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RESUMO

Avanços recentes na computação quântica têm recebido atenção significativa da comunidade
científica, impulsionando intensas iniciativas em pesquisa e desenvolvimento. Tais esforços
visam aproveitar fenômenos quânticos na resolução de problemas computacionalmente de-
safiadores. Na busca por explorar esse potencial, a investigação de estratégias para superar
as limitações de dispositivos quânticos ruidosos de escala intermediária (NISQ) emergiu como
uma frente de pesquisa decisiva. Essa linha de pesquisa tem o potencial de viabilizar aplicações
práticas de tecnologias quânticas no curto prazo. Este trabalho concetra-se na decomposição
de operadores quânticos multicontrolados para auxiliar na mitigação de algumas das restrições
de dispositivos NISQ. Em particular, são estudadas versões multicontroladas de operadores
SU(2) de um qubit, com n qubits de controle. Aprimoramos a síntese desses operadores em
relação ao estado da arte à época da proposição deste trabalho, reduzindo o número de portas
CNOT necessárias de 28n - 88 (n par) ou 28n - 92 (n ímpar) para 20n - 38 (n ímpar) ou
20n - 42 (n par)—ou para 16n, caso a matriz do operador unitário especial apresente diagonal
principal ou secundária com elementos reais. Esse resultado motiva investigações futuras em
busca de abordagens ainda mais eficientes para a decomposição de operadores de um qubit
com múltiplos controles.

Palavras-chave: Computação quântica. Circuitos quânticos. Otimização de circuitos quânti-
cos. Decomposição de portas quânticas.



ABSTRACT

Recent advancements in quantum computing have received significant attention from the
scientific community, driving intensive research and development initiatives. These efforts aim
to leverage quantum phenomena to address computationally challenging problems. With the
intention of exploring this potential, the investigation of strategies to overcome the limitations
of noisy intermediate-scale quantum (NISQ) devices has emerged as a crucial research frontier.
This line of research holds promise for paving the way for more practical applications of
short-term quantum technologies. This work focuses on the decomposition of multicontrolled
quantum operators to help mitigate some of these constraints of NISQ devices. In particular,
multicontrolled single-qubit SU(2) operators with n control qubits are of interest. We have
improved the synthesis of these operators compared to the state-of-the-art at the time of
proposal of this work, lowering the required number of CNOT gates from 28n - 88 (for even
n) or 28n - 92 (for odd n) to 20n - 38 (for odd n) or 20n - 42 (for even n)—or to 16n - 40 if
the special unitary operator’s matrix contains real-valued main diagonal or off-diagonal). This
result motivates future investigations in the search for more efficient approaches to decompose
any multicontrolled single-qubit operator.

Keywords: Quantum computing. Quantum circuits. Quantum circuit optimization. Quantum
gate decomposition.
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1 INTRODUCTION

Efforts devoted to quantum computing research are proving fruitful and providing promis-
ing applications. Quantum algorithms suggest potential speedups for tasks such as factor-
ing (SHOR, 1999), search in unstructured databases (GROVER, 1996), machine learning (BI-

AMONTE et al., 2017; FARHI; NEVEN, 2018; HAVLÍČEK et al., 2019), cryptography (GISIN et al.,
2002; PIRANDOLA et al., 2020), chemistry (PERUZZO et al., 2014; KANDALA et al., 2017; CAO et

al., 2019), and finance (ORÚS; MUGEL; LIZASO, 2019; HERMAN et al., 2022). The advantages
discovered in quantum computing tap into pivotal phenomena in quantum mechanics. How-
ever, realizing useful speedups in practice requires that implementations make efficient use of
resources and error rates are low enough to support large computations (BRAVYI et al., 2024;
ACHARYA et al., 2025).

Despite the positive outlook, significant obstacles to quantum technology must be over-
come before the capabilities of quantum computers can be leveraged to tackle these potential
applications. There are significant challenges to building perfectly isolated quantum devices,
and techniques to reduce the impact of these issues are, for now, also constrained by current
technology (ALMUDEVER et al., 2017; PRESKILL, 2018; CÓRCOLES et al., 2019). To alleviate the
effect of these technical obstacles, we need to join efforts in both hardware and software ad-
vancement as development continues. In parallel, interdisciplinary research should also advance
while the necessary level of technology for practical applications is still being developed.

In recent years, there has been a shift in the field from noisy intermediate-scale quantum
(NISQ) experiments towards demonstrating components needed for fault-tolerant quantum
computing, especially quantum error correction (QEC) and reliable logical qubits. This transi-
tion is reflected in the changing objectives being pursued by researchers. Early milestones em-
phasized quantum supremacy, targeting demonstrations of outperformance by a large margin
on tasks that are very hard for classical computing. A prime example was Google’s experiment
performed in 200 seconds on the 53-qubit Sycamore processor (ARUTE et al., 2019), a ran-
dom quantum circuit sampling task estimated to take a classical supercomputer approximately
10,000 years to complete.

As the emphasis shifted to advantage, experiments increasingly sought to show that quan-
tum processors can outperform classical methods under more realistic conditions and with more
practical applicability. In this vein, Google’s Quantum Echoes algorithm (Google Quantum AI and
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Collaborators et al., 2025), implemented on the Willow superconducting chip (ACHARYA et al.,
2025), measured out-of-time order correlators (OTOC) in a way that verifiably showed a path
to practical quantum advantage. The significance of testing on the Willow architecture lies
in the previous demonstration of a below-threshold surface code implementation (ACHARYA et

al., 2025), where logical error rates decrease with increasing code distance. These results also
exhibit repeatable performance without deterioration, which are required capabilities for full
fault tolerance. Advantage was also reported with experiments on the Jiuzhang 4.0 photonic
quantum processor (LIU et al., 2025), overcoming photon loss. In this work, the device was
used to execute a Gaussian boson sampling task in 25.6 microseconds, which is estimated to
require over 1042 years in a state-of-the-art supercomputer. Microsoft and Quantinuum’s ex-
periments (PAETZNICK et al., 2024) on a trapped-ion processor showed repeated fault-tolerant
error correction while maintaining logical error rates below the physical error rates. These re-
sults are another step in the move from NISQ computing towards reliable quantum computing.

Contrasting with the advantage focus, IBM’s contribution with its 120-qubit Nighthawk
processor (KIM et al., 2023) was to measure accurate expectation values for circuit volumes,
surpassing brute-force classical computation. The aim was to provide evidence for the utility
of noisy quantum computing before fault-tolerant computing, without selecting problems that
could take advantage from the demonstrated capability. Overall, the move from NISQ to fault-
tolerant computing reflects a continuous evolution in objectives guided by advances in technical
capabilities. As the field matures, improvements in qubit quality, gate fidelity, measurement,
connectivity, control, and calibration mark quantum computing’s convergence towards the goal
of large-scale fault tolerance.

The method proposed here is only one of many possible ways to mitigate issues found in
near-term devices without directly controlling the physical implementation. From the software
side, we can take different approaches. Usually, they pertain to adjustments made to quantum
circuits to produce an equivalent but more efficient quantum circuit. One of the problems that
we can pursue involves converting multiqubit gates to efficient quantum circuits, as opposed
to using universal techniques that are computationally more expensive. In tasks of this nature,
aiming for a lower number of quantum gates is a common objective for mitigating errors on
real hardware in the current era as physical quantum gates get more accurate (PRESKILL, 2018;
ALMUDEVER et al., 2017; SAKI; ALAM; GHOSH, 2021).

We aim to study and propose new methods to decompose multicontrolled gates. Controlled
gates are essential to express conditional operations in quantum circuits. The controlled NOT
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or CNOT gate, for example, is one of the more frequently used operations in quantum algo-
rithms. Assuming we are working with a universal gate set containing the expensive CNOT
gate (BLATT; WINELAND, 2008), counting the number of occurrences of this gate in quantum
circuits is a good measure of how costly a circuit is. Quantum gates have an associated gate
error due to imperfections in their physical realization in quantum devices (BARENDS et al.,
2014). In fact, two-qubit gates dominate the error rate of quantum circuits (TANNU; QURESHI,
2019), the CNOT gate being the most common in quantum gate sets. Other controlled gates,
particularly with multiple controls, must be decomposed into elementary gates since most of
them are not present in the gate sets of quantum devices. For this research, the focus is initially
on special unitary single-qubit quantum gates, or 𝑆𝑈(2) gates, whose matrix representations
form a group of 2 × 2 unitary matrices with determinant 1. Specifically, the controlled version
of 𝑆𝑈(2) gates with multiple control qubits is the object of study of this work.

A brief overview of how this document is structured follows. In the remainder of this chap-
ter, we provide a comprehensive contextualization to motivate the subject of this research and
delineate our research objectives. We present the background information in Chapter 2, delving
into the key theoretical concepts necessary to understand the foundation of all mentioned works
and our proposal. Building upon this groundwork, Chapter 3 offers a comprehensive review of
the existing literature, highlighting the most influential methods and how they compare. With
this contextual backdrop, we detail our contributions in Chapter 4, outlining the relevant steps
and the techniques we employ in our scheme. Chapter 5 discusses the improvements of our
approach compared to the literature at the time, and also presents more recent methods that
offer an advantage over the proposal. To conclude, Chapter 6 offers the closing remarks, where
we not only summarize the main contributions, potential applications, and limitations of our
work but also provide an outlook on the prospects of this project and this line of research.

1.1 MOTIVATION

In the noisy intermediate-scale quantum (NISQ) era (PRESKILL, 2018), due to limitations
on the physical realization of quantum processors, limited coherence and imperfect control
make the execution of deep circuits unreliable. Subsequent applications of faulty gates incur
errors, which could be addressed using quantum error correction (SHOR, 1996; CAMPBELL;

TERHAL; VUILLOT, 2017) as long as the qubit availability constraint is addressed (ALMUDEVER

et al., 2017; PRESKILL, 2018).
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In the meantime, as quantum hardware technology advances towards fault tolerance and
quantum devices scale up, we must find new ways to mitigate these restrictions. We can
approach mitigations from a software perspective (BIAMONTE et al., 2017; ALMUDEVER et al.,
2017; PRESKILL, 2018; CÓRCOLES et al., 2019; SIVARAJAH et al., 2020; CONTRIBUTORS, 2023).
Since error rates are typically dominated by two-qubit operations (TANNU; QURESHI, 2019),
a practical goal is not only to mitigate errors, but also to compile and synthesize controlled
operations into circuit forms that reduce two-qubit gate usage and the depth of quantum
circuits. Reducing quantum circuit depth means reducing the number of steps of an algorithm,
thereby increasing the likelihood of reliably executing the computations by the end of the
circuit. We put forth that this synthesis focus remains relevant as the field moves towards
fault-tolerant computing.

Another challenge, in addition to faulty quantum gates in general, is to efficiently translate
specific operations that do not necessarily have a direct physical implementation. Specifically,
this research is concerned with controlled gates. These gates form a fundamental class of
quantum gates that allow the expression of conditional operations in quantum circuits. Quan-
tum gates with multiple control qubits pose an essential challenge in the implementation of
quantum circuits because they need to be decomposed into elementary quantum gates that
are native to the quantum device or that can be synthesized with ease. As much as univer-
sal decomposition methods exist (BARENCO et al., 1995; VARTIAINEN; MÖTTÖNEN; SALOMAA,
2004; MÖTTÖNEN et al., 2004; BERGHOLM et al., 2005; SHENDE; BULLOCK; MARKOV, 2005;
LI; ROBERTS; YIN, 2013; ITEN et al., 2016; BRUGIÈRE et al., 2020; KROL et al., 2022), generic
approaches have an exponential cost (SHENDE; BULLOCK; MARKOV, 2005), whereas those de-
signed for specific classes of gates tend to produce less expensive quantum circuits (BARENCO

et al., 1995; BERGHOLM et al., 2005; SHENDE; BULLOCK; MARKOV, 2005; SAEEDI; PEDRAM,
2013; ITEN et al., 2016; LIU; WEI, 2020; MALVETTI; ITEN; COLBECK, 2021; SILVA; PARK, 2022).

Beyond the benefits provided to program runtime in hardware, decomposing particular
types of quantum gates in predictable quantum circuits can aid in algorithm design. In fact,
modularity in circuit design can benefit from efficient decomposition schemes for specific
gates. If an efficient method to decompose a quantum gate is known, the details can be
abstracted from the algorithm so that focus can be directed to other important parts of the
circuit. Additionally, prior knowledge of the cost in terms of the number of gates resulting
from decomposing specific gates using a known method facilitates the calculation of the total
cost of the algorithm during design. However, ensuring that the decomposition methods used
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in practice reduce the circuit size for real devices should remain a priority.
To sum up, efficient synthesis methods for quantum gates are a requirement of NISQ

devices to compensate for the issues with quantum noise and error, both notably challenging
phenomena in the field, which can overcome quantum advantage in practice. Furthermore,
despite progress towards fault tolerance, realizing practical quantum speedups still depends on
how efficiently quantum circuits can be synthesized from the hardware’s native gate set. In
this critical period of limited gate fidelity and the number of available qubits for computation
still growing, when an expensive gate such as the CNOT dominates both gate count and
accumulated error, improved decompositions directly translate into lower circuit costs and
reduced error propagation. Doing this should lessen the penalty for executing computations
on NISQ devices and regain some of the lost accuracy to allow more quantum algorithms to
be run on real hardware.

1.2 OBJECTIVES

The objective of this work is to propose a decomposition method for multicontrolled 𝑆𝑈(2)

gates that achieves lower cost than other available methods in the literature for the same
quantum gate class without the need for auxiliary qubits.

The specific objectives are the following:

1. Reduce the required number of CNOTs compared to other approaches.

a) Partial objective: Reduce the depth of the circuit compared to other approaches.

2. Apply the proposed method to the multicontrolled versions of the commonly encountered
rotation operator gates 𝑅𝑥, 𝑅𝑦, and 𝑅𝑧.
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2 BACKGROUND

The quantum circuit model is a common way to describe how manipulating quantum bits
transforms a quantum state. The transforming elements are called quantum gates, and, as such,
they are the building blocks that make this model a convenient tool for depicting quantum
algorithms. The diagram of a quantum circuit consists of horizontal wires representing the
quantum bits and a sequence of quantum gates over them, each interacting with specific
target quantum bits. Interpreting the transformation in a quantum circuit requires reading the
gates sequentially from left to right, exemplified by the three-qubit quantum circuit in Figure 1.
Additionally, quantum gates illustrated in the same horizontal position indicate simultaneous
execution in one timestep.

]|𝑞0⟩ 𝐴
𝐵

𝐶

𝐸

|𝑞′
0⟩

|𝑞1⟩
𝐷

|𝑞′
1⟩

|𝑞2⟩ |𝑞′
2⟩

𝐴⊗ 𝐼4 𝐵 ⊗ 𝐼2 𝐶 ⊗𝐷 𝐸

Figure 1 – Example of quantum circuit diagram for the 3–qubit operator 𝐸(𝐶 ⊗ 𝐷)(𝐵 ⊗ 𝐼2)(𝐴 ⊗ 𝐼4). Source:
The author (2026).

Also known as qubits, quantum bits are the quantum computing counterparts of classical
bits, meaning they are the fundamental unit of quantum information. Unlike classical bits,
however, their range of values is not restricted to either 0 or 1. The quantum state of a qubit

can be in a superposition of the orthonormal basis states

⎛⎜⎜⎝1

0

⎞⎟⎟⎠ and

⎛⎜⎜⎝0

1

⎞⎟⎟⎠. These states form

what is typically called the computational basis. We can use the Dirac notation to express the

quantum superposition

⎛⎜⎜⎝𝛼
𝛽

⎞⎟⎟⎠ as 𝛼 |0⟩ + 𝛽 |1⟩, where |0⟩ and |1⟩ are the computational basis

states. The coefficients 𝛼 and 𝛽 are complex numbers called the probability amplitudes of
the quantum state. Figure 1 shows a circuit acting on three qubits |𝑞0⟩, |𝑞1⟩ and |𝑞2⟩, where
|𝑞𝑗⟩ = 𝛼𝑗 |0⟩ + 𝛽𝑗 |1⟩.

