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Resumo

Esta tese de doutorado trata da realizagdo de inferénciasodelo de regresséo linear sob
heteroscedasticidade de forma desconhecida. No primapiduto, nés desenvolvemos esti-
madores intervalares que séo robustos a presenca de betasticidade. Esses estimadores
sdo baseados em estimadores consistentes de matrizesadérotas propostos na literatura,
bem como em esquemas bootstrap. A evidéncia numérica éevorestimador intervalar HC4.
O Capitulo 2 desenvolve uma sequéncia corrigida por viéstilmadores de matrizes de co-
variancias sob heteroscedasticidade de forma descoale@drtir de estimador proposto por
Qian e Wang (2001). N6és mostramos que o estimador de Qiarg- e ser generalizado em
uma classe mais ampla de estimadores consistentes paizesd covariancias e que nossos
resultados podem ser facilmente estendidos a esta classémadores. Finalmente, no Capi-
tulo 3 nés usamos métodos de integracdo numérica paraaraéutlistribuicbes nulas exatas
de diferentes estatisticas de testes qtyasdb a suposicdo de que os erros sdo normalmente
distribuidos. Os resultados favorecem o teste HCA.

Palavras-chave: bootstrap, corre¢do de viés, distribuicdo exata de etasquast; esti-

madores consistentes para a matriz de covariancias sobdudasticidade, heteroscedastici-
dade, intervalos de confianca consistentes sob heterssicattzde, testes quasi-
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Abstract

This doctoral dissertation addresses the issue of penfigyiniference on the parameters that
index the linear regression model under heteroskedastitiinknown form. In the first chap-
ter we develop heteroskedasticity-robust interval edtinsa These are based onffdrent
heteroskedasticity-consistent covariance matrix estima HCCMES) proposed in the liter-
ature and also on bootstrapping schemes. The numericareadoresented favors the HC4
interval estimator. Chapter 2 develops a sequence of liasated covariance matrix estima-
tors based on the HCCME proposed by Qian and Wang (2001). dve tfat the Qian-Wang
estimator can be generalized into a broad class of hetetaskeity-consistent covariance ma-
trix estimators and that our results can be easily extermleddh a class of estimators. Finally,
Chapter 3 uses numerical integration methods to computexaet null distributions of dif-
ferent quasi-test estatistics under the assumption that the errors aneatiy distributed. The
results favor the HC4-based test.

Keywords: bias correction, bootstrap, exact distributions of quasatistics, heteroskedastic-

ity, heteroskedasticity-consistent covariance matrixrestors (HCCME), heteroskedasticity-
consistent interval estimators (HCIE), quasests
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CHAPTER 1

Heteroskedasticity-consistent interval estimators

1.1 Introduction

The linear regression model is commonly used by practitomé many diferent fields to
model the dependence of a variable of interest on a set oeafry variables. The regres-
sion parameters are most often estimated by ordinary legstras (OLS). Under the usual
assumptions, the resulting estimator is optimal in thesobtdisinbiased and linear estimators; it
is also consistent and asymptotically normal. A commondfated assumption is that known
as homoskedasticity, which states that all error varianugst be the same. The OLS estimator
(OLSE), however, remains unbiased, consistent and asyicgdty normal when such an as-
sumption does not hold, i.e., under heteroskedasticitg, thus, a valid and useful estimator.
The trouble lies in the usual estimator of its covariancerixaivhich becomes inconsistent
and biased when the error variances are not equal. Asyrogligtivalid hypothesis testing
inference on the regression parameters, however, requeessistent estimator for such a co-
variance matrix, from which one obtains standard errorsestuoinated covariances. Several
heteroskedasticity-consistent covariance matrix estimg HCCMES) were proposed in the
literature. The most well known estimators are the HCO (\&/Hi©80), HC2 (Horn, Horn and
Duncan, 1975), HC3 (Davidson and MacKinnon, 1993) and HQ4b&ti—Neto, 2004) esti-
mators] HCO was proposed by Halbert White in an influen&alonometricgpaper and is the
most used estimator in empirical studies. White’s estimastcommonly used by practition-
ers, especially by reseachers in economics and finance. dpiex had been cited over 4,500
times by mid 2007. It is noteworthy, nonetheless, that tvadance matrix estimator proposed
by Halbert White is typically considerably biased in fingamples, especially when the data
contain leverage points (Chesher and Jewitt, 1987).

As noted by Long and Ervin (2000, p. 217), given that hetexdakticity is common in
cross-sectional data, methods that correct for heteraskietty are essential for prudent data
analysis. The most employed approach in practice, as ndtedeais to use ordinary least
squares estimates of the regression parameters coupletl @@ or alternative consistent stan-
dard errors. The HCO variants were designed to achieve isufigite sample performance.
According to Davidson and MacKinnon (2004, p. 199), “thes¢eloskedasticity-consistent
standard errors, which may also be referred to as heteraskeitly-robust, are often enor-
mously useful.” In his econometrics textbookffdey Wooldridge writes (Wooldridge, 2000,
p. 249): “In the last two decades, econometricians haveéshto adjust standard errotsF
andLM statistics so that they are valid in the presence of hetedzskicity of unknown form.

1Zeileis (2004) describes a computer implementation ofefestimators.
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This is very convenient because it means we can report néistgs that work, regardless of
the kind of heteroskedasticity present in the population.”

Several authors have evaluated the finite sample behawti€ GMESs as point estimators of
the true underlying covariance matrix and also the finitedamperformance of asymptotically
valid tests based on such estimators. The available nuahegsults suggest that the HC2
estimator is the least biased (indeed, it is unbiased urmlaokkedasticity) and that the HC3-
based test outperforms the competition in terms of sizerobrdee, e.g., Cribari-Neto and
Zarkos (1999, 2001), Cribari—Neto, Ferrari and Oliveir@(d®2), Long and Ervin (2000) and
MacKinnon and White (198@.

In this chapter we address the following question: what heefinite sample properties
of heteroskedasticity-consistent interval estimator€IEs) constructed using OLSEs of the
regression parameters and HCCMEs? We also consider weigbtegstrap-based interval es-
timators in which data resampling is used to obtain repsaif the parameter estimates. The
bootstrap schemes we use combine the percentile with thghteel boostrap, which is robust
to heteroskedaticity. Alternative bootstrap estimat@sda on the wild, percentikeand §/, X)
bootstrap are also considered and evaluated.

We aim at bridging a gap in the existing literature: the eatin of finite sample inter-
val estimation under heteroskedasticity of unknown forns. ndted by Harrell (2001) in the
preface of his book on regression analysis, “judging by tlvegased emphasis on confidence
intervals in scientific journals there is reason to belidvat thypothesis testing is gradually
being deemphasized.” In this chapter, focus is placed ofidamce intervals for regression
parameters when the practitioner believes that there i€ $orm of heteroskedasticity.

Our results show that interval inference on the parametertsimdex the linear regression
model based on the popular White (HCO) estimator can beyigitdleading in small samples.
In particular, the HCO interval estimator typically dispdaconsiderable undercoverage. Over-
all, the best performing interval estimator — even whenrafee is carried out on more than
one parameter, i.e., through confidence regions — is the H@&4val estimator, which even
outperforms four dferent bootstrap interval estimators.

The chapter unfolds as follows. Sectlon|1.2 introducesitteat regression model and also
some point estimators of the OLSE covariance matrix. HCHesirgroduced in Section_1.3.
Sectior 1.4 contains numerical results, i.e., results fkémmte Carlo investigation; they focus
on the finite sample behavior offtérent interval estimators. Section]1.5 considers confilenc
intervals based on the weighted, wilg, X) and percentilé-bootstrapping schemes whereas
SectiorLb presents confidence regions that are asyngitptialid under heteroskedasticity
of unknown form; these sections also contain numericaleadd. Finally, Section 1. 7fiers
some concluding remarks.

2Cribari-Neto, Ferrari and Cordeiro (2000) show that it isgible to obtain improved HCO point estimators
by using an iterative bias reducing scheme; see also Grilato and Galvao (2003). Godfrey (2006) argues that
restricted (rather than unrestricted) residuals shoulddee in the HCCMESs when these are used in test statistics
with the purpose of testing restrictions on regressionrpatars.
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1.2 The model and some point estimators

The model of interest is the linear regression model, namely

y=XB+eg,

wherey is ann-vector of observations on the dependent variable (vaiabinterest) X is a
fixed nx p matrix of regressors (rankj = p <n), 8= (Bo....,Bp-1)" is ap-vector of unknown
regression parameters ard= (1,...,&n)" IS ann-vector of random errors. The following
assumptions are commonly made:

Al The modely = XB + ¢ is correctly specified;

A2 E(&)=0,i=1,...,n;

A3 E(e?) =var() =02 (0<o?<),i=1,...,n;

A3’ varg) =02 i=1,...,n(0< 0? < »);

A4 E(gigj)) =0Vi# |;

A5 im0 N 1(X’X) = Q, whereQ is a positive definite matrix.

Under [Al], [A2], [A3] and [A4], the covariance matrix afis
Q = diago?},

which reduces t® = o2, wheno? = 02 > 0, i = 1,...,n, under [A3’] (homoskedasticity),
wherel,, is then x n identity matrix.
The OLSE ofB is obtained by minimizing the sum of squared errors, i.e minyimizing

&g'e = (y—XB)' (y—XB);
the estimator can be written in closed-form as
B =(X'X)"IXy.

Suppose [Al] holds (i.e., the model is correctly specifiéjan be shown that:

i) Under [A2], g is unbiased fop, i.e.,E(8) = 8, VB € RP.

ii) W5 =var() = (X" X)X QX (X' X)L,

iii) Under [A2], [A3], [A5] and also under uniformly boundechriancesp is a consistent
estimator ofs, i.e., plimg) = 8, where plim denotes limit in probability.

iv) Under [A2], [A3’] and [A4], B is the best linear unbiased estimatopdgfzauss—Markov
Theorem).

From ii), we note that under homoskedasticity B¢ o-2(X’X)~2, which can be easily
estimated agar(8) = 72(X’ X)L, wherez? =€’/ (n- p), € being then-vector of OLS residuals:

E=y-XB = {In—X(X'X) X'}y = (In— H)y.



1.2 THE MODEL AND SOME POINT ESTIMATORS 4

The matrixH = X(X’X)"1X’ is known as the ‘hat matrix’, sincely =y. Its diagonal ele-
ments assume values on the standard unit interval) @d add up tg, the rank ofX, thus
averagingp/n. It is noteworthy that the diagonal elementd-bthy, ..., h,) are commonly used
as measures of the leverages of the corresponding obsssaitndeed observations such that
h; > 2p/n or h; > 3p/n are taken to be leverage points (see Davidson and MacKiir9@3).

When the model is heteroskedastic &nts known (which rarely happens), one can use the
generalized least squares estimator (GLSE), which is diyen

Bo = (X 1) ' xaly.

It is easy to show that _
E(Bc) =B,
W, = var(Bg) = (X’Q™1x)™L.
Note that under homoskedasticity = 3 and varBg) = var(g).
The error covariance matri®, however, is usually unknown, which renders the GLSE
unfeasible. A feasible estimator can be obtained by repdgi by a consistent estimat®y;
the resulting estimator is the feasible least squares asimiFGLSE):

B=(XQ X)) Ixaly.

Consistent estimation @, however, requires a model for the variances, such as, $teirice,
Giz = exp@y), wherez is ag-vector Q < n) of variables that fiect the variances angdis a
g-vector of unknown parameters that can be consistentlynestid. The FGLSE relies on the
assumption made about the variances, which is a drawbagctuatiens (as is oftentimes the
case) where the practitioner has no information on the cbepecification of the skedastic
function. The main practical advantage of the OLSE relativihe FGLSE is that the former
requires no such assumption.

Asymptotically valid testing inference on the componeritg,ahe vector of unknown re-
gression parameters, based@requires a consistent estimator for ﬁ)r(i.e., for the OLSE
covariance matrix. Under homoskedasticity, as notederadne can easily estima[% as

@E =var(g) = 72 (X' X)L,
Under heteroskedasticity of unknown form, one can perforfierences of based on its OLSE
B, which is consistent, unbiased and asymptotically norarad,on a consistent estimator of its
covariance matrix.

White (1980) derived a consistent estimator 6y by noting that consistent estimation of
Q (which hasn unknown parameters) is not required; one only needs to stemly estimate
X'QX (which hasp(p+ 1)/2 elements regardless of the sample sﬁzé’hat is, one needs to

3For consistent covariance matrix estimation under hekeassticity, we shall also assume:

A6 limy . n1(X'QX) = S, whereS is a positive definite matrix.
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find Q such that plinf(X’QX)"1(X'QX)) = I,. The White estimator, also known as HCO, is
obtained by replacing théh diagonal element dd in the expression fo‘PE by theith squared
OLS residual, i.e.,

HCO = (X'X)"1X QX (X' X)L,

whereQg = diage?).

White’s estimator is consistent under both homosked#&gtarid heteroskedasticity of un-
known form. Nonetheless, it can be quite biased in finite samm@s evidenced by the nu-
merical results in Cribari-Neto and Zarkos (1999, 2001¢; also the results in Chesher and
Jewitt (1987). The bias is usually negative; the White eatonis thus ‘too optimistic’, i.e., it
tends to underestimate the true variances. Additiondlé/HCO bias is more decisive when the
regression design includes leverage points. As noted bgl&heand Jewitt (1987, p. 1219),
the possibility of severe downward bias in the HCO estimattses when there are larpe
because the associated least squares residuals have sagaltude on average and the HCO
estimator takes small residuals as evidence of small earvances.

Based on the results in Horn, Horn and Duncan (1975), Maaktinend White (1985)
proposed a variant of the HCO estimator: the HC2 estimatoichwises

Qo = diagg?/(1-hy)},

whereh; is theith diagonal element of the hat matrid). It can be shown that HC2 is unbiased
under homoskedasticity.

Consistent covariance matrix estimation under heterasdtatity can also be performed via
jackknife. Indeed, the numerical evidence in MacKinnon vigite (1985) favors jackknife-
based inference. Davidson and MacKinnon (1993) arguehlegattkknife estimator is closely
approximated by the estimator obtained by repla¢dqgused in HCO, by

Q3 = diagz?/(1- h)?).

