
Universidade Federal de Pernambuco

Centro de Ciências Exatas e da Natureza

Programa de Pós-Graduação em Matemática

Renato Francisco Lopes Mello

Um modelo epidemiológico SIR com estrutura etária

Recife

2009



Renato Francisco Lopes Mello

Um modelo epidemiológico SIR com estrutura etária

Dissertação apresentada ao Departamento de
Matemática da UFPE, como requisito para a
obtenção do grau de MESTRE em Matemática.

Orientador: César Augusto Rodrigues Castilho

Recife

2009



 

 
 
Mello, Renato Francisco Lopes 
       Um modelo epidemiológico SIR com estrutura 
etária / Renato Francisco Lopes Mello.  -  Recife: O 
Autor, 2009.
        51  folhas
 
       Dissertação (mestrado) – Universidade Federal 
de Pernambuco. CCEN. Matemática, 2009.

       Inclui bibliografia e apêndice. 

 1. Biomatemática.  I. Título.

       574.19               CDD (22. ed.)             MEI2009-  
124



Resumo 
 

 
 Estudaremos a existência e unicidade de soluções e o fenômeno de bifurcação 
para um modelo epidemiológico SIR com estrutura etária e transmissão dependente da 
idade. Formularemos o modelo como um sistema de equações diferenciais parciais 
munido de  condições de contorno e a seguir o reformularemos como um problema de 
Cauchy semilinear abstrato em um espaço de Banach adequado, como o objetivo de 
demonstrar a existência e unicidade. Então trataremos da existência e unicidade de 
estados estacionários não-triviais, aplicando uma generalização da teoria de Perron-
Frobenius. 
 
 
Palavras-chave: Estrutura etária. Modelo epidemiológico. Problema de Cauchy abstrato. 
Semigrupo fortemente contínuo. Estado estacionário. Operador positivo. Bifurcação. Raio 
Espectral. 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
Abstract 

 
 
 We study the existence and uniqueness of solutions and threshold for an SIR type 
epidemic model with age-dependent transmission rate. We formulate the model as a  
ystem of partial di#erential equations with boundary conditions and after we rewrite it as an 
abstract semilinear Cauchy problem on a Banach space. Next we treat the existence and 
uniqueness of the stationary states by applying a generalization of the Perron-Frobenius 
theory. 
 
 
Key words: Age structure. Epidemic model. Abstract Cauchy problem. Strongly contiuous 
semigroup. Stationary state. Positive operator. Threshold. Spectral radius. 
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- -4 $*,* * $-2$*8 " 4-,&," ,- R-/-#9%-B ,-1*$"," 5*) m> O")" * 0"#* 9-)"' - "#

,-4*1#$)"6Q-#B 0*1#%'$- S TUB ?-6@* V>V>



 !

 !"#$#%&'  !"!#! "#$% X &' #()%*+ ,# -%.%/0 # S &' (&1/+.$&.2+ '#.(&345#6 ,#

R7 893#'+( :&# &'% ;&.*<+ φ : S → X =  !"#$% (# = 9,#.29/%'#.2# .&6% .+ #>2#39+3

,# &' /+.$&.2+ B ,# '#,9,% ?.92%@ + :&%6 )+3 (&% 5#A (# ,#/+')B# /+'+ &.9<+ ?.92%

,9($&.2% ,# /+.$&.2+( '#.(&345#9( Bi@ i = 1, . . . , n@ 2%9( :&# φ ≡ xi = /+.(2%.2# #' /%,%

Bi7 C+,#'+( %((&'93 :&# xi 6= xj (# i 6= j7

 !"#$#%&'  !"!$! D%( .+2%*B#( %/9'%@ % 9.2#E3%6 ,# &'% ;&.*<+ (9')6#( φ #' S =

,#?.9,% )+3F

∫

S

φ(s)ds =
n

∑

i=1

xim(Bi).

 !"#$#%&'  !"!%! G'% ;&.*<+ φ : S → X = ,92% &'()*%+,!*-%.+/0%$ (# #>9(2# &'%

(#:&H./9% (φn)n∈N ,# ;&.*B#( (9')6#( #' S :&# /+.5#3E# :727)7 )%3% φ #

lim
n→+∞

∫

S

‖φ(s)− φn(s)‖Xds = 0.

I 9.2#E3%6 ,# -+/0.#3 ,# φ = ,#?.9,% )+3F

lim
n→+∞

∫

S

φn(s)ds = 0. J 7 K

L /6%3+ :&#@ (# φ = -+/0.#3M9.2#E345#6 #' S@ #.2<+ = 2%'1=' -+/0.#3M9.2#E345#6

#' :&%6:&#3 (&1/+.$&.2+ '#.(&345#6 ,# S7 L )+((N5#6 '+(23%3 :&# + 69'92# #' J 7 K

9.,#)#.,# ,% #(/+60% ,# (φn)n∈N7

I (#E&9.2# )3+)+(9*<+ /%3%/2#39A% % -+/0.#3M9.2#E3%1969,%,#F

()'*'+#%&'  !"!&!  !"#$%&'(

1!2 3"4 56*78' "%* 6+/0%$ φ : S → X 9 &'()*%+,!*-%.+/0%$  % %  '"%*-%  % ‖φ(·)‖X 9

:%;% .6%,!*-%.+/0%$ %" <=

1!!2

∥

∥

∥

∥

∫

S

φ(s)ds

∥

∥

∥

∥

X

≤

∫

S

‖φ(s)‖Xds.

G'% )3+)39#,%,# +)#3%/9+.%6 '&92+ 9')+32%.2# = % (#E&9.2#F

()'*'+#%&'  !"! '! <% T ∈ B(X, Y ) % φ : S → X 9 &'()*%+,!*-%.+/0%$> %*-8' T ◦ φ :

S → Y 9 -4";9" &'()*%+,!*-%.+/0%$ %?

∫

S

T ◦ φ(s)ds = T

(
∫

S

φ(s)ds

)

.



 !

"# $%&'()*+%&, - ./#0-+- 12 (3'24&%56- 7 +(32%&8

9-#- *.*%+, 123-'%#-.

∫ b

a
= −

∫ a

b
=

∫

(a,b)
.2 a < b8 :4-&% $-12#-. 23*3)(%& 2

12#-3.'&%& % .24*(3'2 ;2&.6- 1- <2-&2#% =*31%#23'%+ 1- 9>+)*+-?

 !"#"$%&'"  !"!  !  !" #$%& φ : [a, b]→ X '(& )'*+,- .-*/0*'&1 2*/,- φ 3 !*/$4567

8$9 $( [a, b] $: ;$ <$=*!(-; & )'*+,- Φ : [a, b]→ X >-5

Φ(t) =

∫ t

a

φ(s)ds,

$*/,- Φ 3 <!)$5$*.!68$9 >&5& /-<- t ∈ [a, b] $ Φ′ = φ1

 !!" #$%& Φ : [a, b]→ X '(& )'*+,- .-*/!*'&($*/$ <!)$5$*.!68$9 $( [a, b]1 2*/,-

Φ(t)− Φ(a) =

∫ t

a

Φ′(s)ds

>&5& /-<- t ∈ [a, b]1

?$(-*;/5&+,-1 @(A 9-#- φ 7 )-3'/3*%, 23'6- ‖φ(·)‖X 7 )-3'/3*%, +-4- B202.4*2C(3'24&>;2+8

D% E&-$-.(56-  8F8G, .24*2 H*2 φ 7 I-)J32&C(3'24&>;2+ 2# [a, b]8 D%1-. t ∈ [a, b] 2

h 6= 0, '2&2#-.

‖h−1(Φ(t+ h)− Φ(t))− φ(t)‖X =

∥

∥

∥

∥

h−1
∫ t+h

t

[φ(s)− φ(t)]ds

∥

∥

∥

∥

X

≤ |h|−1
∣

∣

∣

∣

∫ t+h

t

‖φ(s)− φ(t)‖Xds

∣

∣

∣

∣

.

D% )-3'(3*(1%12 12 φ, .24*2 H*2 - +(#('2 1% 2K$&2..6- %)(#% 7 L2&-, 23'6- Φ′(t) =

φ(t)8

@((A D- ('2# %3'2&(-&, Φ′ 7 (3'24&>;2+ 2# [a, b]8 D2M3% Ψ(t) = Φ(a)+
∫ t

a
Φ′(s)ds 2# [a, b]8

D- ('2# %3'2&(-&, Ψ 7 1(N2&23)(>;2+ 2 Ψ′ = Φ′8 D- 9-&-+>&(-  8F8O, .24*2 H*2 Ψ ≡ Φ

2# [a, b]8



 !

 !" #$%&'()*+, $ *(+-.$%/ 0$ 1/)234 /-,5(/5+

"#$% X &' #()%*+ ,# -%.%/0 12+3

 !"#$#%&'  !"! ! 4'  !"#$%&'( )(%*!"!+*! ,(+*-+&( +& (5')6#('#.7# C0. !"#$%&'(

#' X 8 &'% 9%':65% ,# 9&.*;#( T (t)< t ≥ 0< (%75(9%=#.,+>

?5@ T (t) : X → X 8 /+.7:.&% )%A% /%,% t ≥ 0B

?55@ T (0) = idX ?+.,# idX ,#.+7% % 9&.*C+ 5,#.75,%,# #' X@B

?555@ T (t+ s) = T (t)T (s) )%A% D&%5(D&#A t, s ≥ 0 ?+ )A+,&7+ ,#.+7% /+')+(5*C+@B

?5E@ t→ T (t)x 8 &'% 9&.*C+ /+.7:.&% ,# [0,+∞) #' X )%A% /%,% x ∈ X 12+3

F )A+)A5#,%,# ?555@ 8 /0%'%,% ,# '%('%#!/0/! /!  !"#$%&'(< # % ?5E@ ,# ,(+*#+&#/0/!

)(%*!3 G (#'5HA&)+ 8 ,57+ 1#+!0% (# T (t) 9+A &'% 7A%.(9+A'%*C+ 65.#%A )%A% /%,% t ≥ 03

 !"#$#%&'  !"!#! I%( .+7%*;#( %.7#A5+A#(< (#$% T (t) : X → X &' C0J(#'5HA&)+3 G

$!%0/(% #+2+#*! #"01 ,# T (t)< t ≥ 0 8 % 9&.*C+ A : D → X ,%,% )+A

Ax = lim
t→0+

T (t)x− x

t
, ? 3K@

+.,# D = D(A) 8 + /+.$&.7+ ,# 7+,+( +( )+.7+( x ∈ X )%A% +( D&%5( + 65'57# %/5'%

#25(7#3

L5=#'+( %5.,% D&# T (t) 8 &' (#'5HA&)+ $!%0/( )+A A3 M 9N/56 E#A51/%A D&# (# T (t)

8 65.#%A #.7C+ D(A) 8 &' (&O#()%*+ E#7+A5%6 ,# X< # A 8 &'% 7A%.(9+A'%*C+ 65.#%A3

F (#'#60%.*% ,% 9PA'&6% ? 3K@ /+' &'% ,#A5E%,% #E5,#.7#'#.7# .C+ 8 '#A% /+5.J

/5,Q./5%3 L# 9%7+< D&%.,+ 9+A )+((:E#6 ,#A5E%A R ,5A#57% % 9&.*C+ T (·)x< 7#A#'+(>

d+

dt
T (t)x = lim

h→0+

T (t+ h)x− T (t)x

h

= lim
h→0+

T (h)T (t)x− T (t)x

h
= AT (t)x. ? 3S@

F68' ,5((+ % ,#A5E%,% )#6% ,5A#57% #25(7# #' t ≥ 0 (# # (+'#.7# (# T (t)x ∈ D(A)3 "#

T (t) ∈ B(X) # x ∈ D(A)< 7#A#'+(

d+

dt
T (t)x = lim

h→0+

T (t)T (h)x− T (t)x

h

= T (t) lim
h→0+

T (h)x− x

h
= T (t)Ax,



 !

"#$%& T (t)x ∈ D(A) "
d+

dt
T (t)x = AT (t)x = T (t)Ax.

'( )"*+(+" , -&../)"0 +"1&#.$*(* *".20$(+&. 1(3. 4&*$". ." $*(5(06(*1&. 7&1 038

13$(9%& 2#34&*1": ;(*( 3..&< 7&#.3+"*"1&. ( +"=#39%& " & $"&*"1( .">23#$".?

 !"#$#%&'  !"!"! @1 C08."13>*2-& T (t) , +3$&  !"#$ $%&'() $* (&)&*'+# ." "A3.$"1

7&#.$(#$". M ≥ 0< α $(3. B2"

‖T (t)‖ ≤Meαt -(*( $&+& t ≥ 0.

C&1& T (0) = idX < #( )"*+(+" $"*"1&. M ≥ 1: D" -2+"*1&. $"* α = 0< +3E"1&. B2"

T (t) , ,$&-#.) ) $* (&)&*'+# " ."< (0,1 +3..&< M = 1< +3E"1&. B2" , 21 / )&0.,"# + 

%#$*.'12 /:

(!')!*+  !"!#! 3//,)&$+# # ".&$%4"&# +' (&)&*'15# ,$&-#.) 67 . 8.#"#/&15# 39:

+# 3";$+&% <= *#+# C0>/ )&0.,"# + #" .'+#. / (&$ '. / (&)&*'+#/ ?  !"#$ $%&'() $* 

(&)&*'+#9

@ )#$/*.'15#9 D"F( T (t) 21 C08."13>*2-& +" &-"*(+&*". 03#"(*". 0313$(+&. " ."F( η > 0:

;(*( 7(+( x ∈ X< & 7&#F2#$& {T (t)x : x ∈ [0, η]} , 7&1-(7$& " -&*$(#$& 0313$(+&:

G&>&< -"0& -*3#7/-3& +( 0313$(9%& 2#34&*1"< "A3.$" M ≥ 0 $(0 B2" ‖T (t)‖ ≤ M -(*( $&+&

t ∈ [0, η]:

H(+& t ≥ 0< -&+"1&. ".7*")"* t = nη + δ 7&1 δ ∈ [0, η) " n ∈ N: I..31

‖T (t)‖ = ‖T (δ)‖‖T (η)n‖ ≤Mn+1 ≤M t/η ≤Meαt,

&#+" α =
1

η
lnM :

J -*3#7/-3& +( 0313$(9%& 2#34&*1" -&+" ."* +"1&#.$*(+& ( -(*$3* +" 21( )"*.%&

4*(7( +& (A3&1( +( ".7&06(? & '!&#)' +'/  /%#(A'/ + " $+ $* / K)"* L MNO: P#+"-"#+"#8

$"1"#$" +".." -*3#7/-3&< (..213*"1&. #& *".$& +".$( ."9%& B2" T (t) , 21 C08."13>*2-&

03#"(* "A-&#"#73(01"#$" 0313$(+& #& ".-(9& +" Q(#(76 X 7&1 >"*(+&* 3#=#3$".31(0 A:

C&1 3..&< -*&)(*"1&. & .">23#$"?



 !

 !"#!$%  !"!#!  !" #$%$ &'(' x ∈ X ) t ≥ 0*
∫ t

0
T (s)xds ∈ D(A) )

A

∫ t

0

T (s)xds = T (t)x− x.

 !!" #$%$ &'(' x ∈ D(A) ) t > 0* T (t)x ∈ D(A) )

d
dt
T (t)x = AT (t)x = T (t)Ax+

 !!!" D(A) = X+

,)-'./&%$01'+ "#$

1

h

(

T (h)

∫ t

0

T (s)xds−

∫ t

0

T (s)xds

)

=
1

h

(
∫ t+h

h

T (s)xds−

∫ t

0

T (s)xds

)

=
1

h

(
∫ t+h

t

T (s)xds

)

−
1

h

(
∫ h

0

T (s)xds

)

.