With qubits being described by a 2-dimensional complex vector, the combined quantum
state can be obtained via the tensor product of the qubits in the states |𝑞0⟩, |𝑞1⟩, and |𝑞2⟩. In
this 3-qubit state example, the general quantum state of the circuit is then a 23-dimensional
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superposition state which can be spanned by the basis states {|0⟩ ⊗ |0⟩ ⊗ |0⟩ , |0⟩ ⊗ |0⟩ ⊗

|1⟩ , ..., |1⟩ ⊗ |1⟩ ⊗ |1⟩}. A product state of the form |𝑞0⟩ ⊗ |𝑞1⟩ ⊗ |𝑞2⟩ can be abbreviated as
|𝑞0, 𝑞1, 𝑞2⟩, or |000⟩, |001⟩, . . . , |111⟩ for the basis states. The circuit transforms the input
state |𝑞0, 𝑞1, 𝑞2⟩ into another valid state |𝑞′

0, 𝑞
′
1, 𝑞

′
2⟩.

The probability of obtaining the outcome |0⟩ upon measuring the qubit 𝛼 |0⟩ + 𝛽 |1⟩ is
|𝛼|2, and the probability of obtaining the outcome |1⟩ upon measuring the qubit is |𝛽|2. The
sum of the probabilities must add up to 1. The act of measuring qubits is how we acquire
information about a quantum state, and we can interpret that as classical information. That
said, the original quantum data is irrecoverably lost as soon as we obtain the classical output.

As for the case of qubits, classical logic gates have a counterpart in quantum logic gates.
Quantum gates can be applied to only one qubit, like the gates 𝐴 and 𝐶 in Figure 1, or to
multiple qubits simultaneously, like the gates 𝐵, 𝐷, and 𝐸. When we apply a quantum gate
to a set of qubits, the quantum state of these qubits is modified accordingly. We can associate
a quantum gate with a unitary matrix that performs an identical transformation. That is, all
quantum gates possess the unitarity constraint. A unitary matrix 𝑈 holds the property that
𝑈 †𝑈 = 𝐼 (or 𝑈𝑈 † = 𝐼), where its conjugate transpose 𝑈 † is also its inverse. Therefore,
the application of a quantum gate to a quantum state followed by its conjugate transpose is
equivalent to not operating on the qubits since all quantum operations are reversible. Another
consequence of this constraint is that all quantum gates preserve the magnitude of the vector
on which they operate. In this case, these vectors are unit vectors representing a qubit system
or quantum state. Because quantum gates can be represented by unitary matrices, they are
equivalent to unitary operators acting on finite dimensional spaces. This work, therefore, will
refer to quantum gates and quantum operators interchangeably.

It is also possible, if the system architecture permits, to apply quantum gates in parallel.
In other words, each quantum gate affects distinct sets of target qubits in a single timestep.
The dashed vertical lines in the exemplified circuit in Figure 1 mark different timesteps, each
identifying the current operation on the qubits. Since matrices can represent these transfor-
mations, we can see the three-qubit operator 𝐴⊗𝐼4 as the first layer of the circuit, where 𝐼4 is
the 4×4 identity matrix. Likewise, 𝐵⊗ 𝐼2 corresponds to the second layer, 𝐶⊗𝐷 to the third
layer, and 𝐸 to the fourth layer. The third layer depicts two operators applied simultaneously
in one timestep. The number of steps or layers applied in sequence, assuming quantum gates
acting on disjoint sets of qubits can be executed in parallel, is known as the depth of a quan-
tum circuit. This measures the longest path of gates from the beginning up until the end of
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a circuit. Another important piece of information that may also influence circuit depth is the
gate count, which is the total number of gates in the circuit. These are frequently used cost
functions of quantum circuits (SELINGER, 2013) due to how the increase of these quantities
may impact performance by, for instance, extending a circuit’s execution beyond qubit lifetime
or resulting in error accumulation (SAKI; ALAM; GHOSH, 2021). Both can be used to assess the
complexity of a quantum algorithm, and both depend on the circuit design techniques and the
hardware architecture of quantum machines.

It is important to note that simply combining a set of quantum gates in a quantum circuit
to perform a desired computation does not guarantee the efficiency of the construction. That
is especially true for NISQ devices, given the obstacles associated with their physical imple-
mentation mentioned in Chapter 1. One can also tailor quantum circuits to take advantage of
specific hardware architectures (HÄNER et al., 2018; STEIGER; HÄNER; TROYER, 2018; MURALI

et al., 2019b; MURALI et al., 2019a; KILLORAN et al., 2019; FÖSEL et al., 2021; HIETALA et al.,
2021). However, even in the case of hardware-agnostic schemes, we can adopt procedures to
leverage core attributes of quantum mechanics, such as quantum parallelism, or avoid com-
mon redundancies like consecutive applications of inverse gates. This work, however, does not
follow a hardware-specific approach other than being motivated by NISQ devices.

Now we briefly present some commonly used single-qubit and multiqubit gates in quantum
circuits, each relevant to the proposed methods in this work.

2.1 SINGLE-QUBIT GATES

As the name implies, single-qubit gates operate on one target qubit. They are the simplest
elements of quantum circuits but do not form a universal set of gates. Therefore, circuits
constructed only with single-qubit gates cannot exploit quantum mechanical properties that
are significantly advantageous compared to classical computation.

We can conceptualize a qubit geometrically as a unit vector in a three-dimensional sphere
known as the Bloch sphere. The vector starts at the center, its endpoint touching the surface.
Typically, the north pole of the Bloch sphere represents the basis state |0⟩, whereas the south
pole represents |1⟩. Considering operations on a qubit, one can interpret them as rotations
around this sphere, which, in turn, can be defined by unitary matrices.
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The simplest example of a one-qubit operator is the identity gate

𝐼 =

⎛⎜⎜⎝1 0

0 1

⎞⎟⎟⎠ , (2.1)

which does not perform any action on its target. The Pauli operators 𝜎𝑥, 𝜎𝑦, and 𝜎𝑧 correspond
to rotations by 𝜋 radians about the 𝑥, 𝑦, and 𝑧 axes, respectively.

𝜎𝑥 =

⎛⎜⎜⎝0 1

1 0

⎞⎟⎟⎠ (2.2)

𝜎𝑦 =

⎛⎜⎜⎝0 −𝑖

𝑖 0

⎞⎟⎟⎠ (2.3)

𝜎𝑧 =

⎛⎜⎜⎝1 0

0 −1

⎞⎟⎟⎠ (2.4)

They are also known as the 𝑋, 𝑌 , and 𝑍 gates. We can see Pauli operators as flip operators
on different bases. The 𝜎𝑥 gate, in particular, is the quantum logic gate counterpart to the
classical NOT logic gate by functioning as a qubit flip between the computational basis states.

The Hadamard gate has the following matrix representation.

𝐻 = 1√
2

⎛⎜⎜⎝1 1

1 −1

⎞⎟⎟⎠ (2.5)

It acts on the basis states |0⟩ and |1⟩ by putting them in uniform superposition as (|0⟩+|1⟩)/
√

2

and (|0⟩ − |1⟩)/
√

2, respectively, a valuable property in many algorithms. That means there is
an equal probability of measuring |0⟩ or |1⟩ in both cases. The difference lies in the negative
sign of the probability amplitude of |1⟩ in the state 𝐻 |1⟩, however that is not reflected in
the measurement probabilities and is, therefore, not information that can be retrieved after
computation. The Hadamard gate is a versatile quantum gate that can be used to manipulate
a quantum state by offering a way of using quantum mechanical properties like quantum
entanglement, quantum parallelism, and quantum interference, which are concepts explained
further.

Manipulating local phases in quantum states is another crucial mechanism of quantum
computing. In fact, there exists a set of gates called phase gates which affect the amplitudes
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of quantum states. A single-qubit local phase gate can be expressed as

𝑃 (𝜑) =

⎛⎜⎜⎝1 0

0 𝑒𝑖𝜑

⎞⎟⎟⎠ , (2.6)

which maps |1⟩ to 𝑒𝑖𝜑 |1⟩ and leaves |0⟩ alone. The effect of a local phase gate is to change
the relative phase between basis states, |0⟩ and |1⟩ in this case, by altering the angle of the
probability amplitude associated with a basis state without changing its magnitude. This angle
is referred to as a local phase. Some phase gates with a particular value for the angle 𝜑 are
recurring in algorithms. Two examples are the gates

𝑆 =

⎛⎜⎜⎝1 0

0 𝑖

⎞⎟⎟⎠ (2.7)

and

𝑇 =

⎛⎜⎜⎝1 0

0 𝑒𝑖𝜋/4

⎞⎟⎟⎠ , (2.8)

also representable by 𝑃 (𝜋/2) and 𝑃 (𝜋/4). Lastly, the global phase gate 𝑃ℎ(𝜑) equally shifts
the phases of both |0⟩ and |1⟩. Because of this, the action of this gate is to introduce a global
phase to the quantum state of a qubit, which is identical to a scalar multiplication of the qubit.
As such, 𝑒𝑖𝜑𝐼 can also denote a global phase gate. It is worth noting that, as qubits on the
Bloch sphere are seen as representing unit vectors, operating on them with unitary operators
does not change their norm from 1.

One more set of single-qubit operators that can be defined are the special unitary gates
on one qubit, i.e., 𝑆𝑈(2) gates, whose controlled version is the main object of interest in this
work. As the name suggests, these are gates sharing the property of having a 2 × 2 matrix
representation with determinant 1, forming the special unitary subgroup of degree 2. They
have the general matrix form

𝑊 =

⎛⎜⎜⎝𝛼 −𝛽*

𝛽 𝛼*

⎞⎟⎟⎠ , (2.9)

where 𝛼 and 𝛽 are complex numbers and |𝛼|2 + |𝛽|2 = 1. Three recurring examples of 𝑆𝑈(2)

gates are the rotation operators, which have the following matricial definitions.

𝑅𝑥(𝜃) =

⎛⎜⎜⎝ cos 𝜃/2 −𝑖 sin 𝜃/2

−𝑖 sin 𝜃/2 cos 𝜃/2

⎞⎟⎟⎠ (2.10)
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𝑅𝑦(𝜃) =

⎛⎜⎜⎝cos 𝜃/2 − sin 𝜃/2

sin 𝜃/2 cos 𝜃/2

⎞⎟⎟⎠ (2.11)

𝑅𝑧(𝜃) =

⎛⎜⎜⎝𝑒−𝑖𝜃/2 0

0 𝑒𝑖𝜃/2

⎞⎟⎟⎠ (2.12)

The operators 𝑅𝑥, 𝑅𝑦, and 𝑅𝑧 describe general rotations by an angle 𝜃 about the corresponding
axes. Conveniently, the conjugate transpose of 𝑅𝑛(𝜃) is denoted by 𝑅†

𝑛(𝜃) = 𝑅𝑛(−𝜃), where
𝑛 is the axis of rotation, since rotating a vector by the same angle in the opposite direction
would bring it back to its former position. To write any single-qubit operator, one only needs
𝑅𝑦 and 𝑅𝑧 gates and a global phase employing the 𝑍𝑌 𝑍 decomposition (BARENCO et al.,
1995; NIELSEN; CHUANG, 2010) below:

𝑈 = 𝑒𝑖𝛼𝑅𝑧(𝛽)𝑅𝑦(𝛾)𝑅𝑧(𝛿). (2.13)

Excluding the global phase 𝑒𝑖𝛼, the rotation operators are sufficient to describe an 𝑆𝑈(2)

operator. Additionally, if 𝐴, 𝐵 and 𝐶 are 𝑆𝑈(2) operators such that 𝐴𝐵𝐶 = 𝐼, then

𝐴𝜎𝑥𝐵𝜎𝑥𝐶 = 𝑊 ∈ 𝑆𝑈(2), (2.14)

allowing a general way to represent any special unitary single-qubit operator (BARENCO et

al., 1995). This is a useful decomposition for 𝑆𝑈(2) operators that appears in some of the
decomposition methods mentioned in Chapter 3. Table 1 lists the aforementioned operators
and their corresponding matrix representations.
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Table 1 – A non-exhaustive list of single-qubit and multiqubit gates and their respective representations as a
matrix.

Gate name Matrix representation

Identity 𝐼 =
(︃

1 0
0 1

)︃

Hadamard 𝐻 = 1√
2

(︃
1 1
1 −1

)︃

General local phase 𝑃 (𝜑) =
(︃

1 0
0 𝑒𝑖𝜑

)︃

Phase gate 𝑆 (𝜑 = 𝜋/2) 𝑆 =
(︃

1 0
0 𝑖

)︃

Phase gate 𝑇 (𝜑 = 𝜋/4) 𝑇 =
(︃

1 0
0 𝑒𝑖𝜋/4

)︃

Pauli 𝜎𝑥, 𝑋, or 𝑁𝑂𝑇 𝜎𝑥 =
(︃

0 1
1 0

)︃

Pauli 𝜎𝑦 or 𝑌 𝜎𝑦 =
(︃

0 −𝑖

𝑖 0

)︃

Pauli 𝜎𝑧 or 𝑍 𝜎𝑧 =
(︃

1 0
0 −1

)︃

𝑋-rotation 𝑅𝑥(𝜃) =
(︃

cos 𝜃/2 −𝑖 sin 𝜃/2
−𝑖 sin 𝜃/2 cos 𝜃/2

)︃

𝑌 -rotation 𝑅𝑦(𝜃) =
(︃

cos 𝜃/2 − sin 𝜃/2
sin 𝜃/2 cos 𝜃/2

)︃

𝑍-rotation 𝑅𝑧(𝜃) =
(︃

𝑒−𝑖𝜃/2 0
0 𝑒𝑖𝜃/2

)︃
𝑈 ∈ 𝑈(2) 𝑈 = 𝑒𝑖𝛼𝑅𝑧(𝛽)𝑅𝑦(𝛾)𝑅𝑧(𝛿)

𝑊 ∈ 𝑆𝑈(2) 𝑊 = 𝐴𝜎𝑥𝐵𝜎𝑥𝐶 =
(︃

𝛼 −𝛽*

𝛽 𝛼*

)︃
, 𝐴, 𝐵, 𝐶 ∈ 𝑆𝑈(2) and 𝐴𝐵𝐶 = 𝐼

CNOT CNOT =

⎛⎜⎜⎜⎝
1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

⎞⎟⎟⎟⎠ = diag(𝐼, 𝜎𝑥)

Toffoli CCNOT = diag(𝐼, 𝐼, 𝐼, 𝜎𝑥) = diag(𝐼4, CNOT)

Source: The author (2026)

2.2 MULTIQUBIT GATES

Multiqubit gates target two or more qubits simultaneously, enabling a quantum algorithm
to tap into quantum mechanics phenomena that set quantum computing apart from classical
computing. Quantum superposition was briefly mentioned in Section 2.1. This is a property of
quantum mechanics where a qubit can be one of a continuous range of possible values until
measured. Measurement of the qubit results in a single outcome determined probabilistically,
unlike how classical bits are deterministically read out as either 0 or 1. Classical computing
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so far has not been able to perfectly replicate superposition without incurring an exponential
cost in physical resources, but this property proves to be a beneficial resource in quantum
computing. It permits simultaneous calculations to happen, which can in turn allow faster
solutions of certain problems than a classical program could obtain. Aside from superposition,
a phenomenon that distinguishes quantum computing from its classical counterpart is quantum
entanglement, which arises when two or more interacting qubits become correlated, even after
being separated. Entangled states cannot be expressed as a product state, but can still be
expressed as a system in a quantum superposition.

Together with single-qubit gates, gates targeting multiple qubits can be used to express
arbitrary circuits that capitalize on the potential of quantum mechanics. One can express a
multiqubit gate as a 2𝑛 × 2𝑛 matrix, where 𝑛 is the number of affected qubits. The general
matrix representation of a circuit can be obtained via matrix multiplication of successive gate
applications in a qubit, combined through tensor product of the resulting matrices for each
qubit. The simplest case, represented by the generalized 𝐼2𝑛 matrix, mirrors the 𝑛-qubit identity
gate. Matrices of multiqubit operators also possess the unitarity property. This way, any unitary
matrix describes a viable quantum operation. However, simulating these operations with a
reasonable gate set or physically realizing them in a quantum processor may be challenging.
In general, one needs to break down a multiqubit operator into basic operations executable on
hardware, employing a set of quantum gates recognized by the quantum processor that will
run it. For demonstrational purposes, one can design quantum circuits using any universal set
of gates if hardware restrictions are ignored.