This estimator is known as HC3.
Cribari—Neto (2004) proposed a variant of the HC3 estimiatomwn as HC4; it uses

Qq = diagg?/ (1 hy)%),

wheres; = min{4, hj/h} = min{4,nh;/p} (note thah = n‘lzi“:lhi = p/n). The exponent controls
the level of discounting for observatiorand is given by the ratio betwedmnand the average
of the hi’s, h, up to the truncation point set at 4. Since<@—h; < 1 andg; > 0, it follows
that 0< (1—h;)% < 1. Hence, théth squared residual will be more strongly inflated wiheis
large relative tdh. This linear discounting is truncated at 4, which amountsvice the level
of discounting used by the HC3 estimator, so that 4 whenh; > 4h = 4p/n.

1.3 Heteroskedasticity-consistent interval estimators

Our chief interest lies in the interval estimation of the mown regression parameters. We
shall consider HCIEs based on the OL&E&nd on the HCO, HC2, HC3 and HC4 HCCMEs.
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Under homoskedasticity and when the errors are normaltyilolised, the quantity

—_

Bj—Pj
\T2Cij

wherec;jj is the jth diagonal element o’ X)~1, follows atp_p distribution. Itis thus easy to
construct exact confidence intervals gy j = 0,...,p—1.
Under heteroskedasticity, as noted earlier, the covagiamatrix of the OLSE is

W= var@) = (X' X)"IX’ QX (X' X) 2.
The consistent estimators presented in the previous seat® sandwich-type estimators for
such a covariance matrix. In what follows, we shall use thé&,HG= 0,2, 3,4, estimators of
variances and covariances. Let, kot 0,2,3,4,

ﬁk = Dkﬁ = Dkdiag{’é?};

for HCO,Dg = Ip;
for HC2,D, = diag1/(1- h))};
for HC3, D3 = diag(1/(1-h)?};
for HC4, D4 = diag(1/(1— hj)%)}.
Therefore,
@g() = (X' X)X XX’ X)L, k=0,2,3,4.

Fork=0,2,3,4, consider the quantity

Where@?j‘) is the jth diagonal element o?g), i.e., the estimated varianceﬁjfobtained from

the estimator HE, k= 0,2,3,4. It follows from the asymptotic normality ﬁj and from the

consistency off’?}) that the quantity above converges in distribution to thed#ad normal
distribution asn — . It can thus be used to construct HCIEs. Let @ < 1/2. A class of
(1-a)x100% (two-sided) confidence intervals f&; j =0,...,p-1,is

- —(K
Bi£tZiq)2 \/‘PEJ),

k=0,2,3,4, wherez;_, > is the 1- /2 quantile of the standard normal distribution. The next
section contains numerical evidence on the finite sampleimeance of these HCIEs.
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1.4 Numerical evaluation

The Monte Carlo evaluation uses the following linear regji@s model:

Vi =Bo+p1Xi+oie, i=1...,n,
wheresg;j ~ (0,1) andE(gigj) =0 Vi # j. Here,

O'iz = o2 explax)

with o2 = 1. At the outset, we focus on the situation where the errasiarmally distributed.

We shall numerically estimate the coverage probabilitiethe diferent HCIEs and compute
the average lengths of thefidirent intervals. The covariate values were selected a®nand
draws from the?/(0, 1) distribution; we have also selected such values as rartams from

the Students distribution so that the regression design would includerage points. The
sample sizes are = 20,60,100. We generated 20 values of the covariates when the sample
size wasn = 20; for the larger sample sizes, these values were replicatee and five times
(n=60 andn = 100, respectively) so that the level of heteroskedasticiBasured as

A=maxo?Z}/minfo?), i=1,...,n,

remained constant as the sample size increased. We havdeareuaisthe situation where the
error variances are constant (homoskedastigity,1) and also two situations in which there
is heteroskedasticity. Simulations under homoskedagtieere performed by setting = 0.
Under well balanced data (covariate values obtained asmmifandom draws, no observation
with high leverage), we usetl= 2.4 anda = 4.165, which yieldedl = 9.432 and1 = 49.126,
respectively. Under leveraged data (covariate valuesradataasts random draws, observations
with high leverage in the data), we usaée 0.222 anda = 0.386, which yieldedl = 9.407 and
A =49272, respectively. Therefore, numerical results wereinbthfor 1 = 1 (homoskedas-
ticity), 4 ~ 9 andA ~ 49. The values of the regression parameters used in the eataagion
wereBo = B1 = 1. The number of Monte Carlo replications was 10,000 andrallikgtions were
carried out using thex matrix programming language (Doornik, 2001).

The nominal coverage of all confidence intervals isdl= 0.95. The standard confidence
interval (OLS) used standard errors fr@fi(X’X)"1 and was computed as

Bi * tig2n-2+/0%Cjj,

wheret;_q/on-2 is the 1- /2 quantile from Student’s,_» distribution. The HCIEs were
computed, as explained earlier, as

- —(K
Bj = Zl—a/2\/‘1’§j),

k=0,23,4 (HCO, HC2, HC3 and HC4, respectively).
Table[1.1 presents the maximal leverages in the two regresigisigns; the values op2n
and J/n, which are often used as threshold values for identifyingriage points, are also
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presented. When the covariate values are obtained as ratidavs from thets distribution,
the regression design clearly includes leverage pointsyriaximal leverage almost reaches
8p/n. On the other hand, when the covariate values are selectethdsm draws from the
standard uniform distribution, the maximal leverage dagserceed B/n. By considering the
two regression designs, we shall be able to investigate tite 8ample performances of the
different HCIEs under both balanced and unbalanced data.

Table 1.1 Maximal leverages and rule-of-thumb thresholds used teciiétverage points.

U@O,1) | t3 threshold

n Nmax hmax | 2p/n | 3p/n
20 | 0.233 | 0.780| 0.200/| 0.300
60 | 0.077 | 0.260| 0.067| 0.100
100| 0.046 | 0.156| 0.040| 0.060

Table[1.2 presents the empirical coverages (cov.) and theage lengths of the fier-
ent confidence intervals fg#, (slope) under balanced regression design (no leverage) poin
and normal errors. The corresponding numerical resultthiunbalanced regression design
(leverage points in the data) are given in Tablé 1.3.

Table 1.2 Confidence intervals fg8,: coverages (%) and lengths; balanced design and normaserro

n=20 n=60 n=100
interval | cov. | length| cov. | length| cov. | length
HCO | 89.76| 2.76 | 93.39| 1.73 | 93.64| 1.36
HC2 |91.94| 3.01 | 93.99| 1.78 | 94.06| 1.38
A=1| HC3 |93.64| 3.28 | 94.63| 1.83 | 94.48| 141
HC4 | 93.21| 3.23 | 94.47| 1.82 | 94.39| 1.40
OLS |95.38| 3.28 | 94.92| 1.82 | 94.87| 1.40

HCO | 91.03| 5.79 | 93.62| 3.57 | 94.05| 2.80
HC2 | 92.90| 6.21 | 94.09| 3.65 | 94.33| 2.84
A~9 HC3 | 94.64| 6.66 | 94.68| 3.73 | 94.66| 2.87
HC4 | 93.86] 6.43 | 94.33| 3.69 | 94.41| 2.85
OLS |96.47| 7.14 | 96.33| 3.97 | 96.27| 3.05

HCO | 90.33| 11.67 | 93.30| 7.25 | 93.88| 5.69
HC2 | 92.25| 12.47 | 93.98| 7.40 | 94.24| 5.76
A=49| HC3 |94.27| 13.32| 94.56| 7.56 | 94.56| 5.83
HC4 | 93.24| 12.76 | 94.22| 7.45 | 94.32| 5.78
OLS | 95.62| 13.78| 95.36| 7.70 | 95.15| 5.93

The figures in Table_112 (well balanced design) show thateuhdmoskedasticityi(= 1),
the HC3, HC4 and OLS confidence intervals have empirical re@es close to the nominal
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level (95%) for all sample sizes. The HCO and HC2 intervatpldly good coverage when
the sample size is not small. Additionally, the average tles@f the HC3, HC4 and OLS
confidence intervals are similar. When= 9.432, the HC3 e HC4 confidence intervals display
coverages that are close to the nominal coverage (95%)|feample sizes. Again, the HCO
and HC2 confidence intervals do not display good coveragenwihne sample size is small
(n = 20). For instance, the empirical coverages of the HC3 and Ei@@didence intervals
for 81 whenn = 20 are, respectively, 94.64% and 93.86%, whereas the pomdsg figures
for the HCO and HC2 confidence intervals are 91.03% and 92.908€ average lengths of
all intervals increase substantially relative to the hokedsastic case. Wheh= 49.126, the
empirical coverages of the HC3 and HC4 confidence interaalg:f are close to the selected
nominal level for all samples sizes. Once again, the avdegghs of all intervals increased
relative to the previous case.

The results reported in Talle 1.3 were obtained by imposingrdalanced regression de-
sign (there are leverage points in the data). Whenl (homoskedasticity), only the HC4
interval has excess coverage when the sample size is sr8ali®®); for larger sample sizes,
the HC4 HCIE outperforms the other consistent intervahestiors. When the strength of het-
eroskedasticity increases £ 9 and themt ~ 49), the coverages of all intervals deteriorate
(Table[1.8); the HC4 HCIE is the least sensitive to the ineeezf the level of heteroskedastic-
ity. For example, under strong heteroskedasticity 49) andn = 20, the empirical coverage
of the HC4 confidence interval f@ is 97.53% whereas the coverages of the HCO, HC2 and
HC3 intervals are, respectively, 26.73% 56.97% and 86.62%noteworthy, in particular, the
dreadful coverage of the HCO HCIE. It is also interestingdterthat the average lengths of all
confidence intervals are considerably smaller when theaattain leverage points relative to
the well balanced regression design.

Our next goal is to evaluate the finite sample behavior of tfergnt HCIEs under nonnor-
mal innovations. We have considered asymmetric (expaalemtih unit mean) and fat-tailed
(t3) distributions for the errorss;, which were generated independently and were normalized
to have zero mean and unit variance. (Recall that unequal eariances are introduced by
multiplying &; by oj.) Table[1.4 presents the empirical coverages and the avézagths of
the diferent confidence intervals for the slope paramgtgrunder leveraged data and expo-
nentially distributed errors; similar results for fat &l errors are presented in Tablel 1.5. The
results in Tablé€ 114 (exponential errors) suggest that unomoskedasticityA = 1), the OLS
confidence interval displays coverages that are close todhenal level (95%) and that only
the HC4 HCIE displays good finite sample coverage (whett0,100). Under heteroskedas-
ticity, however, no interval estimator displayed good cage.

Table[1.5 contains results for the case where the erroifal fat-tailed distributiontg);
inference is performed g8y and there are leverage points in the data. Under homoskeatast
the OLS and HC3 confidence intervals display coverages tba&l@se to the expected coverage
(95%); HC4 displays slight overcoverage. Under hetercagicity, the HC4 HCIE clearly
outperforms the remaining HCIEs as far as coverage is cnaderfor instance, whem= 20
anda ~ 49, the HC4 interval estimator coverage was 96.91% wheheasorresponding figures
for the HCO, HC2 and HC3 interval estimators were 33.24%6%5%. and 85.99%. (Note the
extremely large coverage distortion that one obtains whearval estimation is based on the
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Table 1.3 Confidence intervals fg#1: coverages (%) and lengths; unbalanced design and norroes er
n=20 n=60 n=100
interval | cov. | length| cov. | length| cov. | length
HCO | 73.41| 0.26 | 87.50| 0.21 | 91.00| 0.17
HC2 | 84.00f 0.38 | 90.09| 0.23 | 92.33| 0.19
A1=1 HC3 | 92.52| 0.68 | 92.30| 0.26 | 93.54| 0.20
HC4 | 98.14| 2.84 | 95.49| 0.33 | 95.59| 0.22
OLS |94.83| 0.45 |94.83| 0.25 | 95.01| 0.19

HCO |44.69| 0.33 | 80.12| 0.44 | 86.97| 0.39
HC2 | 66.38| 0.54 | 84.22| 0.51 | 89.25| 0.42
A=9 HC3 | 84.95| 1.04 | 87.81| 0.59 | 91.12| 0.45
HC4 | 96.84| 4.53 | 93.47| 0.78 | 94.35| 0.53
OLS | 67.27| 0.50 | 68.95| 0.30 | 69.80| 0.23

HCO | 26.73| 0.48 | 77.52| 0.87 | 86.04| 0.77
HC2 |56.97| 0.88 | 82.33| 1.01 | 88.53| 0.84
A=49| HC3 |86.62| 1.79 | 86.04| 1.17 | 90.79| 0.91
HC4 | 97.53| 7.96 | 92.50| 1.58 | 93.99| 1.08
OLS |40.73| 0.59 | 48.06| 0.39 | 50.35| 0.31

Table 1.4 Confidence intervals fg#;: coverages (%) and lengths; unbalanced design and skeveesl. er
n=20 n=60 n=100
interval | cov. | length| cov. | length| cov. | length
HCO | 76.87| 0.25 | 87.31| 0.20 | 89.85| 0.17
HC2 | 87.26| 0.37 | 89.42| 0.22 | 90.94| 0.18
A=1 HC3 | 94.47| 0.66 | 91.27| 0.25 | 92.23| 0.20
HC4 | 98.53| 2.75 | 93.52| 0.31 | 93.59| 0.22
OLS |94.37| 0.44 | 94.67| 0.25 | 95.06| 0.19

HCO |44.19| 0.31 | 74.52| 0.41 | 81.71| 0.36
HC2 | 64.35| 0.51 | 78.22| 0.47 | 83.67| 0.39
A~9 HC3 | 83.09| 0.97 | 81.69| 0.54 | 85.43| 0.43
HC4 | 95.93| 4.21 | 87.37| 0.71 | 88.43| 0.50
OLS | 71.95| 0.49 | 68.97| 0.29 | 68.13| 0.23

HCO | 25.72| 0.45 | 70.26| 0.80 | 79.74| 0.72
HC2 |54.39| 0.81 | 74.57| 0.92 | 82.06| 0.78
A=49| HC3 | 8354 1.63 | 78.68| 1.06 | 84.00) 0.85
HC4 |96.85| 7.26 | 85.11| 1.43 | 87.53| 1.00
OLS | 40.62| 0.57 | 45.14| 0.38 | 46.79| 0.30
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Table 1.5 Confidence intervals fo8;: coverages (%) and lengths; unbalanced design and fatl taile
errors.

n=20 n=60 n=100
interval | cov. | length| cov. | length| cov. | length
HCO | 77.73] 0.24 | 90.40| 0.19 | 92.62| 0.16
HC2 |86.73| 0.35 | 92.63| 0.21 | 93.87| 0.17
A=1 HC3 | 93.89| 0.62 | 94.40| 0.24 | 95.02| 0.18
HC4 | 98.52| 2.59 | 97.16| 0.30 | 96.72| 0.20
OLS |93.93| 0.41 | 94.11| 0.24 | 94.69| 0.18

HCO |51.76| 0.29 | 83.41| 0.39 | 89.09| 0.34
HC2 | 70.47| 0.47 | 87.50| 0.44 | 90.99| 0.36
A=9 | HC3 |87.46| 091 |90.79| 0.51 | 92.67| 0.39
HC4 | 97.32] 3.91 | 95.33| 0.67 | 95.70| 0.46
OLS | 74.39| 0.46 | 73.03| 0.28 | 73.68| 0.22

HCO | 33.24| 0.41 | 80.37| 0.75 | 87.76| 0.67
HC2 |59.65| 0.74 | 85.17| 0.87 | 89.98| 0.72
A=49| HC3 |85.99| 1.47 |88.74| 1.00 | 92.18| 0.79
HC4 |96.91| 6.52 | 94.33| 1.35 | 95.23| 0.93
OLS |51.32| 0.53 | 52.12| 0.36 | 53.35| 0.29

standard error proposed by Halbert White!)