%&'()*& & +#'#,- - ./()*& ( 01&2&/#34&  565  7 ,-1-'&/

∫ t

0
T (s)xds ∈ D(A) -

A

∫ t

0

T (s)xds = T (t)x− T (0)x.

"##$ 89 ,-'&/ *- " 5:$ ;.- T (t)x ∈ D(A) - d+

dt
T (t)x = AT (t)x = T (t)Ax 2(1( ,&*& t ≥ 05

<-/,( (=&1( >-1#?@(1 ( *-1#>(*( A -/;.-1*(5 %&'()*& 0 < h < t7 ,-1-'&/B

∥

∥

∥

∥

T (t− h)x− T (t)

−h
− T (t)Ax

∥

∥

∥

∥

X

=

∥

∥

∥

∥

T (t− h)
T (h)x− x

h
− T (t)Ax

∥

∥

∥

∥

X

≤

∥

∥

∥

∥

T (t− h)

(

T (h)x− x

h
− Ax

)
∥

∥

∥

∥

X

+ ‖T (t− h)Ax− T (t)Ax‖X

≤ ‖T (t− h)‖

∥

∥

∥

∥

T (h)x− x

h
− Ax

∥

∥

∥

∥

X

+ ‖T (t− h)Ax− T (t)Ax‖X .

C&'& ‖T (t)‖ D +&@(+'-),- +#'#,(*( - & /-'#=1.2& D @&),E).&7 & ,-1'& A *#1-#,(

,-)*- ( F-1& -

d−

dt
T (t)x = T (t)Ax = AT (t)x5

"###$ 0-+& #,-' (),-1#&17

1

t

∫ t

0

T (s)xds ∈ D(A) -7 2-+& #,-' "#$7

1

t

∫ t

0

T (s)xds→ x ;.()*&

t→ 0+ 2(1( ;.(+;.-1 x ∈ X5 G),4& D(A) = X5

H=&1(7 2&*-'&/ @&)/#*-1(1 & 21&I+-'( *- C(.@JK /-'#+#)-(1 (I/,1(,& -' .'

-/2(3& *- L()(@J5



 !

 !"#$#%&'  !"!#! "#$%& X '& #()%*+ ,# -%.%/01 2&  !"#$%&' (% )'*+,- .%&/$/0%'!

'#.1!'1" /+.(3(4# .'& (3(4#&% ,+ 43)+5







d
dt
u(t) = A(u(t)) + F (u(t)),

u(t0) = u0,
6 178

+.,# A : D(A) ⊂ X → X 9 '& +)#:%,+: ;3.#%:< F : X → X 9 '&% ='.*>+< u0 ∈ X # u 9

'&% ='.*>+ ,# ,+&?.3+ :#%; # 3&%@#& #& X< % (#: #./+.4:%,%1

2&% (+;'*>+ +$2../+' +' 3"!1% 9 '&% ='.*>+ ,3=#:#./3AB#; u(t) = u(t; t0, u0) ,#C.3,%

#& '& 3.4#:B%;+ [t0, tm) # /+& 3&%@#& /+.43,% #& D(A) D'# (%43(=%*% + (3(4#&% 6 178 6%

,#:3B%,% 9 4+&%,% E ,3:#34% #& t = t081

2&% (+;'*>+ 3!'+' 9 '&% ='.*>+ u(t) = u(t; t0, u0) ,# '& 3.4#:B%;+ [t0, tm) #& X

(%43(=%F#.,+5

u(t) = T (t− t0)u0 +

∫ t

t0

T (t− s)F (u(s))ds ∀t ∈ I,

+.,# T (t) 9 '& (#&3@:')+ @#:%,+ )+: A1

G& %&H+( +( /%(+(< )+,#&+( 4#: tm = +∞< /%(+ #& D'# % (+;'*>+ 9 ,34% 4$"#'$1

I :#;%*>+ #.4:# % (+;'*>+ =:%/% # % =+:4# 9 ,%,% % (#@'3:5

()'*'+#%&'  !"!$! 5% u(t) 6 ."$*78" +$2../+' (% 9:;<=> %018" 1'&#6& 6 ."$*78" 3!'+';

?%&"0.1!'78"; "# u 9 (+;'*>+ /;A((3/%< #.4>+5

d

ds
u(s) = A(u(s)) + F (u(s))

T (t− s)
d

ds
u(s) = T (t− s)A(u(s)) + T (t− s)F (u(s))

T (t− s)
d

ds
u(s) = AT (t− s)u(s) + T (t− s)F (u(s))

T (t− s)
d

ds
u(s)−

d

dt
(T (t− s)u(s)) = T (t− s)F (u(s))

J+& /A;/';+( (3&3;%:#( %+( D'# %)%:#/#& .% ,#&+.(4:%*>+ ,+ 34#& 6338 ,+ K#+:#&%  1L1M<

)+,#&+( &+(4:%: D'#

d

ds
(T (t− s)u(s)) = T (t− s)

d

ds
u(s)−

d

dt
(T (t− s)u(s)),

)+:4%.4+

d

ds
(T (t− s)u(s)) = T (t− s)F (u(s)).



 !

"#$%&'(#)* *+ )*,+ -%-.'*+/ $%'%-*+

∫ t

t0

d

ds
(T (t− s)u(s))ds =

∫ t

t0

T (t− s)F (u(s))ds

u(t)− T (t− t0)u0 =

∫ t

t0

T (t− s)F (u(s))ds.

0#$1* u 2 +*3451* 6'(7(8

9 3%,$*' :*)% %#7*#$'(' %- ; <= ( )%-*#+$'(51* )* +%&4,#$% $%*'%-(/ >4% &('(#$%

( %?,+$@#7,( % 4#,7,)()% )% +*345A%+ 6'(7( % 6*'$% -%),(#$% 7%'$(+ 7*#),5A%+ :('( A % F 8

 !"#!$%  !"!#! BC%..D  !"# T (t)$ t ≥ t0$ %& C0'(!&)*+%,- .! -,!+#.-+!( /)0!#+!(

/)&)1#.-( 0- !(,#2- .! 3#0#45 X 4-& *!+#.-+ )060)1!()&#/ A7  !"# F : X → X %&#

8%029- 4-01)0%#&!01! :+;45!1'.)8!+!04)<=!/ !& X7 >019-?

@)A B#+# 4#.# x ∈ X !C)(1! %& )01!+=#/- &#C)&#/ .! !C)(1D04)# [t0, tx) ! %&# E0)4#

8%029- 4-01F0%# t→ u(t; t0, x) .! [t0, tx) !& X 1#/ G%!

u(t; t0, x) = T (t− t0)x+

∫ t

t0

T (t− s)F (u(s; t0, x))ds

,#+# 1-.- t ∈ [t0, tx)7 >C#1#&!01! %&# .#( ,-(()H)/).#.!( #4-01!4!? -% tx = +∞ -%

sup
t→t−x

‖u(t; t0, x)‖X = +∞7

@))A u(t; t0, x) ; %&# 8%029- 4-01F0%# .! x 0- (!01).- .! G%! (! x ∈ X ! t0 ≤ t ≤ tx$

!019- !C)(1!& 4-0(1#01!( ,-()1)=#( C ! ε 1#)( G%! (! x̂ ∈ X ! ‖x − x̂‖ < ε$ !019-

t < tx̂ ! ‖u(s; t0, x)− u(s; t0, x̂)‖≤ C‖x− x̂‖ ,#+# 1-.- t0 ≤ s ≤ t7

@)))A  ! x ∈ D(A)$ !019- u(t; t0, x) ∈ D(A) ,#+# t0 ≤ t ≤ tx ! # 8%029- t → u(t; t0, x) ;

4-01)0%#&!01! .)8!+!04)<=!/ ! (#1)(8#I

d
dt
u(t; t0, x) = Au(t; t0, x) + F (u(t; t0, x)) !&

[t0, tx)7



 !

 !" #$%&'( $)*$+,&(-

"#$%& F '& #()%*+ ,#-+./%0 1+&)0#2+ 3+.&%4+ # T : F → F '&% -.%3(5+.&%*6+

0/3#%. # 4#73% Tλ = λI − T 8 +34# I 9 + +)#.%4+. /4#3-/4%4# 4# F :

;<%&%&+( 4#  !"#$"%! &'(!)*'"%'8 ρ(T )8 + 1+3$'3-+ 4+( λ ∈ C )%.% +( ='%/( %

/&%>#& Tλ(F ) 9 4#3(% #& F # % -.%3(5+.&%*6+ Tλ -#& /3,#.(% 1+3-?3'%: R(λ, T ) =

(λI − T )−1 9 4#3+&/3%4+ !+'&,-!& &'(!)*'"%' 4# T @#& λA8 # + 1+&)0#&#3-+ 4# ρ(T ) #&

C 9 4#3+&/3%4+ '(+' %&! 4# T 8 # 4#3+-%4+ )+. σ(T ): B &,.! '(+' %&,) 4# T 9 4#73/4+

)+.C

r(T ) = sup{|λ| : λ ∈ σ(T )}.

B 1+3$'3-+ σ(T ) (# 4#1+&)D# #& -.E( ('F1+3$'3-+( 4/($'3-+(8 4#73/4+( %F%/2+C

 B '(+' %&! +!"%$,)8 Pσ(T )8 9 5+.&%4+ )#0+( 3G&#.+( 1+&)0#2+( λ )%.% +( ='%/( Tλ

36+ -#& /3,#.(%:

 B '(+' %&!  !"%/"$!8 Cσ(T )8 9 5+.&%4+ )#0+( 3G&#.+( 1+&)0#2+( λ )%.% +( ='%/( Tλ

-#& /3,#.(% 4#(1+3-?3'% 1+& 4+&?3/+ 4#3(+ #& F :

 B '(+' %&! &'(.-$,)8 Rσ(T )8 9 5+.&%4+ )#0+( 3G&#.+( 1+&)0#2+( λ )%.% +( ='%/( Tλ

-#& /3,#.(% 1'$+ 4+&?3/+ Tλ(F ) 36+ 9 4#3(+ #& F :

B #()#1-.+ )+3-'%0 9 5+.&%4+ )#0+( ,$%!*,)!&'( 4# T 8 +' (#$%8 )#0+( λ ∈ C -%/( ='#

Tx = λx )%.% %0>'& x ∈ F \ {0}8 # +( x (6+ 1<%&%4+( 4# ,$%!*'%!&'(: H 0$)%.+). .-,-'

4# λ 9 % 4/&#3(6+ 4+ ,$%!'(+,1! 4# T 1+..#()+34#3-# % λ8 /(-+ 98 4+ 3G10#+ 4# Tλ:

 !"#$%&'()2 I((#( # +'-.+( 1+31#/-+( 4% -#+./% #()#1-.%0 )+4#& (#. 4#73/4+( )%.% #(J

)%*+( ,#-+./%/( .#%/( ,/% #2-#3(D#(: "#$% E '& #()%*+ ,#-+./%0 .#%0 3+.&%4+: H  !0+)'3

4.5 ,16! 4# E 9 + #()%*+ ,#-+./%0 1+&)0#2+ F 1'$+( #0#&#3-+( (6+ 4% 5+.&% z = x + iy8

x, y ∈ E8 i2 = −18 &'3/4+ 4% 3+.&%

‖z‖F = sup{‖x cos θ + y sin θ‖E : 0 ≤ θ < 2π}.

K+4#&+( ,#. E 1+&+ ('F1+3$'3-+ 4# F : "# T : E → E 9 '&% -.%3(5+.&%*6+ 0/3#%.8 #3-6+

T̃ : F → F 4#73/4% )+. T̃ (z) = Tx + iTy 9 % #2-#3(6+ 4# T )%.% F : "# T 9 0/&/-%4%

#3-6+ T̃ -%&F9& + 9:

H((/&8 4#73#J(# σ(T ) = σ(T̃ )8 # 4% &#(&% 5+.&% Pσ(T ) = Pσ(T̃ ) #-1:



 !

 !" #$%&' & $()&%*+,$ -*(./*0

"#$%& $#'()* &+,#$#-%&,#.)$ ) /)-/#0%) 1# +)$0%0201&1# #. 3. #$+&') 1# 4&-&/5*

-#/#$$6,0)$ +&,& & 7),.38&'() 1& 9#-#,&80:&'() 1& ;#),0& 1# <#,,)-=>,)?#-03$@

 !"#$#%&'  !"! ! A#B& X 3. #$+&') 1# 4&-&/5@ C. $3?/)-B3-%) 7#/5&1) K ⊂ X D

3.  !"# $# &$ $#930-%#$ /)-10'E#$ 7),#. $&%0$7#0%&$F

G&H K D 7#/5&1)I

G?H x, y ∈ K 0.+80/& xψ + βy ∈ K ∀α, β ≥ 0I

G/H x ∈ K \ {0} 0.+80/& −x 6∈ K@

J& +,)+,0#1&1# G&H* $#93#. K3# 0 ∈ K # &0-1& K3# K D /)-2#L)@ C. /)-# D 10%)

$!$%& $# ) /)-B3-%) {x− y : ψ, φ ∈ K} D 1#-$) #. X@

M$ /)-#$ $() #$%,0%&.#-%# ,#8&/0)-&1)$ /). ),1#-&'E#$ +&,/0&0$@ M #$+&') X D

10%) '%( )%&*#"$# !(+#"%+! $# +&,& /#,%)$ +&,#$ 1# #8#.#-%)$ x, y ∈ X & ,#8&'() ≤ #$%6

1#N-01& # +)$$30 &$ +,)+,0#1&1#$F

G0H x ≤ y 0.+80/& tx ≤ ty +&,& t ≥ 0 # tx ≥ ty +&,& t < 0I

G00H x ≤ y # y ≤ x 0.+80/&. x = yI

G000H x1 ≤ y1 # x2 ≤ y2 0.+80/&. x1 + x2 ≤ y1 + y2I

G02H x ≤ y # y ≤ z 0.+80/&. x ≤ z@

J0:#.)$ K3# x # y $()  !*'%(,-#). $# #L0$%#. /)-$%&-%#$ +)$0%02&$ α, β %&0$ K3# αx ≤

y ≤ βx@

C. /)-# K -)$ +#,.0%# 1#N-0, #. X 3.& ),1#-&'() +&,/0&8 ≤K 1) $#930-%# .)1)F

#$/,#2#.)$ x ≤K y $# # $).#-%# $# y− x ∈ K@ O$ +,)+,0#1&1#$ G0H* G000H # G02H $#93#. 1&

/)-10'() G?H # & +,)+,0#1&1# G00H $#93# 1& /)-10'() G/H@

O8D. 10$$)* ),1#-&'E#$ +&,/0&0$ 0-13:01&$ +), /)-#$ $&%0$7&:#. & $#930-%# +,)+,0=

#1&1#* &120-1& 1& /)-10'() G&HF

G2H $# xn → x # yn → y #. X # xn ≤ yn ∀n ∈ N* #-%() x ≤ y@



 !