An important feature of some quantum gates is that they can be controlled by qubits. This
characteristic increases the capability to convey conditional operations in quantum circuits.
One or more controlling qubits can enable a quantum operator on one or more target qubits
depending on the current state or value the controlling qubits possess. In theory, there exists a
controlled version of any quantum gate. That said, one can only expect a restricted number of
controlled gates to be part of gate sets in quantum devices. To access the remaining controlled
gates, one must decompose them into available gates for execution. The CNOT or controlled
𝜎𝑥 gate is one of the most important examples of this type of gate that are common in real
gate sets, and it affects the target qubit by flipping it when the control qubit is in state |1⟩.

The CNOT gate is especially applicable when decomposing other, more complicated oper-
ations. Together with single-qubit gates, they form a universal gate set capable of expressing
any quantum operator (BARENCO et al., 1995). In reality, they are not perfectly implemented on
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hardware, as discussed in Chapter 1. Due to flaws when executing these gates, quantum pro-
grams may accumulate errors the longer their runtime and the higher the number of CNOTs in
the circuit. For this reason, it is desirable at this point in the state of NISQ devices to decrease
the number of CNOTs a quantum circuit contains. That is also true for any other multiqubit
gate a quantum processor may have in its gate set, but CNOT gates are more common and
usually the focus of this goal.

Another recurring quantum operator, the Toffoli operator, is obtained by adding another
control qubit to the CNOT gate. In fact, we can generalize the controlled 𝜎𝑥 for any number
of control qubits. This generalization frequently features in the decomposition approaches
mentioned throughout this work, including the proposed schemes. Like any multiqubit gate,
the Toffoli gate can be decomposed as a sequence of CNOTs and single-qubit gates, requiring
at minimum six CNOTs (MASLOV, 2016). The circuit in Figure 2 is an example seen in (ITEN

et al., 2016), that presents one possible way to decompose the Toffoli gate using CNOTs and
the single-qubit gates Hadamard, 𝑆 and 𝑇 from Equations 2.5, 2.7 and 2.8, with as few
CNOTs as possible. The circuit contains a Toffoli operator on the left-hand side, shown as an
𝜎𝑥 gate depicted with the ⊕ symbol on the target qubit, controlled by the top two qubits,
which are the two ∙ symbols vertically connected to the ⊕ symbol. On the right-hand side,
the decomposition scheme for the Toffoli gate is provided using CNOTs, shown as a control
qubit (∙) connected vertically to a target qubit (⊕), as well as the single-qubit gates 𝐻, 𝑇
and its conjugate transpose 𝑇 †, and 𝑆.

=

𝑇

𝑇 † 𝑇 † 𝑆

𝐻 𝑇 † 𝑇 𝑇 † 𝑇 𝐻

Figure 2 – Decomposition scheme for the Toffoli operator. Source: Adapted from Iten et al. (2016).

In some quantum circuits, a worthwhile trick is to use approximate versions of this gate (MASLOV,
2016). These are Toffoli gates up to some diagonal operator, the latter introducing relative
phases to the different basis states. This can be a crucial optimization strategy in circuits
designed such that the positioning of Toffoli gates permits gate canceling. Figure 3 illustrates
a decomposition circuit for a relative phase Toffoli gate. The left-hand side again contains a
Toffoli gate, this time followed by a diagonal gate Δ spanning all three qubits, responsible for
including the relative phases. The diagonal gate can also be shown to the left of the Toffoli
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gate since they commute. On the right-hand side, the synthesis of the relative phase Toffoli
circuit needs three CNOT gates and four single-qubit gates, as long as the first two gates
are the same and inverse to the last two. The single-qubit gates in this example are the 𝑅𝑦

operator and its inverse.

Δ =
𝑅†

𝑦 𝑅†
𝑦 𝑅𝑦 𝑅𝑦

Figure 3 – Decomposition scheme for the relative phase Toffoli operator. Source: Adapted from Iten et al.
(2016).

In the decomposition approaches mentioned in this work, we assume that the angle of
rotation used in relative phase Toffoli gates is 𝜋/4, which introduces an amplitude of −1 to
the state |010⟩. The usefulness of this gate, when gate canceling is made possible, is owed to
it requiring fewer CNOTs than the exact Toffoli gate. Cancelation of gates depends on pairing
adjacent relative phase Toffoli gates acting on the identical qubits. Since the circuit is its own
inverse, this makes at least partial canceling of gates possible if there is no operation between
them, either due to no operators present or other cancelable actions. After cancelations, the
amplitudes that would differ between the exact Toffoli gate and its relative phase version are no
longer present. As mentioned, this is a useful optimization employed in decomposition circuits
used in this work.

Appending auxiliary qubits as working qubits to the qubit set intended to be used for the
algorithms is another possible way to tackle computationally heavy tasks. Decompositions of
gates that use auxiliary qubits can reduce the overall gate count of the circuit (BARENCO et al.,
1995; ITEN et al., 2016; HE et al., 2017; KIM; CHOI, 2018; BAKER et al., 2019; LIU; WEI; KWEK,
2020; MALVETTI; ITEN; COLBECK, 2021; TOMESH; ALLEN; SALEEM, 2022). This exploitable
resource allows the design of quantum circuits that compromise on qubit overhead to save
on the number of operations, and it is a requirement if the gate implemented comes from an
irreversible function (MILLER; WILLE; DRECHSLER, 2010), which is a situation we do not consider
in this work. It is possible to select a subset of the available qubits to serve exclusively as
auxiliary qubits. Some decompositions can also borrow qubits already in use, aptly called dirty
auxiliary qubits, and return them to their original state at the end of the operation. Usually,
the latter is more expensive, but as additional qubits are not always viable, especially when
qubits are still scarce in current devices, this type of workaround may be more viable. For this
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reason, in this research, the proposed schemes do not assume the availability of extra qubits to
reserve for auxiliary space. Additionally, clean auxiliary qubits, which are those with a known
initialization state, may offer smaller circuits than those using dirty auxiliary qubits. However,
during computations we cannot guarantee the state of a qubit to be “clean”. Therefore we
study decompositions that do not assume specific values of auxiliary qubits and can be used
at any point in a larger computation.

2.3 IMPORTANT PROPERTIES IN QUANTUM CIRCUITS

A crucial characteristic that can be leveraged in the design of quantum algorithms is
quantum parallelism. This is different to the parallelism alluded to previously when explaining
the application of gates in parallel in Figure 1. In simple terms, quantum parallelism refers
to a function evaluation for many different inputs simultaneously (NIELSEN; CHUANG, 2010),
coming from the linearity of operators applied to a superposition of basis states. Deutsch’s
algorithm (DEUTSCH, 1985) is an example of application of quantum parallelism which demon-
strates an advantage that quantum computing offers over classical computing. In this algo-
rithm, Deutsch uses this quantum property to obtain a binary outcome upon measuring the
output of the quantum circuit, revealing something about the nature of a binary function.

To start, one can assume there is a function 𝑓 : {0, 1} → {0, 1} and the goal is to determine
whether 𝑓 is constant, outputting either 0 or 1 for any input; or balanced, outputting different
values for each input. To compute the function 𝑓 , assume there is an operator 𝑈𝑓 given by the
transformation |𝑥, 𝑦⟩ ↦→ |𝑥, 𝑦 ⊕ 𝑓(𝑥)⟩. This type of quantum operator is called an oracle or a
black box, which is a quantum circuit whose inner workings are not relevant to the description
of the task (NIELSEN; CHUANG, 2010). In this case, the quantum oracle can compute 𝑓(𝑥)

and output an answer for the original question. Since 𝑈𝑓 , from its definition, is unitary, this
operator is valid. As an oracle, it performs the evaluations for 𝑓 and marks a qubit with the
information it found. A simplified version of the algorithm presented by (NIELSEN; CHUANG,
2010) is summarized by the circuit shown in Figure 4. In this case, the answer will be found
on the first qubit.

In this algorithm, this can be done by initializing two qubits in the state |01⟩. To make it
so the evaluations occur for all values of the binary function, a trick is to use the Hadamard
operator to put in superposition all possible values of a qubit. The first step of the algorithm
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]|0⟩ 𝐻
𝑈𝑓

𝐻

|1⟩ 𝐻

𝑥 𝑥

𝑦 𝑦 ⊕ 𝑓(𝑥)

|𝑞0⟩ |𝑞1⟩ |𝑞2⟩ |𝑞3⟩

Figure 4 – The quantum circuit for a simplified version of Deutsch’s algorithm (DEUTSCH, 1985). Source:
Adapted from Nielsen and Chuang (2010).

is to apply an Hadamard gate to each qubit, resulting in the state

|𝜓1⟩ =
(︃

|0⟩ + |1⟩√
2

)︃(︃
|0⟩ − |1⟩√

2

)︃
. (2.15)

The parentheses show the current state of each qubit in the circuit. The reason for an
Hadamard gate on the second qubit is a key part of this algorithm, which will become explicit
in the next steps. Below is the effect of applying the oracle gate 𝑈𝑓 when the second qubit is
in the state (|0⟩ − |1⟩)/

√
2.

𝑈𝑓 |𝑥⟩
(︃

|0⟩ − |1⟩√
2

)︃
=

⎧⎪⎪⎨⎪⎪⎩
|𝑥⟩

(︁
|0⟩−|1⟩√

2

)︁
, if 𝑓(𝑥) = 0

|𝑥⟩
(︁

|1⟩−|0⟩√
2

)︁
, if 𝑓(𝑥) = 1

(2.16)

This can be rewritten as 𝑈𝑓 |𝑥⟩ (|0⟩−|1⟩)/
√

2 = (−1)𝑓(𝑥) |𝑥⟩ (|0⟩−|1⟩)/
√

2. Note that, if the
second qubit had been initialized as |0⟩, this distinction of outcomes would not exist. Since
the first qubit is in the state (|0⟩ + |1⟩)/

√
2, then the function will be evaluated for both 0

and 1. If 𝑓 is constant, both terms |0⟩ and |1⟩ in the first qubit will retain the same probability
amplitude with equal signs. However, if 𝑓 is balanced, the signs will be opposite. Therefore,
the following state |𝜓2⟩ will depend on 𝑓 being a constant or balanced function. The resulting
state is then

|𝜓2⟩ =

⎧⎪⎪⎨⎪⎪⎩
±
(︁

|0⟩+|1⟩√
2

)︁ (︁
|0⟩−|1⟩√

2

)︁
, if 𝑓(𝑥) is constant

±
(︁

|0⟩−|1⟩√
2

)︁ (︁
|0⟩−|1⟩√

2

)︁
, if 𝑓(𝑥) is balanced.

(2.17)

When the final Hadamard gate operates on the first qubit, the conditional state is then

|𝜓3⟩ =

⎧⎪⎪⎨⎪⎪⎩
± |0⟩

(︁
|0⟩−|1⟩√

2

)︁
, if 𝑓(𝑥) is constant

± |1⟩
(︁

|0⟩−|1⟩√
2

)︁
, if 𝑓(𝑥) is balanced,

(2.18)

meaning that, at the end of the circuit, the first qubit will reveal that 𝑓 is constant when
measured as 0 or that 𝑓 is balanced when measured as 1. Given that 𝑓(0) ⊕ 𝑓(1) = 0 when
𝑓(0) = 𝑓(1), and 𝑓(0) ⊕ 𝑓(1) = 1 when 𝑓(0) ̸= 𝑓(1), then the final state |𝜓3⟩ can also be
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rewritten as
|𝜓3⟩ = ± |𝑓(0) ⊕ 𝑓(1)⟩

(︃
|0⟩ − |1⟩√

2

)︃
. (2.19)

Deutsch’s algorithm can be generalized for the case of an 𝑛-qubit 𝑥 with a function 𝑓 :

{0, . . . , 2𝑛−1} → {0, 1}. This generalization is known as the Deutsch–Josza algorithm (DEUTSCH;

JOZSA, 1992).
The way of applying the Hadamard gate in Deutsch’s algorithm highlights a use for it that

permits quantum mechanics phenomena, enabling a means to extract the solution to the prob-
lem. By initializing the state as |01⟩ and performing the Hadamard gate applications the way
they are shown in the circuit, important features of quantum mechanics are utilized. Quantum
interference is used, together with quantum parallelism, to amplify or cancel out probability
amplitudes, causing the measurement outcome of the first qubit to reveal this global property
of the binary function. In this case, the negative local phase of the second qubit originated
after the Hadamard gate created alternative cases that interfere with each other based on 𝑓
being constant or balanced. This is something that cannot be done classically with the same
efficiency, as the multiple function evaluations would be performed separately and the com-
bined result would inform about this function property. The alternatives of having a constant
or a balanced function are mutually exclusive. In the quantum setting, quantum superposition
and local phases of quantum states can be combined to cause interference, making the re-
sulting alternatives, such as this property of a function, measurable in the outcome. Beyond
quantum superposition and quantum parallelism, which can in theory be modeled classically
with enough resources, quantum interference is a key phenomenon of quantum mechanics
that sets quantum computing apart from classical computing. In the following section, we
present some of the obstacles that need to be overcome so that taking full advantage of these
characteristics becomes possible in quantum computing.

2.4 CHALLENGES IN NEAR-TERM QUANTUM COMPUTING

Quantum noise presents an intrinsic barrier to the perfect execution of quantum computa-
tions. It can originate from multiple physical sources (RESCH; KARPUZCU, 2021), such as un-
wanted interactions that may happen between quantum systems and the environment (NIELSEN;

CHUANG, 2010) or between qubits (WOOD; GAMBETTA, 2018). Other possible sources of noise
can be the application of imprecise rotations of a quantum gate (BARNES et al., 2017) and, in
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quantum systems that are not two-level systems, qubits leaking out from the suitable states
that represent 0 or 1 to noncomputational states (FOWLER, 2013). Quantum decoherence is a
critical and challenging phenomenon that presents an obstacle to reliable quantum computing.
Yanofsky and Mannucci (2008, p. 308) define quantum decoherence as “the loss of purity of
the state of a quantum system as the result of entanglement with the environment”. Since
there is a desire for an isolated quantum system without the loss of the properties necessary
to perform quantum computation, decoherence is something that must be avoided before a
computational task is finished. These interactions referred to earlier between a quantum sys-
tem and its environment result in disturbances that lead to the disruption of coherence and
fidelity of quantum states. In other words, noise causes quantum systems to decohere and
behave classically, while the loss of fidelity means that the quality of measurement outcomes
is negatively impacted (NIELSEN; CHUANG, 2010).

This is an obstacle for long enough computations, making many possible applications of
quantum computing impractical for near-term devices. Given the fragility of quantum phe-
nomena like superposition and entanglement, and the inherent imperfections of quantum gate
implementations resulting in error accumulation, quantum noise becomes a significant chal-
lenge in the realization of scalable quantum computing (PRESKILL, 2018; SAKI; ALAM; GHOSH,
2021). Consequently, mitigation strategies need to be employed in order to address the effects
of quantum noise. The main strategies to handle noise currently require error correction or
some other forms of mitigation. Ideally, fault-tolerant quantum computation is achieved by
employing quantum error correction (QEC) techniques to recover from eventual computation
errors. However, the process of encoding the quantum information needed to perform recov-
ery operations, together with the process of recovering the information, implies an inevitable
accumulation of errors (SHOR, 1996; PRESKILL, 1998) that must be managed reliably. In order
for QEC to be reliable, the system gate error rates must be below a reasonable threshold.
Additionally, due to the high qubit overhead required by QEC, fault tolerance in near-term
quantum devices still proves to be infeasible.

At this stage of quantum computing hardware development, qubits remain inherently frag-
ile, exhibiting limited lifetime due to decoherence and other sources of noise and error (LI;

DING; XIE, 2019). Since gate errors can be avoided with a lower number of gates, and similarly
shorter quantum circuits have a lower chance to reach decoherence time, reducing quantum
circuit operations and depth can be a measure to mitigate both noise and error. As mentioned,
QEC has an implementation cost that is difficult to be met in the current era. Consequently,



32

optimizations to quantum algorithms that lower overall circuit cost are easier to implement.
The cost of a quantum circuit can be measured by counting the number of basic operations to
simulate it, which can be translated into the total gate count (BARENCO et al., 1995), however
the term may be applied more broadly. The quantum circuit cost can encompass the cost
to run a quantum circuit in terms of the total number of gates required, the total number
of qubits being operated on, or the minimal number of timesteps with gate operations, also
known as circuit depth. With that said, each of these aspects can contribute to exacerbating
the effects of noise:

• More gates mean a higher chance to execute faulty operations resulting in more error
accumulation;

• More qubits are affected by the qubit connectivity of the quantum architecture, which
can require more gates to be added for non-adjacent qubit interactions and result in
more noise;

• Longer circuit depth impacts the duration of the quantum algorithm, which has an
increased chance to hit decoherence time before the end of its runtime and continue
execution despite the loss of quantum information.