Finally, we note that we have also performed simulationet@s regression models with
3 and 5 regressors. The results were similar to those of tiggesiegressor model and are not
reported.

1.5 Bootstrap intervals

An alternative approach is to use data resampling to perfotemval estimation; in particu-
lar, one can base inference on the bootstrap method propgdechdley Efron (Efron, 1979).
The weighted bootstrap of Wu (1986) can be used to obtaimalatd error that is asymptoti-
cally correct under heteroskedasticity of unknown form. pipose the use of the percentile
bootstrap confidence interval combined with a weighted $toap resampling scheme. Interval
inference orBj (j =0,...,p—1) can be performed as follows.

S1 Foreach,i=1,...,n, drawt’ randomly from a zero mean and unit variance population;

S2 Construct a bootstrap samplg (X), where

Y = Xi,E+t;</§i/ V1-hj,

X being theith row of X;



1.5 BOOTSTRAP INTERVALS 12

S3 Compute the OLSE ¢f: B* = (X’ X)"1X'y*;
S4 Repeat steps 1 through 3 a large number of times &#ges);

S5 The lower and upper limits of the @a) x 100% confidence interval fgj (0 < @ < 1/2)
are, respectively, the/2 and 1- a/2 quantiles of thé3 bootstrap replicate)@j*.

The quantityt’, i = 1,...,n, must be sampled from a population that has mean zero and
variance equal to one, such as, for instamge.,. ., a,, where

—_ —

gi—¢

\/n_l szl(gi _’5)2 |

a = i=1,...,n,

with g = n‘lz{‘zl’z-?i, which equals zero when the regression model contains arceyt. We
shall call this implementation ‘scheme 1’, in contrast tocheme 2’, where sampling is done
from the standard normal distribution.

In what follows (Tablé_1J6), we shall compare, using Montel@€aimulations, the finite
sample behavior of the HCIEs described in Sedtioh 1.3 toybédh (percentiléwveighted) boot-
strap interval estimator described above. Inference ipaed on the slope parametgh ),
the number of Monte Carlo replications wa®60 and the number of bootstrap replications
wasB = 500.

We note from Tablé 116 that the coverages and average leafithe two bootstrap confi-
dence intervals are similar, especially whea 60 andn = 100. Additionally, by contrasting
the results to those in Tables 1.2 1.3, we note that wieeddta do not contain leverage
points the bootstrap confidence intervals behave simitaitlye HCO confidence interval; under
unbalanced data, the bootstrap inference is similar tceti@ieved by the HC2 HCIE. Overall,
the bootstrap HCIEs are outperformed by the HC4 HCIE.

We shall now consider alternative bootstrap estimatomil&i to the previous estimator,
they are based on the percentile method. They are, nonssheletained using fierent re-
sampling schemes. The first alternative estimator emplogsmMild bootstrap of Liu (1988),
who proposed’ to be randomly selected from a population that has thirdraemtoment equal
to one, in addition to zero mean and unit variance. She hasrstitat when this is the case,
the weighted bootstrap of Wu (1986) shares the usual secaleat asymptotic properties of
the classical bootstrap. In other words, by adding theiotistn that the third central moment
equals one it is possible to correct the skewness term indigekorth expansion of the sam-
pling distribution of1’3, wherel is ann-vector of ones. Liu’s wild bootstrap is implemented
by samplingt’ in such a fashion that it equatsl with probability ¥2 and+1 with the same
probability (Rademacher distributioB)The remainder of the bootstrapping scheme described
above remains unchanged.

The second alternative estimator is obtained by bootsingppairs instead of residuals;
see, e.g., Efron and Tibshirani (1993, pp. 113-115). Here,resamples paiz = {(X,Vi)},

4The use of the Rademacher distribution in this context has seiggested by several authors; see, e.g.,
Flachaire (2005).



Table 1.6 Bootstrap confidence intervals f61: coverages (%) and lengths; balanced and unbalanced segrekesigns; normal errors; weighted
bootstrap.

n=20 n=60 n=100
cov. | length| cov. | length| cov. | length
90.94| 2.99 | 93.96| 1.76 | 93.60| 1.37
91.94| 6.16 | 94.28| 3.61 | 94.22| 2.81
91.60| 12.38|93.80| 7.33 | 93.96| 5.71
84.82| 0.38 | 89.60| 0.23 | 90.88| 0.18
65.70| 0.53 | 84.06| 0.50 | 88.38| 0.41
55.50| 0.86 | 82.02| 1.00 | 87.50| 0.83

89.56| 2.93 | 93.54| 1.76 | 93.78| 1.37
90.06| 6.02 | 94.02| 3.61 | 94.10| 2.81
89.36| 12.31| 93.52| 7.36 | 93.86| 5.74
84.40| 0.38 | 89.58| 0.23 | 91.02| 0.18
65.02| 0.53 | 84.54| 0.51 |88.84| 0.41
53.64| 0.86 | 82.22| 1.08 | 87.64| 0.85

bootstrap| design
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i =1,...,n. The parameter vectg is estimated using the bootstrap sample of responses
Y =(Y3,---»Yn) together with the pseudo-design matikformed out ofx;,..., ;. This boot-
strapping scheme is also known as theXj bootstrap.

The simulation results for interval inference Bnusing the two alternative bootstrap in-
terval estimators described above, i.e., the estimat@sdban the wild bootstrap and on the
bootstrap of pairs of observations, are presented in Talfle The number of Monte Carlo
and bootstrap replications are as before. The figures ireTaHI, when contrasted with the
simulation results reported in Takle 11.6, show that the tteid bootstrap estimator slightly
outperforms the wild bootstrap estimator when the regoesgesign is balanced but under un-
balanced regression designs it is clearly better. Indebdnwthe sample size is smatl £ 20)
and heteroskedasticity is strong, the coverage of the vatutdirap estimator can be dreadful
(e.g., 21.84% when the desired coverage is 95%49). The figures in Table 1.7 also show that
the estimator obtained by bootstrapping pairs of obsematoutperforms both the weighted
and wild bootstrap estimators when the regressors matntagts leverage points. For instan-
ce, whem = 20, 1 ~ 49 and there are observations with high leverage in the tte@ampirical
coverages of the weighted (scheme 1) and wild bootstrapvadtestimators are 55.50% and
21.84%, respectively, whereas the empirical coverageeofrtterval bootstrap estimator that
uses bootstrapping of pairs is 87.86%.

The last bootstrap interval estimator fey we consider combines weighted resampling
with the percentilé-method. (See Efron and Tibshirani, 1993, pp. 160-162, ftaildeon the
bootstrapt approach.) The estimator can be computed as follows.

S1 Foreach,i=1,...,n, drawt’ randomly from a zero mean and unit variance population;
S2 Construct a bootstrap sampig (X), where
Yik = XiE+t;</§i/ Vv1-h;,
X being theith row of X;
S3 Compute the OLSE o8 (8*) andz' = (8% - B;)/ /\TETr(ET), where , /\TETr(E’j‘) is a heteroske-

dasticity-consistent standard errorgiffor the bootstrap sample aﬁﬁ is the OLSE of
Bj computed from the original sample.

S4 Repeat steps 1 through 3 a large number of times &&gmes);
S5 The lower and upper limits of the @a) x 100% confidence interval fg#; (0 < o < 1/2)
are, respectively; — {12/ | Jvar(8;) andg; - f*/?) /var(g;), wheref is they quantile

(0O<y<1)oftheBvalues ofz (z,...,z5) and w/\TaTr(/B\j) is the same heteroskedasticity-
consistent standard error used in Step 3 (now computed Jeowesing the original, not
the resampled, responses).

We report Monte Carlo evidence on the finite-sample behafitre percentild-bootstrap
interval estimator oB; in Table[1.8. Three heteroskedasticity-consistent stahelaors are



Table 1.7 Bootstrap confidence intervals f8§: coverages (%) and lengths; balanced and unbalanced segrefsesigns; normal errors; wild
bootstrap and pairs bootstrap.

n=20 n=:60 n=100
cov. | length| cov. | length| cov. | length
89.64| 2.96 | 93.56| 1.76 | 93.76| 1.37
89.40| 6.01 | 93.92| 3.59 | 93.60| 2.80
88.48| 11.85| 93.10| 7.24 | 93.34| 5.67
71.94| 0.25 | 85.92| 0.20 | 89.02| 0.17
40.08| 0.29 | 77.10| 0.39 |84.34| 0.36
21.84| 0.41 | 72.96| 0.74 | 83.06| 0.72

90.20| 2.98 | 93.92| 1.75 | 94.02| 1.36
90.52| 6.25 | 94.12| 3.62 | 93.86| 2.81
89.64| 12.48 | 93.62| 7.32 | 93.64| 5.70
90.00| 0.64 |91.04| 0.26 | 91.72| 0.19
88.50| 0.76 | 88.98| 0.47 | 89.98| 0.40
87.86| 0.98 | 87.70| 0.87 | 89.08| 0.78
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used in Steps 3 and 5, namely: HCO, HC3 and HE4i = 1,...,n, has been sampled from
the standard normal distribution, and, as before,al= 0.95. The results show that when
the data are not leveraged it does not make mufieréince which consistent standard error is
used in the bootstrapping scheme. However, in unbalantigtisins the percentilebootstrap
with HC4 standard errors displays superior behavior, aafpgevhen the sample size is small.
For example, when = 20 and under strong heteroskedasticity, the coverageg tidbtstrag-
confidence intervals with HCO, HC3 and HC4 standard err@3&r12%, 84.42% and 89.36%,
respectively.

Overall, the best performing bootstrap estimator is th&) bootstrap estimator when the
sample size is smalh(= 20) and the percentilebootstrap estimator when the sample size is
large f1=100). It is noteworthy, however, that the HC4 HCCIE outperfs all bootstrap-based
interval estimators.

1.6 Confidence regions

We shall now consider confidence regions that are asymatigtialid under heteroskedasticity
of unknown form. To that end, we write the regression model

y=XB+¢
as
y= X181+ XoB2+¢, (1.6.1)

wherey, X, 8 ande are as described in Section|1X3,andg; arenx pj andpj x 1, respectively,
j =1,2, with p= p1+ pz2 such thaiX = [X; Xp] andg = (87.55) .
The OLSE of the vector of regression ¢eents in (LE.1L) i = (6},5,)', where

B2 = (R'sz)_l Ry,

with R, = M1 X, andMq = I, — X1(X1X1)‘1X’1. Sinceﬁz is asymptotically normal with mean
vectorB, and covariance matrix

-1 -1
Va2 = (RoR2) ReQR2 (RGR)
the quadratic form
W= (,32 —/52) Vay (,32 —/52)
is asymptoticallyy%z; the result still holds wheW>, is replaced by a function of the data,
such that pliniVao) =V22. In particular, we can use the following consistent estonaf the

covariance matrix ofz: " _
Véz) = (RyR2) TR ORA(R,R2) 2,

Whereﬁk, k=0,23,4,is as defined in Sectiéon 1.2.



Table 1.8 Bootstrap confidence intervals §81: coverages (%) and lengths; balanced and unbalanced segrelesigns; normal errors; percentile-
t bootstrap with HCO, HC3 e HC4 standard errors.

n=20 n=60 n=100
cov. | length| cov. | length| cov. | length
92.30| 3.19 | 94.48| 1.80 | 94.34| 1.39
93.04| 6.45 | 94.58| 3.67 | 94.34| 2.83
93.02| 13.00| 94.18| 7.44 | 94.20| 5.76
83.68| 0.48 | 89.50| 0.25 | 91.52| 0.19
73.00| 0.76 | 86.84| 0.62 | 90.18| 0.46
75.12| 1.39 | 86.86| 1.34 | 90.46| 0.96

92.40| 3.22 | 94.48| 1.80 | 94.36| 1.39
92.90| 6.42 | 94.60| 3.66 | 94.32| 2.83
92.94| 12.90| 94.14| 7.44 | 94.18| 5.76
82.10| 0.84 | 89.82| 0.26 | 91.74| 0.19
78.88| 1.51 | 87.70] 0.65 | 90.78| 0.47
84.42| 2.96 | 87.82| 1.38 | 90.66| 0.96

92.36| 3.24 | 94.52| 1.80 | 94.38| 1.39
92.74| 6.39 | 94.62| 3.66 | 94.26| 2.83
92.84| 12.81|94.14| 7.43 | 94.18| 5.76
85.06| 1.63 | 90.52| 0.27 | 92.20| 0.20
84.64| 2.89 | 88.70| 0.68 | 91.32| 0.48
89.36| 5.43 | 88.90| 1.41 | 90.92| 0.97

standard error  design
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Let 0<a <1 and lety2  be such that

P2,
2 2 .
F’I’(g\(lo2 <Xp2,a) =1-¢;

that is,x%, , is the 1- o upper quantile of thg? distribution. Also, let

- Y -1 ,—~
WO = (B2-2) (V9) ~ (B2—2).
Thus, the 100(% a)% confidence region fg8; is given by the set of values 8 such that
W <x2 . (1.6.2)

In what follows we shall numerically evaluate the finite séeqerformance of the tfierent
confidence regions. The regression model used in the simiiat

Vi =Bo+B1X1+B2Xi2+ei, 1=1...,n,

whereg; is a zero mean normally distributed error which is free ofsdeorrelation.

