i=1 R2
i −

nm(N+1)2

4(N−1)

∣∣∣∣∣∣
.where ∑N

i=1 R2
i refers to the sum of the squares of all N of the ranks or average ranksa
tually used in both samples.

2.3.4 The Kruskal-Wallis testThe Mann-Whitney test for two independent samples was extended to the problemof analyzing k independent samples, for k ≥ 2, by Kruskal & Wallis (1952). Theexperimental situation is one where k random samples have been obtained, one fromea
h of k possible di�erent populations, and we want to test the null hypothesis thatall populations are identi
al against the alternative that some of the populationstend to yield greater observed values than others. The term \greater" applies toobservations from random variables, but a
tually any observations that may be
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reasing order a

ording to some property su
h as quality, value, andthe like may be analyzed using the Kruskal-Wallis test in a manner analogous to theanalysis of nonnumeri
 data using the Mann-Whitney test.The Kruskal-Wallis test statisti
 is a fun
tion of the ranks of the observations inthe 
ombined sample, in a similar fashion to the Mann-Whitney test.
DataThe data 
onsist of k random samples of possibly di�erent sizes. Denote the i-thrandom sample of size ni by Xi1, Xi2, . . . , Xini

. Then, the data may be arranged into
olumns: Sample 1 Sample 2 · · · Sample k

X1,1 X2,1 Xk,1

X1,2 X2,2 Xk,2... ... . . . ...
X1,n1

X2,n2
Xk,nkLet N denote the total number of observations:

N =

k∑

i=1

ni. (2.10)Assign rank 1 to the smallest of the total of N observations, rank 2 to the se
ondsmallest, and so on until the largest of the all N observations, whi
h re
eives rankassigned to Xij. Let Ri be the sum of the ranks assigned to the ith sample:
Ri =

ni∑

j=1

R(Xij) i = 1, 2, . . . , k (2.11)Compute Ri for ea
h sample. When the ranks 
an be assigned in several di�erentways be
ause several observations are tied, assign the average rank to ea
h of thetied observations, as in the previous test.



CHAPTER 2. METHODOLOGY 36
Assumptions� All samples are random samples from the respe
tive populations.� In addition to independen
e within ea
h sample, there is mutual independen
eamong the various samples.� The measurement s
ale is at least ordinal.� Either the k population distribution fun
tions are identi
al, or some of thepopulations tend to yield larger values than other populations do.
HypothesesThe following hypotheses are 
overed by this test:

H0 : All k population distribution fun
tions are identi
al
H1 : At least one population tends to yield larger observations thanat least one of the other populationsBe
ause the Kruskal-Wallis test is designed to be sensitive against di�eren
esamong means in the k populations, the alternative hypothesis is sometimes statedas follows.

H1 : k populations do not have identi
al means.
Test StatisticThe test statisti
 T is de�ned as

T =
1

S2

(
k∑

i=1

R2
i

ni

−
N(N + 1)2

4

)
, (2.12)
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tively, and where
S2 =

1

N − 1

(
∑all ranksR(xij)

2 −
N(N + 1)2

4

)
.If there are no ties, S2 simpli�es to N(N + 1)/12, and the test statisti
 redu
es to

Tk =
12

N(N + 1)

k∑

i=1

R2
i

ni

− 3(N + 1). (2.13)If the number of ties is moderate there will be very little di�eren
e betweenequations (2.12) and (2.13), so the simpler equations (2.13) may be preferred inpra
ti
e.
2.3.5 The Squared Ranks test for variancesThe usual standard of 
omparison for several populations is based on the meansor others measures of lo
ation of the population. However, in some situations thevarian
es of the populations may be the quantity of interest. The squared ranks test
an be used to assess equality of varian
e a
ross two or more independent randomsamples whi
h have been measured using a s
ale that is at least interval (Conover1980).Interval measurement assigned to obje
ts have all the features of ordinal mea-surements, and in addition equal di�eren
es between measurements represent equiv-alent intervals. That is, di�eren
es between arbitrary pairs of measurements 
an bemeaningfully 
ompared. Operations su
h as addition and subtra
tion are thereforemeaningful. The zero point on the s
ale is arbitrary; negative values 
an be used.
DataThe data 
onsist of the two random samples. Let X1, X2, . . . , Xn denote the randomsample of size n from population A and let Y1, Y2, . . . , Ym denote the random sampleof size m from population B. Convert ea
h Xi and Yj to its absolute deviation from
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Ui = |Xi − X1|, i = 1, . . . , n,and
Vj = |Yj − X2|, j = 1, . . . , m,where X1 and X2 are the sample means for populations A and B.Assign ranks 1 to n+m to the 
ombined sample for Us and Vs in the usual way.If several values of U and/or V are exa
tly equal to ea
h other (ties), assign to ea
hthe average of the ranks that would have been assigned to them had there been noties.

Assumptions� Both samples are random samples from their respe
tive populations.� In addition to independen
e within ea
h sample there is mutual independen
ebetween the two samples.� The measurement s
ale is at least interval.
Hypotheses

H0 : X and Y are identi
ally distributed, ex
ept for possibly di�erent means.
H1 : Var(X) 6= Var(Y) orVar(X) < Var(Y) orVar(X) > Var(Y)
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Test StatisticIf there are no values of U tied with values of V, the sum of the squares of the ranksassigned to population A 
an be used as the test statisti


T =

n∑

i=1

[R(Ui)]
2.If there are ties, subtra
t the mean from T and divide by the standard deviation toget

Tv =
T − nR2

[
nm

N(N−1)

∑N

i=1 R4
i − nm

N−1
(R2)2

] 1
2

,where N = n+m, and R2 represents the average of the squared ranks of both samples
ombined, i.e,
R2 =

1

N

{
n∑

i=1

[R(Ui)]
2 +

m∑

j=1

[R(Vj)]
2

}
,and ∑N

i=1 R4
i represents the sum of the ranks raised to the fourth power:

N∑

i=1

R4
i =

n∑

i=1

[R(Ui)]
4 +

m∑

j=1

[R(Vj)]
4.

2.3.6 The TPE empirical statisticThe empiri
al statisti
 TPE was designed based on non-parametri
 statisti
s basedon ranges, whi
h have good performan
e in situations where one wants to testwhether two samples have means and/or di�erent varian
es, as is the 
ase withKruskal-Wallis and Mann-Whitney statisti
s and the Squared Rank test for vari-an
es.The data 
onsist of the two random samples. Let X1, X2, . . . , Xn denote therandom sample of size n from population A and let Y1, Y2, . . . , Ym denote the randomsample of size m from population B. Assign ranks 1 to N = n + m.Taking as the main idea the use of the ranges of the 
ombined sample, the em-
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al statisti
 TPE 
ompares the average of overall ranks of the 
ombined sample
µ = (N + 1)/2 with the di�eren
e between the average ranks of the two populations
DE = |x − y|, obtaining in this way the empiri
al statisti
s E:

E = |DE − µ|.

2.4 ProposalWe have presented three 
lassi
al and an empiri
al non-parametri
al test that maybe used for edge dete
tion in spe
kled imagery. In this se
tion we will dis
uss howto use them in pra
ti
e.In order to �nd the transition point on ea
h segment, s(i), take a number of ele-ments j1, . . . , jk on the segment, separated by an arbitrary length. For ea
h element,form two re
tangular windows whose division is in this point, as shown in Figure 2.6.The window to the left of ji 
ontains information on the ranks of population A, and,to the right of ji, the window 
ontains the ranks of population B. The 
andidateedge, namely ji, will be displa
ed and at ea
h lo
ation obje
tive fun
tions will be
al
ulated.
C P

J1 J2 Jn

C P

J1 J2 JnFigure 2.6: Displa
ement of a re
tangular window on a straight segment
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orresponding to point edge bi on the segment
s(i) is given by:� The Mann-Whitney Test:

̂ = argmax
j

T1;� The Kruskal-Wallis Test:
̂ = argmax

j
Tk;� The squared Ranks Test for Varian
es:

̂ = argmax
j

Tv;� The TPE Empiri
al statisti
:
̂ = argmin

j
E.Figure 2.7 shows typi
al values of the statisti
s of the Mann-Whitney test, Kruskal-Wallis test, squared ranks test for varian
es and the TPE empiri
al statisti
 takenalong a straight line segment. The 
orresponding position of the maximum (Mann-Whitney, Kruskal, T. Varian
e) or the minimum (TPE) is 
onsidered to be the pointof transition between both regions. In this �gure, the true edge is at position 50along the abs
issas; it is noted that the maximum value that the Mann-Whitney,Kruskal-Wallis, squared Ranks for Varian
es test statisti
s, and TPE's minimum
oin
ides with the point of edge, suggesting, thus, that our proposal is sensible.This Chapter presented an elementary introdu
tion to SAR imagery, the basi
s ofthe Multipli
ative Model for spe
kled imagery, the G0

I distribution and the four teststatisti
s. In order to make a quantitative assessment of the performan
e of thesefour te
hniques, and to 
ompare them with the one 
laimed by Gambini et al. (2006,2008), a Monte Carlo experien
e is des
ribed in the next Chapter.
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Figure 2.7: Typi
al values of the Mann-Whitney, Kruskal-Wallis Test, T. Varian
esstatisti
s and TPE for a straight segment



Chapter 3

Results

ResumoEste 
ap��tulo des
reve as simula�
~oes realizadas 
om o intuito de avaliar os desem-penhos das diferentes t�e
ni
as de dete
�
~ao de bordas, o 
ap��tulo in
lui ainda umaan�alise dos resultados obtidos por meio de um experimento Monte Carlo.Todas as simula�
~oes foram realizadas em 
omputadores Intel 

 Pentium 

 IVCPUs de 3.20GHz sob o sistema opera
ional Windows XP, usando a linguagemmatri
ial Ox vers~ao 4.10 (Doornik 2002), os gr�a�
os tendo sido produzidos 
om oprograma R vers~ao 2.6.1Os m�etodos estat��sti
os 
onsiderados nesta tese s~ao projetados para avaliar apre
is~ao na pro
ura de uma borda 
onhe
ida num vetor 
om dados spe
kled. Neste
ap��tulo n�os avaliamos o erro 
ometido ao estimar o ponto borda (erro lo
al), para
ada um dos m�etodos des
ritos no 
ap��tulo 2.N�os 
al
ulamos o erro que se 
omete ao en
ontrar o ponto de transi�
~ao numsegmento de reta. Varias situa�
~oes s~ao 
onsideradas, e para 
ada situa�
~ao s~ao simu-ladas 1000 janelas retangulares de tamanho 20 × 100 geradas 
om a distribui�
~ao
G0

I(α, γ, n).Cada janela �e 
omposta de duas partes e 
ada situa�
~ao 
orresponde a 
onsiderar
−αℓ ∈ {3, 4, 6, 8, 10, 12, 14, 16, 18, 20}, e −αr ∈ {2, 3, 4, 5, 6, 7, 8, 9, 10,43
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11, 12, 13, 14, 15, 16, 17, 18, 19, 20}.O n�umero de looks em nosso experimento, para 
ada situa�
~ao, �e n ∈ {1, 3, 8};esses valores abrangem uma variedade de imagens freq�uentemente en
ontradas napr�ati
a, a partir de apenas um look at�e suavizados multi-looks.
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ResultsThis Chapter des
ribes the simulations performed to obtain a quantitative assess-ment of the performan
e of the te
hniques under evaluation, in addition to theanalysis of results obtained by su
h Monte Carlo experiment. All simulations wereperformed on personal 
omputers with Intel 

 Pentium 

 IV CPUs of 3.20GHzrunning Windows XP operating system, and using the matrix language program Oxversion 4.10 (for details, see Doornik 2002). Graphi
al outputs were obtained in Rversion 2.6.1 (Venables & Ripley 2002).A widely used tool in statisti
s is Monte-Carlo simulation. Monte-Carlo te
h-niques are based on the generation of a large number of samples from random vari-ables with spe
i�
 distributions of interest and then using them to make inferen
esand draw 
on
lusions.The statisti
al methods 
onsidered in this thesis are designed to assess the a

u-ra
y in �nding an edge known to be present on an array of spe
kled data. In this
hapter we evaluate the error when estimating the point edge (lo
al error), for ea
hof the methods des
ribed in Chapter 2.We estimate the error in �nding the transition point on a straight segment, a
-
ording to the pro
ess des
ribed below. Several parametri
 situations are 
onsideredand for ea
h situation 1000 simulated re
tangular windows of size 20×100 (20 rows,
100 
olumns) are �lled with samples from the G0

I(α, γ, n) distribution.Ea
h window is 
omposed of two halves, and ea
h situation 
orresponds to 
on-sidering −αℓ ∈ {3, 4, 6, 8, 10, 12, 14, 16, 18, 20}, and −αr ∈ {2, 3, 4, 5, 6, 7, 8, 9, 10,

11, 12, 13, 14, 15, 16, 17, 18, 19, 20}. The number of looks in our experien
e, for ea
hsituation, is n ∈ {1, 3, 8}; these values span a variety of images often en
ountered inpra
ti
e, from single-look to smoothed multi-look. The s
ale parameter γ assumesthe values resulting from repla
ing n and α in the expression
γα,n =

Γ(−α)Γ(n)n

Γ(−α − 1)Γ(n + 1)
, (3.1)in order to guarantee unitary mean. It is noteworthy that we opted for testing
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tion algorithms in a diÆ
ult situation, namely, in a 
ase where theareas have the same mean value (granted by γα,n) and di�er only by the texture.Figure 3.1 shows a s
heme of the form that has ea
h of the re
tangular samples.
G0

I(αℓ, γαℓ,n, n) G0
I(αr, γαr,n, n)

J = 50Figure 3.1: S
heme of a re
tangular window on a straight segmentSituations for whi
h αℓ = αr are not 
onsidered, sin
e in those 10 
ases thereis no edge. In this manner, we 
onsider ((10 × 19) − 10) × 3 = 540 (αℓ, αr and
n) situations, and 1000 windows are simulated for ea
h of them. In ea
h of these
540, 000 windows, the edge is dete
ted by the �ve te
hniques already des
ribed, andthe error is 
al
ulated as the absolute di�eren
e between the dete
ted edge and thetrue edge, lo
ated at position 50.The errors are stored in an 1000-dimensional array DM(j), withN = 1000, de�nedin the following way:

DM(j) = |PV − PT(j)| j = 1, 2, . . . , 1000,where PV = 50 is the true edge or transition point and PT(j), j = 1, . . . , 1000 is thetransition point found by the method under evaluation assessment, 
orrespondentto the j − th sample. Note that M ranges in the set {M. Gambini,T. Kruskal,T. Mann-Whitney,T. Varian
e,TPE}, where M. Gambini denotes themethod that maximizes a likelihood fun
tion of Gambini et al. (2006), T. Kruskalthe method Kruskal Wallis, T. Mann-Whitney denotes the Mann-Whitney Test,T. Varian
e the Squared Ranks Test for Varian
es and TPE the Empiri
al Statisti
sTPE.Here, f(M) is the proportion of times that the di�eren
e between the estimated



CHAPTER 3. RESULTS 47point and the true point is greater than 5 pixels, using method M:
f(M) =

#{j ∈ {1, . . . , 1000} : DM(j) > 5}

1000
.Method Mi is more eÆ
ient than method Mj(i 6= j) whenever f(Mi) < f(Mj),i.e., if the proportion of errors of method Mi is smaller that of method Mj.Instead of showing the results of all 540 situations, only the ones we identi�ed asthe most relevant are dis
ussed in detail. This 
hapter presents a detailed analysisof ((4 × 19) − 4) × 3 = 216 situations, namely for ea
h of the 3 looks and ea
hof the 19 values of αr, but only for 4 values of αℓ: extremely heterogenous areas(αℓ = −3), heterogeneous areas (αℓ = −8) and two 
ompletely homogeneous areas(αℓ = −12, −18). Four situations for whi
h αr = αℓ were not 
onsidered. The datafrom the remaining 540 − 216 = 324 situations, though not analyzed in detail, arepresented in Appendi
es A, B and C.It is shown that the M. Gambini method and the Kruskal-Wallis and Mann-Whitney statisti
s are the best 
hoi
es in our 
ase studies.The exe
ution time of ea
h method is also 
omputed and assessed, and the MonteCarlo experien
e provides strong eviden
e that the Kruskal-Wallis approa
h is appro-ximately three orders of magnitude faster than the M. Gambini method.
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3.1 Extremely heterogeneous areas with n = 1 and

αℓ = −3

Figure 3.2: Syntheti
 images G0
I(α, 1, 1), γ = 1 and αℓ = −3 to the left against

αr = {−4, −6, −8, −10, −12, −20} to the rightFigure 3.2 presents samples generated from the G0
I(α, 1, 1) distribution using di�erentvalues of α and γ = 1. These samples 
orrespond to di�erent degrees of homogeneity.It 
an be noted that when the parameter α is 
lose to zero, the varian
e in
reasesand, therefore, a higher degree of heterogeneity is observed. To the left side ofthis �gure there is an image generated from G0

I(−3, 1, 1), whi
h represents extremelyheterogeneous areas, and to the right there are images generated with the G0
I(α, 1, 1)whit α = −4 up to α = −20, that represent areas with di�erent degrees of roughness.