Qubit connectivity, in particular, is affected by how qubits are physically realized on NISQ
devices. Hardware constraints exist in physical qubit coupling, thereby hindering direct in-
teraction between non-neighboring qubits without the incorporation of additional quantum
gates (MASLOV; FALCONER; MOSCA, 2008; LI; DING; XIE, 2019). Due to the problem of map-
ping logical qubits to physical ones being NP-complete, this poses yet another obstacle to
near-term quantum computing, particularly when it comes to the realization of multiqubit
gates. In devising new algorithms for quantum computing, for simplicity, it is usual to assume
full connectivity between qubits in the system. This is also the case in this work since, as was
mentioned before, a hardware-agnostic architecture is assumed.

The Clifford group of quantum operators is a subset of quantum operators that can be
efficiently simulated on a classical computer (GOTTESMAN, 1998; AARONSON; GOTTESMAN,
2004). The Hadamard, 𝑆 and CNOT gates comprise this set, possessing quantum operators
frequently used in many algorithms. However, this subset by itself is not sufficient for uni-
versal quantum computing (GOTTESMAN, 1998; SHOR, 1996). By also including the Toffoli
operator, one can obtain a universal set of operators for quantum computation (SHOR, 1996).
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Alternatively, as evidenced by the exact decomposition for the Toffoli operator in the quan-
tum circuit illustrated in Figure 2, the Clifford group with the 𝑇 operator forms a universal
set, also known as Clifford+𝑇 . This operator set underscores how cost can be estimated dif-
ferently depending on the task. Efficient, fault tolerant implementation of the Clifford group
has been demonstrated (SHOR, 1996), however the 𝑇 operator is difficult to implement with
efficiency without converting correctable errors into uncorrectable ones, which is essential for
fault tolerant computing (GOSSET et al., 2013; CAMPBELL; TERHAL; VUILLOT, 2017; GIDNEY,
2018). Therefore, in QEC, more weight is given to the 𝑇 -count and 𝑇 -depth, which refer to
the number of 𝑇 operators and the number of timesteps where 𝑇 operators occur. Minimizing
both thus offers an avenue for reducing overhead in fault tolerant computing.

In general quantum circuit design where fault tolerance is not the focus, the CNOT operator
is typically the emphasis when measuring cost. In NISQ hardware, two-qubit gate implemen-
tations have a significant error rate which cannot yet be overcome by QEC (PRESKILL, 2018).
While this is true, the CNOT operator still proves to be more robust to noise than other
two-qubit operators (HARROW; NIELSEN, 2003). As a useful quantum operator for permitting
quantum entanglement and universal quantum computation with other single-qubit operators,
despite being noisy, it is ever-present in many quantum algorithms. Owing to that, minimizing
the CNOT count in quantum circuits is a crucial noise mitigation strategy for NISQ devices
until fault tolerant quantum computing can effectively be achieved.
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3 REVIEW OF LITERATURE

Here we explain the most relevant decomposition methods related to this work, particularly
for multicontrolled single-qubit gates, including steps necessary for the proposed constructions.
Although there are more general ways to decompose single-qubit gates with multiple controls,
including universal methods that apply to any multiqubit operator, we introduce only specific
ones since they produce more efficient circuits for the types of single-qubit gates mentioned in
the following sections. For simplicity, from now on a 𝐶𝑘,𝑛(𝑈) gate will refer to an 𝑛-qubit gate
that performs the 𝑈 operator with 𝑘 control qubits. Table 2 summarizes the complexities in
terms of CNOT counts for all decomposition schemes mentioned in this chapter, along with
the minimum number of auxiliary qubits required by each method.

Table 2 – CNOT gate count and required number of auxiliary qubits of the different decomposition schemes
for multicontrolled single-qubit gates in the related literature.

Gate Reference # of aux. qubits # of CNOTs
𝐶𝑘,𝑛(𝜎𝑥) Barenco et al. (1995) 𝑘 − 2 24𝑘 − 48
𝐶𝑘,𝑛(𝜎𝑥) Iten et al. (2016) 𝑘 − 2 8𝑘 − 6

𝐶𝑛−2,𝑛(𝜎𝑥) Barenco et al. (1995) 1 24𝑛 − 84
𝐶𝑛−2,𝑛(𝜎𝑥) Iten et al. (2016) 1 16𝑛 − 40
𝐶𝑛−2,𝑛(𝜎𝑥) He et al. (2017) 1 24𝑛 − 96

𝐶𝑛−1,𝑛(𝑈), 𝑈 ∈ 𝑈(2) Barenco et al. (1995) 0 16𝑛2 − 60𝑛 + 42
𝐶𝑛−1,𝑛(𝑈), 𝑈 ∈ 𝑈(2) Silva and Park (2022) 0 4𝑛2 − 12𝑛 + 10

𝐶𝑛−1,𝑛(𝑊 ), 𝑊 ∈ 𝑆𝑈(2) Barenco et al. (1995) 0 48𝑛 − 162

𝐶𝑛−1,𝑛(𝑊 ), 𝑊 ∈ 𝑆𝑈(2) Iten et al. (2016) 0 28𝑛 − 88 (𝑛 even) or
28𝑛 − 92 (𝑛 odd)

Source: The author (2026).

3.1 DECOMPOSITIONS FOR MULTICONTROLLED 𝜎𝑥 GATES

Decomposing multicontrolled 𝜎𝑥 gates has several applications given this operator is widely
used in many quantum algorithms. As implied before, the more qubits that are free to be used
as working qubits for a multiqubit gate decomposition, the fewer gates a quantum circuit
may need to implement the decomposition. The following decomposition schemes for multi-
controlled 𝜎𝑥 have varying numbers of auxiliary qubits, so one can utilize them according to
resource availability. In all cases, the auxiliary qubits do not have to be “clean” since they
are reverted to their original states before the circuit operation completes. Table 2 contains
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information about the number of auxiliary qubits and CNOTs in the circuits produced by the
methods described below.

3.1.1 Barenco et al. (1995)

The construction of controlled 𝜎𝑥 gates with 𝑛 qubits and 𝑘 control qubits, shown by
Barenco et al. (1995), needs at least 𝑘 − 2 auxiliary qubits to operate with a linear number
of CNOT gates. The circuit consists of a roughly V-shaped sequence of Toffoli gates. The
need for 𝑘 − 2 auxiliary qubits for each control qubit is due to the pairing of a control qubit
with one auxiliary qubit in the chain of Toffoli gates. Two of the Toffoli gates in the sequence
act on an auxiliary qubit using two control qubits of the original operator being decomposed,
meaning 𝑘 control qubits except two are matched with an auxiliary qubit.

The goal is to flip the target qubit employing the auxiliary qubits when all controls are |1⟩.
The first Toffoli flips the target if the corresponding auxiliary qubit is in state |1⟩. Otherwise,
the control qubits set that qubit to |1⟩ so that the second Toffoli gate inverts the target.
In Figure 5, the dashed vertical line identified by “flip target” marks the beginning of this
process. After that, the remaining gates reset the auxiliary qubits to their initial values from
the beginning of the circuit. The second dashed line identifies this step in Figure 5 as “revert
auxiliary.” For each auxiliary qubit except one, four Toffoli gates are applied. For the remaining
auxiliary qubits, two Toffoli gates are applied and two more Toffoli gates operate on the target
qubit. This results in 4(𝑘− 2) Toffoli gates needed in the decomposition, as shown in Lemma
7.2 of Barenco et al. (1995), for a total of 24𝑘 − 48 CNOTs.

=

flip target revert auxiliary

Figure 5 – Barenco et al. (1995) circuit for 𝑘–controlled 𝜎𝑥 gates with 𝑘 − 2 auxiliary qubits. Source: Adapted
from Barenco et al. (1995) and (VALE et al., 2024) © 2024 IEEE.

We can use this gate to construct a circuit for multicontrolled 𝜎𝑥 gates with only one
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qubit free to be used as an auxiliary. The control qubits split into two groups comprising, for
example, the top 𝑘1 = ⌈𝑛/2⌉ controls and the remaining 𝑘2 = 𝑛−𝑘1 − 1 controls. The circuit
from Figure 5 is applied four times, alternating between the 𝑘1 controls acting on the auxiliary
qubit and the 𝑘2 control qubits (plus the auxiliary qubit as an extra control) on the actual
target of the circuit. Figure 6 illustrates the resulting construction. Each gate borrows qubits
from the other group of controls as dirty auxiliary qubits.

𝑘1

𝑘2

=

𝑘1

𝑘2

Figure 6 – Barenco et al. (1995) circuit for multicontrolled 𝜎𝑥 gates with one auxiliary qubit. Source: Adapted
from Barenco et al. (1995) and Vale et al. (2024) © 2024 IEEE.

Direct implementation of the 𝐶𝑛−2,𝑛(𝜎𝑥) circuit shown in Figure 6 results in 8(𝑛 − 5)

Toffoli gates, since the top gates require 4(𝑘1 − 2) Toffoli gates and the bottom ones require
4(𝑘2 − 2) Toffoli gates. The number of Toffoli gates before optimizations is therefore

2 × 4(𝑘1 − 2) + 2 × 4(𝑘2 − 2) = 8(𝑘1 + 𝑘2) − 32

= 8(𝑘1 − 𝑛− 𝑘1 − 1) − 32

= 8𝑛− 40,

(3.1)

totaling 48𝑛 − 240 CNOT gates. However, the 𝐶𝑘1,𝑛(𝜎𝑥) gates targeting the auxiliary qubit
are paired to reset each other. Therefore relative phase Toffoli gates, seen in Figure 3, can
be the only version of the Toffoli gate used in their execution. In other words, four Toffoli
gates each contribute with six CNOTs, and the remaining 8𝑛− 36 contribute with 24𝑛− 108

CNOTs, adding up to 24𝑛− 84 CNOT gates.

3.1.2 Iten et al. (2016)

Iten et al. (2016) demonstrated how to improve upon both schemes for multicontrolled 𝜎𝑥

gates with auxiliary qubits introduced by Barenco et al. (1995) by relying on relative phase
Toffoli gates and gate canceling. The action of the circuit in Figure 6 would not change if all
gates affecting the auxiliary qubits of the 𝐶𝑘2,𝑛(𝜎𝑥) circuit were relative phase Toffoli gates.
Figure 7 illustrates the modifications made to the construction of Figure 5 that reflect this
change for the 𝐶𝑘2,𝑛(𝜎𝑥) gates.



37

Δ

Δ Δ
=

Δ

𝑅†
𝑦 𝑅†

𝑦 𝑅𝑦 𝑅𝑦

Figure 7 – The “flip target” part of the circuit from Figure 5 following gate canceling optimization. Source:
Adapted from Iten et al. (2016).

These modifications reduce the number of CNOTs each gate contributes from six to three.
Considering that the circuit pairs up all gates of the same type acting on the same target qubit,
the phases they introduce cancel out due to partial canceling of the relative phase Toffoli circuit.
Thus, except for three of the control qubits, eight CNOTs per qubit are produced. Including the
two top relative phase Toffoli gates, where no canceling happens, and the exact Toffoli gates
affecting the actual target qubit of the operation, this circuit contains 8(𝑘− 3) + 18 = 8𝑘− 6

CNOTs in total. These optimizations can then improve the multicontrolled 𝜎𝑥 with one auxiliary
qubit. Using this modification to the circuit in Figure 6 and only relative phase Toffoli gates
on the gates controlled by the 𝑘1 top qubits, the latter already present in the construction by
Barenco et al. (1995), one can implement this gate using 16𝑛− 40 CNOTs.

3.1.3 He et al. (2017)

He et al. (2017) proposed a circuit to decompose 𝐶𝑘,𝑛(𝜎𝑥) gates with two or more control
qubits and one auxiliary qubit that takes advantage of operations performed on the auxiliary
qubit. In short, these operations utilize paired inverse gates to cancel unneeded actions to
introduce the phase of −1 only when all controls and the target qubit are |1⟩. When that
happens, we can see it as propagating the phase to the target to simulate a controlled 𝜎𝑧

gate. This effect then becomes a qubit flip on the target. When the control state is 1, the
action on the target qubit is equivalent to 𝐻𝜎𝑧𝐻 = 𝜎𝑥. Otherwise, no action happens since
the Hadamard operator is self-adjoint. Figure 8 depicts the complete circuit. The qubits |𝑡⟩

and |𝑎⟩ are the target and auxiliary qubits, respectively. The remaining top wires represent two
groups of 𝑘1 and 𝑘2 qubits which are the control qubits of the gate.
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𝑘1

𝑘2

|𝑡⟩

|𝑎⟩

=

𝑘1

𝑘2

|𝑡⟩ 𝐻 𝐻

|𝑎⟩ 𝑆 𝑆† 𝑆 𝑆†

Figure 8 – He et al. (2017) decomposition scheme for multicontrolled 𝜎𝑥 gates with one auxiliary qubit. Source:
Adapted from He et al. (2017) and Vale et al. (2024) © 2024 IEEE.

Upon closer inspection of this circuit on different control states, four main situations decide
which operators activate on the auxiliary qubit. The first is when both groups of qubits, the
𝑘1 control qubits and the 𝑘2 controls plus the target, have at least one qubit in the state |0⟩,
disabling all 𝜎𝑥 gates and yielding

𝑆†𝑆𝑆†𝑆 = 𝐼. (3.2)

When all of the qubits from the group of 𝑘1 controls are |1⟩, and at least one of the qubits
from the group of 𝑘2 controls or the target qubit is |0⟩, then the sequence of operators

𝑆†𝑆𝜎𝑥𝑆
†𝑆𝜎𝑥 = 𝐼 (3.3)

applies to the auxiliary qubit. Conversely, when all 𝑘2 controls and the target are |1⟩, and at
least one of the 𝑘1 controls is |0⟩, the resulting transformation is

𝑆†𝜎𝑥𝑆𝑆
†𝜎𝑥𝑆 = 𝐼. (3.4)

Finally, when all control qubits and the target qubit are in state |1⟩, the action on the auxiliary
qubit is

𝑆†𝜎𝑥𝑆𝜎𝑥𝑆
†𝜎𝑥𝑆𝜎𝑥 = −𝐼, (3.5)

producing the effect of the controlled 𝜎𝑧. With the Hadamard operators, the simulation of the
controlled 𝜎𝑥 on the target qubit is satisfied.

Although He et al. (2017) present this decomposition scheme as consisting of only relative
phase Toffoli gates (HE et al., 2017, Figures 2 and 3), this incorrectly produces a relative
phase circuit. Exact Toffoli gates must target the auxiliary qubit to correct the relative phase.
Nevertheless, the original estimate of the number of CNOTs in the decomposed quantum circuit
is correct, totaling 24𝑛−96 CNOTs, where the number of qubits 𝑛 includes the auxiliary qubit.
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3.2 DECOMPOSITIONS FOR MULTICONTROLLED SINGLE-QUBIT GATES

It is valuable to have ways to synthesize circuits for any gates in the 𝑈(2) group and not
just 𝜎𝑥 gates when multiple controls are involved. The decompositions shown in this section
offer an improvement over general 𝑛–qubit gate decomposition methods, which have a CNOT
gate count in the order of 𝑂(4𝑛) (SHENDE; BULLOCK; MARKOV, 2005). Since these methods
work for any controlled single-qubit gate, they are also appropriate for 𝑆𝑈(2) operators, which
this work focuses on, although there is a penalty on the number of gates and depth of circuits
compared to those produced by methods explained in Section 3.3.