The covariate values were, as before, selected as randevs tian the standard uniform
(well balanced design) artd (unbalanced) distributions. The number of Monte Carloicepl
tions was 10,000, the sample sizes considered wer20,60,100 and } « = 0.95; simulations
were performed under both homoskedasticity and heteraskiedy. The reported coverages
correspond to the percentage of replications in wHich ) Iéolds when inference is performed
onp1 andp; (jointly). In order to contrast the finite sample performasof confidence regions
(‘joint’) and confidence intervals (fg81 andgB, separately), individual coverages are also re-
ported.

Table[1.9 contains the maximal leverages of the two regrassesigns together with the
usual thresholds used in the detection of leverage poingsnaté that the design in which the
covariate values were selected as draws from a Studksttibution includes observations with
very high leverage, unlike the other design (standard umifdraws).

Table 1.9 Maximal leverages and rule-of-thumb thresholds used tecid¢verage points; two covari-
ates

U@O,1) | t3 threshold
n Nmax hmax | 2p/n | 3p/n
20 | 0.261 | 0.858| 0.30| 0.45
60 | 0.087 | 0.286| 0.10| 0.15
100| 0.052 | 0.172| 0.06 | 0.09

Table[1.1D contains the coverages of théedent confidence regions (‘joint’) and also of the
individual confidence intervals forda = 0.95. We note, at the outset, that the joint coverages
are always smaller than the individual ones, thiéedéence being larger when the regression



Table 1.10 Confidence regions fg8, and»: coverages (%); balanced and unbalanced designs; normas.eifhe coverages of the individual
confidence intervals are also reported.

HCO HC2 HC3 HC4

joint | B1 B2 | joint | 1 B2 | joint | B B2 | joint | 1 B2

82.95| 88.20| 87.58| 87.48| 91.47| 90.96| 91.46| 94.18| 93.44| 89.15| 92.77| 92.03
84.38| 89.74| 88.57| 88.95| 92.71| 91.73| 92.41| 95.27| 94.59| 90.01| 93.72| 92.82
84.31| 89.53| 89.77| 89.21| 92.54| 93.13| 92.81| 95.20| 95.54| 90.47| 93.54| 94.20
64.10| 77.51| 85.50| 80.07| 88.20| 90.75| 91.20| 95.94| 95.64| 95.75| 99.32| 99.37
35.27| 49.27| 79.23| 61.09| 69.10| 86.66| 84.27| 89.10| 94.57| 95.00| 98.54| 99.17
19.72| 29.36| 68.19| 50.21| 52.86| 80.18| 84.36| 87.98| 94.45| 95.56| 98.50| 99.23

91.73| 93.32| 93.13| 92.70| 94.17| 94.06| 93.77| 95.00| 94.66| 93.13| 94.53| 94.32
91.79| 93.75| 93.37| 92.81| 94.59| 94.14| 93.80| 95.20| 94.70| 93.01| 94.84| 94.33
91.68| 93.49| 93.42| 92.91| 94.35| 94.19| 93.89| 94.97| 94.97| 93.14| 94.52| 94.41
84.70| 89.60| 92.43| 88.08| 92.05| 93.69| 90.86| 93.82| 94.69| 94.00| 96.37| 95.48
78.79| 82.09| 90.72| 83.01| 86.07| 92.68| 87.19| 89.12| 94.54| 92.15| 94.30| 96.35
76.97| 78.11| 87.24| 81.76| 82.95| 90.44| 86.24| 86.81| 92.80| 91.66| 92.90| 95.87

93.34| 93.68| 94.10| 93.96| 94.29| 94.50| 94.56| 94.70| 94.99| 94.14| 94.49| 94.69
93.07| 93.57| 94.37| 93.76| 93.99| 94.84| 94.35| 94.54| 95.29| 94.01| 94.10| 94.97
93.08| 93.56| 94.48| 93.74| 94.04| 95.00| 94.37| 94.50| 95.37| 93.90| 94.21| 95.10
88.82| 91.85| 92.74| 90.70| 93.04| 93.52| 92.59| 94.39| 94.19| 94.30| 96.14| 94.67
85.60| 87.40| 92.57| 88.23| 89.75| 93.53| 90.50| 91.81| 94.57| 93.39| 94.90| 95.87
85.09| 85.53| 90.58| 87.73| 88.25| 92.24| 90.18| 90.55| 93.78| 93.09| 94.18| 95.85

n design

Il &~

balanced

&

20

unbalanced

& n

balanced

&l 2l

60

unbalanced

& n

balanced

100

Nl aln

unbalanced

o Y R Rl B P R R N Rnd B P R BN BN ] N PN
I

IN N IN IN N IN

Bl ol Blo|~| &l o r & or| &lor g o+

& n

SNOI93d 3ON3AIANOD 9T

6T



1.7 CONCLUDING REMARKS 20

design is unbalanced. It can also be seen that wher20 the HCO and HC2 regions and
intervals can display severe undercoverage. For instahediCO (HC2) confidence region
coverage whem = 20, the data includes observations with high leverage atetdskedastic-
ity is strong is less than 20% (approximately 50%), which isclnsmaller than the nominal
coverage (95%); the corresponding HC3 and HC4 confidengenggoverages, in contrast,
are 84.36% and 95.56%. Overall, the results show that thedd@fidence region outperforms
the competition, especially under leveraged data. The H@&dence region is competitive
when the regression design is well balanced.

1.7 Concluding remarks

It is oftentimes desirable to perform asymptotically cotieference on the parameters that in-
dex the linear regression model under heteroskedastititplonown form. Diferent variance
and covariance estimators have been proposed in theliterand numerical evidence on the
finite sample performance of these point estimators anccedsd hypothesis tests are avail-
able. In this chapter, we have considered and numericadiijpated the finite sample behavior
of a class of heteroskedasicity-consistent intg¢rggion estimators. The numerical evaluation
was carried out under both homoskedasticity and heteraskiedy; regression designs both
without and with high leverage observations were consdlefiene results show that interval
estimation based on the popular White (HCO) estimator cajuiie misleading when the sam-
ple size is not large. Overall, the results favor the HC4rirgkeestimator, which displayed
much more reliable finite sample behavior than the HCO and id&2val estimators, and even
outperformed its HC3 counterpart.

Bootstrap interval estimation was also considered. Foaotdt@p interval estimators were
described and evaluated, namely: weighted, wild, pairspemdentilet. The best performing
bootstrap estimators were the pairs bootstrap estimatbthea obtained using the percentile-
method, the former displaying superior behavior when tingpga size was small and the latter
being superior for larger sample sizes (100 observatiarteg case of our numerical exercise).
It is also noteworthy that the wild bootstrap interval estior displayed poor coverage under
leveraged data, its exact coverage being over four timeBerttzan the desired coverage in an
extreme situation (small sample size, strong heteroskiedgdeveraged data).

Based on the results in this chapter, we encourage praisdo perform interval inference
in linear regressions using the HC4 interval estimator.



CHAPTER 2

Bias-adjusted covariance matrix estimators

2.1 Introduction

Homoskedasticity is a commonly violated assumption in thedr regression model. It states
that the error variances are constant across all obsengatiegardless of the covariate values.
The ordinary least squares estimator (OLSE) of the vectoegfession parameters remains
unbiased, consistent and asymptotically normal even wheln an assumption does not hold.
The OLSE is thus a valid estimator even under heteroskettsssf unknown form. In order
to perform asymptotically valid interval estimation ancpbyhesis testing inference, however,
one needs to obtain a consistent estimator of the OLSE @n@imatrix which can yield, for
instance, asymptotically valid standard errors. WhiteB@9in an influential paper, showed
that consistent standard errors can be easily obtained assandwich-type estimator. His
estimator, which we shall call HCO, is considerably biasefinite samples; in particular, it
tends to be quite optimistic, i.e., it underestimates the trariances, especially when the data
contain leverage points. A more accurate estimator wasogexpby Qian and Wang (2001).
Their estimator usually displays much smaller biases indesof small to moderate sizes. Our
chief goal in this chapter is twofold. First, we improve ugbeir estimator by bias correcting
it in an iterative fashion. To that end, we derive a sequeridgas adjusted estimators such
that the orders of the respective biases decrease as we foogdlze sequence. Our numerical
results show that the proposed bias correcting scheme oquitiesdfective in some situations.
Second, we define a class of heteroskedasticity-consistegatiance matrix estimators which
includes modified versions of some well known variants of #&/hkiestimator, and argue that
the results obtained for the Qian—Wang estimator can béyeagended to this new class of
estimators.

A few remarks are in order. First, bias correction may indvexéance inflation, as noted
by MacKinnon and Smith (1998). Indeed, our numerical rasitlicate that this is the case.
Second, itis also possible to achieve increasing precasdar as bias is concerned by using the
iterated bootstrap, which is, nonetheless, highly compaotensive. Our sequence of modified
estimators achieves similar precision with almost no caiagjenal burden. For details on
the relation between the two approaches (analytical antstyap) to iterated corrections, see
Ferrari and Cribari—Neto (1998). Third, finite sample cotiens to White’s estimator were
obtained by Cribari-Neto, Ferrari and Cordeiro (2000). @asults, however, apply to an
estimator proposed by Qian and Wang (2001) which is moreratethan White’s estimator;
it is even unbiased under equal error variances. Additipnae show that the Qian—Wang
estimator can be generalized into a class that includesfraddiersions of well known variants
of White’s estimator, and argue that the results obtainedh® Qian—\Wang estimator can be

21
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generalized to this broader class of heteroskedastioliyst estimators.

The chapter unfolds as follows. Section|2.2 introducesitieat regression model and some
heteroskedasticity-consistent covariance matrix estirmaln Sectioh 213 we derive a sequence
of consistent estimators for the covariance matrix of thirary least squares estimator. We
do so by defining a sequential bias correcting scheme whiiiitiglized at the estimator pro-
posed by Qian and Wang (2001). In Secfiofl 2.4 we obtain egimnfor the variance of linear
combinations of the elements in the vector of ordinary legsiares estimators. Results from
a numerical evaluation are presented in Sedtioh 2.5; thesexact, not Monte Carlo results.
Two empirical applications that use real data are preseméddliscussed in Sectibn R.6. In Sec-
tion[2.7 we show that modified versions of variants of Halbehite’'s estimator can be easily
obtained, and that the resulting estimators can be eagilgtad for bias; as a consequence, all
of the results we derive can be extended to cover estimatbes than that proposed by Qian
and Wang (2001). Finally, Sectién 2.&ers some concluding remarks.

2.2 The model and covariance matrix estimators

The model of interest is the linear regression model, wharhloe written as

y=XB+e,

wherey ande arenx 1 vectors of responses and errors, respectiveig a full column rank
fixed nx p matrix of regressors (rank{ = p < n) andg = (81,...,8p)" is ap-vector of unknown
regression parameters. The ergprhas mean zero, variance<oo-i2 <oo,i=1,...,n, and

is uncorrelated taj wheneverj # i. Let Q denote the covariance matrix of the errors, i.e.,
Q = cov(e) = diago?}.

The OLSE of3 can be written in closed-form gbs= (X’X)"1X’y. It is unbiased, consistent
and asymptotically normal even under unequal error vaeisndts covariance matrix i¥ =
cov(B) = PQP’, whereP = (X’X)"1X’. Under homoskedasticity;? = o2, i = 1,...,n, where
02> 0, and henc& = o?(X’X)~L. The covariance matri¥ can then be easily estimated as

¥ =2(X'X)L,

whered? = (y—XB)' (y— XB)/(n- p).

Under heteroskedaticity, it is common practice to use th&Bktoupled with a consistent
covariance matrix estimator. To that end, one uses an éstif2eof Q (which isnxn) such
thatX’QX is consistent foX’QX (which ispx p), i.e., plim[X’QX)"1(X'QX)] = | o, Wherel
is the p-dimensional identity matrix.

White (1980) obtained a consistent estimator¥orHis estimator is consistent under both
homoskedasticity and heteroskedasticity of unknown f@mal, can be written as

HCO=Y¥ = PQP’,

LIn what follows, we shall omit the order subscript when dergthe identity matrix; the order must be
implicitly understood.
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whereQ = diag’s‘l?}. Here,g is theith least squares residual, i.6.= V; — xi,E, wherex; is the

ith row of X, i = 1,...,n. The vector of least squares residualgis (¢1,...,en) = (I —H)y,
whereH = X(X’X)"1X’ = XPis a symmetric and idempotent matrix known as ‘the hat miatrix
The diagonal elements &t (hy,...,h,) assume values in the standard unit intervallJGand

add up top; thus, they average= p/n. These quantities are used as measures of the leverages
of the corresponding observations. A rule-of-thumb stitasobservations such that> 2p/n

or hj > 3p/n are taken to be leverage points; see, e.g., Davidson and iviagK (1993).

The numerical evidence in Cribari-Neto and Zarkos (1999,120_ong and Ervin (2000)
and MacKinnon and White (1985) showed that the estimatqgrgsed by Halbert White can be
quite biased in finite samples and that associated hypettests can be quite liberal. Chesher
and Jewitt (1987) showed that the negative HCO bias is ks to the presence of observa-
tions with high leverage in the data.

Several variants of the HCO estimator were proposed in tbature, such as

(i) (Hinkley, 1977) HC1= PQ;P’ = PD1QP’, whereD; = (n/(n— p))I;
(i) (Horn, Horn and Duncan, 1975) HG2PQ,P’ = PD,QP’, where
D, =diag1/(1-h)};

(iif) (Davidson and MacKinnon, 1993) HG3PQ3P’ = PD3QP’, where
D3 = diagi1/(1-hy)?);

(iv) (Cribari-Neto, 2004) HC4 PQ4P’ = PD4QP’, where

D4 =diag1/(1-h)%}, 6 = min{4,nh/p}.

As noted earlier, the HCO estimator is considerably biaseshmples of small to moderate
sizes. Cribari—Neto, Ferrari and Cordeiro (2000) derivied bdjusted variants of HCO by using
an iterative bias correction mechanism. The chain of estirmavas obtained by correcting
HCO, then correcting the resulting adjusted estimator,sanain.