CHAPTER 3. RESULTS 49In this and in all subsequent �gures, ea
h pat
h of data with same distributionwas s
aled independently of the others, in order to provide an a

eptable 
ontrastof the whole 
ompound image, these images are generated with γ �xed equal to 1.These images are a graphi
 representation of 
hanges in texture when varies α, arenot generated with the data used to dete
t edges, sin
e the data generated dependentthe α and γ, and the latter depends of the �rst.Table 3.1 presents the error rate and average time for αℓ = −3 versus αr ∈
{−2, −4, . . . , −20}. It is noted that from αr = −6 up to αr = −20 all methodsdisplay an error rate of 0%, and that as αr be
omes 
loser to αℓ the error ratein
reases 
onsiderably for the methods TPE and T. Variance. The error rateof the M. Gambini is only 0.1% with αr = −4. T. Kruskal and T. Mann-

Whitney have the best performan
e sin
e the per
entage of error is 0% for alldi�erent values of αr. The di�erent exe
ution times between the non-parametri
and the M. Gambini methods are noti
eable, the latter being approximately 74times slower than T. Variance, whi
h presents the slowest times among the non-parametri
 methods.Figure 3.3, left, shows that the average exe
ution time of M. Gambini diminishesas the value of αr in
reases. Figure 3.3, right, shows the behavior of the averagetimes of the non-parametri
 methods, whi
h were always less than a se
ond, being
T. Kruskal the one exhibiting the shortest exe
ution times followed by T. Mann-

Whitney.
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M. Gambini TPE T. Kruskal T. Variance T. M-Whitney

αr Error Time Error Time Error Time Error Time Error Time

rate rate rate rate rate

−20 0.00% 1.415 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−19 0.00% 1.401 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−18 0.00% 1.376 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−17 0.00% 1.362 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−16 0.00% 1.352 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−15 0.00% 1.338 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−14 0.00% 1.307 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−13 0.00% 1.287 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−12 0.00% 1.275 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−11 0.00% 1.257 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−10 0.00% 1.238 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−9 0.00% 1.221 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−8 0.00% 1.198 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−7 0.00% 1.189 0.10% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−6 0.00% 1.168 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−5 0.00% 1.158 0.40% 0.012 0.00% 0.002 0.60% 0.015 0.00% 0.003
−4 0.10% 1.140 15.40% 0.012 0.00% 0.002 16.90% 0.015 0.00% 0.003
−2 0.00% 1.101 2.80% 0.012 0.00% 0.002 9.30% 0.015 0.00% 0.003Table 3.1: Error rate and average time for αℓ = −3 vs. αr ∈

{−2, −4, −5, . . . , −19, −20} when n = 1
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Figure 3.3: Average exe
ution time in se
onds for Gambini, Kruskal, Mann-Whitney,Varian
e and TPE, αℓ = −3 vs. αr ∈ {−2, −4, −5, . . . , −19, −20} with n = 1
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3.2 Heterogeneous areas with n = 1 and αℓ = −8

Figure 3.4: Syntheti
 images from G0
I(α, 1, 1), γ = 1 and αℓ = −8 to the left against

αr = {−3, −4, −6, −10, −12, −20} to the rightFigure 3.4, left, is an image formed by samples from the G0
I(−8, 1, 1), representingheterogeneous areas. Figure 3.4, right, presents samples from the G0

I(αr, 1, 1) distri-bution with αr = −4 up to αr = −20 representing areas with di�erent degrees ofroughness.Table 3.2 presents the error rate and average time of the di�erent methods for
n = 1, αℓ = −8. Note that the per
entages a
hieved by TPE and T. Variance aregreater than zero when αr 
omes 
loser to αℓ, rea
hing the greatest value when αr =

−9 (81.0% TPE and 64.5% T. Variance). Regarding the Average exe
ution time,we see that the di�eren
e between M. Gambini and the non-parametri
 methodsis kept as des
ribed in Se
tion 3.1.
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M. Gambini TPE T. Kruskal T. Variance T. M-Whitney

αr Error Time Error Time Error Time Error Time Error Time

rate rate rate rate rate

−20 0.00% 1.513 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−19 0.00% 1.519 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−18 0.00% 1.502 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−17 0.00% 1.469 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−16 0.00% 1.449 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−15 0.00% 1.440 0.20% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−14 0.00% 1.414 0.50% 0.012 0.00% 0.002 0.00% 0.014 0.00% 0.003
−13 0.00% 1.419 2.70% 0.012 0.00% 0.002 0.20% 0.015 0.00% 0.003
−12 0.00% 1.396 6.50% 0.012 0.00% 0.002 1.20% 0.015 0.00% 0.003
−11 0.10% 1.385 14.20% 0.012 0.20% 0.002 6.20% 0.015 0.20% 0.003
−10 0.50% 1.406 33.80% 0.012 1.60% 0.002 26.50% 0.015 1.60% 0.003
−9 16.20% 1.389 81.00% 0.012 22.40% 0.002 64.50% 0.015 22.40% 0.003
−7 11.20% 1.353 73.30% 0.012 12.20% 0.002 61.30% 0.015 12.80% 0.003
−6 0.00% 1.292 21.60% 0.012 0.50% 0.002 11.40% 0.015 0.50% 0.003
−5 0.00% 1.242 3.80% 0.012 0.00% 0.002 0.60% 0.015 0.00% 0.003
−4 0.00% 1.214 0.10% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−3 0.00% 1.196 0.00% 0.012 0.00% 0.002 0.00% 0.014 0.00% 0.003
−2 0.00% 1.175 0.00% 0.012 0.00% 0.002 0.10% 0.015 0.00% 0.003Table 3.2: Error rate and average time for, αℓ = −8 vs. αr ∈

{−2, −3, −5, . . . , −19, −20} with n = 1The performan
e of M. Gambini, T. Kruskal and T. Mann-Whitney aresimilar regarding their error rates, e.g., they are equal to 0% when αr ≤ −12 andwhen αr > −6. Their error rates in
rease when αr approa
hes αℓ, up to 16.2% for
M. Gambini and 22.4% for T. Kruskal and T. Mann-Whitney, when αr = −9.These three methods present the best behavior for n = 1 and αℓ = −8 with respe
tto error.Figure 3.5 shows the behavior of the error generated by di�erent methods under
onsideration. Note that the smallest per
entages are generated by M. Gambini,
T. Kruskal and T. Mann-Whitney.Figure 3.6, left, shows that the average time of the exe
ution of M. Gambini hasthe same behavior observed in the αℓ = −3 situation (Se
tion 3.1). The plot to theright of Figure 3.6 presents the behavior of the average times of the non-parametri
smethods, whi
h 
ontinue being shorter than the former se
ond. T. Kruskal is the
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Figure 3.5: Error rate in edge dete
tion for Gambini, Kruskal, Mann-Whitney, Vari-an
e and TPE, αℓ = −8 vs. αr ∈ {−2, −4, −5, . . . , −19, −20} with n = 1method that obtains the shortest exe
ution times, followed by Mann-Whitney.
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Figure 3.6: Average exe
ution time in se
onds for Gambini, Kruskal, Mann-Whitney,Varian
e and TPE, αℓ = −8 vs. αr ∈ {−2, −4, −5, . . . , −19, −20} with n = 1



CHAPTER 3. RESULTS 54
3.3 Homogeneous areas with n = 1 and αℓ = −12

Figure 3.7: Syntheti
 images from G0
I(α, 1, 1), γ = 1 and αℓ = −12 to the left against

αr = {−3, −4, −6, −8, −10, −20} to the rightFigure 3.7, left, is an image formed by samples from the G0
I(−12, 1, 1), repre-senting homogeneous areas. Figure 3.7, right, presents samples from the G0

I(αr, 1, 1)distribution with αr = −3 up to αr = −20 representing areas with di�erent degreesof roughness. Table 3.3 
ontain the per
entages of error and average time for n = 1,
αℓ = −12. We note that the TPE method presents high rates of error for almostall values of αr and that it only gets an error rate equal to zero when αr ≥ −5.
M. Gambini, T. Kruskal and T. Mann-Whitney display similar behaviors, but
M. Gambini presents smaller per
entages of error. When αr = −11 the methodwith greater per
entage of error is TPE with 90.6%, the method with the smallestper
entage of error is M. Gambini with (40.3%). In the average exe
ution time wenoted the di�eren
e in the times of exe
ution between the non-parametri
s meth-ods and M. Gambini, the latter being approximately 626 times slower than by
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T. Kruskal for αr = −2, and 823 times slower for αr = −20.

M. Gambini TPE T. Kruskal T. Variance T. M-Whitney

αr Error Time Error Time Error Time Error Time Error Time

rate rate rate rate rate

−20 0.00% 1.646 1.10% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−19 0.00% 1.640 3.00% 0.012 0.00% 0.002 0.20% 0.015 0.00% 0.003
−18 0.00% 1.609 7.10% 0.012 0.00% 0.002 0.60% 0.015 0.00% 0.003
−17 0.00% 1.612 13.50% 0.012 0.20% 0.002 4.40% 0.015 0.20% 0.003
−16 0.00% 1.634 23.50% 0.012 0.40% 0.002 12.50% 0.015 0.40% 0.003
−15 0.80% 1.608 39.00% 0.012 1.60% 0.002 27.70% 0.015 1.60% 0.003
−14 6.90% 1.598 67.70% 0.012 11.30% 0.002 48.30% 0.015 11.30% 0.003
−13 40.30% 1.622 92.50% 0.012 45.90% 0.002 75.90% 0.015 45.40% 0.003
−11 38.30% 1.544 90.60% 0.012 40.70% 0.002 76.00% 0.015 41.20% 0.003
−10 3.20% 1.512 53.90% 0.012 5.80% 0.002 45.10% 0.015 5.80% 0.003
−9 0.00% 1.469 23.90% 0.012 0.20% 0.002 11.80% 0.015 0.20% 0.003
−8 0.00% 1.399 9.00% 0.012 0.00% 0.002 1.30% 0.014 0.00% 0.003
−7 0.00% 1.387 2.10% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−6 0.00% 1.343 0.20% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−5 0.00% 1.315 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−4 0.00% 1.281 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−3 0.00% 1.277 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−2 0.00% 1.252 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003Table 3.3: Error rate and average time for αℓ = −12 vs. αr ∈

{−2, −3, −5, . . . , −19, −20} with n = 1Figure 3.8 shows the behavior of the per
entages of error generated by di�erentmethods under 
onsideration for αℓ = −12 and n = 1; it is observed that the greaterper
entages of error are generated by TPE and T. Variance.
M. Gambini, T. Kruskal and Mann-Whitney have similar behaviors, anddi�er when αr is near αℓ.Figure 3.9, left, shows that the average exe
ution time of the M. Gambinidiminishes as the value of αr in
reases. Figure 3.9, right, shows the behavior of theaverage exe
ution times of the non-parametri
s methods. The T. Kruskal has thesmallest exe
ution time followed by T. Mann-Whitney, the exe
ution time of thenon-parametri
s methods are not sensitive to the value of αr.
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Figure 3.8: Error rate in edge dete
tion for Gambini, Kruskal, Mann-Whitney,Varian
e and TPE, αℓ = −12 vs. αr ∈ {−2, −4, −5, . . . , −19, −20} with n = 1

−20 −15 −10 −5

0
.0

0
.5

1
.0

1
.5

αι

S
e

co
n

d
s M. Gambini

TPE
T. Kruskal
T. Variance
T. Mann−Whitney

−20 −15 −10 −5

0
.0

0
2

0
.0

0
4

0
.0

0
6

0
.0

0
8

0
.0

1
0

0
.0

1
2

0
.0

1
4

αι

S
e

co
n

d
s TPE

T. Kruskal
T. Variance
T. Mann−Whitney

Figure 3.9: Average exe
ution time in se
onds for Gambini, Kruskal, Mann-Whitney,Varian
e and TPE, αℓ = −12 vs. αr ∈ {−2, −4, −5, . . . , −19, −20} with n = 1
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3.4 Homogeneous areas with n = 1 and αℓ = −18In the left side of Figure 3.10 we �nd an image generated from G0

I(−18, 1, 1), whi
hrepresents homogeneous areas, and on the right side there are images generated with
αr = −4 up to αr = −20, that represent areas with di�erent degrees of roughness.

Figure 3.10: Syntheti
 images G0
I(α, 1, 1), γ = 1 and αℓ = −18 to the left against

αr = {−3, −4, −6, −8, −10, −12} to the rightTable 3.4 
ontains the error rate and average time of the methods under evalua-tion for αℓ = −18. We note thatM. Gambini, T. Kruskal andT. Mann-Whitneypresent per
entage of error zero in the 
ases for whi
h the image to the right of theedge is generated from αr => −13; the error rate in
reases as αr approa
hes αℓ.Note also that the highest per
entage of error of these methods o

urs for αr = −17and αr = −19, however, this error rate is lower in 
omparison with T. Varianceand TPE.
TPE presents zero error rate when αr is a distant from αℓ, but this per
entagebegins to in
rease when αr approa
hes αℓ = −18, rea
hing 98% when αr = −17.
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T. Variance behaves similarly toTPE. The T. Mann-Whitney presented errorrate similarly to T. Kruskal.Note that the average exe
ution time of T. Kruskal is approximately 1000 timessmaller than that of M. Gambini when αr = −19. Figure 3.12 shows that theruntime of M.Gambini de
reases when αr is 
lose to zero, but it does not get 
loseto the times of the non-parametri
s methods. The faster method is T. Kruskalfollowed by T. Mann-Whitney; the slower method isT. Variance, whi
h, however,never ex
eeds 0, 015 se
ond.

M. Gambini TPE T. Kruskal T. Variance T. M-Whitney

αr Error Time Error Time Error Time Error Time Error Time

rate rate rate rate rate

−20 23.80% 1.995 84.40% 0.012 24.20% 0.002 67.50% 0.015 24.20% 0.003
−19 64.40% 2.013 97.50% 0.012 65.00% 0.002 79.40% 0.015 64.90% 0.003
−17 62.70% 1.893 98.00% 0.012 63.60% 0.002 79.60% 0.015 63.80% 0.003
−16 19.70% 1.853 83.50% 0.012 21.40% 0.002 62.10% 0.015 21.40% 0.003
−15 2.60% 1.777 56.30% 0.012 4.00% 0.002 39.40% 0.015 4.10% 0.003
−14 0.30% 1.746 33.30% 0.012 0.90% 0.002 18.80% 0.015 0.90% 0.003
−13 0.00% 1.669 17.50% 0.012 0.00% 0.002 4.10% 0.015 0.00% 0.003
−12 0.00% 1.638 7.00% 0.012 0.00% 0.002 1.00% 0.015 0.00% 0.003
−11 0.00% 1.600 2.70% 0.012 0.00% 0.002 0.20% 0.015 0.00% 0.003
−10 0.00% 1.564 0.40% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−9 0.00% 1.538 0.50% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−8 0.00% 1.508 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−7 0.00% 1.495 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−6 0.00% 1.461 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−5 0.00% 1.436 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−4 0.00% 1.406 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−3 0.00% 1.404 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−2 0.00% 1.387 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003Table 3.4: Error rate and average time for, αℓ = −18 vs. αr ∈

{−2, −3, −5, . . . , −19, −20} with n = 1Figure 3.11 shows T. Kruskal and T. Mann-Whitney behaves similarly to
M. Gambini, these three methods are the best performing over. All methodspresent error in the dete
tion of the edge when the generated images 
ome fromdistributions with very nearby parameters of roughness.
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Figure 3.11: Error rate for Gambini, Kruskal, Mann-Whitney, Varian
e and TPE,
αℓ = −18 vs. αr ∈ {−2, −4, −5, . . . , −19, −20} with n = 1
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Figure 3.12: Average exe
ution time in se
onds for Gambini, Kruskal, Mann-Whitney, Varian
e and TPE, αℓ = −18 vs. αr ∈ {−2, −4, −5, . . . , −19, −20} with
n = 1
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3.5 Extremely heterogeneous areas with n = 3 and

αℓ = −3

Figure 3.13: Syntheti
 images G0
I(α, 1, 3), γ = 1 and αℓ = −3 to the left against

αr = {−4, −6, −8, −10, −12, −20} to the rightFigure 3.13 shows images of samples generated from G0
I(α, 1, 3) with di�erent valuesof α. On the left side of the �gure we �nd an image generated from G0

I(−3, 1, 3).Table 3.5 presents the error rate and average time obtained by the methods usedin the simulation. Note that the per
entages of errors of all methods are zero ex
eptfor method T. Variance whi
h presents error rates of 5.9%, 3.4% and 0.3% for αr =