3.2.1 Barenco et al. (1995)

An intuitive approach to decompose multicontrolled single-qubit operators with no auxiliary
qubits is by employing roots of gates. In Figure 9, the quantum circuit illustrates a method
presented by Barenco et al. (1995) to decompose 𝐶𝑛−1,𝑛(𝑈) gates that requires recursively
computing roots of 𝑈 up to the 2𝑛−2th root. The disadvantage of exploring this property is the
ever-decreasing power of 𝑈 incurring numerical errors in computations and proving impractical
for large numbers of qubits. The regular presence of free qubits to borrow as dirty auxiliary
qubits in multicontrolled 𝜎𝑥 applications makes using the scheme from Figure 6 or its improved
variant by Iten et al. (2016) possible.

𝑛−2

𝑈

=

𝑛−2

√
𝑈

√
𝑈

† √
𝑈

Figure 9 – Barenco et al. (1995) decomposition scheme for general multicontrolled single-qubit gates. Source:
Adapted from Iten et al. (2016).

The costs of the two controlled gates produced at each step of the recursion, plus the ad-
ditional gate at the last computation step of the 2𝑛−2√

𝑈 gate, do not depend on the number
of qubits. Hence they only increase the CNOT count by a constant. Moreover, the multicon-
trolled 𝜎𝑥 gates come in pairs, starting with 𝑛− 2 control qubits but removing one control at
each step. This results in a CNOT count in the order of 𝑂(24𝑛2) produced by these gates.
Including optimizations by Iten et al. (2016), the estimate is that this construction needs at
most 16𝑛2 − 60𝑛+ 42 CNOTs.
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3.2.2 Silva and Park (2022)

Silva and Park (2022) introduced an improved quantum circuit to decompose any multi-
controlled 𝑈(2) gate based on an approach by Saeedi and Pedram (2013) specifically for 𝑅𝑥

gates. The authors showed that any 𝐶𝑛,𝑛+1(𝑈) gate can be decomposed as

𝐶𝑛,𝑛+1(𝑈) = 𝑄†
𝑛𝑃𝑛(𝑈)†𝑄𝑛(𝑞1

2𝑛−1√
𝑈𝑞𝑛+1)𝑃𝑛(𝑈), (3.6)

where
𝑃𝑛(𝑈) =

𝑛∏︁
𝑘=2

𝑞𝑘
2𝑛−𝑘+1√

𝑈𝑞𝑛+1 (3.7)

and
𝑄𝑛 =

𝑛−1∏︁
𝑘=1

𝐶𝑘,𝑘+1𝑅𝑥(𝜋). (3.8)

The quantum circuit has four stages, as shown in Figure 10. The first stage applies the
operators

√
𝑈, . . . , 2𝑛−1√

𝑈 plus an extra 2𝑛−1√
𝑈 on the target qubit 𝑞𝑛+1, each controlled

by one qubit from 𝑞𝑛, . . . , 𝑞1, respectively. This sequence corresponds to the action of the
operator 𝑈 . Next, qubits 𝑞𝑛, . . . , 𝑞2 are the targets of 𝑅𝑥(𝜋), each application controlled by
all the qubits above. The following two stages are inverse to the first two, except the 2𝑛−1√

𝑈
†

gate controlled by qubit 𝑞1 does not occur. All affected control qubits are then reset to their
original values at the end, equating to the inverse of the second stage.

When all controls are in state |1⟩, all operations of the first and second stages are activated,
flipping each qubit 𝑞2, . . . , 𝑞𝑛 to −𝑖 |0⟩. Consequently, this skips the third stage, and the action
of 𝑈 transforms the target qubit. When 𝑞1 is |0⟩, any gates controlled by this qubit, including
all operators in the second stage, are skipped, and the remaining gates cancel out. The target
qubit remains unchanged. If 𝑞1 is |1⟩, and at least one control qubit is |0⟩, the controls in
state |0⟩ disable the corresponding gates at the first stage. During the following sequence,
any qubits below them remain unflipped. The first control qubit 𝑞𝑗 in state |0⟩, however, is
flipped. That deactivates the inverse gates controlled by any qubits before 𝑞𝑗, activates the
gate controlled by 𝑞𝑗, and causes the remaining gates with unaffected control qubits to cancel
the corresponding gates from the first stage. The result is no action on the target qubit.

Saeedi and Pedram (2013) had proposed an alternative construction for the 𝐶𝑛−1,𝑛(𝑅𝑥(𝜋))

circuit, depicted in Figure 11. When this construction and its inverse are incorporated into the
quantum circuit from Figure 10, replacing the second and fourth stages, respectively, the
number of two-qubit gates required in the decomposition scheme is 2𝑛2 − 6𝑛+ 5. With each
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𝑈

=

𝑅𝑥(𝜋)

𝑅𝑥(𝜋)

𝑅𝑥(𝜋)
√
𝑈 4

√
𝑈 8

√
𝑈 8

√
𝑈

1 2

. . .

𝑅𝑥(−𝜋)

𝑅𝑥(−𝜋)

𝑅𝑥(−𝜋)

8
√
𝑈

† 4
√
𝑈

† √
𝑈

†

3 4

Figure 10 – Silva and Park (2022) decomposition scheme for general multicontrolled single-qubit gates. Source:
Adapted from Silva and Park (2022).

two-qubit gate requiring at most two CNOTs, this translates to up to 4𝑛2 − 12𝑛+ 10 CNOT
gates for the decomposition scheme proposed by Saeedi and Pedram (2013) and similarly for
the proposal by Silva and Park (2022).

This gate decomposition improves upon the scheme introduced by Barenco et al. (1995),
yet the quadratic cost in the number of gates remains. As we will see in Section 3.3, there is a
subset of 𝑈(2) operators, namely the special unitary or 𝑆𝑈(2) operators, whose controlled ver-
sions have linear decompositions. As a result, if we know beforehand that the class of quantum
gates we are dealing with is a multicontrolled 𝑆𝑈(2) gate, we can pick a linear decomposi-
tion scheme among the available ones. In the proposed approach presented in Chapter 4, we
improve upon the methods shown in the present chapter when dealing with multicontrolled
𝑆𝑈(2) operators.
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𝑅𝑥(𝜋)

=

𝜋 −𝜋

𝜋/2 𝜋/2 −𝜋/2 𝜋/2 −𝜋/2 −𝜋/2

𝜋/2 𝜋/4 𝜋/4 −𝜋/4 −𝜋/2 𝜋/2 𝜋/4 −𝜋/4 −𝜋/4 𝜋/2

𝜋/2 𝜋/4 𝜋/8 𝜋/8 −𝜋/8 −𝜋/4 −𝜋/2

2 4

Figure 11 – Saeedi and Pedram (2013) decomposition scheme for multicontrolled 𝑅𝑥(𝜋). Source: Adapted
from Saeedi and Pedram (2013).

3.3 DECOMPOSITIONS FOR MULTICONTROLLED 𝑆𝑈(2) GATES

Now that we have described the decomposition methods for multicontrolled 𝜎𝑥 and gen-
eral single-qubit gates, the focus can shift to decomposing 𝑆𝑈(2) gates with multiple control
qubits. This set of quantum operators has fewer known decomposition methods designed for
it than 𝜎𝑥 gates or general single-qubit gates. Yet, without relying on a generalized scheme,
the following approaches exhibit linear complexity in basic quantum gates and circuit depth.
The proposal in this work has a further advantage over the strategies presented in the liter-
ature. Examples of algorithms using 𝑆𝑈(2) gates are rotation-based state preparation using
multicontrolled 𝑅𝑧 or 𝑅𝑦 rotations (MOTTONEN et al., 2004; BERGHOLM et al., 2005; SHENDE;

BULLOCK; MARKOV, 2005), probability-loading state preparation (GROVER; RUDOLPH, 2002;
MARIN-SANCHEZ; GONZALEZ-CONDE; SANZ, 2023), and circuit-based approaches for simulat-
ing lattice gauge Hamiltonians using multicontrolled 𝑅𝑥 rotations (BALAJI et al., 2025).
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3.3.1 Barenco et al. (1995)

To construct a quantum circuit that synthesizes this type of gate, Barenco et al. (1995)
use the fact that Equation (2.14) can form 𝑆𝑈(2) operators. From this, one can note that
adding one control qubit to an 𝑆𝑈(2) gate means adding one control to both 𝜎𝑥 gates. When
the control state is |0⟩, the target qubit is unaffected since 𝐴𝐵𝐶 = 𝐼. The bottom wire
simulates Equation (2.14) when the control state is |1⟩. That is enough to realize a circuit
for any number of control qubits. Figure 12 shows a circuit that uses two multicontrolled 𝜎𝑥

operators borrowing one of the controls as a dirty auxiliary qubit. Using single-control 𝑆𝑈(2)

gates in this construction frees up one qubit that the multicontrolled 𝜎𝑥 gates can borrow.
Then, the circuit can integrate one of the decomposition schemes from Section 3.1 here to
lower its complexity.

𝑛−2

𝑊

=

𝑛−2

𝐴 𝐵 𝐶

Figure 12 – Barenco et al. (1995) decomposition scheme for multicontrolled 𝑆𝑈(2) gates. Source: Adapted
from Barenco et al. (1995).

As initially presented, this scheme uses the decomposition methods described in Sec-
tion 3.1.1. Consequently, the number of CNOTs required by two multicontrolled 𝜎𝑥 gates
is 48𝑛− 168. As for the remaining three gates with one control qubit, each requires up to two
CNOTs. This decomposition can be realized with at most 48𝑛− 162 CNOT gates.

3.3.2 Iten et al. (2016)

The decomposition scheme for 𝑆𝑈(2) gates by Iten et al. (2016) uses the same idea as the
one by Barenco et al. (1995), though with additional modifications, described in Section 3.1.2,
that makes the multicontrolled 𝜎𝑥 gates more economical. Until now, this means implementing
this construction requires up to 32𝑛−74 CNOTs. Still, there are further possible optimizations
for this construction since the multicontrolled 𝜎𝑥 being inverse of itself allows both occurrences
of this gate to use different schemes. Appropriately, the second occurrence of the gate is in
reverse order. That way, any quantum gate that does not interact with the bottom two qubits
can be canceled. The consequence for the quantum gate to the left of the dashed region
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in Figure 13 is eliminating the last group of gates that reset the auxiliary qubits of the 𝜎𝑥

gate controlled by the bottom set of control qubits. The quantum gate to the right-hand side
mirrors this effect.

𝑘1

𝑘2

𝑊

=

𝑘1

𝑘2

𝐴 𝐵 𝐶

Figure 13 – Region of the multicontrolled 𝑆𝑈(2) scheme by Iten et al. (2016) where the canceling of the
resetting part of the 𝐶𝑘2(𝜎𝑥) gates happens. Source: Adapted from Iten et al. (2016).

Considering all these optimizations, the updated CNOT count can be calculated. Assuming
there are 𝑘2 = ⌈𝑛/2⌉ controls in the bottom multicontrolled 𝜎𝑥 gates and 𝑘1 = 𝑛 − 𝑘2 − 1

controls in the top multicontrolled 𝜎𝑥 gates, one middle 𝐶𝑘2,𝑛(𝜎𝑥) gate produces 8𝑘2 − 6

CNOTs minus the number of CNOTs in the auxiliary qubit resetting part of the circuit. That
removes 4(𝑘2 − 3) + 3 CNOTs, totaling 4𝑘2 + 3 CNOTs in one of the two 𝐶𝑘2,𝑛(𝜎𝑥) gates
encircling the controlled 𝐵 operator in the middle. Each top 𝐶𝑘1,𝑛(𝜎𝑥) gate produces 8𝑘1 −14

CNOTs since they use only relative Toffoli gates. With the inclusion of the single-qubit gates,
the expression to compute the improved CNOT count is then

4(8𝑘1 − 14) + 2(8𝑘2 − 6) + 2(𝑘2 + 3) + 6, (3.9)

which amounts to 28𝑛− 88 when 𝑛 is an even number of qubits or 28𝑛− 92 when 𝑛 is odd.
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4 PROPOSED DECOMPOSITION SCHEME FOR MULTICONTROLLED SPE-

CIAL UNITARY SINGLE-QUBIT OPERATORS

This chapter is based substantially on the paper titled “Circuit Decomposition of Mul-
ticontrolled Special Unitary Single-Qubit Gates” by Vale et al. (2024), published in IEEE
Transactions on Computer-Aided Design of Integrated Circuits and Systems (Volume: 43, Is-
sue: 3, March 2024) © IEEE 2011, of which the thesis author is first author. Portions of the
text, results, and figures are adapted from that article.

Before presenting this proposal, some definitions are necessary. We begin by returning to
the decomposition scheme by He et al. (2017) explained in Section 3.1.3. With this scheme, a
multicontrolled 𝜎𝑥 gate can be decomposed using a single auxiliary qubit. We first introduce
an adaptation of this scheme for multicontrolled 𝑆𝑈(2) gates with at least one real-valued
diagonal instead of 𝜎𝑥 gates. With our modification, the need for an auxiliary qubit is eliminated
and all actions are performed on the target qubit.

4.1 DECOMPOSITION SCHEME FOR MULTICONTROLLED 𝑆𝑈(2) GATES WITH ONE
REAL-VALUED DIAGONAL

We start by modifying the operator 𝑆 from Equation (3.5) to a generic operator 𝐴. If 𝐴
is not restricted to a specific gate, then the new scheme yields some operator 𝑈 as follows.

𝐴†𝜎𝑥𝐴𝜎𝑥𝐴
†𝜎𝑥𝐴𝜎𝑥 = 𝑈 (4.1)

Note that, since each matrix is unitary, paired with their inverse, and the determinant of a
product of matrices is the product of their determinants and each matrix is unitary, then the
resulting matrix 𝑈 possesses a determinant of 1. To simplify this approach, it is safe to assume
that the operator 𝐴 is an 𝑆𝑈(2) operator, which will not alter the property of Equation (4.1).
Then, like Equation (2.9), 𝐴 has the form

𝐴 =

⎛⎜⎜⎝𝛼 −𝛽*

𝛽 𝛼*

⎞⎟⎟⎠ , (4.2)
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Similarly as for the decomposition scheme by He et al. (2017), using the fact that the equations
below

𝐴†𝐴𝐴†𝐴 = 𝐼

𝐴†𝐴𝜎𝑥𝐴
†𝐴𝜎𝑥 = 𝐼

𝐴†𝜎𝑥𝐴𝐴
†𝜎𝑥𝐴 = 𝐼

(4.3)

mirror the behavior of Equations (3.2),(3.4), and (3.5) by not changing the qubit operated on,
a similar circuit to the one shown in Figure 8 can be used to depict this adapted algorithm.
This new quantum circuit is demonstrated in Figure 14. The only exception is that, unlike
in the original circuit, no auxiliary qubit is shown because Hadamard operators are not being
used to manipulate the outcome on the target qubit.

𝑘1

𝑘2

𝑈

=

𝑘1

𝑘2

𝐴 𝐴† 𝐴 𝐴†

Figure 14 – Initial decomposition scheme, adapted from He et al. (2017), proposed for multicontrolled 𝑆𝑈(2)
gates whose corresponding matrices contain a real-valued off diagonal. Source: Adapted from Vale
et al. (2024) © 2024 IEEE.

Like before, the qubit register is depicted as being divided into two halves with 𝑘1 = ⌈𝑘/2⌉

qubits and 𝑘2 = ⌊𝑘/2⌋ qubits. No dedicated qubit is used as an auxiliary qubit, however this
algorithm still makes use of dirty auxiliary qubits in its subroutines. Recalling from Section 3.1.1
that we can decompose 𝑘-controlled 𝜎𝑥 gates with no more than 𝑘 − 2 dirty auxiliary qubits,
each register uses qubits available from the other register as working qubits to perform the
𝑘1-controlled and 𝑘2-controlled 𝜎𝑥 gates. We use the improved version from Section 3.1.2
to reduce the gate count. Now we can turn our attention to the result of the sequence of
operations in Equation (4.1) to understand what type of operator is yielded by it.

Lemma 1. An operator given by Equation (4.1), where 𝐴 is of the form of Equation (4.2),
generates an 𝑆𝑈(2) operator with the restriction that its off-diagonal is real-valued.