 !"#$%&'() "#$% %&'(% )*# K + , -,'$*'., (,/ #0#1#'.,/ '2,3'#4%.&5,/ (# X6 &/., +6

K = {x ∈ X : x ≥K 0}7 8%&/ (, )*# &//,6 (%(% *1% ,9(#'%:2, ;%9-&%0 ≤ )*# /%.&/<%:%

=&>3=5>6 + <?-&0 5#9&@-%9 )*# , -,'$*'., (,/ #0#1#'.,/ '2,3'#4%.&5,/ + /#1;9# *1 -,'#7

*+#,-.)" =&> A# X = R
n
6 K = R

n
+ := {(x1, . . . , xn) ∈ X : xi ≥ 0, i = 1, . . . , n} + *1

-,'# .,.%0 # &'(*B % ,9(#'%:2, ;%9-&%0 (%(% ;,9 (x1, . . . , xn) ≥ (y1, . . . , yn) ⇐⇒

xi ≥ yi, i = 1, . . . , n7

=&&> A# X = L1(a, b)6 K = L1
+(a, b) := {ψ ∈ X : ψ ≥ 0 )7.7;7} + *1 -,'# .,.%0

;,&/ .,(, ψ ∈ X /# (#-,1;C# #1 ψ = ψ+ − ψ−6 -,1 ψ+ = max{ψ, 0} ∈ X #

ψ− = max{−ψ, 0} ∈ X7 D ,9(#'%:2, ;%9-&%0 &'(*B&(% + (%(% ;,9 ψ ≥ φ ⇐⇒

ψ(x) ≥ φ(x) )7.7;7

E /#4*&'.# 0#1% /#9? F.&0 ;,/.#9&,91#'.#7

 !"#  !"!#! !"#$ X %& "'($)* +" ,$-$./ *0+"-$+* ($0.1$2&"-3" ("2* .*-" K !"#$&

x0 " v0 "2"&"-3*' 45*' +" X6 .*& v0 6= 06 " R = {x0 + tv0 : t ∈ R} 7-38* R -8* (*+"

"'3$0 .*-31+* "& K " $ 1-3"0'")8* R ∩K 9 :$;1$ *% 1<%$2 $ {x0 + tv0 : t ∈ I}6 *-+" I 9

+$ =*0&$>

?1@ [t0,+∞) '" v0 ∈ KA

?11@ (−∞, t1] '" −v0 ∈ KA

?111@ [t0, t1]6 {t0} "& .$'* .*-30B01* 

C"&*-'30$)8* A# .,(,/ ,/ #0#1#'.,/ (# R ;#9.#'-#//#1 % K6 #'.2, ,/ #0#1#'.,/ (%

<,91% x(t) = 1
|t|
(x0 + tv0) ;#9.#'-#9&%1 % K7 G,1, K + <#-H%(,6 .%1I+1 ;#9.#'-#9&%1

% K ,/ 0&1&.#/ (# x(t) #1 +∞ # −∞6 9#/;#-.&5%1#'.# v0 # −v07 G,1, v0 6= 06 &//,

-,'.9%(&B , &.#1 =&> (% (#@'&:2, (# -,'#7

G,1, K # R /2, %1I,/ <#-H%(,/ # -,'5#J,/6 /*% &'.#9/#:2, .%1I+1 +7 A# '2, <,9

5%B&%6 #'.2, % #0% -,99#/;,'(# *1 -,'$*'., <#-H%(, # -,'5#J, (# 5%0,9#/ (# t ∈ R6 ,*

/#$%6 *1 &'.#95%0, -,1 *1% (%/ <,91%/ (%(%/7

A*;,'H% x0+t0v0 ∈ R∩K7 A# v0 ∈ K6 #'.2, x0+tv0= (x0+t0v0)+(t−t0)v0 ∈ R∩K

∀t ≥ t07 K'.2, I = [t0,+∞)7 A&1&0%91#'.#6 −v0 ∈ K &1;0&-% I = (−∞, t1]7

L1% &'.#9;9#.%:2, 4#,1+.9&-% (, 0#1% + % (# )*# % &'.#9/#:2, (# )*%0)*#9 9#.%

-,1 *1 -,'# (#5# /#9 *1% /#1&39#.%6 *1 /#41#'.,6 *1 ;,'., ,* , 5%B&,7



  

 !" #$%&'&(&)*)+ )+ $,+-*)$-+% + '+$-&* )+ .-$/+0&1%

!"#$% #"&'() X * +, "#-%&( ." /%0%12 3"%4 (+ 1(,-4"5( -%316%4,"0$" (3."0%.(

-"4( 1(0" K " #"+ .+%4 X ′
* ( 1(07+0$( ." $(.(# (# 8+016(0%6# 460"%3"# 1(0$90+(# ", X:

; <%4(3 ." f ∈ X ′
", x ∈ X * ."0($%.( -(3 〈f, x〉: ="0($%,(# -(3 B(X) ( 1(07+0$( ."

$(.(# (# (-"3%.(3"# 460"%3"# 46,6$%.(# ." X ", X: >" T ∈ B(X)) #"+  !"# ?(+ " $!%&'@

* ( (-"3%.(3 T ′ ∈ B(X ′) ."A06.( -(3 T ′y′ = x′ #" " #(,"0$" #" 〈x′, x〉 = 〈y′, Tx〉 ∀x ∈ X:

; ('%)  !"# * ( 1(07+0$( 8(3,%.( -(3 $(.(# (# 8+016(0%6# 460"%3"# 1(0$90+(# *'+,-

&,.'+) (+ #"7%) f ∈ K ′
#" " #(,"0$" #" f ∈ X ′

" 〈f, x〉 ≥ 0 ∀x ∈ K: x ∈ K * 12%,%.( ."

*'%&' /!"+) ,%&)0,'0 #" 〈f, x〉 > 0 -%3% $(.( f ∈ K ′ \ {0}: B, 8+016(0%4 460"%3 f ∈ K ′

* .6$( )+&0,&"1)%&) *'+,&,.' #" 〈f, x〉 > 0 -%3% $(.( x ∈ K \ {0}: B, (-"3%.(3 460"%3

T ∈ B(X) * .6$( *'+,&,.' #" T (K) ⊂ K: =6C",(# D+" T ≥ S #" T, S ∈ B(X) " T − S *

-(#6$6<(:

B, (-"3%.(3 ?0'(E460"%3@ A : X → X * .6$( 1'%2&'%' #" x1, x2 ∈ X) x1 ≤ x2

6,-461%, A(x1) ≤ A(x2) ?0( 1%#( 460"%3) ,(0F$(0( #6G06A1% ( ,"#,( D+" -(#6$6<(@:

 !"#$#%&'  !"! !  !"#"$%&'"( )*+,- .' /012"3/2 4&51"2 0/$&6&7/ T ∈ B(X) 8 3&6/

$1'&95:/9$;0/26"561

 

$1 0"2" <"3" 0"2 x ∈ K \ {0}( f ∈ K ′ \ {0}( 1=&$61 ;' &561&2/

0/$&6&7/ p = p(x, f) 6"4 >;1 〈f, T px〉 > 0? .' /012"3/2 T ∈ B(X) 8 3&6/ 5:/9$;0/26"561

2

$1 0"2" <"3" 0"2 x ∈ K \ {0}( f ∈ K ′ \ {0}( 1=&$61 ;' &561&2/ 0/$&6&7/ p = p(x, f) 6"4 >;1

〈f, T nx〉 > 0 0"2" 6/3/ n ≥ p?

 !"#$%&' !1 X = R
n

1 K = R
n
+( 6/3"$ "$ 62"5$@/2'"AB1$ 4&51"21$ 31 3/'C5&/ X $:/

</56C5;"$? D </51 3;"4 8 @/2'"3/ 014/$ @;5<&/5"&$ f ∈ X ′
3" @/2'" f(x) = a1x1+. . . anxn(

</' ai ≥ 0, i = 1, . . . , n? D$ 0/56/$ >;"$1 &5612&/21$ $:/ ">;141$ <;E"$ <//2315"3"$ $:/

6/3"$ 1$62&6"'1561 0/$&6&7"$( 1 /$ @;5<&/5"&$ 4&51"21$ f ∈ K ′
1$62&6"'1561 0/$&6&7/$ $:/

">;141$ 3" @/2'" f(x) = a1x1 + . . . anxn( </' ai > 0, i = 1, . . . , n? D$ /012"3/21$ 4&51"21$

1' X $1 &3156&F<"' </' '"62&G1$ n × n( $1H;53/ " I"$1 <"5J5&<"( 1 $:/ 0/$&6&7/$ $1 1

$/'1561 $1 "$ 1562"3"$ 3" '"62&G </221$0/531561 @/21' 6/3"$ 5:/951H"6&7"$? K 0/$$C714

'/$62"2 >;1 >;"4>;12 /012"3/2 0/$&6&7/ T ∈ B(Rn) $12L $1'&95:/9$;0/26"561 $1 1 $/'1561

$1 @/2 5:/9$;0/26"561 1 $1 1 $/'1561 $1 " '"62&G </221$0/531561 M 0/$$;&2 ;'" 0/6M5<&"

Mp
<;E"$ 1562"3"$ $:/ 6/3"$ 1$62&6"'1561 0/$&6&7"$?

N 61/2&" <4L$$&<" 31 O122/59P2/I15&;$ 214"<&/5" " 1=&$6M5<&" 31 ";6/7"4/21$ </221$9

 

 

2
 ! "#$%&' '() *+,!,-)' -  !"#$%&% '((&)*#%+  %&% '((&)*#%+. / '0 *1"2,! #1 3



 !

"#$%&$'&( ) )*'#+&'#,&( "#(-'-+#( . "#(-'-+-%)%& %) /)',-01 2#,)/ 3,-)%)( 4&$&,)5-0)67&(

"),) &(() '&#,-)8 3#/ %-9&,&$'&( 3#$3&-'#( %& "#(-'-+-%)%& "),) #"&,)%#,&( &/ &(")6#( %&

%-/&$(:# ),;-',<,-)8 */) %)( =*)-( *()/#( $&('& '&>'#1

?),) # $#((# 3)(#8 # 5&-'#, "#%& &$3#$',), &/ @A!B & @!B8 ,&("&3'-+)/&$'&8 )( ",#+)(

%#( (&4*-$'&( '&#,&/)(C

 !"#"$%&'"  !"!#!  !"# K $% &'(! )')#*+ T ∈ B(X) $% ',!-#.'- /!%01(2'1/$,'-)#()!

&'% -!/,!0)' # K ! /!"# r(T ) $% ,3*' .' -!/'*4!()! R(λ, T )5 6()2'7

809 r(T ) ∈ Pσ(T ) \ {0} ! r(T ) : $% ,3*' /0%,*!/ .' -!/'*4!()!5

8009 ; #$)'!/,#<' &'--!/,'(.!()! # r(T ) : $(0.0%!(/0'(#* ! ' #$)'4!)'- &'--!/,'(.!()!

x0 ∈ K : $% ,'()' =$#/! 0()!-0'-5 > -!*#<2' Ty = r(T )y &'% y ∈ K 0%,*0&# =$!

y = cx0 ,#-# #*?$%# &'(/)#()! c ∈ C5

80009 ; #$)'!/,#<' .! T ′ &'--!/,'(.!()! # r(T ) : )#%@:% $% /$@!/,#<' $(0.0%!(/0'(#*

.! X ′
?!-#.' ,'- $% A$(&0'(#* !/)-0)#%!()! ,'/0)04' f0 ∈ K

′
5

 !"#"$%&'"  !"!$! 8B-!0(1C$)%#(9  !"#% X $% !/,#<' .! D#(#&E+ X+ $% &'(!

)')#* ! T ∈ B(X) $% ',!-#.'- &'%,#&)' ! ,'/0)04' &'% -#0' !/,!&)-#* r(T ) > 05 6()2'

r(T ) : $% ,3*' .' -!/'*4!()! R(λ, T ) ! $% #$)'4#*'- .! T + &'% $% #$)'4!)'- ,'/0)04'

x0 ∈ X+ \ {0}5



 !

 !" #$%&'()*'*+ *+ $,+-'*$-+.

 !"#$#%&'  !"! ! "#$%&'(&)*+,, -./0 1)2% X 34 )&5%6( 7) 8%'%9: $)%* 5%$9,%*4)';)

($7)'%7( 5)*( 9(') K< =4 (5)$%7($ A : X → X > 7,;( &)$ 34  !"#$% # &'(&$) &) )?,&;)

x0 ∈ K \ {0} @3) &%;,&A%6%B

",0 5%$% ;(7( x ∈ K \ {0}C Ax > 9(45%$DE)* 9(4 x0F

",,0 5%$% ;(7( x ∈ K 9(45%$DE)* 9(4 x0 E%*) A(tx) ≥ tAx ∀0 ≤ t ≤ 1<

G$)9,&%$)4(& 5(&;)$,($4)';) 7( &)H3,';) *)4%B

(!)*  !"!#! *+! (,$ -+"   !"#$% # A : X → X . / (01 ( " &'(&$) 2 " 3"4$ x0 ∈

K \ {0} %$% & / ($ %"5(678 $&6/$9 *" !$#$ 1 % x ∈ K & /!$#:)"; & / x0 " !$#$

1 % 0 < t < 1 "<631" η = η(x, t) > 0 1$; -+"

A(tx) ≥ tAx+ ηx0, "I<.0

"(18 A 1"/ ( /:<6/ +/ ! (1 5< ! 3616) 9

="/ (31#$78 9 135(':% @3) x1 ∈ K \ {0} ) x2 ∈ K \ {0} &J( 5(';(& K?(& 5(&,;,E(& 7)

A< L$%6%& M 9('9%E,7%7) 7) AC 5(7)4(& )&9(*:)$ 9('&;%';)& 5(&,;,E%& α1 = α1(x1) > 0 )

β2 = β2(x2) ;%,& @3)

x1 = Ax1 ≥ α1x0 = α1β
−1
2 β2x0 ≥ α1x

−1
2 Ax2 = α1β

−1
2 x2.

1) 7)K',4(& k = sup{µ : x1 ≥ µx2}C )';J( % 7)&,H3%*7%7) %9,4% ,45*,9% k > 0< 1)

&35(4(& @3) 0 < k < 1C )';J( )?,&;) η = η(x2, k) > 0 ;%* @3)

x1 = Ax1 ≥ A(kx2) ≥ kAx2 + ηx0 ≥ kx2 + ηβ−12 Ax2 = (k + ηβ−12 )x2,

( @3) 9(';$%7,N % 7)K',6J( 7) k< O';J( &%P)4(& @3) k ≥ 1 ) x1 ≥ x2< Q( 4)&4( 4(7(C

5(7)4(& 5$(E%$ @3) x2 ≥ x1< G($;%';( x1 = x2<



 !"#$%&' (

) *'+,&' -./ 0'* ,1$2%$%2! ,$324!

 !"#! $%&'#()* *+,!#-.%/*" !"#(0%1 % 2*1/()%34* 0! (/ /*0!)* !&-0!/-*)56-$*

789 $*/ !"#1(#(1% !#:1-%; ! 0!&*-" % !<-"#=>$-% ! (>-$-0%0! 0! "*)(3?!"@ A*/!3%1!/*"

0!B>->0* ->#(-#-.%/!>#! * /*0!)* 0!/*61:B$* $*/ !"#1(#(1% !#:1-%@

 !" # $%&'(% &'$%)*+,-%

C/ DEFG H$I!>01-$J ->#1*0(K-( !"#1(#(1% !#:1-% !/ !/ /*0!)* 0! &*&()%34*

2!/->->%; %""(/->0* L(! !)% &*0! "!1 0!"$1-#% $*/* 2(>34* 0! 0(%" .%1-:.!-" -0%0! !

#!/&*@ 9!&1!"!>#%1!/*" &*1 n(a, t) %  !"#$ % ! 0! ->0-.'0(*" 0! -0%0! a >* ->"#%>#! t;

*( "!,%; * >M/!1* 0! ->0-.'0(*" $*/ -0%0! !>#1! a ! a+∆a N %&1*<-/%0* &*1 n(a, t)∆a@

C>#4* % &*&()%34* #*#%) >* ->"#%>#! t N %&1*<-/%0%/!>#!
∑

a

n(a, t)∆a; * L(! ,("#-B$% %

"!6(->#! 0!B>-34* &%1% % &'&()%*+' ,',%) O

n(t) =

∫ +∞

0

n(a, t)da.