−5, −4 and −2, respe
tively. In Table 3.5 it is noteworthy the di�eren
e in exe
utiontimes between non-parametri
s methods and M. Gambini. The T. Kruskal is 545times faster than M. Gambini, for αr = −2. Figure 3.14, left, shows that theaverage exe
ution time of the M. Gambini de
reases as the value of αr in
reases.Figure 3.14, right, shows that T. Kruskal has the smaller exe
ution times, follo-wed by the method of T. Mann-Whitney.
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M. Gambini TPE T. Kruskal T. Variance T. M-Whitney

αr Error Time Error Time Error Time Error Time Error Time

rate rate rate rate rate

−20 0.00% 1.252 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−19 0.00% 1.216 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−18 0.00% 1.205 0.00% 0.012 0.00% 0.002 0.00% 0.014 0.00% 0.003
−17 0.00% 1.355 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−16 0.00% 1.144 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−15 0.00% 1.136 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−14 0.00% 1.132 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−13 0.00% 1.141 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−12 0.00% 1.151 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−11 0.00% 1.137 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−10 0.00% 1.127 0.00% 0.012 0.00% 0.002 0.00% 0.014 0.00% 0.003
−9 0.00% 1.127 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−8 0.00% 1.149 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−7 0.00% 1.142 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−6 0.00% 1.127 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−5 0.00% 1.137 0.00% 0.012 0.00% 0.002 0.30% 0.015 0.00% 0.003
−4 0.00% 1.117 0.00% 0.012 0.00% 0.002 3.40% 0.015 0.00% 0.003
−2 0.00% 1.090 0.00% 0.012 0.00% 0.002 5.90% 0.015 0.00% 0.003Table 3.5: Error rate and average time for, αℓ = −3 vs. αr ∈

{−2, −4, −5, . . . , −19, −20} with n = 3
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Figure 3.14: Average exe
ution time for Gambini, Kruskal, Mann-Whitney, Varian
eand TPE, αℓ = −3 vs. αr ∈ {−2, −4, −5, . . . , −19, −20} with n = 3
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3.6 Heterogeneous areas with n = 3 and αℓ = −8

Figure 3.15: Syntheti
 images G0
I(α, 1, 3), γ = 1 and αℓ = −8 to the left against

αr = {−3, −4, −6, −10, −12, −20} to the rightTable 3.6 
ontains the per
entages of error and average time for αℓ = −8, n = 3.We note that T. Kruskal, T. Mann-Whitney and M. Gambini do not presenterrors for any αr, whi
h makes the best behavior. TPE has 58% of error for αr = 9and 12% for αr = −7; for the other values of αr the per
entage of error is zero; themethod TPE has diÆ
ulties in �nding the edge when αr is very 
lose to αℓ. Themethod T. Variance presents large per
entages of error around αℓ.Figure 3.16 
ompares the behavior of the per
entages of error generated by thedi�erent methods in study. Note that the greater per
entages of error are generatedby TPE and T. Variance. The methods with better behavior are M. Gambini,
T. Kruskal and T. Mann-Whitney be
ause they have zero error rate.Table 3.6 shows that M. Gambini 
ontinues to display the largest exe
utiontimes. T. Kruskal is approximately 578 times faster that the M. Gambini for
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M. Gambini TPE T. Kruskal T. Variance T. M-Whitney

αr Error Time Error Time Error Time Error Time Error Time

rate rate rate rate rate

−20 0.00% 1.351 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−19 0.00% 1.186 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−18 0.00% 1.229 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−17 0.00% 1.277 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−16 0.00% 1.268 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−15 0.00% 1.506 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−14 0.00% 1.231 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−13 0.00% 1.196 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−12 0.00% 1.232 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−11 0.00% 1.262 0.00% 0.012 0.00% 0.002 0.40% 0.015 0.00% 0.003
−10 0.00% 1.252 0.00% 0.012 0.00% 0.002 20.90% 0.015 0.00% 0.003
−9 0.00% 1.279 57.90% 0.012 0.00% 0.002 32.20% 0.015 0.00% 0.003
−7 0.00% 1.269 11.90% 0.012 0.00% 0.002 48.80% 0.015 0.00% 0.003
−6 0.00% 1.237 0.00% 0.012 0.00% 0.002 3.00% 0.015 0.00% 0.003
−5 0.00% 1.172 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−4 0.00% 1.141 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−3 0.00% 1.136 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−2 0.00% 1.157 0.00% 0.012 0.00% 0.002 0.20% 0.015 0.00% 0.003Table 3.6: Error rate and average time for, αℓ = −8 vs. αr ∈

{−2, −4, −5, . . . , −19, −20} with n = 3

αr = −2 and 675 times faster when αr = −20.Figure 3.17 
orroborates the behavior of the exe
ution times of M. Gambini.The exe
ution times of the non-parametri
 methods are almost 
onstant when αrvaries, the fastest method being T. Kruskal, followed by the method of T. Mann-

Whitney.
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Figure 3.16: Error rate in edge dete
tion for Gambini, Kruskal, Mann-Whitney,Varian
e and TPE, αℓ = −8 vs. αr ∈ {−2, −4, −5, . . . , −19, −20} with n = 3
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Figure 3.17: Average exe
ution time in se
onds for Gambini, Kruskal, Mann-Whitney, Varian
e and TPE, αℓ = −8 vs. αr ∈ {−2, −4, −5, . . . , −19, −20} with
n = 3
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3.7 Homogeneous areas with n = 3 and αℓ = −12

Figure 3.18: Syntheti
 images from G0
I(α, 1, 3), γ = 1 and αℓ = −12 to the leftagainst αr = {−3, −4, −6, −8, −10, −20} to the rightFigure 3.18 shows images of samples generated from G0

I(α, 1, 3) and di�erent valuesof the parameter α and γ = 1. The image at the left side of the �gure generatedfrom G0
I(−12, 1, 3) whi
h represents homogeneous areas.The table 3.7 
ontains the error rate and average time for αℓ = −12, n = 3 anddi�erent values of αr. Note that M. Gambini, T. Kruskal and T. Mann-Whitneyare the best performing over. The M. Gambini has the smallest per
entage oferror when αr = −13, and the largest per
entage of error when αr = −11 with

26%. For αr = −14, the methods with the best behavior are T. Kruskal and
M. Gambini followed by T. Mann-Whitney. The T. Variance presents 89% oferror when αr = −11 and 50% when αr = −13, with whi
h this method presentsunder performan
e.
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M. Gambini TPE T. Kruskal T. Variance T. M-Whitney

αr Error Time Error Time Error Time Error Time Error Time

rate rate rate rate rate

−20 0.00% 1.555 0.00% 0.006 0.00% 0.001 0.00% 0.007 0.00% 0.002
−19 0.00% 1.963 0.00% 0.006 0.00% 0.001 0.00% 0.007 0.00% 0.002
−18 0.00% 1.509 0.00% 0.006 0.00% 0.002 0.00% 0.008 0.00% 0.002
−17 0.00% 1.598 0.00% 0.007 0.00% 0.002 0.00% 0.009 0.00% 0.003
−16 0.00% 1.639 0.00% 0.008 0.00% 0.002 0.00% 0.009 0.00% 0.003
−15 0.00% 1.636 2.00% 0.007 0.00% 0.002 21.50% 0.008 0.00% 0.002
−14 0.40% 1.452 1.50% 0.007 0.10% 0.002 22.50% 0.009 0.10% 0.002
−13 14.90% 1.430 49.50% 0.007 31.50% 0.002 50.30% 0.008 31.60% 0.002
−11 26.40% 1.491 41.70% 0.007 24.50% 0.002 88.80% 0.008 25.20% 0.002
−10 0.00% 1.417 71.20% 0.006 0.00% 0.002 16.40% 0.008 0.00% 0.002
−9 0.00% 1.448 0.00% 0.006 0.00% 0.001 0.00% 0.008 0.00% 0.002
−8 0.00% 1.405 0.00% 0.007 0.00% 0.002 0.10% 0.009 0.00% 0.002
−7 0.00% 1.315 0.00% 0.007 0.00% 0.002 0.00% 0.008 0.00% 0.002
−6 0.00% 1.098 0.00% 0.005 0.00% 0.002 0.00% 0.007 0.00% 0.002
−5 0.00% 1.038 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
−4 0.00% 1.074 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
−3 0.00% 0.982 0.00% 0.005 0.00% 0.002 0.00% 0.006 0.00% 0.002
−2 0.00% 0.938 0.00% 0.006 0.00% 0.001 0.10% 0.006 0.00% 0.002Table 3.7: Error rate and average time for, αℓ = −12 vs. αr ∈

{−2, −4, −5, . . . , −19, −20} with n = 3Figure 3.19 shows the behavior of the di�erent methods a

ording to the per
ent-age of error generated in the dete
tion of edges. Note that the method with the bestbehavior is the M. Gambini followed by T. Kruskal and T. Mann-Whitney.The average exe
ution time of the methods display the same behavior as be-fore, that for (n = 1); the non-parametri
s methods are faster that M. Gambini;
T. Kruskal is 938 times faster than M. Gambini for αr = −2 and 1963 times fasterfor αr = −19, as presented in Table 3.7 and Figure 3.20
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Figure 3.19: Error rate in edge dete
tion for Gambini, Kruskal, Mann-Whitney,Varian
e and TPE, αℓ = −12 vs. αr ∈ {−2, −4, −5, . . . , −19, −20} with n = 3
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Figure 3.20: Average exe
ution time in se
onds for Gambini, Kruskal, Mann-Whitney, Varian
e and TPE, αℓ = −12 vs. αr ∈ {−2, −4, −5, . . . , −19, −20} with
n = 3
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3.8 Homogeneous areas with n = 3 and αℓ = −18

Figure 3.21: Syntheti
 images G0
I(α, 1, 3), γ = 1 and αℓ = −18 to the left against

αr = {−3, −4, −6, −8, −10, −20} to the rightTable 3.8 
ontains the error rate and average exe
ution times of the methods understudy when dete
ting the edge in a 20 × 100 image generated with αℓ = −18 and
n = 3. We note that theM. Gambini, T. Kruskal andT. Mann-Whitney presentper
entages of error equal to zero in the 
ases where αr ≥ −16. The T. Kruskaland T. Mann-Whitney presents smaller per
entages of error in 
omparison with
M. Gambini for αr = −17, −19, −20; T. Kruskal and T. Mann-Whitney appearsto be the methods with the smaller per
entages of error in the dete
tion of edgeswhen αℓ = −18 and n = 3. The TPE presents per
entage of error zero when αris distant enough from αℓ, but this per
entage begins to in
rease as αr approa
hes
αℓ = −18, obtaining 99.5% of error when αr = −17. The T. Variance presentsbehavior similar to the TPE.
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M. Gambini TPE T. Kruskal T. Variance T. M-Whitney

αr Error Time Error Time Error Time Error Time Error Time

rate rate rate rate rate

−20 0.30% 1.866 7.50% 0.005 0.50% 0.001 76.80% 0.006 0.50% 0.002
−19 15.70% 1.417 33.30% 0.005 13.10% 0.001 83.20% 0.006 13.10% 0.002
−17 31.30% 1.324 99.50% 0.006 11.20% 0.001 87.00% 0.006 11.20% 0.002
−16 0.00% 1.278 2.90% 0.005 0.00% 0.002 20.00% 0.006 0.00% 0.002
−15 0.00% 1.206 0.00% 0.005 0.00% 0.001 13.30% 0.006 0.00% 0.002
−14 0.00% 1.351 6.10% 0.005 0.00% 0.002 17.20% 0.007 0.00% 0.002
−13 0.00% 1.182 0.00% 0.006 0.00% 0.001 0.00% 0.006 0.00% 0.002
−12 0.00% 1.097 0.00% 0.006 0.00% 0.001 0.00% 0.006 0.00% 0.002
−11 0.00% 1.303 0.00% 0.005 0.00% 0.001 0.00% 0.007 0.00% 0.002
−10 0.00% 1.264 0.00% 0.005 0.00% 0.001 0.00% 0.007 0.00% 0.002
−9 0.00% 1.133 0.00% 0.005 0.00% 0.001 0.00% 0.007 0.00% 0.002
−8 0.00% 1.046 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
−7 0.00% 1.378 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
−6 0.00% 1.097 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
−5 0.00% 1.062 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
−4 0.00% 1.056 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
−3 0.00% 1.055 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
−2 0.00% 1.021 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002Table 3.8: Error rate and average time for αℓ = −18 vs. αr ∈

{−2, −4, −5, . . . , −19, −20} with n = 3Figure 3.22 shows that T. Kruskal and T. Mann-Whitney presents the lowesterror rate in dete
ting edges, followed by M. Gambini. All methods present errorgreater than zero when the generated images were obtained from distributions withroughness parameters very 
lose in value.The average time of the T. Kruskal is approximately 1000 times smaller thanthat of M. Gambini when αr = −2 and 1866 times faster when αr = −20, as it isobserved in the Table 3.8.Figure 3.23 shows that the M. Gambini runtime de
reases when αr is 
lose tozero, but this time is never less than 1 se
ond. Among the non-parametri
 methods,the fastest is T. Kruskal followed by T. Mann-Whitney; lower is the T. Variancealthough that it never surpasses 0.010 se
onds.
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Figure 3.22: Error rate in edge dete
tion for Gambini, Kruskal, Mann-Whitney,Varian
e and TPE, αℓ = −18 vs. αr ∈ {−2, −4, −5, . . . , −19, −20} with n = 3
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Figure 3.23: Average exe
ution time in se
onds for Gambini, Kruskal, Mann-Whitney, Varian
e and TPE, αℓ = −18 vs. αr ∈ {−2, −4, −5, . . . , −19, −20} with
n = 3
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3.9 Extremely heterogeneous areas with n = 8 and

αℓ = −3

Figure 3.24: Syntheti
 images G0
I(α, 1, 8), γ = 1 and αℓ = −3 to the left against

αr = {−4, −6, −8, −10, −12, −20} to the rightFigure 3.24, left, show an image generated from G0
I(−3, 1, 8) whi
h represents ex-tremely heterogeneous areas. Figure 3.24, right, we have images generated with

αr = −4 until αr = −20 that represent areas with di�erent degrees of roughness.The table 3.9 presents the per
entages of errors and average time obtained by themethods 
onsidered in the simulation. Note that the error rate of all methods arezero, ex
ept for T. Variance that presents per
entages of error of 6.2% and 3.6%for αr = −2 and αr = −4, respe
tively. All methods present ex
ellent behavior inthe dete
tion of edges when αℓ = −3 and n = 8.The Table 3.9 
ontains the average exe
ution time for αℓ = −3 and n = 8. The
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M. Gambini TPE T. Kruskal T. Variance T. M-Whitney

αr Error Time Error Time Error Time Error Time Error Time

rate rate rate rate rate

−20 0.00% 1.255 0.00% 0.007 0.00% 0.002 0.00% 0.009 0.00% 0.003
−19 0.00% 1.110 0.00% 0.006 0.00% 0.002 0.00% 0.007 0.00% 0.002
−18 0.00% 1.082 0.00% 0.006 0.00% 0.002 0.00% 0.007 0.00% 0.002
−17 0.00% 1.121 0.00% 0.006 0.00% 0.001 0.00% 0.007 0.00% 0.002
−16 0.00% 1.111 0.00% 0.006 0.00% 0.001 0.00% 0.007 0.00% 0.002
−15 0.00% 1.116 0.00% 0.006 0.00% 0.002 0.00% 0.007 0.00% 0.002
−14 0.00% 1.052 0.00% 0.006 0.00% 0.001 0.00% 0.007 0.00% 0.002
−13 0.00% 1.032 0.00% 0.005 0.00% 0.002 0.00% 0.007 0.00% 0.002
−12 0.00% 1.038 0.00% 0.005 0.00% 0.002 0.00% 0.007 0.00% 0.002
−11 0.00% 0.991 0.00% 0.006 0.00% 0.001 0.10% 0.007 0.00% 0.002
−10 0.00% 1.000 0.00% 0.006 0.00% 0.001 0.00% 0.006 0.00% 0.002
−9 0.00% 1.011 0.00% 0.006 0.00% 0.001 0.00% 0.006 0.00% 0.002
−8 0.00% 1.065 0.00% 0.006 0.00% 0.001 0.00% 0.007 0.00% 0.002
−7 0.00% 1.008 0.00% 0.006 0.00% 0.001 0.00% 0.006 0.00% 0.002
−6 0.00% 1.030 0.00% 0.006 0.00% 0.002 0.00% 0.007 0.00% 0.002
−5 0.00% 1.010 0.00% 0.006 0.00% 0.002 0.10% 0.007 0.00% 0.002
−4 0.00% 0.949 0.10% 0.005 0.00% 0.001 3.60% 0.006 0.00% 0.002
−2 0.00% 0.953 0.00% 0.005 0.00% 0.001 6.20% 0.006 0.00% 0.002Table 3.9: Error rate and average time for αℓ = −3 vs. αr ∈

{−2, −4, −5, . . . , −19, −20} with n = 8di�eren
e between the runtimes of the non-parametri
s methods and that of M.