Proof. By calculating 𝐴†𝜎𝑥𝐴𝜎𝑥, we obtain

𝐴†𝜎𝑥𝐴𝜎𝑥 =

⎛⎜⎜⎝ (𝛼*)2 − (𝛽*)2 𝛼𝛽* + 𝛼*𝛽

−(𝛼𝛽* + 𝛼*𝛽) 𝛼2 − 𝛽2

⎞⎟⎟⎠ . (4.4)
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By inspecting the values 𝛼*𝛽 and 𝛼𝛽*, and denoting as ℜ() and ℑ() the real and imaginary
parts of a complex number, respectively, we have

𝛼*𝛽 = [ℜ(𝛼) − 𝑖ℑ(𝛼)][ℜ(𝛽) + 𝑖ℑ(𝛽)]

= ℜ(𝛼)ℜ(𝛽) + ℑ(𝛼)ℑ(𝛽) + 𝑖[ℜ(𝛼)ℑ(𝛽) − ℑ(𝛼)ℜ(𝛽)]
(4.5)

and

𝛼𝛽* = [ℜ(𝛼) + 𝑖ℑ(𝛼)][ℜ(𝛽) − 𝑖ℑ(𝛽)]

= ℜ(𝛼)ℜ(𝛽) + ℑ(𝛼)ℑ(𝛽) − 𝑖[ℜ(𝛼)ℑ(𝛽) − ℑ(𝛼)ℜ(𝛽)].
(4.6)

Consequently,
𝛼*𝛽 + 𝛼𝛽* = 2ℜ(𝛼*𝛽). (4.7)

Then we can rewrite 𝐴†𝜎𝑥𝐴𝜎𝑥 as

𝐴†𝜎𝑥𝐴𝜎𝑥 =

⎛⎜⎜⎝ 𝜔*
1 𝜔2

−𝜔2 𝜔1

⎞⎟⎟⎠ , (4.8)

where 𝜔1 = 𝛼2 − 𝛽2 ∈ C and 𝜔2 = 2ℜ(𝛼*𝛽) ∈ R. Given that the determinant of 𝐴†𝜎𝑥𝐴𝜎𝑥 is
the product of the determinants of its matrices and 𝐴 ∈ 𝑆𝑈(2), then

det(𝐴†𝜎𝑥𝐴𝜎𝑥) = det(𝐴†) × det(𝜎𝑥) × det(𝐴) × det(𝜎𝑥)

= (1) × (−1) × (1) × (−1)

= 1,

(4.9)

therefore the resulting matrix is also special unitary. Its off-diagonal is formed by the real
elements 𝜔2 and −𝜔2. With that, we can say

(𝐴†𝜎𝑥𝐴𝜎𝑥)2 =

⎛⎜⎜⎝ (𝜔*
1)2 − 𝜔2

2 𝜔*
1𝜔2 + 𝜔1𝜔2

−𝜔*
1𝜔2 − 𝜔1𝜔2 𝜔2

1 − 𝜔2
2

⎞⎟⎟⎠

=

⎛⎜⎜⎝ (𝜔*
1)2 − 𝜔2

2 (𝜔*
1 + 𝜔1)𝜔2

−(𝜔*
1 + 𝜔1)𝜔2 𝜔2

1 − 𝜔2
2

⎞⎟⎟⎠ .
(4.10)

This is also an 𝑆𝑈(2) matrix with real off-diagonal, since det(𝐴†𝜎𝑥𝐴𝜎𝑥)2 = (det(𝐴†𝜎𝑥𝐴𝜎𝑥))2 =

1, 𝜔*
1 + 𝜔1 = 2ℜ(𝜔1), and 𝜔2 ∈ R. Then the final form of Equation (4.1) can be represented

as

(𝐴†𝜎𝑥𝐴𝜎𝑥)2 =

⎛⎜⎜⎝ 𝑧* 𝑥

−𝑥 𝑧

⎞⎟⎟⎠ = 𝑈, (4.11)
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with 𝑧 = 𝜔2
1 −𝜔2

2 ∈ C and 𝑥 = 2ℜ(𝜔1)𝜔2 ∈ R, demonstrating that the adapted decomposition
scheme yields 𝑆𝑈(2) matrices with real off-diagonal elements.

The lemma leads to the following theorem for the real off-diagonal case.

Theorem 1. Every 𝑆𝑈(2) operator whose matrix representation contains real-valued elements

in its off-diagonal can be generated by an operator 𝐴 in the form of Equation (4.1) described

in Lemma 1.

Proof. We now want to show that any matrix 𝑈 ∈ 𝑆𝑈(2) with real off-diagonal can always
be generated by the operator sequence in question. From Lemma 1,

𝑈 =

⎛⎜⎜⎝ 𝑧* 𝑥

−𝑥 𝑧

⎞⎟⎟⎠ =

⎛⎜⎜⎝ (𝜔*
1)2 − 𝜔2

2 2ℜ(𝜔1)𝜔2

−2ℜ(𝜔1)𝜔2 𝜔2
1 − 𝜔2

2

⎞⎟⎟⎠ (4.12)

The goal is to rewrite 𝜔1 and 𝜔2 in terms of 𝑥 ∈ R and 𝑧 ∈ C. First we expand

𝑧 = 𝜔2
1 − 𝜔2

2 (4.13)

as
ℜ(𝑧) + 𝑖ℑ(𝑧) = ℜ(𝜔1)2 − ℑ(𝜔1)2 − 𝜔2

2 + 2𝑖ℜ(𝜔1)ℑ(𝜔1), (4.14)

since 𝜔1 ∈ C and 𝜔2 ∈ R. We know that 𝑥 = 2ℜ(𝜔1)𝜔2, so for now we assume 𝑥 ̸= 0 and
write

𝜔2 = 𝑥

2ℜ(𝜔1)
. (4.15)

We can also isolate the real elements of Equation (4.14).

ℜ(𝑧) = ℜ(𝜔1)2 − ℑ(𝜔1)2 − 𝜔2
2 (4.16)

From the unitarity restriction, it is true that |𝜔1|2 + 𝜔2
2 = 1, which can also be expanded to

ℜ(𝜔1)2 + ℑ(𝜔1)2 + 𝜔2
2 = 1. (4.17)

By reorganizing the terms in Equation (4.17) as

ℜ(𝜔1)2 − 1 = −ℑ(𝜔1)2 − 𝜔2
2, (4.18)

Equation (4.16) may be rewritten as

ℜ(𝑧) = 2ℜ(𝜔1)2 − 1. (4.19)
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We isolate ℜ(𝜔1) and choose the positive solution and continue selecting the positive solutions
where appropriate.

ℜ(𝜔1) =
√︃

ℜ(𝑧) + 1
2 (4.20)

From Equation (4.14), after isolating the imaginary elements, ℑ(𝜔1) can be determined by
substituting Equation (4.20) into

ℑ(𝜔1) = ℑ(𝑧)
2ℜ(𝜔1)

, (4.21)

yielding
ℑ(𝜔1) = ℑ(𝑧)√︁

2(ℜ𝑧 + 1)
. (4.22)

A solution for 𝜔1 can now be obtained from Equations (4.20) and (4.22), and a solution for
𝜔2 is possible by substituting Equation (4.20) into Equation (4.15). By doing this, we obtain

𝜔1 =
√︃

ℜ(𝑧) + 1
2 + 𝑖

ℑ(𝑧)√︁
2(ℜ(𝑧) + 1)

(4.23)

and
𝜔2 = 𝑥√︁

2(ℜ(𝑧) + 1)
. (4.24)

The next step is to construct 𝐴 from Equation (4.2) by determining 𝛼 and 𝛽 from these
solutions. We know from Lemma 1 that

𝜔1 = 𝛼2 − 𝛽2,

𝜔2 = 2ℜ(𝛼*𝛽).
(4.25)

We choose 𝛽 to be a real number to find a solution with real off-diagonal. From the unitarity
constraint, |𝛼|2 + 𝑏2 = 1, so this expands to rewrite 𝛽 as 𝛽2 = 1 − ℜ(𝛼)2 − ℑ(𝛼)2. From this
and the definition of 𝜔1 from Equation (4.25),

𝜔1 = ℜ(𝛼)2 − ℑ(𝛼)2 + 2𝑖ℜ(𝛼)ℑ(𝛼) − 1 + ℜ(𝛼)2 + ℑ(𝛼)2

= 2ℜ(𝛼)2 − 1 + 2𝑖ℜ(𝛼)ℑ(𝛼)
(4.26)

whose real part is ℜ(𝜔1) = 2ℜ(𝛼)2 − 1. By comparing the isolated real part with the solution
from Equation (4.23), we find

ℜ(𝛼) =

⎯⎸⎸⎷√︁ℜ(𝑧)+1
2 + 1
2 . (4.27)
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With this result, a solution for 𝛽 can be found. Since we assume 𝛽 ∈ R, then the definition
of 𝜔2 in Equation (4.25) can be restated as 𝜔2 = 2ℜ(𝛼*𝛽) = 2ℜ(𝛼)𝛽. From the definition of
𝑥 from Equation (4.12),

𝜔2 = 𝑥

2ℜ(𝜔1)
. (4.28)

Using this, then

𝛽 = 𝜔2

2ℜ(𝛼)

= 𝑥

4ℜ(𝜔1)ℜ(𝛼)

= 𝑥

4
√︁

ℜ(𝑧)+1
2

√︃√︁
ℜ(𝑧)+1

2 +1
2

,

(4.29)

which simplifies to
𝛽 = 𝑥

2
√︂

(ℜ(𝑧) + 1)(
√︁

ℜ(𝑧)+1
2 + 1)

. (4.30)

Now only the imaginary part of 𝛼 remains unsolved. Returning to Equation (4.26), we take
the imaginary part to obtain ℑ(𝜔1) = 2ℜ(𝛼)ℑ(𝛼). Substituting the imaginary part of the
definition of 𝜔1 from Equation (4.25) and the solution for ℜ(𝛼) from Equation (4.27) yields

ℑ(𝛼) = ℑ(𝜔1)
2ℜ(𝛼)

=
ℑ(𝑧)√

2(ℜ(𝑧)+1)

2

√︃√︁
ℜ(𝑧)+1

2 +1
2

,
(4.31)

which simplifies to
ℑ(𝛼) = ℑ(𝑧)

2
√︂

(ℜ(𝑧) + 1)(
√︁

ℜ(𝑧)+1
2 + 1)

. (4.32)

There are some additional considerations to be made about this result. In the case we are
faced with 𝑥 = 0, then it must be assumed that ℜ(𝜔1) = 0 or 𝜔2 = 0. We can choose 𝜔2 to
be zero, which will then imply that ℜ(𝛼) or 𝛽 is equal to zero. Since we assumed 𝛽 is a real
number, we can choose 𝛽 to be zero. From the magnitude constraint, a possible solution is
𝛼 = 𝑧

1
4 . Equation 4.32 is singular when 𝑧 = −1, but this case necessarily implies 𝑥 = 0, so it

is covered by the separate branch 𝛽 = 0, 𝛼 = 𝑧1/4.
The quantum circuit as shown in Figure 14 is satisfied as a consequence of the conditions

determined by Equation (4.3), which, as explained, depend on the configuration of control
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qubits and are responsible for enabling or disabling the controlled operations. The final result,
from Lemma 1 and Theorem 1, is a quantum circuit for a decomposition scheme for any 𝑛-
controlled 𝑆𝑈(2) gate with real-valued off-diagonal. We can offer a small modification to the
existing decomposition scheme to generate 𝑆𝑈(2) matrices with real-valued elements in its
main diagonal. It is not mandatory in this case for the off-diagonal elements to be real-valued.

Having demonstrated the off-diagonal case, this allows us to state the following lemma for
the condition where the desired 𝑆𝑈(2) has real main diagonal elements.

Lemma 2. A modification of Lemma 1 can be made such that the resulting matrix is 𝑆𝑈(2)

and contains real-valued main diagonal elements. By adding a pair of Hadamard operators

enclosing the expression in Equation (4.1), as shown in

𝐻𝐴†𝜎𝑥𝐴𝜎𝑥𝐴
†𝜎𝑥𝐴𝜎𝑥𝐻 = 𝑈, (4.33)

the matrix generated by the sequence of operators meets the requirements.

Proof. Using Equation (4.11), we can rewrite Equation (4.33) and produce the 𝑆𝑈(2) matrix⎛⎜⎜⎝
1√
2

1√
2

1√
2 − 1√

2

⎞⎟⎟⎠
⎛⎜⎜⎝ 𝑧* 𝑥

−𝑥 𝑧

⎞⎟⎟⎠
⎛⎜⎜⎝

1√
2

1√
2

1√
2 − 1√

2

⎞⎟⎟⎠ =

⎛⎜⎜⎝ ℜ(𝑧) −𝑥− 𝑖ℑ(𝑧)

𝑥− 𝑖ℑ(𝑧) ℜ(𝑧)

⎞⎟⎟⎠

=

⎛⎜⎜⎝𝑥′ −𝑧′

𝑧′* 𝑥′

⎞⎟⎟⎠ .
(4.34)

Importantly, the conditions required by Equation (4.3) are still satisfied due to 𝐻 being its
own inverse. This lemma leads to the next theorem to complete the decomposition scheme
for any 𝑆𝑈(2) matrix that contains at least one real-valued diagonal.

Theorem 2. Every 𝑆𝑈(2) operator whose matrix representation contains real-valued elements

in its main diagonal can be generated by an operator 𝐴 in the form of Equation (4.33) described

in Lemma 2.

Proof. From Lemma 2, Equation (4.34) has given us the expressions for 𝑥′ ∈ R and 𝑧′ ∈ C

that generate an 𝑆𝑈(2) matrix with real main diagonal elements. We return to Theorem 1,
where we show we can find possible values for 𝛼 and 𝛽 to construct a valid 𝐴, such as in shown
in Equation (4.2), that gives us any desired 𝑆𝑈(2) matrix with real off-diagonal elements. In
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other words, 𝛼 and 𝛽 give us a way to obtain 𝑥 and 𝑧 as in Equation (4.11). To do this for
a target 𝑆𝑈(2) matrix with real-valued main diagonal, we first take the desired 𝑥′ ∈ R and
𝑧′ ∈ C from Equation (4.34) and encode them in 𝑥 ∈ R and 𝑧 ∈ C as follows.

𝑥 = ℜ(𝑧′)

𝑧 = 𝑥′ + 𝑖ℑ(𝑧′)
(4.35)

This encoding allows Equation (4.34) to yield the desired matrix. A suitable 𝐴 that produces
the intermediary matrix in Equation (4.34) can be found following the procedure shown in
Theorem 1. By applying the two Hadamard operators at the beginning and at the end of the
same expression, the target is yielded. This shows a general procedure to generate any 𝑆𝑈(2)

matrix with real main diagonal elements.

As both theorems only have a strict requirement for one diagonal (the main or the off-
diagonal) to have real elements, consequently both can be used to generate any 𝑆𝑂(2) op-
erator, which are represented by the group of 2 × 2 orthogonal matrices with determinant 1.
This leads to the following corollary.

Corollary 1. Every 𝑆𝑂(2) matrix can be generated by Theorem 1 or Theorem 2.

4.1.1 Cost

To help in calculating the cost of the decomposition scheme for 𝑆𝑈(2) operators with
one real diagonal, we refer to the quantum circuit in Figure 14. All the controlled operators
implement the decomposition for multicontrolled 𝜎𝑥 gates with multiple dirty auxiliary qubits
from Section 3.1.1 with the optimizations from Section 3.1.2. The quantum circuit in Figure 7
shows the gate canceling of relative phase Toffoli gates that occurs in this scheme. Then, due
to these optimizations, each multicontrolled 𝜎𝑥 with at least five qubits in Figure 14, meaning
there are 𝑘 ≥ 3 control qubits and at least 𝑘−2 auxiliary qubits, need at most 8𝑘−6 CNOTs.
Because we have subdivided the control qubits into two registers with 𝑘1 qubits and 𝑘2 qubits,
then the maximum total number of CNOTs operators 𝑁CNOT is given by

𝑁CNOT = 2(8𝑘1 − 6) + 2(8𝑘2 − 6)

= 16(𝑘1 + 𝑘2) − 24

= 16(𝑛− 1) − 24

= 16𝑛− 40,

(4.36)
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where 𝑛 is the number of qubits including all controls and the target qubit. With this and
from Theorems 1 and 2, the following theorem can be stated.