P 1%K*:.!) !"&!1%1 L(! n(a, t) = 0 &%1% a "(B$-!>#!/!>#! 61%>0!; 0-6%/*" /%-*1 L(! $!1#*

ω > 0; 0! /*0* L(! % ->#!61%) "!,% >4* >!$!""%1-%/!>#! ->B>-#%; /%" >4* 2%1!/*" -""*

&*1 Q*1%@

R""(/-1!/*" L(! *" /!/+1*" 0!-<%/ % &*&()%34* %&!>%" &*1 /*1#!; % (/% #%<%

0! /*1#%)-0%0! µ(a)@ 8""* "-6>-B$% L(!; !>#1! *" ->"#%>#!" t ! t + ∆t; /*11! (/% 21%34*

µ(a)∆t 0*" /!/+1*" L(! #->Q%/ -0%0! !>#1! a ! a +∆a >* ->"#%>#! t@  * ->"#%>#! t Q:

n(a, t)∆a ->0-.'0(*" $*/ -0%0!" !>#1! a ! a + ∆a; !>#4* !>#1! *" ->"#%>#!" t ! t + ∆t *

>M/!1* 0! /*1#!" !>#1! /!/+1*" 0!""! 61(&* N n(a, t)∆aµ(a)∆t ! *" "*+1!.-.!>#!" #=/

FS



 !

"#$#%& %'()% a+∆t % a+∆t+∆a '* "'&($'(% t+∆t+ ,'(-*

n(a+∆t, t+∆t)∆a ≈ n(a, t)∆a− n(a, t)µ(a)∆a∆t.

."/"#"'#* 0*) ∆a∆t1 (%)%2*&3

n(a+∆t, t+∆t)− n(a, t)

∆t
+ µ(a)n(a, t) ≈ 0.

45*)$ (*2$2*& ∆t→ 0+ 6% n(a, t) 7*) 82$ 78'9-* #"7%)%':";/%< #% a % t1 (%)%2*&

lim
∆t→0

n(a+∆t, t+∆t)− n(a, t)

∆t
= na(a, t) + nt(a, t).

,'(-* *=(%2*& $  !"#$%& ' ()* +',-). 3

na(a, t) + nt(a, t) = −µ(a)n(a, t). > +?@

4 78'9-* µ(a) ≥ 0 A :B$2$#$ #% /"+$%& 0&,1#2-'#' *8 03'"2& ' 0&,1#2-'#' + 6%C$

w(α) * 'D2%)* #% "'#"/E#8*& F8% &*=)%/"/%2 $(A $ "#$#% α > a0 #%'()% $F8%<%& F8%

("'B$2 :%)($ "#$#% a0 %2 :%)(* "'&($'(% t0G %'(-* w(α) = p(α, t0 + (α − a0))+ .%)"/$'#*

:*2 )%<$9-* $ α % $0<":$'#* > +?@1 (%)%2*&3

w′(α) = −µ(α)w(α),

%'(-* w(a2) = w(a1)e
−

∫ a2
a1

µ(α)dα
+ 4 %H0*'%':"$< )%0)%&%'($ $ 0)*=$="<"#$#% #% F8% 82

"'#E/"#8* #% "#$#% a1 &*=)%/"/$ $(A :B%5$) I "#$#% a2+ ,2 0$)(":8<$)1

π(a) = e−
∫ a

0
µ(α)dα

> + @

A $ 0)*=$="<"#$#% #% &*=)%/"/J':"$ $(A $ "#$#% a >π A :B$2$#$ #% /"+$%& 4&5, 6-67+)-#@+

45*)$1 /$2*& $&&82") F8% $ '$($<"#$#% &%C$ 5*/%)'$#$ 0*) 82$ 78'9-* ν(a) ≥ 0

:B$2$#$ 03'"2& ' / )"'-'#' 1 "&(* A1 ν(a)∆t A * 'D2%)* #% K<B*& 5%)$#*& 0*) "'#"/E#8*&

#% "#$#%& %'()% a % a + ∆a %'()% *& "'&($'(%& t % t + ∆t+ ,'(-* * 'D2%)* (*($< #%

'$&:"2%'(*& '%&&% "'(%)/$<* A $0)*H"2$#* 0*) ∆t
∑

a

ν(a)n(a, t)∆a+ L$M%'#* ∆t → 01

%&&$ F8$'("#$#% #%/%); :*"':"#") :*2 n(0, t)∆t1 %'(-* *=(%2*& $ )&+'-$%& ' , +&6#$%& 3

n(0, t) =

∫ ω

0

ν(a)n(a, t)da.

N$)$ :*20<%($) * 2*#%<*1 0)%:"&$2*& %&0%:"K:$) 82$ #"&()"=8"9-* %(;)"$ "'":"$<1 #% 2*#*

F8% * 2*#%<* :*20<%(* K:$3

na(a, t) + nt(a, t) = −µ(a)n(a, t) > +O$@

n(0, t) =

∫ +∞

0

ν(a)n(a, t)da > +O=@

n(a, 0) = N0(a). > +O:@



 !

" #$%&'( '#%)*+)'( ')$ $(*&,-#$ '#$$# ./(0*#1) .('# $#/ #23(2%/)'( #1 456 # $# 0)$#7)

2($ 18%('($ '# 9#**#/ :;#/ 4<6= &$)2'( %/)2$>(/1)')$ '# ?).*)3#@ A)/) ) #B7$%C237) '#

$(*&,D( 0)$%) E&#

∫ +∞

0

N0(a)da < +∞, : @<=

∫ +∞

0

ν(a)π(a)da < +∞. : @F=

" ./71#7/( 2G1#/( 8 ) .(.&*),D( %(%)* 2( 72$%)2%# t = 0H n(a, 0)H # ( $#I&2'( .('# $#/

72%#/./#%)'( 3(1( ( 2G1#/( #$.#/)'( '# J*+($ I#/)'($ .(/ 3)') 72'7;K'&( '&/)2%# %(')

) $&) ;7')@

L1 2($$)$ ).*73),-#$ ) .(.&*),D( #$%)/M #1  !"#$% $ &%'()*+%  !"#+,%-)(,%H (&

$#N)H n(a, t) 72'#.#2'# '# t@ O# JP#/1($ n(a, t) = N(a) # n(t) = N #1 : @Q=H %#/#1($R

N ′(a) = −µ(a)N(a) : @S)=

N(0) =

∫ +∞

0

ν(a)N(a)da : @S0=

N(a) = N0(a). : @S3=

T) ./71#7/) #E&),D(H '#'&P71($ E&# N(a) = N(0)π(a)@ L2%D( N = N(0)
∫∞

0
π(a)da@ T)

$#I&2') #E&),D(H '7;7'72'( .(/ N(0) :# #B3*&72'( ) $(*&,D( %/7;7)* N(a) ≡ 0=H %#/#1($R

∫ +∞

0

ν(a)π(a)da = 1. : @!=

T#'&P71($ #2%D( ) /#*),D( #2%/# ν # π :# .(/%)2%( µ= 2#3#$$M/7) .)/) ) #B7$%C237) '# &1)

$(*&,D( #$%)37(2M/7)@ U*81 '7$$(H '# : @S3=H ;#1R

N0(a) = N0(0)π(a). : @V=

T# >)%(H ) $(*&,D( '# : @Q= 8 #$%)37(2M/7) $# # $(1#2%# $# >(/#1 $)%7$>#7%)$ : @!= # : @V=@

 !"#$%&'(). :7= L1 : @S)=H $# 72%#I/)1($ ($ '(7$ 1#10/($ '# 0 ) +∞H .('#1($ '#'&P7/

E&# N(0) =
∫ +∞

0
µ(a)N(a)da@ O# '#J271($ ) &%("#/,$#$ &0$,#

µ∗ =
1

N

∫ +∞

0

µ(a)N(a)da

# ) 1 +2-$,$#$ &0$,#

ν∗ =
1

N

∫ +∞

0

ν(a)N(a)da,

#2%D( N(0) = µ∗N # ) #E&),D( : @!= $# /##$3/#;# 3(1( µ∗ = ν∗@



 !

"##$ % &'()*+,-.&) .#*&. '( /01 23'4 5.6'*&) " 78$4 23.623'- &#+,-#93#:;) ',<-#. #*#=

>#.6 N0 >)*5'-?' 23.*&) t → +∞ @.-. . +)63:;) '+,.>#)*<-#.4 . 23.6 @)-,.*,) A

.++#*,),#>.('*,' '+,<5'67 B.#+ .#*&.4 #*&'@'*&'*,'('*,' &' 5.6'- " 78$4 23.623'-

&#+,-#93#:;) ',<-#. #*#>#.6 >)*5'-?' 23.*&) t → +∞ @.-. 3(.  !"#$!%&!'() *#+$!,

-*$"!"#*.#*4 ) 23' +#?*#C>. 23' . @)@36.:;) ,),.6 *;) ,'*&' . 3(. >)*+,.*,' (.+

,'*&' . (.*,'- -$)-)$'/*" 0)."#,.#*" '*,-' .+ D.#E.+ ',<-#.+7 B.#+ @-'>#+.('*,'4

*'++. +#,3.:;) ,'-'()+ n(a, t) = A(a)ert4 )*&' r A >)*+,.*,' ' +#?*#C>. . #,1,  *

0$*"0!2*.#) &. @)@36.:;)7

 ! "#$%&'()*# +# %#+,'# -./ 0#% ,12$&2&$( ,23$4(

F) *)++) ()&'6) '@#&'(#)6G?#>)4 &#5#&#-'()+ 3(. @)@36.:;) D'>H.&. '( ,-I+ >6.+=

+'+J +3+>',K5'#+4 #*D'>>#)+)+ ' #(3*'+7 F;) >)*+#&'-.-'()+ .23# 3(. >6.++' &' #*>39.:;)4

'*,;) 3(. @'++). 23' >)*,-.# . &)'*:. C>. #*D'>>#)+. #('&#.,.('*,'7 L++3(#-'()+ .#*&.

23' . @)@36.:;) '+,< '( '+,.&) &'()?-<C>) '+,.>#)*<-#)4 >)*D)-(' &'C*#&) *. +':;) .*=

,'-#)-7 M'*),.*&) @)- N(a) . @)@36.:;) >)( #&.&' a4 . @.-,#- &) #,'( "#$ &. )9+'-5.:;)

.) C*.6 &. +':;) .*,'-#)-4 )9,'()+J

N(a) = µ∗Ne−
∫ a

0
µ(σ)dσ. " 7N$

L++3(#-'()+ 23' >.&. #*&#5K&3) @)&' 5#5'- @)- 3( ,'(@) &' *) (<E#() ω > 04 #+,) A4

N(a) > 0 +' a < ω ' N(a) = 0 +' a > ω7 O++) +#?*#C>. 23' µ A 6)>.6('*,' #*,'?-<5'6 '(

[0, ω) '
∫ ω

0

µ(σ)dσ = +∞.

L?)-. +'P.( X(a, t)4 Y (a, t) ' Z(a, t) .+ &'*+#&.&'+ &' #*&#5K&3)+ -'+@'>,#5.('*,' +3+>'=

,K5'#+4 #*D'>>#)+)+ ' #(3*'+ *. #&.&' a ' *) #*+,.*,' t7 Q*,;)

N(a) = X(a, t) + Y (a, t) + Z(a, t).

M'*),.-'()+ @)- γ . ,.E. #*+,.*,R*'. &' -'>3@'-.:;)4 #+,) A4 '*,-' )+ #*+,.*,'+ t ' t+∆t

3(. D-.:;) .@-)E#(.&. @)- γ∆t &'*,-' )+ #*&#5K&3)+ #*D'>,.&)+ +' >3-.7 S'P. β(a, b) )

0)*30!*.#*  * #$,."2!""()4 )3 +'P.4 '*,-' )+ #*+,.*,'+ t ' t+∆t 3(. D-.:;) .@-)E#(.&. @)-

β(a, b)∆b∆t &'*,-' )+ #*&#5K&3)+ +3+>',K5'#+ &' #&.&' a A #*D'>,.&. @)- .6?3( #*&#5K&3)

#*D'>>#)+) &' #&.&' '*,-' b ' b + ∆b '*,-' )+ #*+,.*,'+ t ' t + ∆t7 M'C*#()+ . 4)$',  *



 !

 !"#$%&' λ(a, t) "#$%

λ(a, t) =

∫ ω

0

β(a, σ)Y (σ, t)dσ,

# &'( $("$()(*+, , "$#-,-./.0,0( .*)+,*+1*(, 0( &'( 2($+# .*0.340'# 0( .0,0( a )(5,

.*6(2+,0# "#$ ,/7'8 .*0.340'# .*6(22.#)# 90( &',/&'($ .0,0(:; <))'8.$(8#) ,.*0, &'( ,

0#(*=, *># ,6(+( , +,?, 0( 8#$+,/.0,0( 0, "#"'/,=>#;

@#8 ()),) A."B+()()C '),*0# '8 $,2.#24*.# ).8./,$ ,# '+./.D,0# *, )(=># ,*+($.#$C

, (".0(8., "#0( )($ 0()2$.+, "(/# )(7'.*+( ).)+(8, 0( (&',=E() 0.6($(*2.,.) ",$2.,.)%

(

∂

∂t
+

∂

∂a

)

X(a, t) = −λ(a, t)X(a, t)− µ(a)X(a, t), 9 ;FG,:

(

∂

∂t
+

∂

∂a

)

Y (a, t) = λ(a, t)X(a, t)− (µ(a) + γ)Y (a, t), 9 ;FG-:

(

∂

∂t
+

∂

∂a

)

Z(a, t) = γY (a, t)− µ(a)Z(a, t), 9 ;FG2:

2#8 ,) 2#*0.=E() 0( 2#*+#$*#

X(0, t) = µ∗N, Y (0, t) = 0, Z(0, t) = 0. 9 ;FF:

< H8 0( ).8"/.H2,$ # ).)+(8,C 2#*).0($(8#) ,) 6$,=E() 0,) "#"'/,=E() 0( )')2(+43(.)C

.*6(22.#)#) ( .8'*() *, .0,0( a ( *# .*)+,*+( t%

x(a, t) :=
X(a, t)

N(a)
, y(a, t) :=

Y (a, t)

N(a)
, z(a, t) :=

Z(a, t)

N(a)
.

I*+># # ).)+(8, 9 ;FG: "#0( )($ $(()2$.+# ",$, '8, 6#$8, 8,.) ).8"/()%

(

∂

∂t
+

∂

∂a

)

x(a, t) = −λ(a, t)x(a, t), 9 ;F ,:

(

∂

∂t
+

∂

∂a

)

y(a, t) = λ(a, t)x(a, t)− γy(a, t), 9 ;F -:

(

∂

∂t
+

∂

∂a

)

z(a, t) = γy(a, t), 9 ;F 2:

x(0, t) = 1, y(0, t) = 0, z(0, t) = 0, 9 ;FJ:

#*0(

γ(a, t) =

∫ ω

0

β(a, σ)N(σ)y(σ, t)dσ, N(a) = µ∗Nπ(a). 9 ;FK:

L# $()+,*+( 0()+( +(?+#C 2#*).0($,$(8#) # ).)+(8, 9 ;F :M9 ;FK: 2#8 2#*0.=E() .*.2.,.)%

x(a, 0) = x0(a), y(a, 0) = y0(a), z(a, 0) = z0(a), 9 ;FN:

#*0( x0(a) + y0(a) + z0(a) = 1; I*+># )(7'( &'( ",$, +#0# t ≥ 0

x(a, t) + y(a, t) + z(a, t) = 1. 9 ;FO:



 !