Let (A)g denote the diagonal matrix obtained by setting the nondialgelements of the
square matriA equal to zero. Note th& = (¢¢’)4. Thus,

E(€g) = cov(e)+E(@)E(E)
= (I-H)Q( -H)

since (—H)X = 0. It thus follows thaE(Q) = {(I - H)(I - H)}q andE(¥) = PE(Q)P’. Hence,
the biases of) and¥ as estimators a2 and¥ are

B5(Q) = E(Q) - Q = (HQ(H - 21))q

and _
B3(Q) =E(¥) - ¥ = PB5(Q)P,
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respectively.
Cribari—Neto, Ferrari and Cordeiro (2000) define the biassmbed estimator

oW =0-B5(Q).
This estimator can be in turn bias corrected:
0@ - o _ B (1)(5)’
and so on. Aftek iterations of the bias correcting scheme one obtains
ak =Gk D B, (@),
Consider the following recursive function of arx n diagonal matrixA:
MDA = MOMKBA)), k=0,1,...,

whereM©(A) = A, MB(A) = (HA(H - 21)}4, andH is as before. Given twax n matricesA
andB, it is not difficult to show that, fok=0,1,...,

P1 M®(A)+ MK (B) = MK (A+B);
P2 MO(MD(A) = MErD(A);
P3 E[M®(A)] = MK(E(A)).

Note that it follows from [P2] thaM@(A) = MO(MD(A)), ME(A) = MA(MD(A)), and so
on. We can then writ85(Q) = M®(Q). By induction, it can be shown that tieh order bias
corrected estimator and its respective bias can be wrigen a

k
ok — Z(_]_)i MD(Q)
j=0

and
Bgio(Q) = (-1)M&D(Q), (2.2.1)
fork=1,2,....
It is now possible to define a sequence of bias corrected iemva matrix estimators as
P® k=1,2..1}, where
¥® = poip, (2.2.2)

The bias of#® is
By (Q) = (1) PMED(Q)P,

k=1,2,...

Now assume that the design mat¥is such thaP andH areO(n~!) and assume tha is
O(1). In particular, note that the leverage measties ., h, converge to zero as— oo. LetA
be a diagonal matrix such that= O(n~") for somer > 0. Thus,
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C1 PAP = O(n~(+1):
Cc2 MA(A) = (HAH =21)}q = O(n~+1).

SinceQ = O(n%), it follows from [C1] and [C2] that

MD(Q) = (HQ(H - 21)}q = O(™);
hence B5(Q) = MY(Q) = O(n™) and the bias of HCO is
B3(Q) = PB5(Q)P’ = 0O(n?).
Note that
MA(Q) = MOMD(Q)) = (HHQ(H - 21)}4(H - 21)}g = O(n~?).

SinceM(k+l)(Q) = M(l)(M(k)(Q))’ thenM(k+1)(Q) = O(n—(k+1)) and, thUSBﬁ(k) Q)= O(n‘(k+1)),
Using [C1] one can show thdig (©) = O(n~*+2)). That is, the bias of thk-times corrected
estimator is of orde®(n-*+2)), whereas the bias of Halbert White’s estimatod{®2). A

2.3 A new class of bias adjusted estimators

An alternative estimator was proposed by Qian and Wang (R00is, as we shall see, a bias
adjusted variant of HCO. L& = (H)q = diaghj}, i.e.,K is the diagonal matrix containing the
leverage measures, and @&t= X(X’X)‘lxi’ denote theth column of the hat matrik.

Following Qian and Wang (2001), define

DW = diagd;} = diagi(£2 - bi)gi).

where 1
gi = (1+C/KCi —2h?)"

and _ _
bi = C/(Q~-2821)Ci.

The Qian—Wang estimator can be written as
v = ppBpr, (2.3.1)

At the outset, we shall show that the estimator[in (2.3.1) Has corrected version of the
estimator proposed by Halbert White except for an additiooaection factor. Note that

d = E-Db)ai
= (Eiz—Ci’ﬁCi +2T972C{Ci)gii. (2.3.2)

2The results in Cribari-Neto, Ferrari and Cordeiro (2000engeneralized to HCO—HC3 by Cribari-Neto and
Galvao (2003).
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The bias corrected estimator In (2]2.2) obtained ukiag. (one-step correction) can be written
as?® = pQWP’ where

o® - ﬁ_M(l)(ﬁ)
= Q-{HOQ(H-2l)}q
= diagig? - C/QC; + 2&h;). (2.3.3)

Sinceh; = C/C;, it is easy to see thdi{2.3.2) equals itrediagonal element @™ in 2.3.3),
apart from multiplication byg;i. Thus,

DM = [Q - {HO(H - 21)}4]G,

whereG = {I + HKH - 2KK]} 1.

Qian and Wang (2001) have shown théd is unbiased fol under homoskedasticity;
under heteroskedasticity, the biasf) is O(n—2), as we shall show.

We shall now improve upon the Qian—Wang estimator by obigira sequence of bias
adjusted estimators with biases of smaller order than th#heo estimator in[(2.311) under
unequal error variances. At the outset, note that

DD = Q-MDQ)G
MO©Q)G - MBD©Q)G.

Therefore,

E(DW) -0
E[QG - MD(Q)G] - Q
E(QG - Q) - E[MO(Q) - MD@)]G - MD(Q)G.

BD(l) (Q)

SinceE(Q - Q) = B5(Q) = {HQ(H - 21)}q = MM)(Q), it then follows that

EIMO@ -MO@] = EMY@Q-Q)] = MOEQ-q)
- M(l)(M(l)(Q)) — M(Z)(Q).

The bias oD@ can be written in closed-form as

E(QG - QG + QG - Q) - MO(Q)G - MY(Q)G
MO@Q)G - MP(Q)G-MBD(Q)G+QG-1)
MO©Q)(G-1)- MP(Q)G.

BD(l) (Q)

We can now define a bias corrected estimator by subtractmg®? its estimated bias:

D@ - pW_ BD(l)(ﬁ)
= 0-MBYOQ)G+MOWQ)G.
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The bias oD@ is

Bpo(Q) = E(D?)-q
= E[Q-MD©Q)G+MP©Q)G]-Q
= E(@Q-9Q)-E[MDQ)- MDQ)]G-MD©Q)G
+ E[MP©Q)- M@ Q)]G+ MA(Q)G.

Note that

EMP@-M2@] = EMP@Q-0Q) = MAEQ-q)
“4(2)(hﬂ(1)(g2)) — “A(S)(gz)'

It then follows that
Bpo(Q) = -MB@Q)G-1)+ M (Q)G.
In similar fashion,
D® =0 -MBD@Q) + MOQ)G - MOQ)G
is a bias corrected version Bf2). Its bias can be expressed as
Bpa(Q) = MI(Q)(G-1)- MD(Q)G.
It is possible to bias corre@®). To that end, we obtain the following corrected estimator:
DW= Q- MD©Q) + MP@Q) - MOQ)G + MP(Q)G

whose bias is
Bpa(Q) = —-MEQ)(G-1)+ MOQ)G.
Note that this estimator can be in turn corrected for bias.
More generally, aftek iterations of the bias correcting scheme we obtain

k-2
DY = 14e1yx MOQ) + L2 X Z(—l)J YI®)
=1
k . . —
+ > (1nMI@Q,

j=k-1

k=1,2,..., where 1) is the indicator function. Its bias is
Bpow(Q) = (-1 IMED(Q)(G - 1) + (-1)kME ()G, (2.3.4)

k=12,...
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We can now define a sequer{@"),k =1,2,...} of bias adjusted estimators fé;, with
vk = pp®pr (2.3.5)

being thekth order bias corrected estimator'®f The bias ofV® follows from (2.3.4) and
2.3.5):
Byw(Q) = P[Bpw(Q)]P". (2.3.6)

We shall now obtain the order of the bias[in (213.6). To thakt ere make the same assump-
tions on the matriceX, P, H andQ as in Sectiof 2]2. We saw in (2.8.4) that

Bpw (Q) = (-1 'MED(@Q) G- 1)+ (-1)*MED(Q)G.

Note that, ifG = I, the Qian—Wang estimator reduces to the one-step correlE€destimator
of Cribari—-Neto, Ferrari and Cordeiro (2000) and

Bpw(Q) = (-1)*M&ED(Q),

as in [Z2Z11). Note also that®D(Q) = O(n-*k-1) and M*k+D(Q) = O(n~&+Y), as we have
seen in Section 2.2.

To obtain the order o6 = {I + HKH - 2KK}3*, we writeG = {I + A}5*, whereA = HKH —
2KK. Let g; andg; denote thath diagonal elements d&y andG, respectivelyj = 1,...,n.
Thus,

gi =1/(1+ai), i=1,....n

The matrixG —1 is also diagonal, iteh diagonal element being
ti=1/1+&i)—-1=-ai/(1+&), i=1,...,n
SinceH = O(n™1), thenK = O(n™1). Thus,HKH = O(n™2), KK = O(n™%), A= HKH — 2KK =
O(n2), G 1 =1 +Aq = O(n°) andG = O(n°%). The order ot; can now be established:
ti = —ay /(1+a) = —(ai)(1+a;) "t = O(n~2),

i=1,...,n, since I+a;j = O(N°) + O(n~2) = O(n°%). That is,G — | = O(n~2). Thus,

Bpw (@) = O(n™Y),
which leads to

By (Q) = O(n~(<2)).

Therefore, the order of the bias of tki order corrected Qian—Wang estimator is the same as
that of thekth order White estimator of Cribari-Neto, Ferrari and Cin@é2000); see Section
[2.2. (Recall, however, th&t= 1 here yields the unmodified Qian—Wang estimator, which is in
itself a correction to White's estimator.)
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2.4 Variance estimation of linear combinations of the elemas ofﬁ

Let ¢ be ap-vector of constants such thef is a linear combination of the elements &f
Define _ _
® = var(c'p) = c'[cov(B)]c = ¢’ Pc.
Thekth order corrected estimator of our sequence of bias cedexttimators, given in (2.3.5),
is
K _ gk _ K pr
v =¥, = PDYP,

and hence . .
(D%‘{N = c"I’g?Nc =cPDWPc

is thekth order element of a sequence of bias adjusted estimatods fehere, as before,

k-2
DY = 141y x MOQ)+ 1oz x > (-1 MD(@Q)
=1
k . . —
+ O (1nMIQ,

j=k-1

k=12,....
Recall that wherk = 1 we obtain the Qian—Wang estimator. Using this estimatemkbitain

W

ow = CPoc=cPDWPC,

where
D@ = OG- MO@Q)G = GH2QGY2 - c2MO@Q)GY2.
Let W = (Ww')q, wherew = GY2P’c. We can now write

e

ow = CPIGY2QGY2-G"*MB@)GYIPc

= wow-wMOQ)w.
Note thatw’ Ow = W[(E8")g]w = & [(ww)4]& = W& and that
. n
wMO@Qw= T,
=1
whereas is thesth diagonal element df1D(Q) = {HQ(H - 21)}4 andws is the sth element of

the vectow. Thus,

n
), = FWE- ) TWl (2.4.1)

s=1
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Given that

n
@s= ) hZzl - 2hsg?, (2.4.2)
t=1

wherehg; denotes theg t) element ofH, the summation i (2.4.1) can be expanded as
n n
DTG = ) wEds
=1 =1
n n
- [ riet-anst
s=1 t=1

n n n
= 2512 Z hgws - ZZEtzhttWtz
t=1 s=1 t=1

wheres; = 31, hZw2 — 2hgw?.
Using [Z.Z.2) and the symmetry bf, it is easy to see that is thetth diagonal element of
{HW(H - 21)}q = MO(W), and thus

n
wMO@w= Y &5 = MOWE.
t=1

Equation[(2.4]1) can now be written in matrix form as

e

ow = FWe-g[MOW)z

= FW-MYW)]z.

We shall now obtai@g\),v. We have seen that

D@ =0 - MBOQ)G + MOWQ)G.
Therefore,
E(QZQN = ¢P[Q-MDQ)G+MP@Q)G]P'c
= ¢PQP'c-c'PGY2MO(Q)GY?Pc
+ /PGY2MP@@)GY2Pc,
Letb =P’ candB = (bb')4. It then follows that
&S(QZ\)N = b’ Qb-w MBO@w+w MO @Q)w.

Note that _
b’Qb = b'[(€g")4]b =€'[(bb) 4] =€ Be.
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Similarly to the case where= 1, it can be shown that
wMO@Qw=2MOW)3z, k=23,....
Thus,
q>(Q2\)N = Z[B-MOW) + MOW)[z.
It can also be shown that
o), = Z[B-MO(B)+ MOW) - MEOW)Jz.

More generally,

7 )
Oy = CPue
= 7QWg k=12..., (2.4.3)

whereQ® = 1.1y x T (-1)IMD(B) + X, (-1)IMB (W),
Cribari—Neto, Ferran and Cordeiro (2000) have shown thatHCO variance estimator of
C ,B is given by
=K _ +gkK
oy = c¥Mc
7QW¥%s k=012, (2.4.4)

whereQ(k) = Z" o(~1))MU)(B). It is noteworthy that whei® = I, the Qian-Wang estimator
reduces to the one step bias adjusted HCO estimator and;aseaquencel/ = B and (2.4.8)
reduces to[(2.414) fdc > 1.

We shall now write the quadratic form in_(2.4.3) as a quadifatim in a vector of uncorre-
lated, zero mean and unit variance random variates.