Theorem 3. The decomposition scheme for a multicontrolled 𝑆𝑈(2) matrix with one real-

valued main or off-diagonal, represented in Figure 14, can be implemented as an 𝑛-qubit

quantum circuit, where 𝑛 ≥ 5, with at most 16𝑛− 40 CNOT operators.

4.1.2 Application to multicontrolled 𝑅𝑥, 𝑅𝑦, and 𝑅𝑧 gates

So far, the decomposition scheme has been shown to apply to the case of a matrix with
one real diagonal. The rotation operators, which were introduced in Equations (2.10), (2.11),
and (2.12), satisfy this requirement, allowing us to state the following corollary.

Corollary 2. The rotation operators 𝑅𝑦 and 𝑅𝑧 can be generated by the sequence of operators

described in Lemma 1. The rotation operator 𝑅𝑥 can be generated by the sequence of operators

described in Lemma 2.

Proof. We can apply the procedure explained in Theorem 1 to produce the rotation operators
𝑅𝑦 and 𝑅𝑧. To produce 𝑅𝑥, the procedure described in Theorem 2 can be applied instead.
Alternatively, by defining the operator 𝐴 from Equation (4.33) as 𝐴 = 𝑅𝑧(𝜃/4), then

𝑅𝑥(𝜃) = 𝐻(𝑅𝑧(−𝜃/4)𝜎𝑥𝑅𝑧(𝜃/4)𝜎𝑥)2𝐻 (4.37)

is an expression that generates 𝑅𝑥. Similarly for 𝑅𝑦 and 𝑅𝑧, by choosing 𝐴 = 𝑅𝑦(−𝜃/4) and
𝐴 = 𝑅𝑧(−𝜃/4) in Equation (4.1), respectively, then

𝑅𝑦(𝜃) = (𝑅𝑦(𝜃/4)𝜎𝑥𝑅𝑦(−𝜃/4)𝜎𝑥)2

𝑅𝑧(𝜃) = (𝑅𝑧(𝜃/4)𝜎𝑥𝑅𝑧(−𝜃/4)𝜎𝑥)2.
(4.38)

4.1.3 Application example

Acasiete et al. (2020) report the experimental implementation of discrete-time quantum
walks on IBM quantum computers. Quantum walks have classical random walks as analogous
and can be used to design quantum algorithms. The study demonstrates the realization of
the staggered quantum walk (SQW) model, a coinless model of quantum walks defined on
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arbitrary graphs and constrained by graph locality. It is noted by the authors that for certain
problems coinless quantum walk models require fewer qubits to implement and are, therefore,
more suitable for NISQ devices. For graphs with 2𝑛 nodes, implementing quantum walks on
quantum computers requires 𝑛 qubits.

In this example, the proposed scheme for controlled rotation operators is applied to SQWs
on the cycle. The SQW evolution operator on the cycle can be written as

𝑈 = 𝑈1𝑈0 = 𝑃−1𝑈0𝑃𝑈0, (4.39)

where
𝑈0 = 𝐼⊗𝑛−1

2 ⊗𝑅𝑥(2𝜃) (4.40)

and 𝑃 is the permutation operator

𝑃 =
∑︁

𝑥

|𝑥+ 1⟩ ⟨𝑥| , (4.41)

shifting the walker to the right and its inverse 𝑃−1 shifting it to the left.
The quantum circuit shown in Figure 15 is a representation of the 𝑈1 operator. The

improvement suggested to decompose 𝑃 and 𝑃−1 is to replace the use of 𝜎𝑥 by 𝑅𝑥(𝜋) and
use the identity

𝑅𝑥(𝜃) = 𝐻𝑅𝑧(𝜃)𝐻. (4.42)

𝑋 𝑅𝑥(2𝜃) 𝑋

𝑃 𝑈0 𝑃−1

Figure 15 – Quantum circuit of the 𝑈1 operator restricted to 4 qubits (ACASIETE et al., 2020). Source: Adapted
from Acasiete et al. (2020).

An alternative construction for multicontrolled 𝑅𝑧 gate circuits is offered as seen in List-
ing 4.1. In this construction, the total number of CNOT gates grows exponentially, with 2𝑛−1

CNOTs needed for 𝑛 − 1 control qubits. Using our proposed approach, the cost 16𝑛 − 40 in
number of CNOTs starts to become advantageous from 𝑛 = 8 qubits.

Listing 4.1 – Python method to generate the new multicontrolled 𝑅𝑧 decomposition by Acasiete et al. (2020).
Source: Adapted from Acasiete et al. (2020).

1 def new_mcrz(qc, theta , q_controls , q_target):
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n = len(q_controls)

3 newtheta = -theta /2**n

a = lambda n: log(n-(n&(n-1)) ,2)

5 qc.cx(q_controls[n-1], q_target)

qc.u1(newtheta ,q_target)

7

for i in range (1 ,2**(n)):

9 qc.cx(q_controls[int(a(i))],q_target)

Assuming no further optimizations and the number of required CNOTs for the Toffoli gate
as six, we can compute the total number of CNOT gates of the quantum circuit for the
operator 𝑈1 using the authors’ decomposition for multicontrolled 𝑅𝑧 as

𝑁theirs = ×
(︃

𝑛−1∑︁
𝑘=0

2𝑘 − (20 + 21 + 22) + 6 + 1
)︃

= 2 ×
(︂

1
(︂1 − 2𝑛

1 − 2

)︂)︂
= 2 × (2𝑛 − 1)

= 2𝑛+1 − 2.

(4.43)

Similarly, with no other optimizations introduced, our proposed scheme for multicontrolled 𝑅𝑧

gates yields the following CNOT count for the 𝑈1 circuit, further inhibiting the gate count
increase.

𝑁ours = 2 ×
(︃(︃

𝑛∑︁
4

(16𝑘 − 40)
)︃

+ 6 + 1
)︃

= 2 ×
(︃(︃

16
𝑛∑︁
4
𝑘

)︃
− 40(𝑛− 3) + 7

)︃

= 2 ×
(︃

16
(︃

(𝑛− 3)(4 + 𝑛)
2

)︃
− 40𝑛+ 127

)︃

= 2 ×
(︁
8𝑛2 + 8𝑛− 96 − 40 + 127

)︁
= 16𝑛2 − 64𝑛+ 62.

(4.44)

4.2 GENERALIZED DECOMPOSITION SCHEME FOR ANY MULTICONTROLLED 𝑆𝑈(2)

OPERATOR

We have proposed a decomposition scheme for any 𝑆𝑈(2) operator with real main diagonal
or off-diagonal, and have also shown a quantum circuit that can perform this decomposition
for multicontrolled versions of this type of 𝑆𝑈(2) operator. We now present the general case
encompassing any 𝑆𝑈(2) operator.
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Theorem 4. Using Theorem 1, Theorem 2, and eigendecomposition, any 𝑆𝑈(2) operator can

be generated.

Proof. Given 𝑈 ∈ 𝑆𝑈(2), there exists an eigendecomposition 𝑄𝐷𝑄† for 𝑈 , where 𝑄 is unitary
and its columns are formed by the eigenvectors of 𝑈 , and 𝐷 is the diagonal unitary matrix

𝐷 = diag(𝜆1, 𝜆2) (4.45)

with |𝜆1| = |𝜆2| = 1. Since det(𝑈) = 1, then

det(𝐷) = 𝜆1𝜆2 = 1. (4.46)

Hence 𝐷 ∈ 𝑆𝑈(2) and, in particular, 𝐷 is a diagonal 𝑆𝑈(2) matrix. By Theorem 1, 𝐷 can
be generated by the proposed decomposition scheme.

It remains to show that the same holds for the diagonalizing matrix 𝑄. The matrix 𝑄

obtained from the eigendecomposition is unitary, but not necessarily special unitary. However,
this causes no loss of generality. Let

det(𝑄) = 𝑒𝑖𝜑, (4.47)

and define ̃︀𝑄 = 𝑒−𝑖𝜑/2𝑄. (4.48)

Then
det( ̃︀𝑄) = 𝑒−𝑖𝜑 det(𝑄) = 1, (4.49)

so ̃︀𝑄 ∈ 𝑆𝑈(2). Moreover,

̃︀𝑄𝐷 ̃︀𝑄† = 𝑒−𝑖𝜑/2𝑄𝐷𝑄†𝑒𝑖𝜑/2 (4.50)

= 𝑄𝐷𝑄† (4.51)

= 𝑈, (4.52)

since the scalar phases cancel. Thus, without loss of generality, the diagonalizing matrix may
be taken to lie in 𝑆𝑈(2).

Now note that each eigenvector may still be multiplied by an arbitrary phase factor of
unit modulus without changing the eigenspace. Therefore, by choosing suitable phases for the
eigenvectors, we may arrange for the main diagonal entries of ̃︀𝑄 to be real. Since ̃︀𝑄 ∈ 𝑆𝑈(2)

and has real-valued main diagonal elements, Theorem 2 applies to ̃︀𝑄. The same argument also
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applies to ̃︀𝑄†, because ̃︀𝑄† ∈ 𝑆𝑈(2) and its main diagonal entries are the complex conjugates
of those of ̃︀𝑄, hence still real. Therefore, both ̃︀𝑄 and ̃︀𝑄† can be generated by the proposed
decomposition scheme.

Combining these facts, we obtain a decomposition of 𝑈 of the form

𝑈 = ̃︀𝑄𝐷 ̃︀𝑄†, (4.53)

where 𝐷 is generated by Theorem 1 and ̃︀𝑄, ̃︀𝑄† are generated by Theorem 2. Hence any matrix
𝑈 ∈ 𝑆𝑈(2) can be generated using Theorem 1, Theorem 2, and eigendecomposition.

A quantum circuit for a multicontrolled version of this decomposition can be constructed.
It can be noted that there is a symmetry of gates in 𝑄𝐷𝑄†, i.e., 𝑄 at the start and its
inverse 𝑄† at the end. Also note that the conditions for Equation (4.3) are still respected, and
no computation is performed when one of the controls is zero. Beginning from the operator
𝑄, when using Theorem 2 a sequence of operators 𝐻(𝐵†𝜎𝑥𝐵𝜎𝑥)2𝐻 = 𝑄 in the form of
Equation (4.33) is needed. However, since we want the multicontrolled version of the operators
to decompose a multicontrolled 𝑆𝑈(2) gate, due of the existing symmetry only half of the
operators 𝐻𝐵†𝜎𝑥𝐵𝜎𝑥𝐻 are needed because of gate cancelations. By constructing a quantum
circuit for multicontrolled 𝑄 as in Figure 16, we can use the present single-qubit gates to
further reduce the circuit and maintain the overall symmetry of the decomposition scheme.

𝑘1

𝑘2

𝑄
≈

𝑘1

𝑘2

𝐻 𝐵 𝐵† 𝐻
≈

𝑘1

𝑘2

𝐻̃ 𝐵 𝐵† 𝐻

=

𝑘1

𝑘2

𝐶1 𝐶2

Figure 16 – The decomposition of multicontrolled 𝑄 and a possible circuit optimization. Source: Adapted from
Vale et al. (2024) © 2024 IEEE.

This is shown as swapping the positions of the first 𝐻 gate with the 𝑘1-controlled 𝜎𝑥,
which requires the gate

𝐻̃ = 1√
2

⎛⎜⎜⎝−1 1

1 1

⎞⎟⎟⎠ , (4.54)

so that 𝜎𝑥𝐻 = 𝐻̃𝜎𝑥. The consecutive single-qubit gates are then combined, represented by
the gates 𝐶1 and 𝐶2. The same can be done for the multicontrolled 𝑄† circuit, which mirrors
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the circuit for multicontrolled 𝑄 and uses 𝐶†
1 and 𝐶†

2, as they are inverse gates. The quantum
circuit for multicontrolled 𝐷 follows the decomposition scheme for the case of multicontrolled
𝑆𝑈(2) gates with real off-diagonal, as in Figure 14.

The quantum circuit to decompose any multicontrolled 𝑆𝑈(2) gate can be realized, as
Figure 17 illustrates, by concatenating the three circuits for multicontrolled 𝑄, 𝐷, and 𝑄†.
Because of the way the circuit is structured, other optimizations are possible. The 𝑘1-controlled
𝜎𝑥 gate from the 𝑄† part of the circuit cancels with the same gate from the 𝐷 part of the
circuit. The 𝑘2-controlled 𝜎𝑥 gate from the 𝑄† part of the circuit matches with the first 𝑘2-
controlled 𝜎𝑥 gate from the 𝐷 part of the circuit to allow the relative phase Toffoli canceling
optimizations of Section 3.1.1.

𝑘1

𝑘2

𝐶†
2 𝐶†

1 𝐴 𝐴† 𝐴 𝐴† 𝐶1 𝐶2

𝑄†
𝐷 𝑄

Figure 17 – Proposed generalized decomposition scheme for multicontrolled 𝑆𝑈(2) gates. Source: Adapted
from Vale et al. (2024) © 2024 IEEE.

4.2.1 Cost

Referring to the quantum circuit in Figure 17, the multicontrolled 𝜎𝑥 gates that interact
with the top 𝑘1 control qubits each need 8𝑘1 − 6 CNOTs. Since two of the four gates are
cancelable, one from the 𝑄† circuit and one from the 𝐷 circuit, the contribution of the 𝑘1-
controlled 𝜎𝑥 gates is equal to 16𝑘1 − 12 CNOTs. Due to gate canceling on the first two 𝜎𝑥

gates controlled by the bottom 𝑘2 control qubits (one from the 𝑄† circuit and the other from
the 𝐷 circuit), these gates only perform the target flipping part of their decompositions. The
target flipping part of one of these gates needs twelve CNOTs to apply two Toffoli gates and
up to three CNOTs per application of each relative phase Toffoli gate. There are 𝑘2 − 3 pairs
of relative phase Toffoli gates where gate canceling can occur, so each pair contributes with
four CNOTs. One relative phase Toffoli remains, resulting in a total number of CNOTs equal
to 12 + (𝑘2 − 3)4 + 3 = 4𝑘2 + 3 for the two reduced 𝑘2-controlled 𝜎𝑥 gates. Finally, there is
no additional gate canceling in the remaining two 𝑘2-controlled 𝜎𝑥 gates. Therefore, the total
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cost in CNOTs of the circuit 𝑁CNOT is at most

𝑁CNOT = (16𝑘1 − 12) + 2(4𝑘2 + 3) + (16𝑘2 − 12)

= 16(𝑘1 + 𝑘2) + 8𝑘2 − 18

= 16(𝑛− 1) + 8
⌊︂
𝑛− 1

2

⌋︂
− 18

= 16𝑛+ 8
⌊︂
𝑛− 1

2

⌋︂
− 34.

(4.55)

Given that ⌊𝑛−1
2 ⌋ = 𝑛−1

2 for odd 𝑛 and ⌊𝑛−1
2 ⌋ = 𝑛

2 − 1 for even 𝑛, we have the following final
CNOT count.

𝑁CNOT =

⎧⎪⎪⎨⎪⎪⎩
20𝑛− 38, 𝑛 odd

20𝑛− 42, 𝑛 even
(4.56)

The result from Equation (4.56) can be formalized in the following theorem.

Theorem 5. The decomposition scheme for a multicontrolled 𝑆𝑈(2) matrix, represented in

Figure 17, can be implemented as an 𝑛-qubit quantum circuit, where 𝑛 ≥ 3, with at most

20𝑛− 38 CNOT operators if 𝑛 is odd or 20𝑛− 42 CNOT operators if 𝑛 is even.
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5 DISCUSSION

From the approach to decompose multicontrolled 𝜎𝑥 gates by He et al. (2017) exposed in
Section 3.1.3, we hoped to modify the quantum circuit to a more general construction. In our
preliminary investigations, we noticed that the overall structure of the scheme shown in Figure 8
presented some symmetries in the disposition of quantum gates that allowed Equations (3.2),
(3.3), (3.4), and (3.5) to hold. This property revealed the possibility of constructing other
decompositions from this scheme by plugging in different gates in the positions of the single-
qubit gates from the original circuit, as long as we maintain the pairings of inverse gates.