 !" #$%&'()*%+ , -)%*%.+., ., &/0-12,&

"#$%& $#'() *)$%+&+#*)$ ,-# ) .+)/0#*& 1# 2&0)+ 34353&0 # 5)4%)+4) 67897:789;<

%#* -*& =435& $)0-'()8 >+3*#3+) 4)%# ,-# ? $-@53#4%# 5)4$31#+&+ ) $3$%#*& &.#4&$ #*

%#+*)$ 1# x(a, t) # y(a, t)A .)3$ -*& 2#B ,-# #$$&$ C-4'D#$ $#E&* 5)4F#531&$A z(a, t) .)1#

$#+ )/%31& .#0& #,-&'() z(a, t) = 1 − x(a, t) − y(a, t)8 G#E& x̂(a, t) = x(a, t) − 18 H4%()

)/%#*)$ ) 4)2) $3$%#*& .&+& &$ 2&+3I2#3$ x̂ # yJ
(

∂

∂t
+

∂

∂a

)

x̂(a, t) = −λ(a, t)(1 + x̂(a, t)), 6789K&<

(

∂

∂t
+

∂

∂a

)

y(a, t) = λ(a, t)(1 + x̂(a, t))− γy(a, t), 6789K/<

x̂(0, t) = 0, y(0, t) = 0. 6789L<

x̂(a, 0) = x̂0(a) := x0(a)− 1, y(a, 0) = y0(a), 6789M<

G#E& X = L1(0, ω;R2) ≃ L1(0, ω) × L1(0, ω) ) #$.&') 1# N&4&5F C)+*&1) .#0&$ 50&$$#$

1# #,-32&0O453& 1&$ C-4'D#$ P#/#$Q-#:34%#Q+I2#3$ 1# [0, ω] #* R
2
A 5)* 3Q-&01&1# ,8%8.8 #

#,-3.&1) 5)* & 4)+*& ‖(ψ1, ψ2)‖X = ‖ψ1‖1+‖ψ2‖18 R##$5+#2#+#*)$ ) .+)/0#*& 1# 2&0)+

34353&0 # 5)4%)+4) 6789K:789M< 5)*) -* .+)/0#*& 1# S&-5FT &/$%+&%) #* X8 G-.)4F&

,-# β(a, b) ∈ L∞([0, ω] × [0, ω])8 U#@43+#*)$ )$ ).#+&1)+#$ 034#&+#$ A : D(A) → X #

P : L1(0, ω)→ L1(0, ω) # ) ).#+&1)+ 4():034#&+ F : X → X .)+J

(Aφ)(a) =

(

−
d

da
φ1(a),−

d

da
φ2(a)− γφ2(a)

)

,

(Pψ)(a) =

∫ ω

0

β(a, σ)N(σ)ψ(σ)dσ,

F (φ)(a) = (−(Pφ2)(a)(1 + φ1(a)), (Pφ2)(a)(1 + φ1(a))),

)41# φ = (φ1(a), φ2(a)) ∈ XA ψ ∈ L1(0, ω)A ) 1)*V43) D(A) ? 1&1) .)+J

D(A) = {φ ∈ X : φi ∈ AC[0, ω], φi(0) = 0}

# AC[0, ω] 1#4)%& ) 5)4E-4%) 1&$ C-4'D#$ &/$)0-%&*#4%# 5)4%V4-&$ #* [0, ω]8 S)* &$ 1#@:

43'D#$ &53*&A .)1#+#*)$ +##$5+#2#+ 6789K< $)/ & C)+*& 1) .+)/0#*& 1# S&-5FT $#*3034#&+

&/$%+&%) #* X 1&1) .)+

d

dt
u(t) = Au(t) + F (u(t)), u(0) = u0 ∈ X, 6787!<

)41# u0(a) = (x̂0(a), y0(a))A x̂0(a) := x0(a)− 18

>&+& 1#*)4$%+&+ & #W3$%O453& # -43531&1# 1&$ $)0-'D#$ 1#$$# .+)/0#*&A -$&+#*)$

) X#)+#*& 98 8L8 G-&$ F3.Y%#$#$ $#+() Q&+&4%31&$ .#0) $#Q-34%# 0#*&J



 !

 !"#  !"!#!  !" #$ %&'()*+&$ #,)"#-

.)/ 0$ !1&2#%!2&$ A3 P & F &$45! 6&"7%&'()%!$8

.))/ P 9 :" !1&2#%!2 ;)(&#2 ;)")4#%! & Pψ ∈ L∞(0, ω)8

.)))/ F 9 :" !1&2#%!2 (5!7;)(&#2 ,!(4)(:#"&(4& <29,=&47%)>&2&(,)?@&;8

.)@/ A 9 A&2#%!2 %& :" C07$&")A2:1! %& ,!(42#*+&$ T (t), t ≥ 0B

C&"!($42#*5!B "#$ % "##$ & %'() *%+ ,%-.#,/0 1/#' φi ∈ AC[0, ω] #+12#34 56% φi 7 ,#8

9%:%.3#);%2 5<(<1< % φ′i ∈ L1(0, ω)< =/+/ β 7 2#+#(4,4 % N(σ) ≤ µ∗N 0 (%+/' 4

%'(#+4(#;4>

|(Pψ)(a)| ≤ ‖β‖∞µ
∗N‖ψ‖1.

?.(@/ Pψ ∈ L∞(0, ω)< A.(%B:4.,/ (%:%+/'

‖Pψ‖1 ≤ ω‖β‖∞µ
∗N‖ψ‖1,

%.(@/ Pψ ∈ L1(0, ω)0 P %'() *%+ ,%-.#,/ % 7 2#+#(4,/0 3/+ ./:+4 ‖P‖ ≤ ω‖β‖∞µ
∗N <

&27+ ,#''/0 F (φ) ∈ X ∀φ ∈ X0 1/#' Pφ2 ∈ L∞(0, ω) % φ1 ∈ L1(0, ω) #+12#34+

(Pφ2)(1 + φ1) ∈ L
1(0, ω)<

"###$ C4'(4 1:/;4: 56% 4 96.D@/ G : X → L1(0, ω) ,4,4 1/:

G(φ)(a) = (Pφ2)(a)(1 + φ1(a)), φ = (φ1, φ2)

7 3/.(#.64+%.(% E:73F%(8,#9%:%.3#);%2< G%H4+ φ̄ = (φ̄1, φ̄2)0 H = (H1, H2) ∈ X<

=423624.,/ 4 ,%:#;4,4 ,% IJ(%46K>

DG(φ̄)H = lim
t→0

G(φ̄+ tH)−G(φ̄)

t

= lim
t→0

(Pφ̄2)(a)H1(a)t+ (PH2)(a)(1 + φ̄1(a))t+ (PH2)(a)H1(a)t
2

t

= (Pφ̄2)(a)H1(a) + (PH2)(a)(1 + φ̄1(a))

L%H4 56% 14:4 34,4 φ̄ ∈ X 4 (:4.'9/:+4D@/ 2#.%4: DG(φ̄) 7 2#+#(4,40 1/#'

‖DG(φ̄)H‖1 ≤ ‖(Pφ̄2)H1‖1 + ‖(PH2)(1 + φ̄1)‖1

≤ ‖Pφ̄2‖∞‖H1‖1 + ‖PH2‖∞‖(1 + φ̄1)‖1

≤ ‖Pφ̄2‖∞‖H1‖1 + ‖β‖∞µ
∗N‖H2‖1‖(1 + φ̄1)‖1

≤ (‖Pφ̄2‖∞ + ‖β‖∞µ
∗N‖(1 + φ̄1)‖1)‖H‖.



 !

"#$%&G $'( )'*+,-)- )' ./$'-012 3-4$- -5&*- (&4$*-* 60' DG : X → B(X,L1(0, ω))

7 8&#$9#0-: &#)' B(X,L1(0, ω)) 7 & '4;-<& )-4 $*-#4=&*(-<>'4 ?+#'-*'4 ?+(+$-)-4 )'

X '( L1(0, ω)@

‖DG(φ)H −DG(φ̄)H‖1 ≤ ‖P (φ̄2 − φ2)H1‖1 + ‖(PH2)(φ̄1 − φ1)‖1

≤ ‖P (φ̄2 − φ2)‖∞‖H1‖1 + ‖PH2‖∞‖φ̄1 − φ1‖1

≤ ‖β‖∞µ
∗N‖φ̄2 − φ2‖1‖H1‖1 + ‖β‖∞µ

∗N‖H2‖1‖φ̄1 − φ1‖1

≤ (‖β‖∞µ
∗N‖φ̄2 − φ2‖1 + ‖β‖∞µ

∗N‖φ̄1 − φ1‖1)‖H‖X .

A-9:

‖DG(φ)−DG(φ̄)‖ ≤ ‖β‖∞µ
∗N‖φ̄2 − φ2‖1 + ‖β‖∞µ

∗N‖φ̄1 − φ1‖1

≤ ‖β‖∞µ
∗N‖φ̄− φ‖X .

"#$%& DG 7 8&#$9#0- ' ;&*$-#$& F 7 8&#$+#0-('#$' B*78C'$D)+='*'#8+E,'?2

F+,GH-*- 8-)- t ≥ 0: )'I#- T (t) : X → X ;&*

T (t)(φ)(a) =











(φ1(a− t), φ2(a− t)e−γt) 4' a ≥ t,

(0, 0) 4' a < t.

J'(&4 60' (&4$*-* 60' T (t) 7 0( C0D4'(+5*0;&2 H&* 4+(;?+8+)-)': ,-(&4 +)'#$+I8-*

8-)- ψ ∈ L1(0, ω) 8&( - =0#<%& 8&**'4;&#)'#$' '( L1(R): )'I#+#)& ψ ≡ 0 '(

(−∞, 0) ∪ (ω,+∞)2 K44+( T I8- )'I#+)& ;&*@

T (t)(φ)(a) = (φ1(a− t), φ2(a− t)e−γt)

L 8?-*& 60' T (0) = idX : ' =E8+? ,'*+I8-* 60' T (t + s) = T (t)T (s)2 T (t) : X → X 7

8&#$9#0& ;&+4

‖T (t)φ̄− T (t)φ‖X

=

∫ ω

0

|φ̄1(a− t)− φ1(a− t)|da+

∫ ω

0

|(φ̄2(a− t)− φ2(a− t))e−γt|da

≤

∫ ω−t

0

|φ̄1(a)− φ1(a)|da+

∫ ω−t

0

|φ̄2(a)− φ2(a)|e
−γtda

≤ ‖φ̄1 − φ1‖1 + ‖φ̄2 − φ2‖1e
−γt ≤ ‖φ̄− φ‖X .

"( ;-*$+80?-*: ‖T (t)‖ ≤ 1 ;-*- $&)& t ≥ 0: '#$%& T 7 0( 4'(+5*0;& )' 8&#$*-<>'42

M'4$- (&4$*-* 60' t → T (t)φ: t ∈ [0,+∞) 7 8&#$9#0- ;-*- 8-)- φ ∈ X2 N'O-(



  

0 ≤ s < t! "#$%& '(#

‖T (t)φ− T (s)φ‖X

=

∫ ω

0

|φ1(a− t)− φ1(a− s)|da+

∫ ω

0

|φ2(a− t)e−γt − φ2(a− s)e−γs|da

≤

∫ ω

0

|φ1(a− t)− φ1(a− s)|da+

∫ ω

0

|φ2(a− t)eγ(a−t) − φ2(a− s)eγ(a−s)|da.

)(*+,*% -%%.*#,+*+& # #&/#,*#,*% +& 0(,12#& 3+.+ R4 5#$6

‖T (t)φ− T (s)φ‖X

≤

∫

R

|φ1(σ + s− t)− φ1(σ)|dσ +

∫

R

|φ2(σ + s− t)eσ+s−t − φ2(σ)e
−γσ|da.

7%$% φ1 # φ2(·)e
γ·

&8% 9,/#:.;5#9& #$ R4 &#:(# *+ <.%3%&918% =!> *% =3?,*9-# +

-%,/9,(9*+*# *#&#@+*+!

7%$ 9&&%4 % "#%.#$+ A! !B :+.+,/# '(#4 3+.+ -+*+ u0 ∈ X4 #C9&/# ($ 9,/#.5+D%

$;C9$% *# #C9&/?,-9+ [0, tm) # ($+ E,9-+  !"#$%! &'()( *# F>!>GH4 9&/% I4 ($+ E,9-+

0(,18% -%,/J,(+ t→ u(t; u0) *# [0, tm) #$ X /+D '(#

u(t; u0) = T (t)u0 +

∫ t

0

T (t− s)F (u(s; u0))ds F>!>AH

3+.+ /%*% t ∈ [0, tm)! =DI$ *9&&%4 %( tm = +∞ %( lim
t→t−m

‖u(t; u0)‖X = +∞! )+9& +9,*+4 &#

u0 ∈ D(A)4 #,/8% u(t; u0) ∈ D(A) 3+.+ 0 ≤ t < tm # + 0(,18% t→ u(t; u0) I -%,/9,(+$#,/#

*90#.#,-9;5#D # &+/9&0+K F>!>GH #$ [0, tm)! L#&&# -+&% I 0;-9D 5#. '(# + *#M,918% *# T (t)

9$3D9-+ '(# + &%D(18% 0.+-+ &+/9&0+K +9,*+ + -%,*918% *# -%,/%.,% u(t)(0) = (0, 0) 3+.+

0 ≤ t < tm4 # 3%./+,/% .#&%D5# F>!ANH!

<+.+ :+.+,/9. + #C9&/?,-9+ *# ($+ &%D(18% :D%O+D4 3.#-9&+.#$%& *% &#:(9,/# D#$+6

 !"#  !"! ! *+,(-

Ω := {(x̂, y) ∈ X : x̂ ≥ −1, y ≥ 0}

+

Ω0 := {(x̂, y) ∈ X : −1 ≤ x̂ ≤ 0, 0 ≤ y ≤ 1}.

./0%! (  !"#$%! &'()( u(t; u0)1 u0 ∈ Ω 2+ 345467 8+/0'(8+- Ω0 (9: #- 0+-9! ;/<0! + !

)!/,#/0! Ω0 = 9! <0<>(-+/0+ </>('<(/0+5



 !

 !"#$%&'()*#+ "# $%&'(&%# ()*#+,- (' ./01/23 4('-5 # %($%(5(64#+,-

x(a, t) =











e−
∫ a

0
λ(ρ,t−a+ρ)dρ

5( t > a,

x0(a, t)e−

∫ t

0

λ(a− t+ ρ, ρ)dρ 5( t < a,
./0//2

- )*( '-54%# )*( x̂(a, t) ≥ −1 )*#67- x0(a) ≥ 00 8( (59%(:('-5 # ()*#+,- ./01/;2 9-'-

- $%-;<('# 7( =#*9>? #;54%#4-

d

dt
y(t) = By(t) + (Py(t))(1 + x̂(t)), y(0) = y0 ∈ L

1(0, ω), ./0/ 2

-67( x̂(t)(a) = x̂(a, t) ( - -$(%#7-% B @ 7(A6&7- $-%

B = −
d

da
− γ, D(B) = {ψ ∈ L1(0, ω) : ψ ∈ AC[0, ω], ψ(0) = 0},

(64,- -;4('-5

y(t) = S(t)y(0) +

∫ t

0

S(t− s)(Py(s))(1 + x̂(s))ds, ./0/!2

-67( S(t) := exp(tB) @ *' C0B5('&C%*$- C(%#7- $-% B ( 7#7- $-% (S(t)ψ)(a) = ψ(a −

t)e−γt0 DC-%#3 '-54%#%('-5 )*( y(t) @ $-5&4&:- 5( #55*'&'-5 )*( x̂(t) ≥ −1 ( y0 ≥ 00

"#7- t′ ∈ (0, tm)3 7(A6# - (5$#+- W = C([0, t′];L1(0, ω)) 7#5 E*6+F(5 9-64G6*#5 7( [0, t′]

(' L1(0, ω) '*6&7- 7# 6-%'#

‖α‖W = sup
t∈[0,t′]

‖α(t)‖1e
Lt

-67( L 5(%H (59-<>&7- #7()*#7#'(64(0 W @ 9-'$<(4-3 ( 6(<( 7(A6&'-5 - -$(%#7-% K :

W → W 7#7- $-%I

K(α)(t) = S(t)y0 +

∫ t

0

S(t− s)(Pα(s))(1 + x̂(s))ds.