Gambini method remain. The Kruskal Wallis is 953 times faster than M. Gam-

bini for αr = −2.In �gure 3.25, left, it is noted that the average exe
ution time of M. Gambini di-minishes as the value of αr in
reases. In �gure 3.25, right, it is noted thatT. Kruskalyield the smallest runtimes followed by the T. Mann-Whitney method.
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Figure 3.25: Average exe
ution time in se
onds for Gambini, Kruskal, Mann-Whitney, Varian
e and TPE, αℓ = −3 vs. αr ∈ {−2, −4, −5, . . . , −19, −20} with
n = 8
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3.10 Heterogeneous areas with n = 8 and αℓ = −8

Figure 3.26: Syntheti
 images G0
I(α, 1, 8), γ = 1 and αℓ = −8 to the left against

αr = {−3, −4, −6, −10, −12, −20} to the rightTable 3.10 
ontains the error rate and average time for αℓ = −8, n = 8 and di�erentvalues of the αr. Note that T. Kruskal does not present errors in the dete
tion ofedges for any value of αr. M. Gambini and T. Mann-Whitney methods have thesame behavior as T. Kruskal method ex
ept for αr = −7 where its per
entage oferror is 0.2% and 0.1% respe
tively. These three methods a
hieve the best resultswhen αℓ = −8 and n = 8.
TPE method rea
hes 66% of error when αr = −7 and 10, 3% when αr = −9, forthe other values of αr the per
entage of error is zero. T. Variance method displayhigh per
entage of errors when αℓ is 
lose to αr.
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M. Gambini TPE T. Kruskal T. Variance T. M-Whitney

αr Error Time Error Time Error Time Error Time Error Time

rate rate rate rate rate

−20 0.00% 1.145 0.00% 0.006 0.00% 0.001 0.00% 0.007 0.00% 0.002
−19 0.00% 1.106 0.00% 0.006 0.00% 0.001 0.00% 0.007 0.00% 0.002
−18 0.00% 1.485 0.00% 0.008 0.00% 0.002 0.00% 0.010 0.00% 0.003
−17 0.00% 1.415 0.00% 0.008 0.00% 0.002 0.00% 0.009 0.00% 0.002
−16 0.00% 1.215 0.00% 0.006 0.00% 0.002 0.00% 0.007 0.00% 0.002
−15 0.00% 1.193 0.00% 0.006 0.00% 0.001 0.00% 0.007 0.00% 0.002
−14 0.00% 1.279 0.00% 0.006 0.00% 0.002 0.00% 0.008 0.00% 0.002
−13 0.00% 1.212 0.00% 0.006 0.00% 0.002 0.00% 0.007 0.00% 0.002
−12 0.00% 1.211 0.00% 0.006 0.00% 0.002 0.10% 0.008 0.00% 0.002
−11 0.00% 1.207 0.00% 0.006 0.00% 0.002 0.70% 0.007 0.00% 0.002
−10 0.00% 1.121 0.00% 0.006 0.00% 0.001 4.40% 0.007 0.00% 0.002
−9 0.00% 1.091 10.30% 0.005 0.00% 0.001 41.50% 0.006 0.00% 0.002
−7 0.20% 1.160 66.50% 0.006 0.00% 0.001 58.00% 0.007 0.10% 0.002
−6 0.00% 1.084 0.00% 0.006 0.00% 0.001 1.20% 0.007 0.00% 0.002
−5 0.00% 1.026 0.00% 0.005 0.00% 0.002 0.00% 0.007 0.00% 0.002
−4 0.00% 1.130 0.00% 0.007 0.00% 0.002 0.00% 0.007 0.00% 0.002
−3 0.00% 0.998 0.00% 0.006 0.00% 0.001 0.00% 0.007 0.00% 0.002
−2 0.00% 1.098 0.00% 0.006 0.00% 0.002 0.10% 0.008 0.00% 0.002Table 3.10: Error rate and average time for αℓ = −8 vs. αr ∈

{−2, −4, −5, . . . , −19, −20} with n = 8Figure 3.27 
ompares the behavior of the per
entages of error generated by thedi�erent methods under study. We observe that the largest per
entages of error aregenerated by TPE and T. Variance.Regarding runtime, the Table 3.10 shows thatM. Gambini is the slowest method.
T. Kruskal is approximately 550 times faster than M. Gambini for αr = −2 and
1145 times faster when αr = −20. Figure 3.28 
orroborates the behavior of the timesof M. Gambini. The exe
ution times of non-parametri
 methods are smaller than
0.010 se
onds, being T. Kruskal the fastest method, whose exe
ution time does notex
eed 0.02 se
ond in any situation.
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Figure 3.27: Error rate in edge dete
tion for Gambini, Kruskal, Mann-Whitney,Varian
e and TPE, αℓ = −8 vs. αr ∈ {−2, −4, −5, . . . , −19, −20} with n = 8
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Figure 3.28: Average exe
ution time in se
onds for Gambini, Kruskal, Mann-Whitney, Varian
e and TPE, αℓ = −8 vs. αr ∈ {−2, −4, −5, . . . , −19, −20} with
n = 8
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3.11 Homogeneous areas with n = 8 and αℓ = −12

Figure 3.29: Syntheti
 images G0
I(α, 1, 8), γ = 1 and αℓ = −12 to the left against

αr = {−3, −4, −6, −8, −10, −20} to the rightTable 3.11 presents the error rates and average exe
ution times a
hieved by thedi�erent methods in the simulation, with n = 8 and αℓ = −12. We note that
T. Variance obtains errors between 35.5% and 67.9% when αr is between −14 and
−9. TPE obtains errors between 17.7% and 37.3% when αr is between −13 and −10.
T. Mann-Whitney dete
ts satisfa
torily the edge when αr ≤ −14; it obtains 0.4%of error when αr = −13 and for αr ≥ −11 it obtains 0% of error in edge dete
tion.
T. Kruskal and M. Gambini behave similarly, obtaining 0.4% and 0.3% errors,respe
tively, when αr = −13; the maximum error that these methods generate are
1.2% and 1.3% when αr is equal to −11.



CHAPTER 3. RESULTS 78
M. Gambini TPE T. Kruskal T. Variance T. M-Whitney

αr Error Time Error Time Error Time Error Time Error Time

rate rate rate rate rate

−20 0.00% 1.129 0.00% 0.006 0.00% 0.001 0.00% 0.006 0.00% 0.002
−19 0.00% 1.159 0.00% 0.006 0.00% 0.002 0.00% 0.007 0.00% 0.002
−18 0.00% 1.243 0.00% 0.006 0.00% 0.002 0.10% 0.007 0.00% 0.002
−17 0.00% 1.344 0.00% 0.006 0.00% 0.002 0.00% 0.008 0.00% 0.002
−16 0.00% 1.376 0.00% 0.006 0.00% 0.002 0.20% 0.008 0.00% 0.002
−15 0.00% 1.301 0.00% 0.006 0.00% 0.002 0.50% 0.008 0.00% 0.002
−14 0.00% 1.318 0.00% 0.006 0.00% 0.001 35.50% 0.008 0.00% 0.002
−13 0.30% 1.303 37.30% 0.006 0.40% 0.001 47.10% 0.007 0.40% 0.002
−11 1.20% 1.326 11.70% 0.007 1.30% 0.002 67.90% 0.008 1.30% 0.002
−10 0.00% 1.254 17.70% 0.006 0.00% 0.002 5.90% 0.007 0.00% 0.002
−9 0.00% 1.214 0.00% 0.006 0.00% 0.002 0.60% 0.007 0.00% 0.002
−8 0.00% 1.161 0.00% 0.006 0.00% 0.001 0.00% 0.007 0.00% 0.002
−7 0.00% 1.242 0.00% 0.006 0.00% 0.002 0.00% 0.008 0.00% 0.002
−6 0.00% 1.262 0.00% 0.007 0.00% 0.001 0.00% 0.008 0.00% 0.002
−5 0.00% 1.310 0.00% 0.008 0.00% 0.002 0.00% 0.010 0.00% 0.003
−4 0.00% 1.388 0.00% 0.008 0.00% 0.002 0.00% 0.011 0.00% 0.003
−3 0.00% 1.324 0.00% 0.008 0.00% 0.002 0.00% 0.010 0.00% 0.003
−2 0.00% 1.253 0.00% 0.007 0.00% 0.002 0.00% 0.009 0.00% 0.002Table 3.11: Error rate and average time for αℓ = −12 vs. αr ∈

{−2, −4, −5, . . . , −19, −20} with n = 8Figure 3.30 shows that M. Gambini, T. Kruskal and T. Mann-Whitney havethe same behavior and widely surpass the performan
e of the other methods.Table 3.11 shows that the exe
ution time in se
onds required by M. Gambiniis approximately 1000 times slower than the one required by any of the rank-basedmethods; this feature is also shown in the graph on the left of �gure 3.31. In thegraphi
 to the right, we 
ompare the runtimes of the non-parametri
s methods. Wenote that T. Kruskal and T. Mann-Whitney are the fastest methods. Therefore,
T. Kruskal a
hieves the smallest errors in the dete
tion of edges with the smallest
omputing time.
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Figure 3.30: Error rate in dete
tion of edge for Gambini, Kruskal, Mann-Whitney,Varian
e and TPE, αℓ = −12 vs. αr ∈ {−2, −4, −5, . . . , −19, −20} with n = 8
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Figure 3.31: Average exe
ution time in se
onds for Gambini, Kruskal, Mann-Whitney, Varian
e and TPE, αℓ = −12 vs. αr ∈ {−2, −4, −5, . . . , −19, −20} with
n = 8
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3.12 Homogeneous areas with n = 8 αℓ = −18

Figure 3.32: Syntheti
 images G0
I(α, 1, 8), γ = 1 and αℓ = −18 to the left against

αr = {−3, −4, −6, −8, −10, −20} to the rightFigure 3.32 depi
ts a typi
al sample of the situation 
onsidered in this se
tion.Table 3.12 presents the errors of the di�erent methods, with n = 8 and αℓ =

−18, it 
an be seen that the per
entages error of T. Variance ex
eeds 11% when
αr < −15, while TPE obtains errors of 38.3%, 34% and 64% when αr takes values
−17, −19 and −20, respe
tively. T. Mann-Whitney obtains 0% of error for αr =

−20, 3.4% when αr = −19 and 0.30% for αr = −16; for αr ≥ −15, it obtains 0% oferror. T. Kruskal and M. Gambini behave similarly, obtaining errors of 3.1% and
3.4%, respe
tively, when αr = −19; for αr > −15, these two methods always �ndthe edge and, thus, obtain 0% of error.
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M. Gambini TPE T. Kruskal T. Variance T. M-Whitney

αr Error Time Error Time Error Time Error Time Error Time

rate rate rate rate rate

−20 0.00% 1.427 63.70% 0.006 0.00% 0.002 60.40% 0.008 0.00% 0.002
−19 3.10% 1.478 34.90% 0.007 3.40% 0.002 43.70% 0.008 3.40% 0.002
−17 1.70% 1.423 38.30% 0.007 1.50% 0.001 66.40% 0.008 1.60% 0.002
−16 0.20% 1.573 1.90% 0.007 0.30% 0.002 69.60% 0.008 0.30% 0.002
−15 0.00% 1.387 0.10% 0.006 0.00% 0.002 11.50% 0.007 0.00% 0.002
−14 0.00% 1.326 0.00% 0.006 0.00% 0.002 0.50% 0.007 0.00% 0.002
−13 0.00% 1.400 0.00% 0.006 0.00% 0.002 0.00% 0.008 0.00% 0.002
−12 0.00% 1.442 0.00% 0.008 0.00% 0.002 0.00% 0.009 0.00% 0.002
−11 0.00% 1.488 0.00% 0.008 0.00% 0.002 0.00% 0.010 0.00% 0.003
−10 0.00% 1.574 0.00% 0.009 0.00% 0.002 0.00% 0.010 0.00% 0.003
−9 0.00% 1.455 0.00% 0.008 0.00% 0.002 0.00% 0.010 0.00% 0.003
−8 0.00% 1.405 0.00% 0.007 0.00% 0.002 0.00% 0.009 0.00% 0.003
−7 0.00% 1.278 0.00% 0.007 0.00% 0.002 0.00% 0.008 0.00% 0.003
−6 0.00% 1.046 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
−5 0.00% 0.989 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
−4 0.00% 1.025 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
−3 0.00% 0.976 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
−2 0.00% 0.970 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002Table 3.12: Error rate and average time for, αℓ = −18 vs. αr ∈

{−2, −4, −5, . . . , −19, −20} with n = 8Figure 3.33 suggests that the smaller errors and more stable performan
es areobtained by T. Kruskal, T. Mann-Whitney and M. Gambini.Table 3.12 shows that M. Gambini 
ontinues to display the largest exe
utiontimes; T. Kruskal is approximately 970 times faster than M. Gambini when αr =

−2 and 713 times faster when αr = −20. The exe
ution times of M. Gambiniredu
e as αr in
reases, whi
h 
an be seen in Figure 3.34. To the right of Figure 3.34,we 
ompare the time in se
onds required by the non-parametri
 methods, notingthat T. Kruskal and T. Mann-Whitney require the smallest exe
ution times.
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Figure 3.33: Error rate in dete
tion of edge for Gambini, Kruskal, Mann-Whitney,Varian
e and TPE, αℓ = −18 vs. αr ∈ {−2, −4, −5, . . . , −19, −20} with n = 8
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Figure 3.34: Average exe
ution time in se
onds for Gambini, Kruskal, Mann-Whitney, Varian
e and TPE, αℓ = −18 vs. αr ∈ {−2, −4, −5, . . . , −19, −20} with
n = 8
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This Chapter presented the Monte Carlo experien
e designed to assess the perfor-man
e of �ve edge dete
tion methods with respe
t to the error in �nding an edgeand to the exe
ution time. Next Chapter will des
ribe the 
on
lusions.



Chapter 4

Conclusions

ResumoO objetivo deste trabalho foi estudar t�e
ni
as alternativas de dete
�
~ao de bordasem imagens spe
kled, tendo 
omo ponto de partida Gambini et al. (2006, 2008). Omodelo utilizado para des
rever os dados 
om ru��do spe
kled �e a distribui�
~ao G0
I, aqual Mejail et al. (2001, 2003) mostra que pode ser usada 
omo um modelo universalneste 
aso.Os m�etodos sob avalia�
~ao bus
am identi�
ar a borda entre regi~oes 
om diferentesgraus de rugosidade determinada por α, o parâmetro de rugosidade da distribui�
~ao

G0
I(α, γ, n).Considerando os resultados obtidos atrav�es das simula�
~oes de Monte Carlo, pode-se 
on
luir que o dete
tor de T. Kruskal e o dete
tor de T. Mann-Whitney s~aoligeiramente melhores do que M. Gambini. Comparados 
om os dete
tores TPE e

T. Variance, T. Kruskal e T. Mann-Whitney forne
em os melhores resultados.Todos os m�etodos sob estudo apresentam bom desempenho quando a borda sepa-ra �areas 
om rugosidade muito diferente. Quando a imagem gerada representa zonashomogêneas, as taxas de erro de todos os m�etodos s~ao relativamente elevadas. Noentanto, esse problema �e atenuado 
om o aumento do n�umero de looks n, que tornaa dete
�
~ao de bordas mais 
on��avel. 84



CHAPTER 4. CONCLUSIONS 85O dete
tor T. Kruskal forne
e os melhores resultados, tanto no que respeita aoerro 
omo no que tange ao tempo de exe
u�
~ao. Este �ultimo �e, em muitos 
asos, 1000vezes menor do que do M. Gambini.Como 
on
lus~ao �nal, em rela�
~ao ao erro e ao tempo de exe
u�
~ao, este trabalhoforne
e evidên
ia de que a t�e
ni
a de M. Gambini pode ser substitu��da 
om su
essopor T. Kruskal. O ganho reside em ter um algoritmo de at�e 1000 vezes mais r�apido,sem 
omprometer a qualidade dos resultados.
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ConclusionsThe aim of this thesis was to 
onsiderer alternative te
hniques for edge dete
tionin spe
kled imagery, having as starting point the results in Gambini et al. (2006,2008). The te
hniques here assessed do not try to eliminate spe
kle, but to extra
tinformation from its statisti
al properties. The model used to des
ribe these datais the G0

I distribution, whi
h, as shown by Mejail et al. (2001, 2003), 
an be used asan universal model.The methods under assessment aim at identifying edges between regions withdi�erent degrees of roughness, whi
h, in turn, is determined by α, the roughnessparameter of the G0
I(α, γ, n) distribution. Homogenous, e.g., pastures, heterogeneousregions, e.g., forests, and very heterogeneous regions, e.g., urban, targets are 
onsi-dered.We des
ribe a new edge dete
tor based on the T. Kruskal test whi
h provedto be an useful alternative to the approa
h of M. Gambini, whi
h is based on thelikelihood fun
tion of the data.In order to make a 
omparison of the �ve methods, a Monte Carlo experimentwas 
arried out, and two measures of quality were assessed: error in dete
ting anedge in a known position and exe
ution time. Several situations were 
onsidered,namely, when the areas on ea
h side of the edge have the same mean and the samenumber of looks di�ering only on the roughness.From the experimental results it was observed that theT. Kruskal andT. Mann-

Whitney dete
tors performed slightly better than M. Gambini. Compared withthe TPE, T. Variance dete
tors, T. Kruskal and T. Mann-Whitney performedmu
h better.All methods under study perform well when the edge separates areas with verydi�erent roughnesses. When the generated image represents homogenous zones, theper
entages of error of all methods are relatively high. Nevertheless, this problemis alleviated by the in
rease of the number of looks n, whi
h 
auses the dete
tion ofedges to be more a

urate.