We have seen in Sectign 2.2 tlat (I — H)y. We can then write

i, - 7ot

= y(-H)QW( -H)y
— y/Q—l/ZQ]./Z(I _ H)Q(k)(l _ H)Ql/ZQ—l/Zy
= ZCQz (2.4.5)

wherecg?,v = QY2(1 - H)QW (I - H)QY2 is annx n symmetric matrix and = Q~2y is an

n-vector whose mean &= Q~1/?Xg and whose covariance matrix is cavé cov(Q2y) = I.
Note that

0'Coy =B X' Q72121 —H)QW(1 - H)QY2 = g'X' (1 - H)QW (1 - H)QY2.
SinceX’(1 -H) =0, thenH’Cg?N 0. Hence, equation (2.4.5) can be written as

ZCHz=(2-0) CE,(z-0),
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i.e.,
(D(k) z'C(k) 7= aC(k)

wherea = (z-6) = Q"12(y - XB) = Q Y2, such thaE(a) = 0 and covd) = I. It then follows
that

var@ C( wd)

oM
var(d)QW

E[(a/C,a) - [E(@ ci ) A’

(In what follows, we shall Writélgz,v simply asCow to simplify the notation.)
When the errors are independent, it follows that

var@,) = d'Ad+2tr(C3,), (2.4.6)

whered is a column vector formed out of the diagonal elementS@f, tr(Cow) is the trace of
Cow andA = diag(yi}, wherey; = (us —30) /o is the excess of kurtosis of tfikh error. When
the errors are independent and normally distribugee, 0. Thus,A = 0 and [2.4.6) simplifies
to

var(tb(k) ) = var(c"P(k) c) = 2tr(C? ow)-

For the sequence of corrected HCO estimators, one obtainisa(G-Neto, Ferrari and
Cordeiro, 2000) _
var@) = 2tr(C3,),

whereCw = QY2(1 - H)QW (1 - H)QY2,

2.5 Numerical results

In this section we shall numerically evaluate tHEeetiveness of the finite-sample corrections
to the White (HCO) and Qian—Wang estimators. To that end haé gse the exact expressions
obtained for the biases and for the variances of linear coatioins of the elements gt We
shall also report results on the root mean squared errorsnaximal biases of the flerent
estimators.

The model used in the numerical evaluation is

yl—,81+:82xl2+,83xl3+8|, i:13---’n,

wheree;,...,en are independent and normally distributed Willa;) = 0 and var§;) = exp@x),
i=1,...,n. We have used éerent values odiin order to vary the strength of heteroskedasticity,
WhICh we measure a$ = max{a }/ min{or } i =1,...,n. The sample sizes considered were
n=20,40,60. Forn = 20, the covarlates valuesp and Xi3 were obtained as random draws
from the following distributions: standard unifor#d(0,1) and standard lognormal LN(D);
under the latter design the data contain leverage pointesdtwenty covariates values were
replicated two and three times when the sample sizes weredl8@ respectively. This was
done so that the degree of heteroskedastidifyvould not change witim.
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Table[Z.1 presents the maximal leveradgg.f) for the two regression designs used in the
simulations (i.e., values of the covariates selected adorardraws from the uniform and log-
normal distributions). The threshold values commonly useidentify leverage points (Z/n
and Jo/n) are also presented. It is noteworthy that the data contarrmations with very high
leverage when the values of the regressor are selecteddmmdagnormal draws.

Table 2.1 Maximal leverages for the two regression designs.

U(0,1) | LN(0,1) threshold

n Nmax Nmax 2p/n | 3p/n
20| 0.288 | 0.625 | 0.300| 0.450
40| 0.144 | 0.312 | 0.150| 0.225
60| 0.096 | 0.208 | 0.100| 0.150

Table[2.2 presents the total relative bias of the OLS vadisgstimato Total relative
bias is defined as the sum of the absolute values of the indiVi@lative biases; relative bias
is the diference between the estimated varianc@,—oand the corresponding true variance
divided by the latterj = 1,2,3. As expected, the OLS variance estimator is unbiased under
homoskedasticityA = 1), and becomes more biased as heteroskedasticity bectroeges;
also, this estimator is more biased when the regressiogmé@stludes leverage points. Note
that the biases do not vanish as the sample size increasegdinthey remain approximately
constant across filerent sample sizes.

Table 2.2 Total relative bias of the OLS variance estimator.

U(0,1) LN(0,1)

n|A1=1|1 129|149 1=1|1~9 | 1~49
20| 0.000| 1.143| 1.810| 0.000| 1.528| 3.129
40| 0.000| 1.139| 1.811| 0.000| 1.581| 3.332
60| 0.000| 1.138| 1.811| 0.000| 1.597| 3.393

Table[2.8 contains the total relative biases of HCO, its fast bias corrected counterparts
(HCO01, HCO02, HCO03 and HCO04), the Qian—Wang estime‘ffé]r)l and the first four correspond-
ing bias adjusted estimatorg1®, V20, V3® andV4M)A First, note that the Qian—Wang
estimator is unbiased when all errors share the same var{arel). Additionally, we note
that our corrections to this estimator can lfieetive under heteroskedastic errors, even though
it did not behave well under homoskedasticity with unba¢ehcegression design (leverage

3The bias of the OLS covariance matrix estimator is givenby) ~1tr{Q(l — H)}(X’X)"1 - PQP’; here,p= 3.
_ 4Not(g\that, following the notation used in Sectiéns 2.2 @) AC04 andv4®, for example, correspond to
¥ andV®), respectively.
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points in the data, values of the covariates obtained asoraridgnormal draws) and small
sample sizer(= 20). Consider, for instance, the situation where the regraslesign is un-
balancedn = 20,1 ~ 9 (1 ~ 49). The total relative bias of the Qian—Wang estimator egse
22% (exceeds 44%), whereas the fourth-order bias correstedator has total relative bias of
5.1% (less than 2%). In particular, when heteroskedagigistrong Q ~ 49), the bias adjust-
ment achieves a reduction in the total relative bias of o@diries. This is certainly a sizeable
improvement. It is also noteworthy that the bias correcteh@Q/MNang estimators outperform
the corresponding HCO bias corrected estimators.

Table[2.4 contains the square roots of the total relativennsgmared errors, which are
defined as the sums of the individual mean squared errordastdined by the corresponding
true variances. First, note that the figures for the Qian-gMestimator are slightly larger
than those for the HCO estimator. Second, it is notewortly the total relative root mean
squared errors of the corrected Qian—Wang estimators grexmately equal to those of the
corresponding corrected HCO estimators, especially wher0,60. Third, the total relative
root mean squared errors are larger when the values of tlaiates were selected as random
uniform draws, since the variances are considerably larpen the data contain no influential
point. Fourth, it is noteworthy that bias correction leamlsdriance inflation and even to slight
increase in the mean squared error, which is true for theectad estimators we propose and
also for those proposed by Cribari—Neto, Ferrari and Cood@000).

We shall now determine the linear combination of the regoagsarameter estimators that
yields the maximal estimated variance bias, i.e., we shrallthep-vectorc (normalized such
thatc’'c = 1) that maximize€[var(c’B)] - var(c’B). In order for negative biases not téfget
positive ones, we shall work with matrices of absolute l8a§&ence such matrices are symmet-
ric, the maximum value of the bias of the estimated variaoééisear combinations of thg's
is given by the maximal eigenvalues of the correspondingdhite) bias matricdsThe results
are presented in Table 2.5. The figures in this table revaakiie sequence of corrections we
propose to improve the finite-sample performance of the-QMang estimator can be quite ef-
fective in some cases. For instance, when20, 1 ~ 49 and the covariate values were selected
as random uniform draws, the maximal bias of the Qian—Watignator is reduced from 0.285
to 0.012 after four iterations of our bias adjusting schenge, there is a reduction in bias of
nearly 24 times (the reduction is of almost 22 times when thaate values are selected as
random lognormal draw@).The corrections to the HCO estimator proposed by CribateNe
Ferrari and Cordeiro (2000) also provéestive.

We now consider the simple regression moget 81 + 82X + &, i = 1,...,n, where the
errors have zero mean, are uncorrelated, and gdus variancei2 = explax}. The covariate
values aren equally spaced points between zero and one. The samplessizt atn = 40.
We gradually increase the last covariate valug)(so as to get increased maximal leverages.
The maximal biases were computed as in the previous tabdethenresults are presented in
Table[2.6. First, note that the maximal biases of HCO areidersbly more pronounced than
those of the Qian—Wang estimator under heteroskedassiodyincreased maximal leverages.

SRecall that if A is a symmetric matrix, then ma& Ac/c’c equals the largest eigenvalue Af see, e.g.,
Rao (1973, p. 62).
6Note that these figures anetrelative.



Table 2.3 Total relative biases. The values of the covariates weezta as random uniform and lognormal draws.

| covariates n | A || HCO | HCO1| HC02| HCO3| HCO4 | VI [ vi® [ v2® [ v3® | va®) |

U(0,1)

20

0.551

0.124

0.035

0.012

0.005

0.000

0.007

0.004

0.002

0.001

0.478

0.082

0.013

0.001

0.001

0.033

0.006

0.002

0.001

0.000

0.464

0.073

0.009

0.002

0.002

0.044

0.009

0.003

0.002

0.001

40

0.276

0.031

0.004

0.001

0.000

0.000

0.001

0.000

0.000

0.000

0.239

0.020

0.002

0.000

0.000

0.007

0.001

0.000

0.000

0.000

0.232

0.018

0.001

0.000

0.000

0.010

0.001

0.000

0.000

0.000

60

0.184

0.014

0.001

0.000

0.000

0.000

0.000

0.000

0.000

0.000

0.159

0.009

0.000

0.000

0.000

0.003

0.000

0.000

0.000

0.000

0.155

0.008

0.000

0.000

0.000

0.004

0.000

0.000

0.000

0.000

LN(O, 1)

20

0.801

0.415

0.305

0.252

0.215

0.000

0.155

0.156

0.139

0.122

0.733

0.289

0.166

0.118

0.094

0.222

0.049

0.066

0.059

0.051

0.601

0.260

0.132

0.071

0.043

0.443

0.100

0.038

0.024

0.019

40

0.401

0.104

0.038

0.016

0.007

0.000

0.010

0.005

0.002

0.001

0.366

0.072

0.021

0.007

0.003

0.034

0.004

0.002

0.001

0.000

0.301

0.065

0.016

0.004

0.001

0.069

0.009

0.002

0.000

0.000

60

0.267

0.046

0.011

0.003

0.001

0.000

0.003

0.001

0.000

0.000

0.244

0.032

0.006

0.001

0.000

0.014

0.001

0.000

0.000

0.000

0.200

0.029

0.005

0.001

0.000

0.029

0.002

0.000

0.000

0.000
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Table 2.4 Square roots of the total relative mean squared errors. aley of the covariates were selected as random uniformagmbimal

draws.

| covariateg n | A4 | HCO | HCO1| HC02| HCO3| HCo4 | VW | vi®W | v2 [ v3® [ V4@ |

U0O,1) |20 1 || 0.540| 0.612| 0.649| 0.664| 0.670|| 0.647| 0.662| 0.669| 0.672| 0.674
~9 | 1.173| 1.348| 1.413| 1.433| 1.438| 1.408| 1.429| 1.437| 1.440| 1.440

~49 | 2.621| 3.065| 3.212| 3.253| 3.264 || 3.200| 3.244| 3.260| 3.265| 3.266

40| 1 | 0.277| 0.299| 0.305| 0.306 | 0.306 | 0.303| 0.306| 0.306| 0.306| 0.306

~9 | 0.612| 0.663| 0.672| 0.673| 0.673| 0.670| 0.673| 0.673| 0.673| 0.673

~49 || 1.406| 1.537| 1.558| 1.561| 1.561 | 1.554| 1.560| 1.561| 1.561| 1.561

60| 1 | 0.186| 0.197| 0.198| 0.199| 0.199| 0.198| 0.199| 0.199| 0.199| 0.199

~9 | 0.413| 0.437| 0.440| 0.440| 0.440| 0.439| 0.440| 0.440| 0.440/ 0.440

~491 0.957| 1.019| 1.025| 1.026 | 1.026 || 1.023| 1.025| 1.026| 1.026| 1.026

LN(O,1) | 20| 1 | 0.269| 0.297| 0.321| 0.341| 0.360| 0.361| 0.377| 0.394| 0.409| 0.422
~9 || 0.496| 0.585| 0.642| 0.676| 0.701| 0.690| 0.712| 0.734| 0.752| 0.767

~49 | 1.177| 1.435| 1.573| 1.643| 1.682|| 1.638| 1.676| 1.711| 1.736| 1.753

40| 1 | 0.142| 0.157| 0.164| 0.167| 0.168| 0.165| 0.167| 0.168| 0.169| 0.169

~9 | 0.263| 0.293| 0.302| 0.305| 0.306 || 0.302| 0.305| 0.306| 0.306| 0.306

~49 | 0.641| 0.723| 0.744| 0.749| 0.750 | 0.743| 0.749| 0.750| 0.751| 0.751

60| 1 | 0.096| 0.104| 0.106| 0.107| 0.107 | 0.106| 0.107| 0.107| 0.107| 0.107

~9 || 0.178| 0.193| 0.196| 0.196| 0.196| 0.195| 0.196| 0.196| 0.196| 0.196

~491 0.438| 0.477| 0.484| 0.485| 0.485| 0.483| 0.485| 0.485| 0.485| 0.485
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Table 2.5 Maximal biases. The values of the covariates were selesteaih@om uniform and lognormal draws.

| covariates n | A || HCO | HCO1| HC02| HCO3| HCO4 | VI [ vi® [ v2® [ v3® | va®) |

U(0,1)

20

0.208

0.052

0.016

0.006

0.003

0.000

0.004

0.002

0.001

0.001

0.775

0.142

0.025

0.007

0.004

0.057

0.014

0.006

0.003

0.002

2.848

0.443

0.100

0.048

0.034

0.285

0.093

0.045

0.024

0.012

40

0.052

0.006

0.001

0.000

0.000

0.000

0.000

0.000

0.000

0.000

0.194

0.018

0.002

0.000

0.000

0.006

0.001

0.000

0.000

0.000

0.712

0.055

0.006

0.001

0.001

0.032

0.005

0.001

0.000

0.000

60

0.023

0.002

0.000

0.000

0.000

0.000

0.000

0.000

0.000

0.000

0.086

0.005

0.000

0.000

0.000

0.002

0.000

0.000

0.000

0.000

0.316

0.016

0.001

0.000

0.000

0.009

0.001

0.000

0.000

0.000

LN(O,1)

20

0.074

0.034

0.025

0.020

0.018

0.000

0.013

0.013

0.011

0.010

0.196

0.067

0.030

0.018

0.014

0.028

0.009

0.009

0.008

0.007

0.892

0.323

0.128

0.053

0.022

0.131

0.047

0.021

0.010

0.006

40

0.018

0.004

0.001

0.001

0.000

0.000

0.000

0.000

0.000

0.000

0.049

0.008

0.002

0.001

0.000

0.002

0.000

0.000

0.000

0.000

0.223

0.040

0.008

0.002

0.000

0.012

0.003

0.001

0.000

0.000

60

0.008

0.001

0.000

0.000

0.000

0.000

0.000

0.000

0.000

0.000

0.022

0.002

0.000

0.000

0.000

0.001

0.000

0.000

0.000

0.000

0.099

0.012

0.002

0.000

0.000

0.003

0.000

0.000

0.000

0.000
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For instance, under the strongest level of heteroskedsstit ~ 49) andhyax = 0.289, the
maximal biases of these two estimators are 1.587 and 0.85pectively. Second, note that
corrections proposed in this chapter can be qufiecdve under unequal error variances. As an
illustration, consider again the setting under strongettioskedasticity and maximal leverage
of almost twice the threshold valug = 0.150. The bias of the Qian—Wang estimator shrinks
from 0.356 to 0.024 after four iterations of our bias coriregscheme, which amounts to a bias
reduction of nearly 15 times.