J 9<#%- )*( y @ $-64- AK- 7( K0 8( '-54%#%'-5 )*( K @ *'# 9-64%#+,- E-%4(3 - L(-%('#

7- M-64- N&K- 7( O#6#9> .M%-$-5&+,- D0! 7- D$P67&9(2 $(%'&4&%H (59%(:(% y 9-'- -

<&'&4( 7( *'# 5()*P69&# 7( (<('(64-5 $-5&4&:-50

 !"#$%&'( ,('( -"( !%.#/0( (1!2-(1( 1! L3 K 4 -"( .#$&'()*# 5#'&!+

 !"#$%&'()*#+

|K(ᾱ)(t)(a)−K(α)(t)(a)| = |

∫ t

0

S(t− s)P (ᾱ(s)− α(s))(a)(1 + x̂(a, s))ds|

≤

∫ t

0

|P (ᾱ(s)− α(s))(a− (t− s))|e−γ(t−s)(1 + x̂(a, s))ds

≤ ‖β‖∞µ
∗Ne−γt

∫ t

0

‖ᾱ(s)− α(s)‖1e
γs(1 + x̂(a, s))ds



 !

"#$# x̂ % &#'()'*+, ‖x̂(·, t)‖1 % -.$.(+/+, /+) 0#/1$#2 /13'.4 C = ‖β‖∞µ
∗N sup

t∈[0,t′]

(ω +

‖x̂(·, t)‖1)5 6'(7#, .'(184+'/# /1 0 + ω, (141$#29

‖K(ᾱ)(t)−K(α)(t)‖1 ≤ Ce−γt
∫ t

0

‖ᾱ(s)− α(s)‖1e
γsds

‖K(ᾱ)(t)−K(α)(t)‖1e
−Lt ≤ Ce−(γ+L)t

∫ t

0

‖ᾱ(s)− α(s)‖1e
−Lse(γ+L)sds

≤ Ce−(γ+L)t‖ᾱ− α‖W

∫ t

0

e(γ+L)sds

≤
C

γ + L
‖ᾱ− α‖W (1− e−(γ+L)t)

:#$+'/# 2*041$#, ;1$9

‖K(ᾱ)−K(α)‖W ≤
C

γ + L
‖ᾱ− α‖W .

:#$+'/# L > C − γ, K 214< *$+ &#'(4+=7# >#4(15

"#$# W % &#$0-1(#, 01-# :1#41$+ /# ?#'(# @.A# /1 B+'+&C, + 21D*E'&.+ y =

Kn(y0) &#';1481 0+4+ # F'.&# 0#'(# 3A# /1 K, D*1 % y5 G-%$ /.22#, % ><&.- ;14 D*1

α(t) ∈ Ω ∀t ∈ [0, t′] .$0-.&+ K(α)(t) ∈ Ω ∀t ∈ [0, t′]5 G22.$, y(t; y0) ∈ Ω 0+4+ (#/#

0 ≤ t ≤ tm 21 y0 ∈ Ω5

G8#4+ 21H+ w(t) := x̂(t) + y(t)5 6'(7# (1$#2

d

dt
w(t) = Cw(t)− γy(t), w(0) = x̂0 + y0 ∈ L

1(0, ω), IJ5J!K

#'/1 # #014+/#4 C % /+/# 0#4

C = −
d

da
, D(C) = {ψ ∈ L1(0, ω) : ψ ∈ AC[0, ω], ψ(0) = 0}.

L1 IJ5J!K, 218*1 D*1 0+4+ y(t) 0#2.(.;#

w(t) = U(t)w(0)−

∫ t

0

U(t− s)γy(s)ds ≤ U(t)w(0), IJ5JMK

#'/1 U(t), t ≥ 0 % # C0N21$.84*0# 0#2.(.;# 814+/# 01-# #014+/#4 C, /+/# 0#4 (S(t)ψ)(a) =

ψ(a− t)5 6'(7# w(t)(a) ≤ w(0)(a− t) = x̂0(a− t)+y0(a− t), a > t 1 w(t) ≤ 0 0+4+ t ≥ ω,

D*1 .$0-.&+ x̂(t) ≤ 0 1 y(t) ≤ 1 0+4+ t ≥ ω5 6'(7# 218*1 D*1 + 2#-*=7# >4+&+ u(t; u0),

u0 ∈ Ω 1'(4+ 1$ Ω0 D*+'/# t ≥ ω, 1 21 u0 ∈ Ω0, 1'(7# u(t; u0) ∈ Ω0 0+4+ (#/# t ≥ 05 O22#

&#$0-1(+ + /1$#'2(4+=7#5

P4+=+2 + 1221 -1$+, 2+Q1$#2 D*1 + '#4$+ /+ 2#-*=7# -#&+- u(t; u0), u0 ∈ Ω /1

IJ5JRK % -.$.(+/+ 1$ 21* .'(14;+-# /1 /13'.=7#5 6'(7# #Q(1$#2 # 218*.'(1 412*-(+/#9



 !

 !"#"$%&'"  !"!"!  !"#$%&'( )& *(+,-. ($/0"(0# 123245 0&' +'( 678,( /#%+9:# ,%;/<

/8,( =%#$(% &' X ,#' "&/!&80# (# )()# 878,8(% u0 ∈ Ω ∩D(A)3

"#$%# &'#(&)*)'#+*# ,%# - ./-01#') (# 2)1-/ &+&3&)1 # (# 3-+*-/+- 45675894567:8

*#' %') ;+&3) <-1%=>- 3-' /#<.#&*- )-< ()(-< &+&3&)&<? ) ,%)1 @ 3-+*&+%)'#+*# (&A#/#+9

3&B2#1? $1-0)1 # .-<&*&2)6

 !" #$%&'()*%+ ,- -&'+,.& -&'+*%.)/0%.&

"#C) (x∗(a), y∗(a)) %' #<*)(- #<*)3&-+B/&- (- <&<*#') 56756 D+*>- @ AB3&1 2#/&E3)/

,%#F

x∗(a) = e−
∫ a

0
λ∗(σ)dσ, 4565G)8

y∗(a) =

∫ a

0

e−γ(a−σ)λ∗(σ)e−
∫ σ

0
λ∗(η)dηdσ, 4565G08

λ∗(a) =

∫ ω

0

β(a, σ)N(σ)y∗(σ)dσ. 4565G38

"%0<*&*%&+(- ) <#$%+() #,%)=>- +) *#/3#&/) # &+*#$/)+(- .-/ .)/*#<? -0*#'-< %') #,%)=>-

.)/) λ∗(a)F

λ∗(a) =

∫ ω

0

φ(a, σ)λ∗(σ)e−
∫ σ

0
λ∗(η)dηdσ, 4565H8

φ(a, σ) =

∫ ω

σ

β(a, ζ)N(ζ)e−γ(ζ−σ)dζ. 4565I8

J#C) ,%# *#/#'-<

|φ(a, σ)| ≤ ‖β‖∞

∫ ω

σ

N(ζ)dζ ≤ ‖β‖∞ωN. 456 K8

L) *#/3#&/) #,%)=>- (# 4565G8? <#$%# ,%# |λ∗(a)| ≤ µ∗N‖β‖∞‖y
∗‖16 D+*>- <#$%# (#

y∗ ∈ L1(0, ω) ,%# λ∗ ∈ L∞(0, ω)6 M 31)/- ,%# %') <-1%=>- (# 4565H8 @ λ∗(a) ≡ 0? ) ,%)1

3-//#<.-+(# )- #<*)(- (# #,%&1N0/&- 1&2/# (# (-#+=)6 O)/) &+2#<*&$)/ <-1%=P#< .-<&*&2)< +>-9

*/&2&)&< (# 4565H8? (#E+&'-< - -.#/)(-/ +>- 1&+#)/ Φ(ψ) +- #<.)=- (# Q)+)3R E = L1(0, ω)

3-' - 3-+# .-<&*&2- E+ := {ψ ∈ E : ψ ≥ 0 ,6*6.6} .-/F

Φ(ψ)(a) :=

∫ ω

0

φ(a, σ)ψ(σ)e−
∫ σ

0
ψ(η)dηdσ, ψ ∈ E. 456 78

S-'- - (-'N+&- (# Φ #<*B &+31%N(- #' L∞(0, ω)? )< <-1%=P#< (# 4565H8 3-//#<.-+(#' )

.-+*-< ET-< (- -.#/)(-/ Φ6 U0<#/2# ,%# - -.#/)(-/ Φ *#' %' ')C-/)+*# 1&+#)/ .-<&*&2-

T (#E+&(- .-/F

(Tψ)(a) =

∫ ω

0

φ(a, σ)ψ(σ)dσ, ψ ∈ E. 456 58



 !

"#$%&'()*+# T ,+* -'#) .'# &)/.012)# &' #)13+ '.$)(0+(4 5'(' $'.$+6 7(),0#'()*+# &'

#)8%0.$) #%7+#013+9

 !"#$%&'#  !"!#!  !" β ∈ L∞((0, ω)× (0, ω))#

 $"

lim
h→0

∫ ω

0

|β(a+ h, ζ)− β(a, ζ)|da = 0 :;4  <

%&'()*+,+,&-, ./*/ ζ ∈ R0 )&1, β 2 ,3-,&1'1/ .)* β(a, ζ) = 0 ./*/ a, ζ ∈ (−∞, 0)∪

(ω,∞)#

 4" 56'3-,+ &7+,*)3 α 8)+ 0 < α < ω , ε > 0 -/'3 9%,

β(a, ζ) ≥ ε ./*/ 9%/3, -)1) (a, ζ) ∈ (0, ω)× (ω − α, ω). :;4 =<

".$3+ 7+&)*+# 7(+>'( ?%)9

()*+  !"! ! :); /3 <'.=-,3,3 1/ :%.)3'>?) $#@#!0 ) ).,*/1)* T : E → E 2 &?)A

3%.)*-/&-, , 8)+./8-)#

B,+)&3-*/>?)# @)/.' + A%.,0+.'B B0.)'( 7+#0$0>+ f0 ∈ E
∗
+ 7+(

〈f0, ψ〉 :=

∫ ω

0

[
∫ ω

σ

s(ζ)N(ζ)e−γ(ζ−σ)dζ

]

ψ(σ)dσ, ψ ∈ E, :;4 C<

+.&) ' A%.13+ s(ζ) D &)/.0&' 7+( s(ζ) = 06 ζ ∈ [0, ω−α)E s(ζ) = ε, ζ ∈ (ω−α, ω)4 ".$3+

β(a, ζ) ≥ s(ζ) 7'(' ?%'#) $+&+ (a, ζ) ∈ [0, ω] × [0, ω]4 F AG,0B >)( ?%) + A%.,0+.'B f0 D

)#$(0$'*).$) 7+#0$0>+ ) ?%)

Tψ ≥ 〈f0, ψ〉e, e = 1 ∈ E+, ψ ∈ E+. :;4 H<

".$3+ 7'(' $+&+ .'$%('B n6 $)()*+#9

T n+1ψ ≥ 〈f0, ψ〉〈f0, e〉
ne.

@'I +-$)*+# 〈F, T nψ〉 > 06 n ≥ 1 7'(' $+&+ 7'( ψ ∈ E+ \ {0}6 F ∈ E∗+ \ {0}6 0#$+ D6

T D .3+J#%7+($'.$)4 5'(' &)*+.#$('( ?%) T D ,+*7',$+6 %#'()*+# + ,(0$D(0+ &) K(D,L)$J

M+B*+8+(+> :5(+7+#013+ N4 &+ N7O.&0,)<4 P+*+ + ,(0$D(0+ #) '7B0,' '+ )#7'1+ L1(R)6

A'Q)*+# ' 0&).$0/,'13+ E ≃ {ψ ∈ L1(R) : ψ(a) = 0 ∀a ∈ R\[0, ω]} ⊂ L1(R)6 ) )#$).&)*+#

T 7'(' L1(R) &)/.0.&+ φ(a, σ) = 0 7'(' (a, σ) A+(' &) [0, ω] × [0, ω]4 @)##) *+&+ $)*+#



 !

T (L1(R)) ⊂ E " # $%&'(")*" +,$*-.- /%" T # ',+0.'*, "+ L1(R)1 2-(+"(-,3 %$.)4,

561 783 *"-"+,$ 0.-. *,4, ψ ∈ L1(R)9

‖Tψ‖1 ≤

∫ ω

0

∫ ω

0

|φ(a, σ)ψ(σ)|dσda

≤ ‖β‖∞ωN

∫ ω

0

∫ ω

0

|ψ(σ)|dσda

≤ ‖β‖∞ω
2N‖ψ‖1.

:)*;, T # <(+(*.4,1 =">. K %+ $%?',)>%)*, <(+(*.4, 4" L1(R)3 ',+ ‖ψ‖1 ≤M ∀ψ ∈ K1

T (K) # <(+(*.4,3 /%"-"+,$ +,$*-.- /%" T (K) # -"<.*(@.+")*" ',+0.'*,1 A">. /%"

∫ ω

0

|(Tψ)(a+ h)− (Tψ)(a)|da ≤

∫ ω

0

∫ ω

0

|φ(a+ h, σ)− φ(a, σ)||ψ(σ)|dσda

≤

∫ ω

0

(
∫ ω

0

|φ(a+ h, σ)− φ(a, σ)|da

)

|ψ(σ)|dσ

≤ M sup
0≤σ≤ω

∫ ω

0

|φ(a+ h, σ)− φ(a, σ)|da. 561 B8

C$.)4, . 4"&)(D;, 4" φ3 *"-"+,$9

∫ ω

0

|φ(a+ h, σ)− φ(a, σ)|da ≤

∫ ω

0

∫ w

0

|β(a+ h, ζ)− β(a, ζ)|N(ζ)dζda

≤ µ∗N

∫ ω

0

∫ w

0

|β(a+ h, ζ)− β(a, ζ)|dζda.

E. $%0,$(D;, 61F1G " 4. "/%.D;, 561 B83 0-,@.+,$ /%" # $.*($H"(*. . ',)4(D;, 5((8 4, '-(*#-(,

4" I-#'J"*KL,<+,M,-,@1 NM,-. @">. /%"3 ',+, T (L1(R)) ⊂ E3 *"-"+,$

∫

|a|≥ω

|(Tψ)(a)|da = 0.