CHAPTER 4. CONCLUSIONS 87The T. Mann-Whitney and T. Kruskal dete
tors display the best results, bothwith respe
t to error and exe
ution time. The latter is, in many 
ases, 1000 timessmaller than M. Gambini.The TPE method yields good results in the dete
tion of edges when αℓ di�ersfrom αr by at least three units.As a �nal 
on
lusion, regarding the error and the exe
ution time, we provide evi-den
e that the M. Gambini te
hnique 
an be su

essfully repla
ed by T. Kruskal.The latter 
an be up to 1000 times faster that the former.



Appendix A

Simulation results for n = 1

TABLE 1. Error rate and average execution time for αℓ = −3

M. Gambini TPE T. Kruskal T. Variance T. M-Whitney

αr Error Time Error Time Error Time Error Time Error Time

−20 0.00% 1.415 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−19 0.00% 1.401 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−18 0.00% 1.376 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−17 0.00% 1.362 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−16 0.00% 1.352 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−15 0.00% 1.338 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−14 0.00% 1.307 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−13 0.00% 1.287 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−12 0.00% 1.275 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−11 0.00% 1.257 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−10 0.00% 1.238 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−9 0.00% 1.221 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−8 0.00% 1.198 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−7 0.00% 1.189 0.10% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−6 0.00% 1.168 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−5 0.00% 1.158 0.40% 0.012 0.00% 0.002 0.60% 0.015 0.00% 0.003
−4 0.10% 1.140 15.40% 0.012 0.00% 0.002 16.90% 0.015 0.00% 0.003
−2 0.00% 1.101 2.80% 0.012 0.00% 0.002 9.30% 0.015 0.00% 0.003
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TABLE 2. Error rates and average execution time for αℓ = −4

M. Gambini TPE T. Kruskal T. Variance T. M-Whitney

αr Error Time Error Time Error Time Error Time Error Time

−20 0.00% 1.455 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−19 0.00% 1.423 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−18 0.00% 1.412 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−17 0.00% 1.379 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−16 0.00% 1.349 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−15 0.00% 1.357 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−14 0.00% 1.322 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−13 0.00% 1.313 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−12 0.00% 1.288 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−11 0.00% 1.277 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−10 0.00% 1.258 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−9 0.00% 1.246 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−8 0.00% 1.233 0.10% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−7 0.00% 1.222 0.80% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−6 0.00% 1.197 4.90% 0.012 0.10% 0.002 2.10% 0.015 0.10% 0.003
−5 0.70% 1.176 36.20% 0.012 1.90% 0.002 29.10% 0.015 1.90% 0.003
−3 0.00% 1.144 18.60% 0.012 0.10% 0.002 14.90% 0.015 0.10% 0.003
−2 0.00% 1.112 0.00% 0.012 0.00% 0.002 1.40% 0.015 0.00% 0.003

TABLE 3. Error rates and average execution time for αℓ = −6

M. Gambini TPE T. Kruskal T. Variance T. M-Whitney

αr Error Time Error Time Error Time Error Time Error Time

−20 0.00% 1.483 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−19 0.00% 1.467 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−18 0.00% 1.464 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−17 0.00% 1.448 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−16 0.00% 1.429 0.00% 0.012 0.00% 0.002 0.00% 0.014 0.00% 0.003
−15 0.00% 1.404 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−14 0.00% 1.402 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−13 0.00% 1.369 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−12 0.00% 1.360 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−11 0.00% 1.342 0.70% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−10 0.00% 1.318 1.40% 0.012 0.00% 0.002 0.10% 0.015 0.00% 0.003
−9 0.00% 1.316 4.60% 0.012 0.00% 0.002 1.50% 0.015 0.00% 0.003
−8 0.10% 1.293 18.90% 0.012 0.20% 0.002 12.50% 0.015 0.20% 0.003
−7 5.50% 1.309 64.00% 0.012 6.40% 0.002 51.10% 0.015 6.40% 0.003
−5 2.70% 1.238 51.10% 0.012 3.20% 0.002 39.80% 0.015 3.20% 0.003
−4 0.00% 1.194 6.60% 0.012 0.00% 0.002 1.30% 0.015 0.00% 0.003
−3 0.00% 1.172 0.20% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−2 0.00% 1.155 0.00% 0.012 0.00% 0.002 0.10% 0.015 0.00% 0.003
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TABLE 4. Error rates and average execution time for αℓ = −8

M. Gambini TPE T. Kruskal T. Variance T. M-Whitney

αr Error Time Error Time Error Time Error Time Error Time

−20 0.00% 1.513 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−19 0.00% 1.519 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−18 0.00% 1.502 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−17 0.00% 1.469 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−16 0.00% 1.449 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−15 0.00% 1.440 0.20% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−14 0.00% 1.414 0.50% 0.012 0.00% 0.002 0.00% 0.014 0.00% 0.003
−13 0.00% 1.419 2.70% 0.012 0.00% 0.002 0.20% 0.015 0.00% 0.003
−12 0.00% 1.396 6.50% 0.012 0.00% 0.002 1.20% 0.015 0.00% 0.003
−11 0.10% 1.385 14.20% 0.012 0.20% 0.002 6.20% 0.015 0.20% 0.003
−10 0.50% 1.406 33.80% 0.012 1.60% 0.002 26.50% 0.015 1.60% 0.003
−9 16.20% 1.389 81.00% 0.012 22.40% 0.002 64.50% 0.015 22.40% 0.003
−7 11.20% 1.353 73.30% 0.012 12.20% 0.002 61.30% 0.015 12.80% 0.003
−6 0.00% 1.292 21.60% 0.012 0.50% 0.002 11.40% 0.015 0.50% 0.003
−5 0.00% 1.242 3.80% 0.012 0.00% 0.002 0.60% 0.015 0.00% 0.003
−4 0.00% 1.214 0.10% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−3 0.00% 1.196 0.00% 0.012 0.00% 0.002 0.00% 0.014 0.00% 0.003
−2 0.00% 1.175 0.00% 0.012 0.00% 0.002 0.10% 0.015 0.00% 0.003

TABLE 5. Error rates and average execution time for αℓ = −10

M. Gambini TPE T. Kruskal T. Variance T. M-Whitney

αr Error Time Error Time Error Time Error Time Error Time

−20 0.00% 1.600 0.10% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−19 0.00% 1.561 0.50% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−18 0.00% 1.542 0.40% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−17 0.00% 1.526 0.80% 0.012 0.00% 0.002 0.10% 0.015 0.00% 0.003
−16 0.00% 1.520 2.70% 0.012 0.00% 0.002 0.20% 0.015 0.00% 0.003
−15 0.00% 1.512 6.90% 0.012 0.00% 0.002 2.00% 0.015 0.00% 0.003
−14 0.00% 1.501 14.10% 0.012 0.00% 0.002 5.20% 0.015 0.00% 0.003
−13 0.30% 1.524 28.30% 0.012 0.40% 0.002 15.00% 0.015 0.40% 0.003
−12 5.50% 1.641 53.80% 0.013 5.50% 0.002 41.90% 0.016 5.50% 0.003
−11 32.30% 1.491 87.90% 0.012 30.20% 0.002 71.30% 0.014 30.20% 0.003
−9 22.70% 1.431 85.50% 0.011 25.20% 0.002 69.60% 0.014 25.20% 0.003
−8 0.60% 1.390 38.70% 0.012 1.80% 0.002 27.00% 0.014 1.90% 0.003
−7 0.00% 1.332 13.10% 0.012 0.00% 0.002 3.40% 0.014 0.00% 0.003
−6 0.00% 1.304 2.80% 0.012 0.00% 0.002 0.10% 0.014 0.00% 0.003
−5 0.00% 1.264 0.20% 0.012 0.00% 0.002 0.00% 0.014 0.00% 0.003
−4 0.00% 1.242 0.00% 0.012 0.00% 0.002 0.00% 0.014 0.00% 0.002
−3 0.00% 1.217 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−2 0.00% 1.199 0.00% 0.012 0.00% 0.002 0.10% 0.014 0.00% 0.003
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TABLE 6. Error rates and average execution time for αℓ = −12

M. Gambini TPE T. Kruskal T. Variance T. M-Whitney

αr Error Time Error Time Error Time Error Time Error Time

−20 0.00% 1.646 1.10% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−19 0.00% 1.640 3.00% 0.012 0.00% 0.002 0.20% 0.015 0.00% 0.003
−18 0.00% 1.609 7.10% 0.012 0.00% 0.002 0.60% 0.015 0.00% 0.003
−17 0.00% 1.612 13.50% 0.012 0.20% 0.002 4.40% 0.015 0.20% 0.003
−16 0.00% 1.634 23.50% 0.012 0.40% 0.002 12.50% 0.015 0.40% 0.003
−15 0.80% 1.608 39.00% 0.012 1.60% 0.002 27.70% 0.015 1.60% 0.003
−14 6.90% 1.598 67.70% 0.012 11.30% 0.002 48.30% 0.015 11.30% 0.003
−13 40.30% 1.622 92.50% 0.012 45.90% 0.002 75.90% 0.015 45.40% 0.003
−11 38.30% 1.544 90.60% 0.012 40.70% 0.002 76.00% 0.015 41.20% 0.003
−10 3.20% 1.512 53.90% 0.012 5.80% 0.002 45.10% 0.015 5.80% 0.003
−9 0.00% 1.469 23.90% 0.012 0.20% 0.002 11.80% 0.015 0.20% 0.003
−8 0.00% 1.399 9.00% 0.012 0.00% 0.002 1.30% 0.014 0.00% 0.003
−7 0.00% 1.387 2.10% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−6 0.00% 1.343 0.20% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−5 0.00% 1.315 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−4 0.00% 1.281 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−3 0.00% 1.277 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−2 0.00% 1.252 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003

TABLE 7. Error rates and average execution time for αℓ = −14

M. Gambini TPE T. Kruskal T. Variance T. M-Whitney

αr Error Time Error Time Error Time Error Time Error Time

−20 0.00% 1.726 11.00% 0.012 0.00% 0.002 3.40% 0.015 0.00% 0.003
−19 0.00% 1.747 17.30% 0.012 0.40% 0.002 7.20% 0.015 0.40% 0.003
−18 0.30% 1.699 32.70% 0.012 0.70% 0.002 17.50% 0.015 0.70% 0.003
−17 2.50% 1.721 52.50% 0.012 4.80% 0.002 35.60% 0.015 4.80% 0.003
−16 12.10% 1.734 72.60% 0.012 17.90% 0.002 57.70% 0.015 17.90% 0.003
−15 50.20% 1.774 94.90% 0.012 52.90% 0.002 78.60% 0.015 54.10% 0.003
−13 46.10% 1.719 95.60% 0.013 51.20% 0.002 76.60% 0.015 51.30% 0.003
−12 5.80% 1.613 67.40% 0.012 6.40% 0.002 52.40% 0.015 6.40% 0.003
−11 0.70% 1.574 34.00% 0.012 1.10% 0.002 21.80% 0.015 1.10% 0.003
−10 0.00% 1.512 15.30% 0.012 0.10% 0.002 3.50% 0.015 0.10% 0.003
−9 0.00% 1.479 5.70% 0.012 0.00% 0.002 0.70% 0.015 0.00% 0.003
−8 0.00% 1.443 1.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−7 0.00% 1.417 0.30% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−6 0.00% 1.387 0.10% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−5 0.00% 1.345 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−4 0.00% 1.340 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−3 0.00% 1.315 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−2 0.00% 1.302 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
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TABLE 8. Error rates and average execution time for αℓ = −16

M. Gambini TPE T. Kruskal T. Variance T. M-Whitney

αr Error Time Error Time Error Time Error Time Error Time

−20 0.80% 1.811 37.50% 0.012 1.30% 0.002 27.90% 0.015 1.30% 0.003
−19 4.60% 1.867 59.60% 0.012 8.10% 0.002 44.60% 0.015 8.10% 0.003
−18 18.00% 1.844 81.80% 0.012 20.80% 0.003 66.40% 0.015 20.80% 0.003
−17 57.30% 1.861 97.00% 0.012 59.60% 0.002 80.60% 0.015 59.70% 0.003
−15 55.30% 1.819 96.50% 0.012 57.40% 0.002 78.40% 0.015 57.60% 0.003
−14 11.90% 1.742 74.30% 0.012 12.60% 0.002 59.00% 0.015 12.50% 0.003
−13 1.40% 1.656 43.30% 0.012 2.20% 0.002 33.60% 0.015 2.20% 0.003
−12 0.10% 1.635 24.30% 0.012 0.20% 0.002 10.20% 0.015 0.20% 0.003
−11 0.00% 1.589 12.10% 0.012 0.00% 0.002 1.70% 0.015 0.00% 0.003
−10 0.00% 1.544 3.60% 0.012 0.00% 0.002 0.30% 0.015 0.00% 0.003
−9 0.00% 1.513 1.60% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−8 0.00% 1.493 0.30% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−7 0.00% 1.457 0.10% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−6 0.00% 1.429 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−5 0.00% 1.406 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−4 0.00% 1.359 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−3 0.00% 1.352 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−2 0.00% 1.350 0.00% 0.012 0.00% 0.002 0.10% 0.015 0.00% 0.003

TABLE 9. Error rates and average execution time for αℓ = −18

M. Gambini TPE T. Kruskal T. Variance T. M-Whitney

αr Error Time Error Time Error Time Error Time Error Time

−20 23.80% 1.995 84.40% 0.012 24.20% 0.002 67.50% 0.015 24.20% 0.003
−19 64.40% 2.013 97.50% 0.012 65.00% 0.002 79.40% 0.015 64.90% 0.003
−17 62.70% 1.893 98.00% 0.012 63.60% 0.002 79.60% 0.015 63.80% 0.003
−16 19.70% 1.853 83.50% 0.012 21.40% 0.002 62.10% 0.015 21.40% 0.003
−15 2.60% 1.777 56.30% 0.012 4.00% 0.002 39.40% 0.015 4.10% 0.003
−14 0.30% 1.746 33.30% 0.012 0.90% 0.002 18.80% 0.015 0.90% 0.003
−13 0.00% 1.669 17.50% 0.012 0.00% 0.002 4.10% 0.015 0.00% 0.003
−12 0.00% 1.638 7.00% 0.012 0.00% 0.002 1.00% 0.015 0.00% 0.003
−11 0.00% 1.600 2.70% 0.012 0.00% 0.002 0.20% 0.015 0.00% 0.003
−10 0.00% 1.564 0.40% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−9 0.00% 1.538 0.50% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−8 0.00% 1.508 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−7 0.00% 1.495 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−6 0.00% 1.461 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−5 0.00% 1.436 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−4 0.00% 1.406 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−3 0.00% 1.404 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−2 0.00% 1.387 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
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TABLE 10. Error rates and average execution time for αℓ = −20

M. Gambini TPE T. Kruskal T. Variance T. M-Whitney

αr Error Time Error Time Error Time Error Time Error Time

−19 65.40% 2.067 98.20% 0.012 68.60% 0.002 81.50% 0.015 69.50% 0.003
−18 25.70% 1.964 86.70% 0.012 28.80% 0.002 68.30% 0.015 29.10% 0.003
−17 6.10% 1.883 63.20% 0.012 8.30% 0.002 48.00% 0.015 8.10% 0.003
−16 1.50% 1.837 42.80% 0.012 2.70% 0.002 27.80% 0.015 2.70% 0.003
−15 0.20% 1.769 21.70% 0.012 0.80% 0.002 12.30% 0.015 0.80% 0.003
−14 0.00% 1.773 12.50% 0.013 0.00% 0.002 2.90% 0.015 0.00% 0.003
−13 0.00% 1.731 5.60% 0.013 0.00% 0.002 1.20% 0.015 0.00% 0.003
−12 0.00% 1.725 3.80% 0.013 0.00% 0.002 0.00% 0.015 0.00% 0.003
−11 0.00% 1.649 1.40% 0.013 0.00% 0.002 0.00% 0.015 0.00% 0.003
−10 0.00% 1.595 0.10% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−9 0.00% 1.563 0.00% 0.013 0.00% 0.002 0.00% 0.015 0.00% 0.003
−8 0.00% 1.528 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−7 0.00% 1.503 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−6 0.00% 1.492 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−5 0.00% 1.473 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−4 0.00% 1.452 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−3 0.00% 1.444 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−2 0.00% 1.406 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003