Our focus lies in obtaining accurate (nearly unbiased) fgEstimates of variances and co-
variances of OLSEs. We note, however, that such estimatesft@ntimes used for performing
inferences on the regression parameters. We have run aldioraté Carlo experiment in order
to evaluate the finite sample performance of quassts based on the HCO and Qian—Wang es-
timators and also on their corrected versions up to fouaitens of the bias correcting schemes.
The regression model 16 = 81 + B2Xi2 + B3Xi3 + &i, | = 1,...,n. The errors are independent and
normally distributed with zero mean and variaratfe: exp@x1). The interest lies in the test
of Ho : B3 = 0 versusHs : B3 # 0. The covariate values were obtained as random draws from
the t3 distribution, there are leverage points= 20, 1 ~ 49 and the number of Monte Carlo
replications was 10,000. Heflayax = 5.66p/n, so there is an observation with very high lever-
age. The null rejection rates at the 5% nominal level of theéd &St and of the tests based
on standard errors obtained from the corrected HCO estmhéboe, two, there and four itera-
tions of the bias correcting scheme) were, respectivelyi6ls, 16.20%, 18.31%, 18.71% and
15.97%; the corresponding figures for the Qian—Wang testtanbur tests based on the cor-
rected Qian—Wang estimators were 11.66%, 7.07%, 6.44%%5&hd 5.71%. The tests based
on the corrected Qian—Wang estimators were also less st@tdd than the Qian—Wang test
whena =1 (15.28% for the Qian—Wang test and 8.35%, 7.59%, 7.04% &8¥6for the tests
based on the corrected standard errors) &ard9 (Qian—-Wang: 12.50%; corrected: 6.86%,
6.25%, 5.93% and 5.60%). We thus notice that the finite sacgiections we propose may
yield more accurate hypothesis testing inference in anlditd more accurate point estimates.
Even though we do not present all Monte Carlo results, we tiatethe tests based on the
Qian—Wang estimator and its corrected versions displayeiias behavior for larger sample
sizes (40 observations or more).

We have also performed simulations in which the wild boafstwas used to obtain a critical
value for the HC3-based quatsiest statistic. As suggested by Flachaire (2005), resagnpli
the wild bootstrap scheme was performing using the Radeengodpulation. The number of
Monte Carlo replications was 5,000 and there were 500 baptseplicates for each Monte
Carlo sample. The null rejection rates at the 5% nominall leaen = 20, covariate values
obtained agz random draws and =1, 1 ~ 9 andA ~ 49 were 17.62%, 14.76% and 11.34%,
respectively. We noticed that the wild bootstrap worked wethe balanced case (no leverage
point in the data) for all sample sizes. In the unbalanced {laseraged data), it only yielded
satisfactory results fan > 60[1

"The wild bootstrap performed considerably better under éssreme leverage, e.g., Whigfax < 4p/n.



Table 2.6 Maximal biasesn = 40, single regression model with covariate values chosensagjuence of equally spaced points in the standard
unit interval; the last point is gradually increased in orfibe the maximal leverage to increase; herp/18= 0.150.

| 2 | hmax | HCO | HCO1| HCO2 | HCO3| HCO4 | VO | Vi@ | v2W | 3 | va® |

1

0.096

0.025

0.002

0.000

0.000

0.000

0.000

0.000

0.000

0.000

0.000

0.154

0.026

0.003

0.000

0.000

0.000

0.000

0.000

0.000

0.000

0.000

0.220

0.028

0.005

0.002

0.001

0.000

0.000

0.001

0.000

0.000

0.000

0.289

0.033

0.010

0.004

0.002

0.001

0.000

0.002

0.001

0.000

0.000

0.357

0.039

0.016

0.009

0.005

0.003

0.000

0.004

0.003

0.002

0.001

0.422

0.044

0.023

0.015

0.010

0.007

0.000

0.007

0.005

0.004

0.002

0.482

0.049

0.030

0.022

0.016

0.012

0.000

0.011

0.009

0.006

0.005

0.096

0.109

0.011

0.001

0.000

0.000

0.001

0.000

0.000

0.000

0.000

0.154

0.126

0.023

0.005

0.001

0.000

0.007

0.002

0.001

0.000

0.000

0.220

0.197

0.063

0.024

0.009

0.004

0.024

0.012

0.005

0.002

0.001

0.289

0.296

0.133

0.065

0.033

0.016

0.055

0.033

0.017

0.008

0.004

0.357

0.405

0.226

0.133

0.079

0.047

0.098

0.068

0.041

0.024

0.014

0.422

0.495

0.320

0.214

0.143

0.096

0.144

0.113

0.077

0.052

0.035

0.482

0.571

0.410

0.301

0.221

0.163

0.192

0.165

0.123

0.090

0.066

X

49

0.096

0.482

0.052

0.006

0.001

0.000

0.012

0.002

0.000

0.000

0.000

0.154

0.588

0.126

0.033

0.009

0.003

0.049

0.015

0.004

0.001

0.000

0.220

1.006

0.358

0.139

0.055

0.022

0.160

0.069

0.028

0.011

0.004

0.289

1.587

0.757

0.376

0.187

0.094

0.356

0.191

0.097

0.048

0.024

0.357

2.170

1.255

0.741

0.439

0.260

0.611

0.386

0.230

0.136

0.081

0.422

2.700

1.787

1.197

0.803

0.539

0.901

0.640

0.432

0.290

0.194

0.482

3.117

2.274

1.671

1.230

0.905

1.189

0.922

0.681

0.501

0.369
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2.6 Empirical illustrations

In what follows we shall present two empirical applicatidingt use real data. In the first appli-
cation, the dependent variablg (s per capita spending on public schools and the indepénden
variables x andx?, are per capita income by state in 1979 in the United Statéstasquare;
income is scaled by 1. Wisconsin was not considered since it had missing datay\ash-
ington D.C. was included. The data are presented in Gre€dt/ (Iable 12.1, p. 541) and
their original source is the U.S. Department of Commerce rEgression model is

Vi = B1+B2% +B3x¢ +&, i=1,...,50.

The ordinary least squares estimates for the linear paeatmaté@l = 83291,78} =-183420
andfés = 158704. The Breusch—Pagan—Godfrey test of homoskedastigagtsethis hypoth-
esis at the 1% nominal level, thus indicating that there terdoskedasticity in the data. It
should be noted that the data contain three leverage paiatsely: Alaska, Mississipi and
Washington, D.C. (their leverage measures are 0.651, @20®.208, respectively; note that
3p/n=0.180).

In Table[2.Y we present the standard errors for the regrepsi@meter estimates. We con-
sider four designs: (i) case all 50 observations were used; (ii) caseAtaska (the strongest
leverage point) was removed from the data=(49); (iii) case 3 Alaska and Washington D.C.
were removed from the data € 48); (iv) case 4 Alaska, Washington D.C. and Mississipi
were removed from datanE 47). Tabld 2.B contains information on the detection of lage
points in these four situations.

The figures in Table 217 reveal that when all 50 observatiomssed (case 1, three leverage
points in the data), the HCO standard errors are considesatller than the Qian—\Wang stan-
dard errors; the same pattern holds for their corresporttla®jadjusted versions. For instance,
the standard errors @ are 829.99 (HCO) and 1348.36 (Qian—Wang). The same distrgpa
holds for case 2, i.e., when Alaska is removed from the datee HCO and Qian—Wang stan-
dard errors, however, are somewhat similar in cases 3 (Alasd Washington D.C. are not in
the data) and 4 (Alaska, Mississipi and Washington D.C. atemthe data). In these cases,
the ratios betweehnax and Jp/n are smaller than 2. It is also noteworthy that in case 4 the
fourth-order corrected HCO and Qian—Wang standard erreraearly equal.

It is particularly interesting to note that a scatterplobwh a satisfactorily linear scatter
except for a single high leverage point: Alaska. The HCOddaah error of83 equals 829.99
when the sample contains all 50 observatigis{1587.04); this standard error is highly biased
in favor of the quadratic model specification. The Qian—\Wsitasndard error equals 1348.36,
thus indicating greater uncertainty relative to the pdssitonlinear éect of x; on E(y;). Our
fourth-order corrected estimate is even greater: 1385.77.

The data for the second application were obtained from C&b@rd, Table 1, p. 4). The
dependent variabley) is the percent rate of change in stock prices (% per year)ttaadh-
dependent variablex) is the percent rate of change in consumer prices (% per.ydamgre
are observations for 20 countries= 20) in the period that goes from the post-World War II
through 1969. The regression model is

Vi =B1+B2X +ei, i=1,...,n



Table 2.7 Standard errors; first application.

| case|

| oLs | Hco

HCO1

HCO02

HCO3

HCo4 || VW

v1d)

7

v3@D

v4®)

1

B1

327.29

460.89

551.94

603.90

641.57

672.03

741.35

722.21

730.28

745.04

760.64

B2

828.99

1243.04

1495.05

1638.07

1741.22

1824.42

2011.74

1960.72

1983.10

2023.45

2066.01

B3

519.08

829.99

1001.78

1098.54

1167.94

1223.77

1348.36

1314.92

1330.15

1357.25

1385.77

B1

405.22

345.73

381.36

404.39

422.51

436.99

454,51

445.82

453.91

461.93

468.58

B2

1064.0

936.92

1039.39

1104.93

1156.01

1196.63

1243.19

1220.43

1243.39

1265.96

1284.65

B3

691.32

626.68

699.16

745.03

780.48

808.55

839.28

824.47

840.49

856.12

869.04

B1

529.15

505.34

529.71

532.04

531.57

530.95

535.68

531.74

530.96

530.55

530.31

B2

1419.9

1394.09

1465.84

1473.92

1473.28

1471.89

1482.49

1473.60

1471.90

1470.92

1470.34

B3

942.71

949.41

1001.46

1008.06

1008.04

1007.28

1013.03

1008.16

1007.27

1006.71

1006.36

B1

619.28

625.87

660.52

666.34

667.47

667.66

667.20

667.45

667.65

667.67

667.65

B2

1647.6

1699.02

1797.21

1814.12

1817.45

1818.01

1816.07

1817.34

1817.98

1818.05

1818.00

B3

1085.1

1140.63

1209.57

1221.72

1224.14

1224.56

1222.82

1224.02

1224.53

1224.59

1224.56
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Table 2.8 Leverage measures, thresholds for detecting leveragéspoid ratio betweeln,.x and J/n;
first application.

casel n hii 2p/n | 3p/n | hmax/(3p/N)

1 |[50]0.651 fmay) | 0.12 | 0.18 3.62
0.208
0.200

2 | 49]0.562 fimay) | 0.122] 0.184 3.05
0.250

3 | 48] 0.312 fimay) | 0.125] 0.187 1.67
0.197

4 | 47]0.209 fimay | 0.128] 0.191 1.09

Table[2.9 contains information on leverage points. Note tha data contain a strong
leverage point, namely: Chiléaénie = 0.931). When such an observation is removed from the
data 0 = 19), a new leverage point emerges (Israel). The data becamébalanced when
these two observations are removed from the sanmpiel@).

Table[2,.10 presents the standard errors of the two regrepai@meter estimates. Case 1
corresponds to the complete dataset @0), case 2 relates to the situation where Chile (the first
leverage point) is not in the data € 19), and case 3 corresponds to the well balanced design
(n=18). When all 20 observations are used, the HCO standartseare again considerably
smaller than the Qian—Wang ones. For instance, the HCOatamdror of3; is 0.07 whereas
the Qian—Wang counterpart equals 0.16 (note that the lstt@ore than twice the former);
the discrepancy is smaller when their fourth-order coa@atersions are used (0.07 and 0.10,
respectively). The discrepancies between the HCO and @fang standard errors are reduced
in cases 2rf = 19) and 3 (1 = 18). Finally, note that all four corrected Qian—Wang stadda
errors are equal when the data are well balanced and thaagineg with the HCO bias corrected
standard errors.

Table 2.9 Leverage measures, thresholds for detecting leveragésgad ratio betweely, . and Jo/n;
second application.

case| n | hmax | 2p/n | 3p/n | hmax/(3p/N)
1 | 20| 0.931| 0.200| 0.300 3.10
2 |19)|0.559| 0.210| 0.316 1.77
3 |18 0.225| 0.220| 0.330 0.68




Table 2.10 Standard errors; second application.

| case] | OLS| HCO| HCO1| HC02| HCO3| HCO4 || VO | vi1® | v2() | v3® | va@) |
1 |[B1] 1.09] 0.95] 0.99 | 0.99 | 0.99 | 0.99 || 1.14| 1.04 | 1.03 | 1.04 | 1.04
B2 | 0.15] 0.07| 0.07 | 0.07 | 0.07 | 0.07 [ 0.16] 0.11 0.10 | 0.10 | 0.10

2 [p1] 238 2.00] 203 ] 1.94] 1.83 | 1.74 [ 1.94] 1.72| 1.63| 1.56 | 1.50
B2 | 0.55] 0.42] 0.40 | 0.36 | 0.31 | 0.26 | 0.37] 0.26 | 0.20| 0.16 | 0.10

3 |p1]331] 341 374 | 381 3.83 | 3.83 [ 3.82] 3.83| 3.83| 3.83] 3.83
B2 [ 0.84] 0.87] 0.95 | 0.97 | 0.97 | 0.97 [ 0.97] 0.97 | 0.97 | 0.97 | 0.97
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2.7 A generalization of the Qian—Wang estimator

In this section, we shall show that the Qian—Wang estimatarke obtained by bias correct-
ing HCO and then modifying the adjusted estimator so thaedoines unbiased under equal
error variances. We shall also show that this approach capplked to the variants of HCO
introduced in Section 2.2. It then follows that all of theuks we have derived can be easily
extended to cover modified versions of variants of HCO. .