This change led to the first contribution of this work, which improved decompositions
for each multicontrolled rotation operator, namely 𝑅𝑥, 𝑅𝑦, and 𝑅𝑧, compared to the known
literature at the time. By using our approach, however, auxiliary qubits are not needed. Since
the auxiliary qubit was included in the original scheme by He et al. (2017) to account for a
phase manipulation of the target qubit to produce the controlled 𝜎𝑧 operator, in the modified
decomposition schemes, we can ignore the auxiliary qubit as the results produced do not
need a specific phase. By incorporating the optimizations for multicontrolled 𝜎𝑥 with auxiliary
qubits (ITEN et al., 2016), we can generate the quantum circuits for multicontrolled rotation
gates using only 𝑂(16𝑛) CNOTs, which is an improvement over the 𝑂(28𝑛) CNOTs produced
using the decomposition scheme for multicontrolled 𝑆𝑈(2) gates proposed by Barenco et al.
(1995) with optimizations presented by Iten et al. (2016) included.

Due to the pairs of gates and their conjugate transpose and the even number of 𝜎𝑥 gates
applied to the target qubit, the determinant of the transformation on that qubit is equal to
1. In other words, no matter which gates we choose to replace the original 𝑆 and 𝑆† pair,
the new circuit always produces multicontrolled 𝑆𝑈(2) gates. Since the modified scheme had
a successful result, our later studies focused on generalizing the quantum circuit and learning
what gate class—specifically, the subset of 𝑆𝑈(2) with multiple controls—we could construct
using the general scheme. During this examination, we proposed the decomposition scheme
for multicontrolled 𝑆𝑈(2) gates with real-valued off-diagonal, requiring the results presented
in Lemma 1 and Theorem 1 of Section 4.1. In this scheme, illustrated as a quantum circuit in
Figure 14, the gates 𝐴 and 𝐴† have a similar role to the 𝑆, 𝑆† pair from the original scheme
by He et al. (2017), but without the need for auxiliary qubits, no phase manipulation occurs.

From prior experience in exploring constructions for the multicontrolled rotation gates,
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we already knew a way to transform a real-valued off-diagonal matrix into a real-valued main
diagonal matrix by enclosing the matrix with two Hadamard operators. We used this knowledge
to derive the decomposition scheme for multicontrolled 𝑆𝑈(2) gates with real main diagonal,
which uses what is formally stated in Lemma 2 and Theorem 2 of Section 4.1. In Figure 14,
adding one Hadamard gate to the beginning and one to the end on the target qubit constructs
the new circuit. Consequently, 𝑂(16𝑛) CNOTs are needed to implement a multicontrolled
𝑆𝑈(2) operator with at least one real diagonal, as claimed in Theorem 3. The advantage
obtained in the first result stayed true for any gate of this type and not only multicontrolled
rotation operators.

The constructions so far mentioned served as a component for a larger circuit that extends
the function of the proposed decomposition scheme to encompass any multicontrolled 𝑆𝑈(2)

gate, regardless of the nature of the elements of its diagonals. Theorem 4 of Section 4.2
formally states how to decompose any 𝑆𝑈(2) operator, and is required for the generalized
𝑆𝑈(2) decomposition scheme. The quantum circuit in Figure 17 illustrates our proposal. The
circuit has three parts, shown as the multicontrolled gates 𝑄†, 𝐷, and 𝑄, which come from
the eigendecomposition of the 𝑆𝑈(2) gate. In our approach, we synthesize the middle part
of the circuit, represented by the diagonal matrix 𝐷, using the approach from Theorem 1.
Initially, the first and third parts are synthesized by following the approach from Theorem 2,
but after optimizations the number of gates are each part uses is roughly halved, leading to
further gate cancelations with the middle part of the circuit. A total of 𝑂(20𝑛) CNOT gates
is necessary to generate the circuit, still providing an advantage over the 𝑂(28𝑛) CNOTs in
the literature at the time of designing our approach.

A possible further optimization that was missed in the published work and reduces the
CNOT count was offered by Rosa, Duzzioni and Santiago (2025). Since the first and last parts
of the generalized decomposition contain a multicontrolled gate and its conjugate transpose,
only 𝑄 and 𝑄† and no controls are needed. The intent is for the action on the target qubit
to either result in a transformation that is equivalent to the desired 𝑆𝑈(2) matrix or all
operators should cancel each other with no action being performed. With this change, the
gate cancelations described in Section 4.2 are no longer possile, but the CNOT cost is reduced
from 20𝑛 to the 16𝑛− 40 of the middle circuit, which uses the decomposition scheme for one
real diagonal.

The proposal as presented was used by Silva et al. (2024) to construct an approximate
decomposition for multicontrolled 𝑈(2) gates. The approximate decomposition is based on the
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method introduced by Silva and Park (2022), seen in Section 3.2.2, an exact decomposition
for the same type of operator with linear depth but a quadratic of gates. In taking consecutive
roots of the operator 𝑈 , whose multicontrolled version is being decomposed, the new approach
chooses the number of control qubits 𝑛𝑐 determining the 2𝑛𝑐−1-th root. This number is chosen
such that 𝑈1/2𝑛𝑐−1 = 𝐼 up to an error 𝜖. In a modification of the original circuit, the central
multicontrolled roots of 𝑈 in each half of the circuit is then ignored. With this, the overhead in
cost of the algorithm is decomposing the multicontrolled 𝑅𝑥 gates using the scheme presented
in Section 4.1, thus making it linear. Moreover, Silva et al. (2024) also extend Lemmas 1
and 2 for multiple 𝑆𝑈(2) gates with one real diagonal, each with a distinct target, controlled
by the same set of qubits. With 𝑛 ≥ 8 qubits and 𝑛𝑡 distinct target qubits, an (𝑛 − 2)-
controlled gate controlling multiple 𝑆𝑈(2) gates has a total number of CNOTs equal to
16𝑛+ 16(𝑛𝑡 − 1) − 40. This is used to improve the approximate decomposition so that each
multicontrolled 𝑅𝑥, when sharing control qubits, uses this extended approach. If the individual
decompositions for multicontrolled 𝑆𝑈(2) from Section 4.1 were used instead, 𝑛𝑡(16𝑛 − 40)

CNOTs would be required.
Sato et al. (2024) introduced an algorithm to solve linear hyperbolic partial differential

equations using Hamiltonian simulation. The method delineates a quantum circuit represen-
tation of time evolution operators for Hamiltonian simulation by differential operators. This
is done by diagonalizing each term of the Hamiltonian using the Bell basis. In the approxi-
mated expression of the time evolution operator for which a quantum circuit was built, the
multicontrolled 𝑅𝑧 gate occurs. The implementation of the decomposition for this gate follows
the procedure described in Section 4.1. The approximated time evolution operator achieves a
quadratic number of CNOT gates.

Finally, Zindorf and Bose (2024) reported a more efficient decomposition for multicontrolled
𝑆𝑈(2) operators with no auxiliary qubit, with a significantly reduced CNOT cost. The quantum
circuit of the new approach is constructed with 𝑅𝑧 and 𝑅𝑥 single-qubit gates as well as diagonal
and multicontrolled 𝑍 gates. The authors show an efficient way to decompose a multicontrolled
𝑍 gates combined with a diagonal gate in terms of relative phase Toffoli and a single 𝑖𝑍 gate
with two controls. This allows them to leverage gate commutations to make way for circuit
depth reduction due to applying more gates in one timestep or canceling CNOT gates. The
result is a decomposition for multicontrolled 𝑆𝑈(2) gates without auxiliary qubits that costs
12.5𝑛 CNOTs, which is more efficient than the decomposition proposed in this work, even
including the gate reduction noted by Rosa, Duzzioni and Santiago (2025). Both full and
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linear nearest-neighbor qubit connectivity were considered, unlike in the proposed method.
To reiterate these accomplishments, Table 3 summarizes the results achieved by the pro-

posed method and the related decomposition schemes for multicontrolled single-qubit gates,
including 𝑈(2) and 𝑆𝑈(2) gates.

Table 3 – Comparison of CNOT gate count and required number of auxiliary qubits of this proposal and the
different decomposition schemes for multicontrolled 𝑈(2) and 𝑆𝑈(2) gates in the related literature.

Gate Reference # of aux. qubits # of CNOTs
𝐶𝑛−1,𝑛(𝑈), 𝑈 ∈ 𝑈(2) Barenco et al. (1995) 0 16𝑛2 − 60𝑛 + 42
𝐶𝑛−1,𝑛(𝑈), 𝑈 ∈ 𝑈(2) Silva and Park (2022) 0 4𝑛2 − 12𝑛 + 10

𝐶𝑛−1,𝑛(𝑊 ), 𝑊 ∈ 𝑆𝑈(2) Barenco et al. (1995) 0 48𝑛 − 162

𝐶𝑛−1,𝑛(𝑊 ), 𝑊 ∈ 𝑆𝑈(2) (ITEN et al., 2016) 0 28𝑛 − 88 (𝑛 even) or
28𝑛 − 92 (𝑛 odd)

𝐶𝑛−1,𝑛(𝑊 ), 𝑊 ∈ 𝑆𝑈(2) Ours 0
20𝑛 − 38 (𝑛 odd) or
20𝑛 − 42 (𝑛 even);
16𝑛 − 40 (real diag.)

𝐶𝑛−1,𝑛(𝑊 ), 𝑊 ∈ 𝑆𝑈(2) Rosa, Duzzioni and Santiago (2025) 0 16𝑛 − 40
𝐶𝑛−1,𝑛(𝑊 ), 𝑊 ∈ 𝑆𝑈(2) Zindorf and Bose (2024) 0 12.5𝑛

Source: The author (2026).
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6 CONCLUSION

This work was an effort to reduce the CNOT gate count of quantum circuits for a familiar
type of multicontrolled gate, with focus solely on 𝑆𝑈(2) gates. The implementation of the
proposed decomposition scheme for multicontrolled 𝑆𝑈(2) operators is publicly available in
the qclib library (ARAUJO et al., 2022) for the Python programming language. Furthermore,
the particular cases for multicontrolled rotation operators 𝑅𝑥, 𝑅𝑦, and 𝑅𝑧 are implemented
in the Qiskit software development kit (CONTRIBUTORS, 2023) according to this proposal as
the method _mcsu2_real_diagonal() in the multi_control_rotation_gates.py file of
the qiskit.synthesis.multi_controlled library. All of the contributions in our proposal
have been published in IEEE Transactions on Computer-Aided Design of Integrated Circuits
and Systems (Volume: 43, Issue: 3, March 2024) as “Circuit Decomposition of Multicontrolled
Special Unitary Single-Qubit Gates”, Vale et al. (2024) © 2011 IEEE.

The proposed decomposition scheme for multicontrolled 𝑆𝑈(2) operators surpasses the
approaches for general single-qubit gates (BARENCO et al., 1995; SILVA; PARK, 2022) and the
methods designed for the same gate class (BARENCO et al., 1995; ITEN et al., 2016) that were
known at the time of publication, including the previous state-of-the-art in the literature (ITEN

et al., 2016). The proposal by Rosa, Duzzioni and Santiago (2025) contributed in offering
an improvement to our decomposition scheme, and the novel approach by Zindorf and Bose
(2024) outperformed ours with a reduced CNOT count. Like the methods used for comparison,
and in contrast with the approach we based ours on, no auxiliary qubits are necessary.

Some limitations of the current work include the lack of adaptability of the circuit for
particular hardware architectures. We took no steps, for example, to explicitly exploit device
properties such as different configurations of the qubit connectivity graph. Therefore, in real-
world environments, the expected improvements may be reduced. Most of the other methods
compared with this proposal also rely on hardware-agnostic approaches, as is typical for many
gate decomposition methods. One exception is the method by Zindorf and Bose (2024), which
also takes into account linear nearest-neighbor connectivity.

Another attribute we can explore is the addition of auxiliary qubits. Since we noted as
early as during initial investigations that a new decomposition method for this type of gate
would not need auxiliary qubits, this was not within the scope of our work so far. However, it
is worth noting that if more qubits become available for computation, more efficient methods
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could take advantage of the additional resources.
Finally, we did not consider theoretical bounds on the number of gates and the circuit

depth when decomposing multicontrolled 𝑆𝑈(2) gates. Because of this, at this point in the
research, it is impossible to say whether the proposed method, using the provided method of
decomposition, approaches or achieves optimality. Thus, it remains unknown to us if better
techniques that make no use of auxiliary qubits could exist. We do know that reduced gate
count and depth can be achieved, however, as evidenced by the alternative decomposition
method by Zindorf and Bose (2024).

So far, our results include an important set of multicontrolled single-qubit gates encom-
passing the rotation operators 𝑅𝑥, 𝑅𝑦, and 𝑅𝑧. Although not universally applicable to all
single-qubit gates with multiple controls, our proposal can be advantageous when the phase of
a 𝑈(2) operator can be ignored during computation. Furthermore, many quantum algorithms
can already employ this new decomposition scheme for multicontrolled 𝑆𝑈(2) operators (HAR-

ROW; HASSIDIM; LLOYD, 2009; LLOYD; MOHSENI; REBENTROST, 2014; LOW; YODER; CHUANG,
2014; SCHULD; SINAYSKIY; PETRUCCIONE, 2016; BIAMONTE et al., 2017; PARK; PETRUCCIONE;

RHEE, 2019; ORÚS; MUGEL; LIZASO, 2019; VERAS et al., 2020; GLEINIG; HOEFLER, 2021; MOZA-

FARI et al., 2021; SOUZA; CARVALHO; FERREIRA, 2021; GUO et al., 2022; LI et al., 2023). With all
things considered, at the time of this study, this contribution benefits quantum circuit design
by providing a decomposition scheme with predictable and lower cost for NISQ devices. In-
spired by the new result from Zindorf and Bose (2024), it remains a worthwhile pursuit to find
new methods to further reduce computational cost for common operations in NISQ devices.

Up to this point in this study, a promising result for a large group of quantum gates inspires
further explorations into improving the synthesis of circuits for any multicontrolled single-qubit
gates. It is desirable to have a linear decomposition scheme in a circuit design toolkit, both in
the depth and number of gates, for any controlled 𝑈(2) operator. Preliminary observations of
problems that arise when focusing on 𝑈(2) operators reveal the need to use additional qubits
as auxiliaries. This need seems particularly true for decompositions that employ roots of gates.
That said, the decomposition method for multicontrolled single-qubit gates proposed by Silva
and Park (2022) uses no auxiliary qubits. Both that construction and the proposal by Barenco
et al. (1995) have quadratic depth but involve computations that yield increasingly significant
numerical errors as the number of qubits increases.

Due to the difficulties that emerged from how the mentioned methods were designed,
relying on roots of gates is not viable in practice for large numbers of control qubits. Prevention
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of numerical errors is an issue that must be addressed. In addition, linear gate count and
circuit depth is worth achieving for this more general type of quantum operator, namely
multicontrolled single-qubit operators. As an open problem, it remains to be seen if it is
possible to decompose this larger group of operators in such a way that the quantum circuits
have linear gate count and depth without resorting to approximate decompositions. A linear,
albeit approximate, decomposition for multicontrolled 𝑈(2) was proposed by Silva et al. (2024).
Nevertheless, an exact and linear approach remains an open challenge in future explorations of
quantum circuit design. Towards this goal, a new method to decompose multicontrolled gates
should avoid the pitfalls mentioned.

This thesis has presented a decomposition strategy for multicontrolled 𝑆𝑈(2) gates without
auxiliary qubits that significantly reduces the CNOT count while incidentally yielding shallower
circuit depths. By prioritizing the reduction of the number of CNOT gates, which is an es-
sential entangling gate frequently implemented in NISQ architectures, the significance of this
work is to serve as an efficiency baseline and show that targeted algorithmic enhancements
can offer performance gains during this transitional period, as resource availability increases
and quantum architectures evolve towards fault tolerance. One lesson that can be taken from
this work is that the exploration of particular gate structures can be a valuable methodology to
discover optimization opportunities that cannot be provided by general synthesis schemes. As
the field advances, these specialized decompositions can be iterated and improved upon and
act as building blocks, alleviating compilation overhead. In this way, the proposed decomposi-
tion is a contribution to the journey of making complex quantum algorithms practically viable
while operating within the constraints of current hardware. The main goal of this thesis is not
to achieve optimality, but to establish a new structure of decompositions for multicontrolled
𝑆𝑈(2) operators, with asymptotic improvement in the CNOT count compared to the avail-
able literature approaches at the time, and with special relevance for subclasses of rotation
operators.
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