:)*;, *,4.$ .$ ',)4(DO"$ )"'"$$P-(.$ $;, $.*($H"(*.$ " ',)'<%Q+,$ /%" T (K) # -"<.*(@.+")*"

',+0.'*, "+ L1(R)1 2,-*.)*, T # ',+0.'*,1

="M%" 4. 2-,0,$(D;, G1R16 /%" , -.(, "$0"'*-.< r(T ) 4, ,0"-.4,- T # , S)(',

.%*,@.<,- 0,$(*(@, ',+ %+ .%*,@"*,- 0,$(*(@, " .()4. %+ .%*,@.<,- 4, ,0"-.4,- 4%.< T ′

',+ %+ .%*,H%)'(,).< "$*-(*.+")*" 0,$(*(@,1 NM,-. 0,4"+,$ 0-,@.- , $"M%()*"9

 !"#"$%&'"  !"!#!  !"#$%&'()# (" *+,$-.'/0)1 2"3' r(T ) ) -'+) "#4".&-'% () )4"-'()-

T ("56+() 4)-  789718 :6&0);

 <1 2" r(T ) ≤ 1= "6&0) ' >6+.' #)%$/0) 60)?6"@'&+A' (' "B$'/0) ψ = Φ(ψ) C ' #)%$/0)

&-+A+'% ψ ≡ 08



 !

 !" #$ r(T ) > 1% & $'(&)*+ ψ = Φ(ψ) ,$- .$/+ -$0+1 (-& 1+/()*+ 0*+2,3454&/ .+14,45&6

7$-+01,3&)*+6 "#$%&'( )#* r(T ) ≤ 1+ , -./01 2*304/(3 )#* Tψ − Φ(ψ) ∈ E+ \ {0} $(3(

ψ ∈ E+\{0}+ "* *5067* #8( 6%1#9:% ψ0 ∈ E+\{0} ;* ψ = Φ(ψ)< *&7:% ψ0 = Φ(ψ0) ≤ Tψ0+

"*=( F ′0 ∈ E
′
+ \{0} % (#7%2*7%3 (;=#&7% ;* T /%33*6$%&;*&7* (% (#7%2(1%3 r(T )+ >%8(&;%

$(3*6 ;#(06< *&/%&73(8%6 〈F ′0, T (ψ0) − ψ0〉 = (r(T ) − 1)〈F ′0, ψ0〉 > 0< $%06 T (ψ0) − ψ0 ∈

E+ \ {0} * F ′0 ? *67307(8*&7* $%60702%+ @&7:% 7*8%6 r(T ) > 1< % )#* ? #8( /%&73(;09:%+

A(8%6 (B%3( (66#803 )#* r(T ) > 1+ C6(&;% ( "#$%609:% D+E+F< ;* 8(&*03( (&.1%B( (%

)#* -%0 -*07% &( ;*8%&673(9:% ;% G*8( D+E+D< $%;*8%6 ;*;#H03 )#*

∫ ω

0

|Φ(ψ)(a+ h)− Φ(ψ)(a)|da ≤

∫ ω

0

∫ ω

0

|φ(a+ h, σ)− φ(a, σ)|da|ψ(σ)|e−
∫ σ

0
ψ(η)dηdσ

≤
(

1− e−‖ψ‖1
)

sup
0≤σ≤ω

∫ ω

0

|φ(a+ h, σ)− φ(a, σ)|da

* (0&;(

∫ ω

0

|Φ(ψ)(a)|da ≤
(

1− e−‖ψ‖1
)

sup
0≤σ≤ω

∫ ω

0

|φ(a, σ)|da, ID+ JK

∫

|a|≥ω

|Φ(ψ)(a)|da = 0.

@&7:% % %$*3(;%3 Φ ? /%8$1*7(8*&7* /%&7L&#% *8 E+ M*4&(8%6 M0 $%3N

M0 := sup
0≤σ≤ω

∫ ω

0

φ(a, σ)da,

* % /%&=#&7% Ω = {ψ ∈ E : 0 ≤ ψ, ‖ψ‖1 ≤ M0}+ @&7:%< ;* D+ J< 7*8%6 Φ(E+) ⊂ Ω< *8

$(370/#1(3 Ω ? 0&2(30(&7* $%3 ΦK+ M*4&(8%6 % %$*3(;%3 Φr $%3N

Φr(ψ) =







Φ(ψ), 6* ‖ψ‖1 ≥ r, ψ ∈ E+,

Φ(ψ) + (r − ‖ψ‖1)ψ0, 6* ‖ψ‖1 ≤ r, ψ ∈ E+,

%&;* ψ0 ? % (#7%2*7%3 $%60702% ;* T /%33*6$%&;*&7* ( r(T ) > 1+ @&7:% Φr ? 7(8O?8

/%8$1*7(8*&7* /%&7L&#%+ P%&60;*3* % /%&=#&7%N

Ωr := {ψ ∈ E : 0 ≤ ψ, ‖ψ‖1 ≤M0 + r‖ψ0‖1}.

@&7:%< ;(;% ψ ∈ Ωr< 7*3*8%6N

‖Φr(ψ)‖1 ≤ ‖ψ‖1 ≤M0 6* ‖ψ‖1 ≥ r,

‖Φr(ψ)‖1 ≤ ‖Φ(ψ)‖1 + (r − ‖ψ‖1)‖ψ0‖ ≤M0 + r‖ψ0‖1 6* ‖ψ‖1 ≤ r.



 !

"#$%& Φr(Ωr) ⊂ Ωr' (&)& Ωr * +,),$-.&/ 0&#123& 2 4205-.& 2) E/ Φr $2) 6) 7&#$& 83&

ψr ∈ Ωr 9:2&;2)- .& <&#$& =,3& .2 >05-6.2;/ <;&7&?,@%& A'B .& A7C#.,02D' E2F-)&?

-G&;- H62 - .2;,1-.- .2 =;*052$ .2 Φ(ψ) 2) ψ = 0 * & &72;-.&; T ' >2F- H ∈ E'

‖Φ(H)− Φ(0)− TH‖1
‖H‖1

≤

∫ ω

0

∫ ω

0

φ(a, σ)|H(σ)|
e−

∫ σ

0
ψ(η)dη − 1

‖H‖1
dσda

≤ M0

∫ ω

0

|H(σ)|
|e−

∫ σ

0
ψ(η)dη − 1|

‖H‖1
dσ

≤ M0

∫ ω

0

|H(σ)|
e‖H‖1 − 1

‖H‖1
dσ

(&)& limt→0
e−t−1
t

= 1/ 7&.2)&? $&)-; δ > 0 $-+ H62 |t| < δ ,)7+,0-

|et−1|
t

< 2/ .-I

‖Φ(H)− Φ(0)− TH‖1
‖H‖1

≤ M0

∫ ω

0

2|H(σ)|dσ

"#$%& & +,),$2 * J2;& H6-#.& ‖H‖1 → 0/ &6 ?2F-/ T * - .2;,1-.- .2 =;*052$ .2 Φ 2)

!' >-K2)&? H62 T #%& $2) -6$&12$&;2? 2) E+ 0&;;2?7&#.2#.& -& -6$&1-+&; 1' AG&;-/

-7+,0-;2)&? & )*$&.& .2 L;-?#&?2+M,, 912; NBO/ :2&;2)-  'PPD/ 7-;- )&?$;-; H62 -? #&;)-?

.&? 7&#$&? 83&? ?%& )-,&;2? H62 r ?2 r * ?680,2#$2)2#$2 72H62#&/ 2 0&#?2H62#$2)2#$2

H62 Φ $2) 6) 7&#$& 83& 7&?,$,1&' Q2#&$2 ψn = ψ1/n' :2;2)&?

0 < ‖ψn‖1 ≤
1

n
. 9R'STD

Q- .28#,@%& .2 Φr/ 12)

Φ(ψn) +

(

1

n
− ‖ψ‖1

)

ψ0 = ψn. 9R' !D

(&)& T * 0&)7-0$&/ - ,)-G2) 7&; T .- 2?42;- 6#,$U;,- * 0&)7-0$-/ +&G& - ?2H6C#0,-

T ψn

‖ψn‖1
-.),$2 ?6K?2H6C#0,- 0&#12;G2#$2' <&; ?,)7+,0,.-.2/ ?67&#5-)&? H62 2+- 0&#12;G2

7-;- 02;$& ζ ∈ E+' Q2 9R'STD/ ?&)-#.& 2 ?6K$;-,#.& $2;)&?/ $2)&?

(

1

n‖ψn‖1

)

ψ0 =
ψn

‖ψn‖1
−

Φ(ψn)− Tψn

‖ψn‖1
+ T

ψn

‖ψn‖1
9R' PD

(

1

n‖ψn‖1

)

‖ψ0‖1 ≤ 1 +
‖Φ(ψn)− Tψn‖1

‖ψn‖1
+

∥

∥

∥

∥

T
ψn

‖ψn‖1

∥

∥

∥

∥

1

,

H62 ,)7+,0-

lim sup
n→∞

(

1

n‖ψn‖1

)

‖ψ0‖1 ≤ 1 + ‖ζ‖1.

Q2 9R'STD/ $2;2)&?

1

n‖ψn‖1
≥ 0' "#$%&/ 7&.2)&? $&)-; 6)- ?6K?2H6C#0,- .2 ψn $-+

H62 2??2 $2;)& 0&#12;G2' <&; ?,)7+,0,.-.2/ 7&.2)&? ?67&; H62 2??2 $2;)& 0&#12;G2 7-;-



 !

α ≥ 0" #$ %&" !'( )*+,-.* /0+0)$1 )$+*1 ,2*3, 45$

ψn

‖ψn‖1
6*-7$32$ 8,3, 6$3)* u0 ∈ E+(

6*+ ‖u0‖ = 1( $ 7,/$ , 3$/,9:*;

αψ0 = u0 − Tu0. %&" &'

<*+* 1 -:* = ,5)*7,/*3 .$ T ( .$7$+*1 )$3 α 6= 0" >-):* u0 ≥ αφ0 6*+ α > 0( .,?

u0 + α(−φ0) ≥ 0" @$/* A$+, !"B"&( $C01)$ t0 +,C0+,/ -* 1$-)0.* .$ 45$ u0 ≥ t0φ0 $

u0 ≥ tφ0 0+8/06, t ≤ t0" #$ %&" &'( )$3$+*1;

u0 ≥ T (t0φ0) + αψ0 = (r(T )t0 + α)ψ0.

D,1 r(T )t0+α > t0( * 45$ 6*-)3,.0E , .$F-09:* .$ t0" G11* 6*+8/$), , .$+*-1)3,9:*"

 !" #$%&%'(') '*+ )+,('*+ )+,(&%*$-.%*+

@,3, 83*7,3 , 5-060.,.$ ., 1*/59:* $1),60*-H30,( 83$601,3$+*1 ., 1$250-)$ 158*10I

9:*;

 !"#$%&'#  !"!#!  !"! #$%$ (a, σ) ∈ [0, ω]× [0, ω]& '!() ! %)*+,-!(%!%).

β(a, σ)N(σ)− γ

∫ ω

σ

β(a, ζ)N(ζ)e−γ(ζ−σ)dζ ≥ 0.  !"#$%

 !"#"$%&'"  !"! ! /-0$12! 3-) '!(2! ! /-0$*+45$ 678797 /) r(T ) > 1& )1#5$ Φ #):

!0)1!* -: 0$1#$ ;<$ 0$*+#+'$7

=):$1*#"!45$7 &' ()*+ ,"-"! ) .+ /0'1'2345' !"#"$6 7 289:3);<) *'2<0+0 =8) Φ 7 8*

'1)0+.'0 *';><';' :?;:+@' 2+<32A+B);.' + :';.345'  ,"C%" &+ .)9;345' .) Φ6  )=8+45'

 !"$,%%6 2)D8) =8)

Φ(ψ)(a) =

∫ ω

0

(
∫ ω

σ

β(a, ζ)N(ζ)e−γ(ζ−σ)dζ

)

ψ(σ)e−
∫ σ

0
ψ(η)dηdσ

=

∫ ω

0

∫ ζ

0

β(a, ζ)N(ζ)e−γ(ζ−σ)ψ(σ)e−
∫ σ

0
ψ(η)dηdσdζ

=

∫ ω

0

β(a, ζ)N(ζ)e−γζ
(
∫ ζ

0

eγσ
(

−
d

dσ

)

e−
∫ σ

0
ψ(η)dηdσ

)

dζ

=

∫ ω

0

β(a, ζ)N(ζ)e−γζ
(

1− e−
∫ σ

0
ψ(η)dη + γ

∫ ζ

0

eγζe−
∫ σ

0
ψ(η)dηdσ

)

dζ

= φ(a, 0)−

∫ ω

0

β(a, ζ)N(ζ)e−
∫ ζ

0
ψ(η)dηdζ

+γ

∫ ω

0

∫ ω

σ

β(a, ζ)N(ζ)e−γ(ζ−σ)e−
∫ σ

0
ψ(η)dηdζdσ

= ψ(a, 0)−

∫ ω

0

[β(a, σ)N(σ)− γφ(a, σ)]e−
∫ σ

0
ψ(η)dηdσ.



 !

"# $%&'(# )*+(,%#- ./(/ 01&#(/1 1,2/34/ β(a, σ)N(σ)− γφ(a, σ) ≥ 0 ∀(a, σ) ∈ [0, ω]×

[0, ω]- 5 )6.'% 70+'8.#+ 9,0 ψ̄−ψ ∈ E+ '(2%'.# Φ(ψ̄)−Φ(ψ) ∈ E+ 2#+# 9,#'19,0+ ψ̄, ψ ∈ E-

/, 10:#- 9,0 / /20+#4/+ Φ 5 (/3*&/3/; <=/+# 70:# 9,0

α(ψ)ψ0 ≤ Φ(ψ) ≤ β(ψ)ψ0,

/340 ψ0 ≡ 1 0

α(ψ) :=

∫ ω

0

f(σ)ψ(σ)e−
∫ σ

0
ψ(η)dηdσ,

β(ψ) :=M

∫ ω

0

g(σ)ψ(σ)e−
∫ σ

0
ψ(η)dηdσ,

/340 M := ‖β(a, b)‖∞ < +∞- f(σ) 0 g(σ) 1>/ 4083'4#1 2/+?

f(σ) :=

∫ ω

σ

s(ζ)N(ζ)e−γ(ζ−σ)dζ, g(σ) :=

∫ ω

σ

N(ζ)e−γ(ζ−σ)dζ

@3&>/ 10=,0 9,0 α(ψ) > 0 0 β(ψ) > 0 2#+# ψ ∈ E+ \ {0}; <%5( 4'11/ /A&0(/1?

Φ(tψ)(a)− tΦ(ψ)(a)

= t

∫ ω

0

φ(a, σ)ψ(σ)e−
∫ σ

0
ψ(η)dη

[

e(1−t)
∫ σ

0
ψ(η)dη − 1

]

dσ

≥ t

∫ ω

0

f(σ)ψ(σ)e−
∫ σ

0
ψ(η)dη

[

e(1−t)
∫ σ

0
ψ(η)dη − 1

]

dσ,

40 /340 ./3.%,B(/1 9,0 Φ 5 ,( /20+#4/+ .C3.#7/ 0 9,0 # ./34'D>/ E!;F;GH 5 1#&'1)0'&#

&/(#34/I10 ψ0 = 1 0?

η(ψ, t) := t

∫ ω

0

f(σ)ψ(σ)e−
∫ σ

0
ψ(η)dη

[

e(1−t)
∫ σ

0
ψ(η)dη − 1

]

dσ.

J11/ ./(2%0&# # 40(/31&+#D>/;

K/&0 9,0 # L,2/1'D>/ !;F;G 7#%0 10 β(a, σ)N(σ) 5 3>/I40.+01.03&0 ./(/ ),3D>/ 40

σ; "0 )#&/- &0(/1?