Appendix B

Simulation results for n = 3

TABLE 11. Error rates and average execution time for αℓ = −3

M. Gambini TPE T. Kruskal T. Variance T. M-Whitney

αr Error Time Error Time Error Time Error Time Error Time

−20 0.00% 1.252 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−19 0.00% 1.216 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−18 0.00% 1.205 0.00% 0.012 0.00% 0.002 0.00% 0.014 0.00% 0.003
−17 0.00% 1.355 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−16 0.00% 1.144 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−15 0.00% 1.136 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−14 0.00% 1.132 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−13 0.00% 1.141 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−12 0.00% 1.151 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−11 0.00% 1.137 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−10 0.00% 1.127 0.00% 0.012 0.00% 0.002 0.00% 0.014 0.00% 0.003
−9 0.00% 1.127 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−8 0.00% 1.149 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−7 0.00% 1.142 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−6 0.00% 1.127 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−5 0.00% 1.137 0.00% 0.012 0.00% 0.002 0.30% 0.015 0.00% 0.003
−4 0.00% 1.117 0.00% 0.012 0.00% 0.002 3.40% 0.015 0.00% 0.003
−2 0.00% 1.090 0.00% 0.012 0.00% 0.002 5.90% 0.015 0.00% 0.003
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TABLE 12. Error rates and average execution time for αℓ = −4

M. Gambini TPE T. Kruskal T. Variance T. M-Whitney

αr Error Time Error Time Error Time Error Time Error Time

−20 0.00% 1.272 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−19 0.00% 1.171 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−18 0.00% 1.188 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−17 0.00% 1.178 0.00% 0.012 0.00% 0.002 0.00% 0.014 0.00% 0.003
−16 0.00% 1.250 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−15 0.00% 1.256 0.00% 0.012 0.00% 0.002 0.00% 0.014 0.00% 0.003
−14 0.00% 1.445 0.00% 0.012 0.00% 0.002 0.00% 0.014 0.00% 0.003
−13 0.00% 1.164 0.00% 0.012 0.00% 0.002 0.00% 0.014 0.00% 0.003
−12 0.00% 1.149 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−11 0.00% 1.132 0.00% 0.012 0.00% 0.002 0.00% 0.014 0.00% 0.003
−10 0.00% 1.127 0.00% 0.012 0.00% 0.002 0.00% 0.014 0.00% 0.003
−9 0.00% 1.136 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−8 0.00% 1.152 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−7 0.00% 1.164 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−6 0.00% 1.145 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−5 0.00% 1.133 0.50% 0.012 0.00% 0.002 13.40% 0.015 0.00% 0.003
−3 0.00% 1.112 4.00% 0.012 0.00% 0.002 7.50% 0.015 0.00% 0.003
−2 0.00% 1.082 0.00% 0.012 0.00% 0.002 1.00% 0.015 0.00% 0.003

TABLE 13. Error rates and average execution time for αℓ = −6

M. Gambini TPE T. Kruskal T. Variance T. M-Whitney

αr Error Time Error Time Error Time Error Time Error Time

−20 0.00% 1.306 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−19 0.00% 1.211 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−18 0.00% 1.180 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−17 0.00% 1.375 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−16 0.00% 1.231 0.00% 0.013 0.00% 0.002 0.00% 0.015 0.00% 0.003
−15 0.00% 1.175 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−14 0.00% 1.207 0.00% 0.012 0.00% 0.002 0.00% 0.014 0.00% 0.003
−13 0.00% 1.263 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−12 0.00% 1.235 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−11 0.00% 1.185 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−10 0.00% 1.179 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−9 0.00% 1.228 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−8 0.00% 1.218 0.00% 0.012 0.00% 0.002 0.10% 0.015 0.00% 0.003
−7 0.10% 1.276 9.30% 0.012 0.00% 0.002 44.80% 0.015 0.00% 0.003
−5 0.00% 1.170 0.10% 0.012 0.00% 0.002 49.20% 0.015 0.10% 0.003
−4 0.00% 1.166 0.10% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−3 0.00% 1.141 0.00% 0.012 0.00% 0.002 0.10% 0.015 0.00% 0.003
−2 0.00% 1.124 0.00% 0.012 0.00% 0.002 0.10% 0.015 0.00% 0.003
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TABLE 14. Error rates and average execution time for αℓ = −8

M. Gambini TPE T. Kruskal T. Variance T. M-Whitney

αr Error Time Error Time Error Time Error Time Error Time

−20 0.00% 1.351 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−19 0.00% 1.186 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−18 0.00% 1.229 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−17 0.00% 1.277 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−16 0.00% 1.268 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−15 0.00% 1.506 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−14 0.00% 1.231 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−13 0.00% 1.196 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−12 0.00% 1.232 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−11 0.00% 1.262 0.00% 0.012 0.00% 0.002 0.40% 0.015 0.00% 0.003
−10 0.00% 1.252 0.00% 0.012 0.00% 0.002 20.90% 0.015 0.00% 0.003
−9 0.00% 1.279 57.90% 0.012 0.00% 0.002 32.20% 0.015 0.00% 0.003
−7 0.00% 1.269 11.90% 0.012 0.00% 0.002 48.80% 0.015 0.00% 0.003
−6 0.00% 1.237 0.00% 0.012 0.00% 0.002 3.00% 0.015 0.00% 0.003
−5 0.00% 1.172 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−4 0.00% 1.141 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−3 0.00% 1.136 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−2 0.00% 1.157 0.00% 0.012 0.00% 0.002 0.20% 0.015 0.00% 0.003

TABLE 15. Error rates and average execution time for αℓ = −10

M. Gambini TPE T. Kruskal T. Variance T. M-Whitney

αr Error Time Error Time Error Time Error Time Error Time

−20 0.00% 1.369 0.00% 0.013 0.00% 0.002 0.00% 0.015 0.00% 0.003
−19 0.00% 1.337 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−18 0.00% 1.277 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−17 0.00% 1.348 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−16 0.00% 1.280 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−15 0.00% 1.298 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−14 0.00% 1.273 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−13 0.00% 1.349 19.90% 0.012 0.00% 0.002 5.00% 0.015 0.00% 0.003
−12 0.00% 1.297 0.50% 0.012 0.00% 0.002 56.20% 0.015 0.00% 0.003
−11 0.10% 1.278 87.80% 0.012 0.00% 0.002 33.10% 0.015 0.00% 0.003
−9 1.20% 1.312 3.80% 0.012 0.40% 0.002 74.50% 0.015 0.40% 0.003
−8 0.00% 1.296 47.30% 0.012 0.00% 0.002 6.10% 0.015 0.00% 0.003
−7 0.00% 1.235 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−6 0.00% 1.169 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−5 0.00% 1.164 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−4 0.00% 1.183 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−3 0.00% 1.146 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−2 0.00% 1.123 0.00% 0.012 0.00% 0.002 0.20% 0.015 0.00% 0.003
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TABLE 16. Error rates and average execution time for αℓ = −12

M. Gambini TPE T. Kruskal T. Variance T. M-Whitney

αr Error Time Error Time Error Time Error Time Error Time

−20 0.00% 1.555 0.00% 0.006 0.00% 0.001 0.00% 0.007 0.00% 0.002
−19 0.00% 1.963 0.00% 0.006 0.00% 0.001 0.00% 0.007 0.00% 0.002
−18 0.00% 1.509 0.00% 0.006 0.00% 0.002 0.00% 0.008 0.00% 0.002
−17 0.00% 1.598 0.00% 0.007 0.00% 0.002 0.00% 0.009 0.00% 0.003
−16 0.00% 1.639 0.00% 0.008 0.00% 0.002 0.00% 0.009 0.00% 0.003
−15 0.00% 1.636 2.00% 0.007 0.00% 0.002 21.50% 0.008 0.00% 0.002
−14 0.40% 1.452 1.50% 0.007 0.10% 0.002 22.50% 0.009 0.10% 0.002
−13 14.90% 1.430 49.50% 0.007 31.50% 0.002 50.30% 0.008 31.60% 0.002
−11 26.40% 1.491 41.70% 0.007 24.50% 0.002 88.80% 0.008 25.20% 0.002
−10 0.00% 1.417 71.20% 0.006 0.00% 0.002 16.40% 0.008 0.00% 0.002
−9 0.00% 1.448 0.00% 0.006 0.00% 0.001 0.00% 0.008 0.00% 0.002
−8 0.00% 1.405 0.00% 0.007 0.00% 0.002 0.10% 0.009 0.00% 0.002
−7 0.00% 1.315 0.00% 0.007 0.00% 0.002 0.00% 0.008 0.00% 0.002
−6 0.00% 1.098 0.00% 0.005 0.00% 0.002 0.00% 0.007 0.00% 0.002
−5 0.00% 1.038 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
−4 0.00% 1.074 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
−3 0.00% 0.982 0.00% 0.005 0.00% 0.002 0.00% 0.006 0.00% 0.002
−2 0.00% 0.938 0.00% 0.006 0.00% 0.001 0.10% 0.006 0.00% 0.002

TABLE 17. Error rates and average execution time for αℓ = −14

M. Gambini TPE T. Kruskal T. Variance T. M-Whitney

αr Error Time Error Time Error Time Error Time Error Time

−20 0.00% 1.738 0.00% 0.006 0.00% 0.002 0.50% 0.007 0.00% 0.002
−19 0.00% 1.644 0.00% 0.007 0.00% 0.002 0.00% 0.008 0.00% 0.003
−18 0.00% 1.784 1.20% 0.007 0.00% 0.002 2.30% 0.008 0.00% 0.002
−17 0.00% 1.494 0.00% 0.007 0.00% 0.002 0.60% 0.008 0.00% 0.002
−16 0.50% 1.604 37.20% 0.006 1.30% 0.002 11.20% 0.008 1.30% 0.002
−15 0.00% 1.607 56.90% 0.006 0.00% 0.002 85.40% 0.008 0.00% 0.002
−13 0.70% 1.607 35.80% 0.007 0.00% 0.002 88.60% 0.008 0.00% 0.002
−12 0.00% 1.547 4.20% 0.007 0.00% 0.002 43.10% 0.008 0.00% 0.002
−11 0.00% 1.506 0.40% 0.007 0.00% 0.002 1.30% 0.008 0.00% 0.002
−10 0.00% 1.354 0.00% 0.007 0.00% 0.002 0.10% 0.008 0.00% 0.002
−9 0.00% 1.324 0.00% 0.007 0.00% 0.002 0.00% 0.008 0.00% 0.002
−8 0.00% 1.141 0.00% 0.006 0.00% 0.002 0.00% 0.007 0.00% 0.002
−7 0.00% 1.190 0.00% 0.006 0.00% 0.002 0.00% 0.008 0.00% 0.002
−6 0.00% 1.302 0.00% 0.006 0.00% 0.002 0.00% 0.007 0.00% 0.002
−5 0.00% 1.124 0.00% 0.006 0.00% 0.001 0.00% 0.007 0.00% 0.002
−4 0.00% 1.540 0.00% 0.006 0.00% 0.002 0.00% 0.007 0.00% 0.002
−3 0.00% 1.119 0.00% 0.006 0.00% 0.002 0.00% 0.007 0.00% 0.002
−2 0.00% 1.140 0.00% 0.006 0.00% 0.001 0.00% 0.007 0.00% 0.002
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TABLE 18. Error rates and average execution time for αℓ = −16

M. Gambini TPE T. Kruskal T. Variance T. M-Whitney

αr Error Time Error Time Error Time Error Time Error Time

−20 0.00% 1.586 0.00% 0.012 0.00% 0.002 28.10% 0.015 0.00% 0.003
−19 0.00% 1.264 0.60% 0.012 0.00% 0.002 7.80% 0.015 0.00% 0.003
−18 0.00% 1.419 50.30% 0.012 0.00% 0.002 51.60% 0.015 0.00% 0.003
−17 0.00% 1.366 26.80% 0.012 0.00% 0.002 17.30% 0.015 0.00% 0.003
−15 41.30% 1.413 100.00% 0.012 43.70% 0.002 84.70% 0.015 43.60% 0.003
−14 0.00% 1.456 6.20% 0.012 1.50% 0.002 30.40% 0.015 1.60% 0.003
−13 0.00% 1.418 0.00% 0.012 0.00% 0.002 12.20% 0.015 0.00% 0.003
−12 0.00% 1.369 0.00% 0.013 0.00% 0.002 0.60% 0.015 0.00% 0.003
−11 0.00% 1.395 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−10 0.00% 1.266 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−9 0.00% 1.252 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−8 0.00% 1.238 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−7 0.00% 1.334 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−6 0.00% 1.255 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−5 0.00% 1.229 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−4 0.00% 1.248 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−3 0.00% 1.144 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003
−2 0.00% 1.230 0.00% 0.012 0.00% 0.002 0.00% 0.015 0.00% 0.003

TABLE 19. Error rates and average execution time for αℓ = −18

M. Gambini TPE T. Kruskal T. Variance T. M-Whitney

αr Error Time Error Time Error Time Error Time Error Time

−20 0.30% 1.866 7.50% 0.005 0.50% 0.001 76.80% 0.006 0.50% 0.002
−19 15.70% 1.417 33.30% 0.005 13.10% 0.001 83.20% 0.006 13.10% 0.002
−17 31.30% 1.324 99.50% 0.006 11.20% 0.001 87.00% 0.006 11.20% 0.002
−16 0.00% 1.278 2.90% 0.005 0.00% 0.002 20.00% 0.006 0.00% 0.002
−15 0.00% 1.206 0.00% 0.005 0.00% 0.001 13.30% 0.006 0.00% 0.002
−14 0.00% 1.351 6.10% 0.005 0.00% 0.002 17.20% 0.007 0.00% 0.002
−13 0.00% 1.182 0.00% 0.006 0.00% 0.001 0.00% 0.006 0.00% 0.002
−12 0.00% 1.097 0.00% 0.006 0.00% 0.001 0.00% 0.006 0.00% 0.002
−11 0.00% 1.303 0.00% 0.005 0.00% 0.001 0.00% 0.007 0.00% 0.002
−10 0.00% 1.264 0.00% 0.005 0.00% 0.001 0.00% 0.007 0.00% 0.002
−9 0.00% 1.133 0.00% 0.005 0.00% 0.001 0.00% 0.007 0.00% 0.002
−8 0.00% 1.046 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
−7 0.00% 1.378 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
−6 0.00% 1.097 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
−5 0.00% 1.062 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
−4 0.00% 1.056 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
−3 0.00% 1.055 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
−2 0.00% 1.021 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
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TABLE 20. Error rates and average execution time for αℓ = −20

M. Gambini TPE T. Kruskal T. Variance T. M-Whitney

αr Error Time Error Time Error Time Error Time Error Time

−19 87.40% 2.411 100.00% 0.007 89.30% 0.002 77.70% 0.008 89.90% 0.002
−18 1.00% 2.052 45.80% 0.006 0.00% 0.002 19.70% 0.007 0.50% 0.002
−17 3.60% 1.636 10.50% 0.006 3.30% 0.001 48.60% 0.007 3.30% 0.002
−16 0.00% 1.387 0.00% 0.006 0.00% 0.001 2.20% 0.007 0.00% 0.002
−15 0.00% 1.474 0.00% 0.006 0.00% 0.001 1.60% 0.007 0.00% 0.002
−14 0.00% 1.253 0.00% 0.006 0.00% 0.002 0.00% 0.007 0.00% 0.002
−13 0.00% 1.693 0.00% 0.006 0.00% 0.001 0.00% 0.007 0.00% 0.002
−12 0.00% 1.645 0.00% 0.006 0.00% 0.002 0.00% 0.007 0.00% 0.002
−11 0.00% 1.248 0.00% 0.006 0.00% 0.001 0.00% 0.006 0.00% 0.002
−10 0.00% 1.264 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
−9 0.00% 1.092 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
−8 0.00% 1.153 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
−7 0.00% 1.281 0.00% 0.005 0.00% 0.001 0.00% 0.007 0.00% 0.002
−6 0.00% 1.056 0.00% 0.006 0.00% 0.001 0.00% 0.006 0.00% 0.002
−5 0.00% 1.081 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
−4 0.00% 1.140 0.00% 0.006 0.00% 0.001 0.00% 0.006 0.00% 0.002
−3 0.00% 1.177 0.00% 0.006 0.00% 0.002 0.00% 0.007 0.00% 0.002
−2 0.00% 1.587 0.00% 0.007 0.00% 0.002 0.00% 0.008 0.00% 0.002



Appendix C

Simulation results for n = 8

TABLE 21. Error rates and average execution time for αℓ = −3

M. Gambini TPE T. Kruskal T. Variance T. M-Whitney

αr Error Time Error Time Error Time Error Time Error Time

−20 0.00% 1.255 0.00% 0.007 0.00% 0.002 0.00% 0.009 0.00% 0.003
−19 0.00% 1.110 0.00% 0.006 0.00% 0.002 0.00% 0.007 0.00% 0.002
−18 0.00% 1.082 0.00% 0.006 0.00% 0.002 0.00% 0.007 0.00% 0.002
−17 0.00% 1.121 0.00% 0.006 0.00% 0.001 0.00% 0.007 0.00% 0.002
−16 0.00% 1.111 0.00% 0.006 0.00% 0.001 0.00% 0.007 0.00% 0.002
−15 0.00% 1.116 0.00% 0.006 0.00% 0.002 0.00% 0.007 0.00% 0.002
−14 0.00% 1.052 0.00% 0.006 0.00% 0.001 0.00% 0.007 0.00% 0.002
−13 0.00% 1.032 0.00% 0.005 0.00% 0.002 0.00% 0.007 0.00% 0.002
−12 0.00% 1.038 0.00% 0.005 0.00% 0.002 0.00% 0.007 0.00% 0.002
−11 0.00% 0.991 0.00% 0.006 0.00% 0.001 0.10% 0.007 0.00% 0.002
−10 0.00% 1.000 0.00% 0.006 0.00% 0.001 0.00% 0.006 0.00% 0.002
−9 0.00% 1.011 0.00% 0.006 0.00% 0.001 0.00% 0.006 0.00% 0.002
−8 0.00% 1.065 0.00% 0.006 0.00% 0.001 0.00% 0.007 0.00% 0.002
−7 0.00% 1.008 0.00% 0.006 0.00% 0.001 0.00% 0.006 0.00% 0.002
−6 0.00% 1.030 0.00% 0.006 0.00% 0.002 0.00% 0.007 0.00% 0.002
−5 0.00% 1.010 0.00% 0.006 0.00% 0.002 0.10% 0.007 0.00% 0.002
−4 0.00% 0.949 0.10% 0.005 0.00% 0.001 3.60% 0.006 0.00% 0.002
−2 0.00% 0.953 0.00% 0.005 0.00% 0.001 6.20% 0.006 0.00% 0.002

100
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TABLE 22. Error rates and average execution time for αℓ = −4

M. Gambini TPE T. Kruskal T. Variance T. M-Whitney

αr Error Time Error Time Error Time Error Time Error Time

−20 0.00% 0.983 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
−19 0.00% 1.125 0.00% 0.006 0.00% 0.001 0.00% 0.007 0.00% 0.002
−18 0.00% 0.988 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
−17 0.00% 1.035 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
−16 0.00% 0.978 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
−15 0.00% 1.002 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
−14 0.00% 0.974 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
−13 0.00% 0.984 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
−12 0.00% 0.975 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
−11 0.00% 0.989 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
−10 0.00% 0.958 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
−9 0.00% 0.975 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
−8 0.00% 0.965 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
−7 0.00% 0.974 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
−6 0.00% 0.970 0.00% 0.005 0.00% 0.001 0.10% 0.006 0.00% 0.002
−5 0.00% 0.959 3.10% 0.005 0.00% 0.001 6.50% 0.006 0.00% 0.002
−3 0.00% 0.937 1.20% 0.005 0.00% 0.001 4.20% 0.006 0.00% 0.002
−2 0.00% 0.914 0.00% 0.005 0.00% 0.001 0.50% 0.006 0.00% 0.002

TABLE 23. Error rates and average execution time for αℓ = −6

M. Gambini TPE T. Kruskal T. Variance T. M-Whitney

αr Error Time Error Time Error Time Error Time Error Time

−20 0.00% 1.105 0.00% 0.006 0.00% 0.001 0.00% 0.007 0.00% 0.002
−19 0.00% 1.303 0.00% 0.007 0.00% 0.002 0.00% 0.008 0.00% 0.002
−18 0.00% 1.364 0.00% 0.007 0.00% 0.002 0.00% 0.009 0.00% 0.002
−17 0.00% 1.282 0.00% 0.006 0.00% 0.002 0.00% 0.008 0.00% 0.002
−16 0.00% 1.160 0.00% 0.006 0.00% 0.002 0.00% 0.007 0.00% 0.002
−15 0.00% 1.257 0.00% 0.006 0.00% 0.002 0.00% 0.008 0.00% 0.002
−14 0.00% 1.224 0.00% 0.006 0.00% 0.002 0.00% 0.008 0.00% 0.002
−13 0.00% 1.186 0.00% 0.006 0.00% 0.001 0.00% 0.007 0.00% 0.002
−12 0.00% 1.246 0.00% 0.006 0.00% 0.002 0.00% 0.008 0.00% 0.002
−11 0.00% 1.180 0.00% 0.006 0.00% 0.002 0.00% 0.007 0.00% 0.002
−10 0.00% 1.132 0.00% 0.006 0.00% 0.001 0.00% 0.007 0.00% 0.002
−9 0.00% 1.220 0.00% 0.006 0.00% 0.002 0.00% 0.008 0.00% 0.002
−8 0.00% 1.176 0.00% 0.006 0.00% 0.002 0.40% 0.008 0.00% 0.002
−7 0.00% 1.244 12.30% 0.006 0.00% 0.001 46.50% 0.007 0.00% 0.002
−5 0.00% 1.131 4.90% 0.006 0.00% 0.002 14.40% 0.007 0.00% 0.002
−4 0.00% 1.153 0.00% 0.006 0.00% 0.002 0.00% 0.008 0.00% 0.002
−3 0.00% 1.179 0.00% 0.006 0.00% 0.002 0.10% 0.008 0.00% 0.002
−2 0.00% 1.113 0.00% 0.006 0.00% 0.001 0.30% 0.008 0.00% 0.002
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TABLE 24. Error rates and average execution time for αℓ = −8

M. Gambini TPE T. Kruskal T. Variance T. M-Whitney

αr Error Time Error Time Error Time Error Time Error Time

−20 0.00% 1.145 0.00% 0.006 0.00% 0.001 0.00% 0.007 0.00% 0.002
−19 0.00% 1.106 0.00% 0.006 0.00% 0.001 0.00% 0.007 0.00% 0.002
−18 0.00% 1.485 0.00% 0.008 0.00% 0.002 0.00% 0.010 0.00% 0.003
−17 0.00% 1.415 0.00% 0.008 0.00% 0.002 0.00% 0.009 0.00% 0.002
−16 0.00% 1.215 0.00% 0.006 0.00% 0.002 0.00% 0.007 0.00% 0.002
−15 0.00% 1.193 0.00% 0.006 0.00% 0.001 0.00% 0.007 0.00% 0.002
−14 0.00% 1.279 0.00% 0.006 0.00% 0.002 0.00% 0.008 0.00% 0.002
−13 0.00% 1.212 0.00% 0.006 0.00% 0.002 0.00% 0.007 0.00% 0.002
−12 0.00% 1.211 0.00% 0.006 0.00% 0.002 0.10% 0.008 0.00% 0.002
−11 0.00% 1.207 0.00% 0.006 0.00% 0.002 0.70% 0.007 0.00% 0.002
−10 0.00% 1.121 0.00% 0.006 0.00% 0.001 4.40% 0.007 0.00% 0.002
−9 0.00% 1.091 10.30% 0.005 0.00% 0.001 41.50% 0.006 0.00% 0.002
−7 0.20% 1.160 66.50% 0.006 0.00% 0.001 58.00% 0.007 0.10% 0.002
−6 0.00% 1.084 0.00% 0.006 0.00% 0.001 1.20% 0.007 0.00% 0.002
−5 0.00% 1.026 0.00% 0.005 0.00% 0.002 0.00% 0.007 0.00% 0.002
−4 0.00% 1.130 0.00% 0.007 0.00% 0.002 0.00% 0.007 0.00% 0.002
−3 0.00% 0.998 0.00% 0.006 0.00% 0.001 0.00% 0.007 0.00% 0.002
−2 0.00% 1.098 0.00% 0.006 0.00% 0.002 0.10% 0.008 0.00% 0.002

TABLE 25. Error rates and average execution time for αℓ = −10

M. Gambini TPE T. Kruskal T. Variance T. M-Whitney

αr Error Time Error Time Error Time Error Time Error Time

−20 0.00% 1.159 0.00% 0.006 0.00% 0.002 0.00% 0.007 0.00% 0.002
−19 0.00% 1.251 0.00% 0.007 0.00% 0.002 0.00% 0.007 0.00% 0.002
−18 0.00% 1.279 0.00% 0.006 0.00% 0.002 0.00% 0.007 0.00% 0.002
−17 0.00% 1.124 0.00% 0.006 0.00% 0.001 0.00% 0.006 0.00% 0.002
−16 0.00% 1.074 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
−15 0.00% 1.067 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
−14 0.00% 1.079 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
−13 0.00% 1.113 0.00% 0.005 0.00% 0.001 0.80% 0.006 0.00% 0.002
−12 0.00% 1.093 0.00% 0.005 0.00% 0.001 11.50% 0.006 0.00% 0.002
−11 0.00% 1.079 31.80% 0.005 0.00% 0.001 63.90% 0.006 0.00% 0.002
−9 0.00% 1.103 8.20% 0.005 0.00% 0.001 46.50% 0.006 0.00% 0.002
−8 0.00% 1.067 0.10% 0.005 0.00% 0.001 2.30% 0.006 0.00% 0.002
−7 0.00% 1.035 0.00% 0.005 0.00% 0.002 0.00% 0.006 0.00% 0.002
−6 0.00% 1.008 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
−5 0.00% 0.987 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
−4 0.00% 0.967 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
−3 0.00% 0.955 0.00% 0.005 0.00% 0.002 0.00% 0.006 0.00% 0.002
−2 0.00% 0.938 0.00% 0.005 0.00% 0.001 0.10% 0.006 0.00% 0.002
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TABLE 26. Error rates and average execution time for αℓ = −12

M. Gambini TPE T. Kruskal T. Variance T. M-Whitney

αr Error Time Error Time Error Time Error Time Error Time

−20 0.00% 1.129 0.00% 0.006 0.00% 0.001 0.00% 0.006 0.00% 0.002
−19 0.00% 1.159 0.00% 0.006 0.00% 0.002 0.00% 0.007 0.00% 0.002
−18 0.00% 1.243 0.00% 0.006 0.00% 0.002 0.10% 0.007 0.00% 0.002
−17 0.00% 1.344 0.00% 0.006 0.00% 0.002 0.00% 0.008 0.00% 0.002
−16 0.00% 1.376 0.00% 0.006 0.00% 0.002 0.20% 0.008 0.00% 0.002
−15 0.00% 1.301 0.00% 0.006 0.00% 0.002 0.50% 0.008 0.00% 0.002
−14 0.00% 1.318 0.00% 0.006 0.00% 0.001 35.50% 0.008 0.00% 0.002
−13 0.30% 1.303 37.30% 0.006 0.40% 0.001 47.10% 0.007 0.40% 0.002
−11 1.20% 1.326 11.70% 0.007 1.30% 0.002 67.90% 0.008 1.30% 0.002
−10 0.00% 1.254 17.70% 0.006 0.00% 0.002 5.90% 0.007 0.00% 0.002
−9 0.00% 1.214 0.00% 0.006 0.00% 0.002 0.60% 0.007 0.00% 0.002
−8 0.00% 1.161 0.00% 0.006 0.00% 0.001 0.00% 0.007 0.00% 0.002
−7 0.00% 1.242 0.00% 0.006 0.00% 0.002 0.00% 0.008 0.00% 0.002
−6 0.00% 1.262 0.00% 0.007 0.00% 0.001 0.00% 0.008 0.00% 0.002
−5 0.00% 1.310 0.00% 0.008 0.00% 0.002 0.00% 0.010 0.00% 0.003
−4 0.00% 1.388 0.00% 0.008 0.00% 0.002 0.00% 0.011 0.00% 0.003
−3 0.00% 1.324 0.00% 0.008 0.00% 0.002 0.00% 0.010 0.00% 0.003
−2 0.00% 1.253 0.00% 0.007 0.00% 0.002 0.00% 0.009 0.00% 0.002

TABLE 27. Error rates and average execution time for αℓ = −14

M. Gambini TPE T. Kruskal T. Variance T. M-Whitney

αr Error Time Error Time Error Time Error Time Error Time

−20 0.00% 1.250 0.00% 0.006 0.00% 0.001 0.00% 0.007 0.00% 0.002
−19 0.00% 1.631 0.00% 0.008 0.00% 0.002 0.40% 0.010 0.00% 0.003
−18 0.00% 1.390 0.00% 0.007 0.00% 0.002 0.90% 0.008 0.00% 0.002
−17 0.00% 1.385 0.50% 0.007 0.00% 0.002 5.40% 0.008 0.00% 0.002
−16 0.00% 1.392 7.90% 0.007 0.10% 0.002 63.50% 0.008 0.10% 0.002
−15 0.10% 1.274 91.70% 0.006 0.10% 0.001 60.20% 0.007 0.10% 0.002
−13 39.70% 1.149 60.90% 0.005 31.70% 0.001 78.00% 0.006 31.80% 0.002
−12 0.00% 1.110 0.10% 0.005 0.00% 0.001 20.50% 0.006 0.00% 0.002
−11 0.00% 1.104 0.00% 0.005 0.00% 0.001 7.70% 0.006 0.00% 0.002
−10 0.00% 1.078 0.00% 0.005 0.00% 0.001 0.10% 0.006 0.00% 0.002
−9 0.00% 1.086 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
−8 0.00% 1.028 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
−7 0.00% 1.080 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
−6 0.00% 1.026 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
−5 0.00% 0.984 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
−4 0.00% 0.983 0.00% 0.005 0.00% 0.002 0.00% 0.006 0.00% 0.002
−3 0.00% 0.950 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
−2 0.00% 0.948 0.00% 0.005 0.00% 0.001 0.10% 0.006 0.00% 0.002
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TABLE 28. Error rates and average execution time for αℓ = −16

M. Gambini TPE T. Kruskal T. Variance T. M-Whitney

αr Error Time Error Time Error Time Error Time Error Time

−20 0.00% 1.199 0.40% 0.006 0.00% 0.001 4.90% 0.006 0.00% 0.002
−19 0.00% 1.273 0.80% 0.006 0.00% 0.001 47.60% 0.007 0.00% 0.002
−18 0.00% 1.473 4.80% 0.007 0.00% 0.002 13.00% 0.008 0.00% 0.002
−17 10.20% 1.406 61.90% 0.006 9.90% 0.001 87.00% 0.007 9.90% 0.002
−15 5.40% 1.627 37.10% 0.007 6.20% 0.002 78.00% 0.009 6.20% 0.003
−14 0.00% 1.586 8.10% 0.007 0.00% 0.002 8.90% 0.010 0.00% 0.003
−13 0.00% 1.457 0.10% 0.007 0.00% 0.002 4.70% 0.009 0.00% 0.002
−12 0.00% 1.454 0.00% 0.007 0.00% 0.002 3.50% 0.008 0.00% 0.002
−11 0.00% 1.383 0.00% 0.007 0.00% 0.002 0.00% 0.008 0.00% 0.002
−10 0.00% 1.319 0.00% 0.007 0.00% 0.002 0.00% 0.008 0.00% 0.002
−9 0.00% 1.208 0.00% 0.006 0.00% 0.002 0.00% 0.007 0.00% 0.002
−8 0.00% 1.204 0.00% 0.006 0.00% 0.001 0.00% 0.007 0.00% 0.002
−7 0.00% 1.223 0.00% 0.006 0.00% 0.002 0.00% 0.008 0.00% 0.002
−6 0.00% 1.192 0.00% 0.006 0.00% 0.002 0.00% 0.007 0.00% 0.002
−5 0.00% 1.038 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
−4 0.00% 1.069 0.00% 0.005 0.00% 0.002 0.00% 0.007 0.00% 0.002
−3 0.00% 0.990 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
−2 0.00% 0.973 0.00% 0.005 0.00% 0.001 0.10% 0.006 0.00% 0.002