β(a, σ)N(σ)− γ
∫ ω

σ
β(a, ζ)N(ζ)e−γ(ζ−σ)dζ

= γ
∫ ω

σ
[β(a, σ)N(σ)− β(a, ζ)N(ζ)]e−γ(ζ−σ)dζ + e−γ(ω−σ)β(a, σ)N(σ),

/ 9,0 5 3>/ 30=#&'7/ 2#+# &/4/ (a, σ) ∈ [0, ω]×[0, ω] 10 β(a, σ)N(σ)−β(a, ζ)N(ζ) ≥ 0 2#+#

ζ ≥ σ; @( 2#+&'.,%#+- # L,2/1'D>/ !;F;G 7#%0 10 β '34020340 4# '4#40 σ 4/1 '3)0.&'7/1-

2/+9,0 N(a) 5 ,(# ),3D>/ 40.+01.03&0; M,&+/ &'2/ 40 ./34'D>/ 9,0 =#+#3&0 # L,2/1'D>/

!;F;G 5 # 10=,'3&0?

π(a) ≥ k(1− e−γ(ω−a)), E!;  H



 !

"#$% & '"#()&#)% k $%*#+$& ,"-.

k :=
sup β(a, b)

inf β(a, b)

/ *#+)&0 1"2" N(a) = µ∗Nπ(a) ≤ µ∗N 3 & (4*'+5#'+& $& '"#$+67" 890  : (%;4% $&

$%(+;4&<$&$%

β(a, σ)N(σ)− γφ(a, σ) ≥ inf β(a, σ)µ∗N [π(σ)− k(1− e−γ(ω−σ))].

 !"#$%&'() 90=0! >#$%,%#$%#)%2%#)% $% ?&<%- & @4,"(+67" 90=0A3 (% β(a, b) ,4$%- (%-

B&)"-&$& '"2" u(a)v(b) 8" C4% (% 'D&2& $% !"#$%&'& (& )"'%*+, #+-#-+."-/,0 :3 %E+()+-F 42

G#+'" %()&$" %()&'+"#F-+" #7"H)-+?+&< ("I & '"#$+67".

r(T ) =

∫ ω

0

φ(σ, σ)dσ > 1.

J#&<+(%2"( %((% '&("0 K% B&)"3 $& %C4&67" 8909L: )%-%2"(.

φ(a, σ) = Cu(a)eγσ,

"#$% C =
∫ ω

0
v(ζ)N(ζ)e−γζdζ3 $&M

(Tψ)(a) = Cu(a)

∫ ω

0

eγσψ(σ)dσ.

N#)7" )"$" &4)"?&<"- $% T $%?% (%- 2G<)+,<" $% u(a)0 @%;4% C4%3 (% T )%2 &<;42 &4)"?&<"-

#7"H)-+?+&<3 u (%-F " G#+'" & 2%#"( $% 2G<)+,<"(3 % " &4)"?&<"- (%-F

r(T ) = C

∫ ω

0

eγσu(σ)dσ

=

∫ ω

0

φ(σ, σ)dσ.

OF ?+2"( C4% (% r(T ) ≤ 13 " G#+'" ,"#)" *E" $% Φ / " )-+?+&<0 P%Q&2"( " C4% "'"--% ,&-&

r(T ) > 10 J %E+()5#'+& $% ,"#)" *E" #7"H)-+?+&< QF %()F ;&-&#)+$& ,%<& R-","(+67" 90 0!S

B&<)& & 4#+'+$&$%0 1"2 & D+,T)%(% $% 2+()4-& ,-","-'+"#&<3 Φ / $&$& ,"-.

Φ(ψ)(a) = Cu(a)

∫ ω

0

eγσψ(σ)e−
∫ σ

0
ψ(η)dηdσ.

1"2" & +#)%;-&< +#$%,%#$% $% a3 (% *U%-2"( Φ(ψ)(a) = ψ(a) )%-%2"( C4% ψ(a) = c̃u(a)

,&-& &<;42 c̃ C4% (%-F ,"(+)+?" (% ψ / #7"H)-+?+&<0 V"()-&-%2"( C4% #%((% '&(" c̃ / G#+'"0

W& %C4&67" $% Φ3 )%-%2"( C4%

Cu(a)

∫ ω

0

eγσ c̃u(σ)e−
∫ σ

0
c̃u(η)dηdσ = ũ(a).



  

!" #$%&'()*& +, ,-. u(a) 6= 0 /,0,%,. 120*&3

∫ ω

0

Ceγσu(σ)e−
∫ σ

0
c̃u(η)dηdσ = 1

4 15%61''*& "7(8" 91761'71 1'06(0"81201 /$"29& c̃ "$8120". 120*& & %&20& :5& 2*&;06(<("=

ψ = c̃u 018 /$1 '16 >2(7&,

 !" #$%&'()(*&*+

?"' '1)@1' "2016(&61'. 918&2'06"8&' 01&618"' 7&661'%&291201' " %"601 9" 7&2;

A170$6" 91 B6112C"=D /$1 06"0" 9" 15('0E27(" 1 1 9" $2(7(9"91 91 1'0"9&' 1'0"7(&2F6(&'

2*&;06(<("(' %"6" & 8&91=& G+,-+H. 61="7(&2"9"' " r(T ), ?& "60(D& IJK 91 L2"M". N "(29"

918&2'06"9" " 1'0"M(=(9"91 9&' 1'0"9&' 1'0"7(&2F6(&'. '&M 7&29()@1' "91/$"9"', O"6" (''&

N 2171''F6(& 7&2'(916"6 " '1D$(201 7&29()*&3

 !"#$%&'# +,P,- !"#$%" &$' (x∗, y∗, z∗) () "*%+,$ "*%+-.$#/'.$ ," 01 213 4#%5$

y∗(ω) < e−γω.

Q 01&618" 91 1'0"M(=(9"91 N 9"9& " '1D$(6,

 !"#"$%&'" +,P,+ 06"*(7%+,$* ," "*%+8.7.,+," 7$-+73 9":+ r(T ) $ '+.$ "*&"-%'+7 ,$ $&";

'+,$' T ,"<#.,$ &$' 01 =13 4#%5$>

0.3 9" r(T ) < 1? $ "*%+,$ "*%+-.$#/'.$ %'.@.+7 ," 01 213 A B7$8+7)"#%" +**.#%$%.-+)"#%"

"*%/@"7 

0..3 9" r(T ) > 1? $ "*%+,$ "*%+-.$#/'.$ %'.@.+7 A 7$-+7)"#%" .#*%/@"7 

0...3 9" r(T ) > 1 " + 9(&$*.C5$ 1 D 2 @+7" #$ "*%+,$ "*%+-.$#/'.$ "#,E).-$? "#%5$ "7" A

7$-+7)"#%" +**.#%$%.-+)"#%" "*%/@"7 



 !"#$%&'()*&# +"($#

 !"#$ %&""!'#$()* !+$,&-$,*" * ,*%!.* !/&%!,&*.01&2* 345 2*, !"#'6#6'$ !#7'&$ !

$/'!"!-#$,*" 86-%$,!-#*" ! 1'$-%! /$'#! %$ %!,*-"#'$()* %!9&%$ $ 4-$:$ %$ 2*-;!2#6'$

%! <'!!-=$.1=> ? 2*-%&()* /$'$ $ !+&"#@-2&$ %! !"#$%*" !"#$2&*-7'&*" -)*A#'&9&$&" B36/*A

"&()* C>D>EF G :$"#$-#! $2!&#79!. ! '*:6"#$ H6$-#* I 9$'&$()* %*" /$'J,!#'*"> ?" 2*-%&(K!"

/$'$ $ 6-&2&%$%! B36/*"&()* C>L>EF ! $ !"#$:&.&%$%! B36/*"&()* C>M>EF %!""! !"#$%*N /*'G,N

")* ,$&" "!-"O9!&" ! ,!-*" $2!&#79!&" :&*.*1&2$,!-#!>

P6#'$" .&,&#$(K!" %* ,*%!.* $%9G, %$" "!16&-#!" "6/*"&(K!"Q

B&F $ /*/6.$()* "! !-2*-#'$ !, !"#$%* %!,*1'7R2* !"#$2&*-7'&*S

B&&F * /!'O*%* .$#!-#! G 2*-"&%!'$%* ,6&#* 26'#*S

B&&&F $ #$+$ %! '!26/!'$()* &-%!/!-%! %$ &%$%!S

B&9F $ &-8!2#&9&%$%! &-%!/!-%! %$ %6'$()* %$ &-8!2()*>

? "6/*"&()* %! !H6&.O:'&* %!,*1'7R2* G '$T*79!. /$'$ /$O"!" 2*, :$&+$ #$+$ %!

2'!"2&,!-#* /*/6.$2&*-$.N ,$" /*/6.$(K!" !, 1!'$. /*%!, #!' "!6 2'!"2&,!-#* 2*,* 6,

8$#*' &,/*'#$-#! /$'$ $ /'*/$1$()* %$ %*!-($N %!9&%* $ 6,$ '!-*9$()* ,$&" &-#!-"$ %*

1'6/* %*" "6"2!#O9!&"> ?" %!,$&" &#!-" #$,:G, /*%!, "!' &,/*'#$-#!" %!/!-%!-%* %$

/$'#&26.$'&%$%! %$ %*!-($N /*'#$-#* '!/'!"!-#$, .&,&#$(K!" %* ,*%!.*>

?/0" $ /6:.&2$()* %* $'#&1* UVW %! 4-$:$N "6'1&'$, ,$&" 9$'&$(K!" %* ,*%!.* !,

-*9$" /6:.&2$(K!"N -$" H6$&" $.16,$" %$" .&,&#$(K!" 8*'$, '!"*.9&%$"> X, UEYW G $/'!A

"!-#$%* 6, ,*%!.* 3X45N *6 "!;$N 6, ,*%!.* 2*, '!26/!'$()* ! !"#$%* .$#!-#! BXF -*"

,!",* ,*.%!" %* ,*%!.* 345 H6! !"#6%$,*"N ! *" $6#*'!" %!,*-"#'$, '!"6.#$%*" $-7A

.*1*"> X, UZWN 4-$:$ $/'!"!-#$ 6, ,*%!.* 345 -* H6$. $ /*/6.$()* !"#7 !,  !"#$!%&!'()

*#+$!, -*$"!"#*.#*N *6 "!;$N ,$-#G, $" /'*/*'(K!" !-#'! $" 8$&+$" !#7'&$" 2*-"#$-#!" ,$"

/*%! !"#$' 2'!"2!-%* *6 %!2'!"2!-%* -* #*#$.> ?.G, %&""*N $ #$+$ %! '!26/!'$()* %!/!-%!

DL



 !

"# $"#"%& "% '("( )*% #+ ,(-"$./%+ 0$1 % 0$$1 +2( +*3%4#"#+5 6 7#'89' ,(-+$"%4#"# #

74#-+'$++2( :%47$,#;5

<$-"# #++$'& +*3(+$./%+ 8$(;(=$,#'%-7% #"%)*#"#+ 3#4# # %>$+7?-,$# % *-$,$"#"%

"( %+7#"( %+7#,$(-@4$( #$-"# -2( A(4#' #;,#-.#"#+& 74#7#-"(B+% 3(47#-7( "% *' 34(8;%'#

# +%4 74#8#;C#"(5



 !"#$%&' ( )*+,*-./ .01232.,*/

 !"#"$%&'"  !"  !"#$%&'#( )* +#,#-*./( 0$#1(",23 !"#$ {Ta; a ∈ A} %&$ '$(

&)*+$ ," -."/$,-/"0 *+1"$/"0 *+&+2$,-0 ," %& "0.$3- ," 4$1$56 X "& %& "0.$3- *+1"$/

1-/&$,- Y  !" {‖Tax‖X : a ∈ A} 7 *+&+2$,- .$/$ 2-,- x ∈ X8 "129- {‖Ta‖ : a ∈ A} 7

*+&+2$,- 

:"&-102/$39- #$% &"'() *+,-./0 '1) '2!

 !"#"$%&'"  !3 !" ψ ∈ L1(R)8 "129-

lim
h→0

∫

R

|ψ(a+ h)− ψ(a)|da = 0

:"&-102/$39- #$% &"4() *+,-./ 32!

 !"#"$%&'"  !5  4"#-5"#( )2 %(,'*%#)*)2 )2 6"5%72-89(+,(:("(;3 ;&

0%<5-1#%12- ! ," Lp(R)8 1 ≤ p < ∞ 7 /"*$2+=$&"12" 5-&.$52- >"& Lp(R)?0" " 0-&"12"

0" 0$2+0'$@ $0 0"A%+12"0 5-1,+3B"0C

>+? sup
ψ∈S

‖ψ‖Lp(R) = sup
ψ∈S

(
∫

R

|ψ(s)|pds

)
1

p

< +∞;

>++? lim
t→0

∫

R

|ψ(t+ s)− ψ(s)|pds = 0 %1+'-/&"&"12" "& ψ ∈ SD

>+++? lim
t→∞

∫

|s|>α

|ψ(s)|pds > 0 %1+'-/&"&"12" "& ψ ∈ S 

:"&-102/$39- #$% &"'() *+,-./0 6$ 374 / 377!

87



 !

 !"#"$%&'" "#   !"#$"%& '# (#)*# +,-# '" .&)&/01 !"#$ (X, d) %& "'($)*

&+,-./* /*&(0",* " '%(*12$ 3%" K : X → X '"#$ %&$ /*1,-$)4* 5*-,"6 .',* +6 3%" "7.',$

0 ≤ α < 1 ,$0 3%" d(K(x), K(y)) ≤ αd(x, y) ∀x, y ∈ X 81,4* K (*''%. %& 91./* (*1,*

:7* x∗ ∈ X "

lim
n→+∞

Kn(x) = x∗ ∀x ∈ X,

*1;" Kn = Kn−1 ◦K " K0 = idX  

<"&*1',-$)4* $%&' x ∈ X %()*+(,(*'- &./0%1'2 xn = Kn(x)# 30+4' d(xn+1, xn) ≤

αd(xn, xn−1) .- 5'( *0&674'- 2.86. 96. d(xn+1, xn) ≤ αnd(x1, x0)# "8'(%- 62%0&' % &.2*:

86%;&%&. +(*%086;%(- &%&'2 n,m ∈ N, n > m- +.(.1'2

d(xn, xm) ≤ d(xn, xn−1) + · · ·+ d(xm+1, xm)

≤ αn−1d(x1, x0) + · · ·+ αm−1d(x1, x0)

≤ αm−1(1 + α + · · ·+ αn−m)d(x1, x0)

≤ αm−1(1 + α + · · ·+ αn−m + . . . )d(x1, x0)

≤
αm−1

1− α
d(x1, x0).

30+4' (xn) < 2.96=0>*% &. ?%6>@A .- 5'(+%0+'- >'0B.(8.0+.- 61% B.C 96. X < >'15;.+'#

D.E% x∗ 2.6 ;*1*+.# ?'1' K < >'0+(%74'- < .B*&.0+.1.0+. >'0+F06%- ;'8'

x∗ = limKn+1(x) = K (limKn(x)) = K(x∗)

. 5'(+%0+' x∗ < 5'0+' /G' &. K# H.2+% 1'2+(%( % 60*>*&%&.# D. 265'1'2 96. x∗1 . x∗2 24'

5'0+'2 /G'2 &. K- .0+4'

d(x∗1, x
∗
2) = d(K(x∗1), K(x∗2)) ≤ αd(x∗1, x

∗
2).

?'1' 0 ≤ α < 1- *22' 2I < 5'22FB.; 2. d(x∗1, x
∗
2) = 0#
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f(S) -"0$,.>$&"1," /*&($/,* 81,4* F ,"& ("0* &"1*' %& (*1,* :7* 
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