TABLE 29. Error rates and average execution time for αℓ = −18

M. Gambini TPE T. Kruskal T. Variance T. M-Whitney

αr Error Time Error Time Error Time Error Time Error Time

−20 0.00% 1.427 63.70% 0.006 0.00% 0.002 60.40% 0.008 0.00% 0.002
−19 3.10% 1.478 34.90% 0.007 3.40% 0.002 43.70% 0.008 3.40% 0.002
−17 1.70% 1.423 38.30% 0.007 1.50% 0.001 66.40% 0.008 1.80% 0.002
−16 0.20% 1.573 1.90% 0.007 0.30% 0.002 69.60% 0.008 0.30% 0.002
−15 0.00% 1.387 0.10% 0.006 0.00% 0.002 11.50% 0.007 0.00% 0.002
−14 0.00% 1.326 0.00% 0.006 0.00% 0.002 0.50% 0.007 0.00% 0.002
−13 0.00% 1.400 0.00% 0.006 0.00% 0.002 0.00% 0.008 0.00% 0.002
−12 0.00% 1.442 0.00% 0.008 0.00% 0.002 0.00% 0.009 0.00% 0.002
−11 0.00% 1.488 0.00% 0.008 0.00% 0.002 0.00% 0.010 0.00% 0.003
−10 0.00% 1.574 0.00% 0.009 0.00% 0.002 0.00% 0.010 0.00% 0.003
−9 0.00% 1.455 0.00% 0.008 0.00% 0.002 0.00% 0.010 0.00% 0.003
−8 0.00% 1.405 0.00% 0.007 0.00% 0.002 0.00% 0.009 0.00% 0.003
−7 0.00% 1.278 0.00% 0.007 0.00% 0.002 0.00% 0.008 0.00% 0.003
−6 0.00% 1.046 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
−5 0.00% 0.989 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
−4 0.00% 1.025 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
−3 0.00% 0.976 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
−2 0.00% 0.970 0.00% 0.005 0.00% 0.001 0.00% 0.006 0.00% 0.002
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TABLE 30. Error rates and average execution time for αℓ = −20

M. Gambini TPE T. Kruskal T. Variance T. M-Whitney

αr Error Time Error Time Error Time Error Time Error Time

−19 5.80% 1.368 58.70% 0.006 5.50% 0.001 93.80% 0.007 5.50% 0.002
−18 0.00% 1.384 2.00% 0.006 0.10% 0.002 40.80% 0.007 0.20% 0.002
−17 0.00% 1.546 15.90% 0.006 0.00% 0.001 10.50% 0.008 0.00% 0.002
−16 0.00% 1.241 0.00% 0.006 0.00% 0.001 3.30% 0.007 0.00% 0.002
−15 0.00% 1.227 0.00% 0.005 0.00% 0.001 0.10% 0.007 0.00% 0.002
−14 0.00% 1.231 0.00% 0.005 0.00% 0.001 0.00% 0.007 0.00% 0.002
−13 0.00% 1.209 0.00% 0.006 0.00% 0.002 0.00% 0.007 0.00% 0.002
−12 0.00% 1.141 0.00% 0.006 0.00% 0.001 0.00% 0.006 0.00% 0.002
−11 0.00% 1.135 0.00% 0.005 0.00% 0.001 0.00% 0.007 0.00% 0.002
−10 0.00% 1.188 0.00% 0.006 0.00% 0.001 0.00% 0.007 0.00% 0.002
−9 0.00% 1.111 0.00% 0.006 0.00% 0.001 0.00% 0.007 0.00% 0.002
−8 0.00% 1.111 0.00% 0.006 0.00% 0.001 0.00% 0.007 0.00% 0.002
−7 0.00% 1.128 0.00% 0.006 0.00% 0.001 0.00% 0.007 0.00% 0.002
−6 0.00% 1.144 0.00% 0.006 0.00% 0.001 0.00% 0.007 0.00% 0.002
−5 0.00% 1.085 0.00% 0.005 0.00% 0.001 0.00% 0.007 0.00% 0.002
−4 0.00% 1.029 0.00% 0.006 0.00% 0.001 0.00% 0.007 0.00% 0.002
−3 0.00% 1.111 0.00% 0.006 0.00% 0.002 0.00% 0.008 0.00% 0.002
−2 0.00% 1.044 0.00% 0.005 0.00% 0.001 0.00% 0.007 0.00% 0.002



Appendix D

Ox CodesThis appendix presents the program written in the matrix programming languageOx that was used in the simulation 
orresponding to the dete
tion of edges. Thisprogram provides the following results:� Estimation of parameters of the G0
I distribution for the method of moments.� Dete
tion of edges and times in se
onds for the used methods.

#include <oxstd.h>

#include <oxprob.h>

#import <solvenle> decl

g_mm, g_m1, n=8, rep=1, erro=5;

sist_ec_gama12(const avF, const vX) {

decl alfa, beta, c;

alfa=vX[0];

beta=vX[1];

c=((g_mm^2)*(gammafact(n))*(gammafact(n+1)))/(g_m1*((gammafact(n+0.5))^2));

avF[0] = ( ((gammafact( ((-1.0)*alfa)-0.5))^2)/( (gammafact((-1.0)*alfa))*

(gammafact(((-1.0)*alfa)-1))))- c | g_mm-(beta/n)^(0.5)

*(gammafact((-1)*alfa-0.5)*(gammafact(n+0.5))/ (gammafact((-1)*alfa)106
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* (gammafact(n))));

return 1;

}

estimacion(const vg0) { decl v_solucao=<-1.0,0> ; decl mc=0, m1=0,

mmc=0, mm=0; g_mm=0; g_m1=0; mc = meanc(vg0); m1=meanr(mc) ;

mmc=meanc(vg0.^0.5); mm=meanr(mmc); g_mm = mm; g_m1 = m1;

SolveNLE(sist_ec_gama12, &v_solucao);

return (v_solucao); } prob(const z, const vX) {

decl alfa, beta, ln;

alfa=vX[0];

beta=vX[1];

ln= (n*log(n))+ log(gammafact(n-alfa)) + (n-1)*log(z)

- alfa*log(beta)-log(gammafact(-alfa))

-log(gammafact(n)) -(n-alfa)*log(beta+(n*z));

return (ln);

}

postos(const z) {

decl x, y,p,s, sum, i, contador, j, r, prom=0;

y=vec(z)~vecrindex(z);

p=sortbyc(y,0~1);

s=sortcindex(sortcindex(p[][0]’))+1;

p=p~s;

i=0;

sum=0;

contador=1;

r=p;

for(i=0;i<rows(p)-1;i++){ //1
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contador=1;

while(p[i][0]==p[i+1][0]){ //2

contador++;

i++;

} //2

if(contador!=1)

{//3

sum=0;

for(j=(i-contador)+1; j<i+1;j++){//4

sum+=p[j][2];

}//4

prom=sum/contador;

for(j=i-contador+1;j<i+1;j++){//5

r[j][2]=prom;

}//5

} //3

else{

r[i][2]=p[i][2];

}

}//1

r=sortbyc(r,1);

p=r[][2];

p=shape(p,rows(z),columns(z));

return p;

}

varia(const g0, paso) {

decl COL, N1, N2, contador, est, j, p, q, v, w;

contador=0;

COL=columns(g0);

N1=sizerc(g0);
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est=zeros(COL-paso, 2);

decl N3, pu, pv, pos, pos2, sumu, sumu2, sumv ,

sumv2, medu2, suma4, T, NT;

for(j=paso; j<=(COL-paso); j=j+paso)

{

p=g0[][j-paso:j-1];

q=g0[][j:j+(paso-1)];

N2=sizerc(p);

N3=sizerc(q);

NT=N2+N3;

v=sumc(p);

w=sumc(q);

v=sumr(v);

w=sumr(w);

pu=fabs(p-(v/N2));

pv=fabs(q-(w/N3));

pos=postos(pu~pv);

p=pos[][:paso-1];

q=pos[][paso:];

p=p.^2;

q=q.^2;

sumu=sumr(sumc(p));

sumv=sumr(sumc(q));

medu2=((sumu + sumv)/(N2+N3));

p=p.^2;

q=q.^2;

sumu2=sumr(sumc(p));

sumv2=sumr(sumc(q));

T=(sumu -N2*medu2)/(( ((N2*N3)/(NT*(NT-1)))*(sumu2+sumv2)

- ((N2*N3)/(NT-1))*(medu2^2))^0.5);
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est[contador][0]=j;

est[contador][1]=(fabs(T));

contador=contador+1;

v=w=pu=pv=0;

}

savemat("Q_1.txt", est);

return est[(maxcindex(est[][])[0][1])][0];

}

/************************************************************

MAIN PROGRAM

************************************************************/

main() { decl g1, g2a, g2, g2b, g0,gp, alfs; decl v,w, j,i,t, p, q,

desv1=0, desv2=0; decl si=0, sf=0, stot=0; decl contador=0, COL, N1,

N2, Cuenta=0, Ran=0, valor=0, Rp=0, k=0, d=0, RANG=0; decl

mediafila, mediaTrangos; decl extimer1, extimer2, extimer3,

extimer4, extimer5, T ; decl ttimer1=0, ttimer2=0, ttimer3=0,

ttimer4=0, ttimer5=0; decl Ez, alpha1, alpha2, B1, B2, alfai; decl

tdados, limite, fil; decl e, porc1=0, porc2=0, porc3=0, porc4=0,

porc5=0; ranseed("LE"); ranseed({2,11,111,1111});

/****************************

declaraç~ao de alphas e betas

para a geraç~ao dos dados

*****************************/

tdados=100; fil=20; limite=50;

Ez=1; // E[Z]

alpha1=3; // ALPHA Backscatter 1

for(alpha2=20; alpha2>1; alpha2--)

{

porc1=0, porc2=0, porc3=0, porc4=0, porc5=0;
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println(" Antes ", " alfa1 =", alpha1, " alfa =", alpha2);

if(alpha2==alpha1 && alpha2!=2)

{

alpha2=alpha2-1;

}

println(" Depois "," alfa1 =", alpha1, " alfa2 =", alpha2);

B1= Ez* n*(gammafact(alpha1)*gammafact(n))

/(gammafact(alpha1-1)*gammafact(n+1));

B2= Ez* n*(gammafact(alpha2)*gammafact(n))

/(gammafact(alpha2-1)*gammafact(n+1));

g1=rangamma(fil, tdados, n, n);

contador=0;

for(e=1; e<=rep; e++)

{

g2a=rangamma(fil, limite, alpha1, 1/B1);

g2b=rangamma(fil, tdados-limite, alpha2, 1/B2);

g2=g2a~g2b;

gp=g1./g2;

g0=(gp);

savemat("go_2.txt", g0);

N1=rows(g0);

COL=columns(g0);

contador=0;

decl est=zeros(COL-1,2), alfai=zeros(COL-1,2);

/**********************************************

SÓ PARA IMPRIMIR AS ESTIMATIVAS DO BORDE

***********************************************/

p=g0[][:limite-1];

q=g0[][limite:];

v=estimacion(p);
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w=estimacion(q);

println(" ");

println(" Estimativa rep= ", e);

println("Estimativa de Alpha borda .D = ",v);

println("Estimativa de Alpha borda .I = ",w);

println(" ");

/*************************************************/

/**************************************************

MÉTODO DE GAMBINI

**************************************************/

extimer1=timer(); // tempo procedimento 1

est=zeros(COL-1,2);

for(j=1; j<=(COL-1); j=j+1)

{

p=g0[][:j-1];

q=g0[][j:];

v=estimacion(p);

w=estimacion(q);

/**************************************

Maxima verossimilhança de submatrizes

***************************************/

for(t=0; t<N1; t++)

{

for(i=0; i<columns(p); i++)

{

si+=prob(p[t][i], v);

}

for(i=0; i<columns(q); i++)

{

sf+=prob(q[t][i], w);
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}

}

est[contador][0]=j;

est[contador][1]=(si+sf);

contador=contador+1;

si=sf=0;

}

println(" ");

println("********************************************************** ");

//println("maximo j= ", maxc(est));

println("VALOR FRONTERA GAMBIBI j= ", est[maxcindex(est)[0][1]][0]);

println(" TEMPO EXECUCAO: ", timespan(extimer1));

println("********************************************************* ");

if(fabs(est[maxcindex(est)[0][1]][0]-limite)>erro)

{

porc1+=1;

}

/*********************************************************************

Estatistica de teste de igualdade de variança

***********************************************************************/

decl Q=0, paso;

extimer4=timer(); // tempo precedimento 3

paso=5;

Q=varia(g0, paso);

println(" ");

println("********************************************************** ");

//println("maximo j= ", maxc(est));

println("VALOR FRONTERA VARIANÇA j= ", Q);

println(" TEMPO EXECUCAO: ", timespan(extimer4));

println("********************************************************** ");
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if(fabs(Q-limite)>erro)

{

porc4+=1;

}

/*********************************************************************/

// SEGUNDA PARTE

/**********************************************************************/

extimer2=timer(); // tempo procedimento 2

/******************************************************

Procedimento para o calculo de postos o rangos

******************************************************/

/******************************************************

G0 MATRIZ DE RANGOS OU POSTOS

******************************************************/

N1=rows(gp); //numero de filas da matrix g0

g0=postos(g0); //g0 agora contem os postos dos dados

mediafila=meanc(g0);

mediaTrangos=meanr(mediafila); //media dos postos

COL=columns(g0); //numero de colunas da matrix g0

contador=0;

est=zeros(COL-1, 2);

for(j=1; j<=(COL-1); j++)

{

p=g0[][:j-1];

q=g0[][j:];

v=meanc(p);

w=meanc(q);

v=meanr(v);

w=meanr(w);

est[contador][0]=j;
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est[contador][1]=(fabs((fabs(w-v))-mediaTrangos));

contador=contador+1;

}

savemat("edwin_1.txt", est);

println(" ");

println("*********************************************************** ");

println("VALOR FRONTERA EDWIN j= ", est[(mincindex(est[1:][])[0][1])+1][0]);

println(" TEMPO EXECUCAO: ", timespan(extimer2));

println("*********************************************************** ");

if(fabs(est[(mincindex(est[1:][])[0][1])+1][0]-limite)>erro)

{

porc2+=1;

}

/*******************************************************************

Estatistica de kruskal wallis

********************************************************************/

extimer3=timer(); // tempo precedimento 3

COL=columns(g0);

N1=sizerc(g0);

contador=0;

est=zeros(COL-1, 2);

decl cta=12/(N1*(N1+1.0));

for(j=1; j<=(COL-1); j++)

{

p=g0[][:j-1];

q=g0[][j:];

N2=sizerc(p);

v=sumc(p);

w=sumc(q);

v=sumr(v);
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w=sumr(w);

est[contador][0]=j;

est[contador][1]=(cta*(((v^2)/N2)+ ((w^2)/(N1-N2))))-(3*(N1+1.0));

contador=contador+1;

}

println(" ");

println("********************************************************** ");

//println("MAXIMO j= ", maxc(est[1][]));

println("VALOR FRONTERA KRUSKAL WALLIS j= ",

est[(maxcindex(est[][])[0][1])][0]);

println(" TEMPO EXECUCAO: ", timespan(extimer3));

println("********************************************************** ");

if(fabs(est[(maxcindex(est[][])[0][1])][0]-limite)>erro)

{

porc3+=1;

}

/********************************************************************

Estatistica de Mann-whitney

*********************************************************************/

extimer5=timer(); // tempo precedimento 3

COL=columns(g0);

N1=sizerc(g0);

contador=0;

est=zeros(COL-1, 2);

decl g02, R2=0;

g02=g0.^2;

for(j=1; j<=(COL-1); j++)

{

p=g0[][:j-1];

q=g0[][j:];
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N2=sizerc(p);

//println(" p= ", p);

v=sumc(p);

w=sumc(q);

v=sumr(v);

w=sumr(w);

R2=sumr(sumc(g02));

est[contador][0]=j;

est[contador][1]=fabs((v-(N2*(N1+1)/2))/ (( (N2*(N1-N2)/(N1*(N1-1))*R2 -

(N2*(N1-N2)*((N1+1)^2)/(4*(N1-1)))))^0.5));

contador=contador+1;

}

println(" ");

println("************************************************************* ");

println("VALOR FRONTERA Mann-Whitney j= ",

est[(maxcindex(est[][])[0][1])][0]);

println(" TEMPO EXECUCAO: ", timespan(extimer5));

println("************************************************************* ");

if(fabs(est[(maxcindex(est[][])[0][1])][0]-limite)>erro)

{

porc5+=1;

}

}

println("************************************************************* ");

println(" ", "alfa1= ", -alpha1, " ", " Alfa2= ", -alpha2);

println("************************************************************* ");

println("**************************************************************** ");

println(" % ERRO GAMBINI", " ", " % ERRO EDWIN ", " ", " % ERRO KRUSKAL"

, " % ERRO VARIAN", " % ERRO MANN-WHITNEY");

println(" ", (porc1/rep)*100.0,"%", " ",
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(porc2/rep)*100.0,"%", " ", (porc3/rep)*100.0,"%"

, " ", (porc4/rep)*100.0,"%" , " ",

(porc5/rep)*100.0,"%");

println("*********************************************** ");

}

}
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