__At the outset, note that Halbert White’'s HCO estimator canmoigten as HCO= Wo =
PQoP’ = PDoQP’, whereDg = |. In Section 2.2 we have presented some variants of HCO,
namely:

() HC1l=V¥;=PQ;P’ = PDiQP’, D1 = (n/(n-p))I;
(i) HC2=¥, = PQP’ = PD,QP’, D, = diag1/(1-hy)};
(i) HC3=¥3=POsP’ = PD;QP’, D3 = diag1/(1 - h)2};

(iv) HC4=¥, = PQ4P’ = PD,QP’, D4 = diag1/(1- )%} ands; = min{4,nh/p}.

In what follows, we shall denote these estimators as$,HEO0,1,2,3,4.
We have shown that _
E@Q) = M) + Q.

Note that _ _ _

E(Q)) = E(DiQ) = DiE(Q) = DiMD(Q) + DiQ
and _

Bg, (@) =E(Q)-Q =D MO(@Q) + (D; - Q.

As we have done in Sectién 2.2, we can W%) = Pﬁi(l)P’, where
aw
|

Qi-B;(Q)
Q-DiMD@).

Thus
BQY) = EQ-DiMIEQ)
= MO(Q)+Q-DMP(EQ)-E(Q) - DiIMD(EQ))
= MYQ) - DEMDQ)] +Q-DMOEQ-Q))
= MO©Q) -DiMBQ) +Q-D;MA(Q).
WhenQ = 2| (homoskedasticity), it follows that
MO(21) = {Ho?I(H-21)}q
= o¥{-Hlq
= —o°K.

8Recall thaE(Q — Q) = MA(Q) and thatMD(MD(Q)) = MA)(Q).
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Additionally,

M2 = MOMD(21))
= {H(-o?K)(H -2l)}q
= o?{—HKH +2KK}4.

(Note that we have used the fact tiats idempotent, thaK = (H)4 and that HK)4 = (KK)4.)
Therefore, under homoskedasticity,

E(ﬁi(l)) = —0?K+Djo?K + 0%l —?Di{-HKH + 2KK]4
= o?[(I -K)+Di{K + HKH — 2KK} 4]
= %A,

whereA = (I - K) + Di{K + HKH - 2KK}4. We shall now obtain the expected valueﬂf‘)
whenQ = 0%l (homoskedastic errors):

EFY) = BPQMP)
o?PAP .

Hence, the estimator " W W
T _ oW _ o~ A1y
¥y = PQYP = PQ7VATP

is unbiased:
EFY) = BPQMAP)

— PO_ZAiAi—lF)/

= Po?IP’

= PQP

= Y.
___Itis noteworthy that the Qian-Wang estimator given in Sedf.3 is a particular case of
‘I’i(i) wheni =0, i.e., wherDg = |. Indeed, note that

¥ = polAStP = PDOP = V),

whereQ(" = 0 - MD(@Q) andAg = {1 + HKH — 2KK}4 8
We shall now derive the bias &\fi(/i) under heteroskedasticity. Note that

B (€2) EQ) -0
[IMO(©@) -DiMD(©Q) +Q-DiMP Q)AL -0

QA1)+ (1 -D)MOQA - DM Q)AL

9n Sectio@ﬁg) was denoted 2@,
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Hence,

By (@) = E(¥R)-¥

P[Bgw (€)1P".

This is a closed-form expression for the bias of the classtifrators we have considered in
this section. In particular, it can be used to further biasesi the estimators. Indeed, it is
important to note that all of the results in Sectiond 2.3 [abcan be easily extended to the
more general class of estimators considered here.

We shall obtain a sequence of bias adjusted estimatorggténem the modified estimator

v _ poWp - poMa-1pr
Vi = PQYP =PQT AP,

fori=1,...,4. (The case = 0 was already addressed when we bias corrected the Qian—Wang
estimator. Note that the results presented below agreetiéthnes obtained far™Y) when we
letDo=1.) LetG; = A™%.

The one iteration bias adjusted estimator is

0@ _ 5w 5
Qi = Q- Bﬁf}\)(g)
= (Q-DiMD(Q))G; - B5n(Q)
iA
= QG - DIMD@Q)G; - (I - D)MDQ)G; + DIMP(Q)G; - Q(Gi - 1)
= O-MYQ)G + DMA(Q)G;.
Its bias can be expressed as
B5o @ = EQ%-q
= E@Q-MDQ)G + DiMP(Q)G) -
= EQ-9Q)-EMY@Q)-MBQ)G - MB(Q)G; +
+ DEE(MP(Q) - MP(Q))G; + D;MP(Q)G;
= —MD@Q)Gi-1)- (I -D)MP(Q)G; + DiME(Q)G:.
After k iterations of the bias correcting scheme we obtain

k-2
L1y X MOQ) + L 2) X Z:(—l)j MO (@)
j=1
(-1)'MED@Q)G + (-1 DM Q)G

oM
QiA

+

k=1,2,.... The bias of this estimator is given by
Bow(@) = (-1)*MED@)Gi-1)
iA
+ (1) -D)MBQG; + (-1)DiME DG,
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k=12,....
We can now define a sequer{dé,‘i), k=12,...} of bias adjusted estimators &, where

9K _ po® p
‘I’iA = PQiA P
is thekth order bias corrected estimator®fand its bias is

By () = PlBgw(QIP"

Next, we shall investigate the order of the biaﬁﬁf given above fok = 1,2,.... Recall
thatG; = At with A = (1 - K) + Di{K + HKH — 2KK}4. Recall also tha® = O(n%), P= O(n™%),
H = O(n™1). Let us obtain the order @;, i = 1,...,4. Note that — K = O(n°). Additionally,
fori=1,...,4, itis easy to show thdd; = O(n°) andl — D; = O(n™Y). Also, K + HKH —2KK =
o(n™). Thus,Gi‘1 = 0O(n% and, as a consequenc®,= O(n®). Let us now move to the order
of Gj—I. Letd;, b; andg; denote theth diagonal elements @;, {K + HKH - 2KK}4 andG;,
respectively. Hence,

1 hj —djb;
gj— 1= —1=——
(1-hj) +djb; 1-hj+djb;

Note thath; —djb; = O(n~1) and that the order of the denominato©g) since it is a diagonal
element ofA,. ThereforeG; —1 = O(n1). Now recall thatM&1(Q) = O(n~&-1), MK(Q) =
o(n™) and M&D(Q) = O(n~*k+1). We then obtain thaBﬁ(/l:)(Q) is of orderO(n~K) which
implies thatBg (Q) = O(n~*+),i=1,....4.

By letting k'i 1, we see that the order of the biases of the estimators wegedpn this sec-
tion is larger than that d?glA) (the Qian-Wang estimator), which we have shown t®fe3). It
also follows that in order to obtain the same precision whhltias corrected estimators given
here relative to those given in Section]|2.3 one needs to gatepefurther in the sequence of
bias adjustment iterations. In that sense, even though idre-§/ang estimator is a particular
case of the class of covariance matrix estimators we propese the results relative to bias
adjustment given in this section do not generalize thosaioéd for the Qian—Wang estima-
tor. This is so because the orders of the corrected estimédor = 1,...,4 differ from the
corresponding orders whe: 0.

We shall now use the estimators

(1 ~(1) (D) A-1p :
v = PQOP = PQYATP, i=0,...,4,

to estimate the variance of linear combinations of the camepts ins. Letc be ap-vector of
scalars. The estimator df = var(c'p) is
o@D rp(d)
Dia CHpC
= PaYGiPc
= /P[Q-DMYQ)IGiPc
= ¢PQGPc-c'PDMBD@Q)GP'c
= PG’?QG*P'c-cPD/?G*MD(Q)G*D*Pc.
| | I | I I
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Now letw; = Gil/zP'c, Vi = Gil/zDil/zP’c, W = (wiwi’)d andV; = (vivi’)d. We then have

(,ﬁl(i) V\/iﬁwi -V/M (1)(§)Vi
= TWe-g[MOWV)]E

= F(W - MO v)e
= FQR=
WhereQi(i) =W, — MOV).
It is possible to writedY as a quadratic form in a random vectowhich has zero mean

iA
and unit covariance: ) "
Oy =aCya,

whereC&) = QY2 - H)Qi(i)(l —H)QY2. For simplicity of notation, IeC&) = Cia. Following
the arguments outlined in Sectioni2.4, we can show that

var@{})) = var(@ Ciaa) = 21r(C%,

when the errors are independent and normally distributed.

In what follows, we shall report the results of a small nurc@revaluation using the same
two-covariate regression model used in Secfion 2.5. Iriqudar, we report the total relative
biases of the bias corrected versions of the modified HCO, ,H{12, HC3 and HC4 esti-
mators; the modification consists of multiplying theseraators byAi‘1 so that they become

unbiased under homoskedasticity. The results are displayabld2.11l. Note tha?glA) is the

Qian—Wang estimato/?) (see Tabl& 2]3). It is noteworthy that under well balanced,dae
total relative biases of the corrected modified HC1 throu@Hestimators are smaller than
those of the Qian—Wang estimator. Under leveraged datd| samaple sizerf = 20) and het-
eroskedasticity{ ~ 9 andA ~ 49), the corrected modified HC4 estimator is consideraldy le
biased than the corrected modified HCO (Qian—Wang) estimiabo instance, the total relative
biases of the later unddr~ 9 andA ~ 49 are 0.222 and 0.443, respectively, whereas the corre-
sponding biases of the former are 0.025 and 0.025; undergstreteroskedatisticity, the bias
of the corrected modified HC4 estimator is nearly 18 timedigemidan that of the Qian—Wang
estimator.

Finally, we shall revisit the empirical application thaessdata on per capita spending on
public schools (Sectidn 2.6). The standard errors obtaisedy two of the estimators proposed
in this section (corrected using up to three iterations)gaven in Table 2.12; these results
are to be compared to those in Tablel 2.7. In particular, wegmtestandard errors obtained
from the HC3 (Davidson and MacKinnon, 1993) and HC4 (Cribidato, 2004) estimators and
also heteroskedasticity-robust standard errors from audified versions of these estimators
and their first three corrected variants. We note that thedstal errors given here are larger
than those obtained using White’s estimator and its cagceuersions, and also larger than
their Qian—Wang (uncorrected and corrected) counterjattse presence of leverage points
(cases 1 and 2). In particular, note the standard errogs afhen the data contain all 50
observations (three iterations of the bias correcting meh)e 1487.68 and 1545.93 (1167.94
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Table 2.11 Total relative biases for the corrected estima@&), i =0,1,...,4, which are unbiased
under homoscedasticity. The values of the covariates waeeted as random uniform and lognormal
draws.

| covariates n | A || Wi | Wiy | W5y | VEQ | Wa

U@O,1) |20 1 | 0.000( 0.000| 0.000| 0.000| 0.000
~9 | 0.033| 0.027| 0.022| 0.009| 0.012
~ 49| 0.044| 0.036| 0.030| 0.015| 0.024
40| 1 | 0.000| 0.000| 0.000| 0.000| 0.000
~9 | 0.007| 0.006| 0.004| 0.001| 0.002
~ 49| 0.010| 0.008| 0.006| 0.003| 0.005
60 1 | 0.000| 0.000| 0.000| 0.000| 0.000
~9 | 0.003| 0.002| 0.002| 0.000| 0.001
~ 49| 0.004| 0.003| 0.003| 0.001| 0.002

LN(O,1) | 20| 1 | 0.000| 0.000| 0.000| 0.000| 0.000
~9 | 0.222| 0.208| 0.157| 0.085| 0.025
~ 49| 0.443| 0.413| 0.306| 0.156| 0.025
40| 1 | 0.000| 0.000( 0.000| 0.000| 0.000
~9 | 0.034| 0.029| 0.017| 0.002| 0.037
~ 49| 0.069| 0.060| 0.037| 0.004| 0.073
60 1 | 0.000| 0.000| 0.000| 0.000| 0.000
~9 | 0.014| 0.012| 0.007| 0.002| 0.018
~ 49 0.029| 0.025| 0.014| 0.003| 0.035




Table 2.12 Standard errors; modified and corrected estimafﬁgﬁ:and@g%, i=1,...,4; first application.

|case] | HC3

ey
\PSA

7@
\PSA

e
\P3A

Woa | HC4 | Wy

7@
\P4A

e
\P4A

7@
\P4A

1

B1

1095.00

836.07

811.58

810.32

816.41

3008.01

877.89

850.95

845.81

848.29

B2

2975.41

2270.31

2204.41

2201.27

2217.96

8183.19

2384.47

2311.75

2297.97

2304.82

B3

1995.24

1522.06

1478.41

1476.47

1487.68

5488.93

1598.76

1550.44

1541.32

1545.93

B1

594.80

485.52

483.52

485.60

487.75

1239.75

506.35

509.48

507.75

506.03

B2

1630.15

1330.58

1325.49

1331.55

1337.73

3414.20

1389.70

1397.94

1393.26

1388.60

B3

1103.03

899.90

896.69

901.00

905.35

2320.83

941.13

946.55

943.40

940.26

B1

577.11

531.42

530.54

530.25

530.13

613.29

524.21

528.47

529.19

529.57

B2

1593.62

1473.01

1470.92

1470.21

1469.92

1688.73

1455.63

1465.90

1467.64

1468.54

B3

1087.41

1007.94

1006.71

1006.29

1006.11

1150.05

997.58

1003.71

1004.73

1005.27

B1

707.15

668.18

667.81

667.69

667.65

725.74

668.14

667.69

667.57

667.57

B2

1925.44

1819.43

1818.44

1818.10

1817.99

1980.52

1819.39

1818.12

1817.77

1817.79

B3

1297.35

1225.53

1224.85

1224.63

1224.55

1337.81

1225.55

1224.65

1224.40

1224.41
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and 1357.25 for the two third-order corrected standardreliroTable 2.l7). That is, the new
standard errors suggest that there is even more uncertawrdlved in the estimation gf3
than the standard errors reported in the previous sectiBecal that3s = 1587042.) As
noted earlier, a scatterplot shows a satisfactorily lirseatter except for a single high leverage
point: Alaska. The standard errors reported in Tablel2.gj@adithat the estimation of the
guadratic incomeféect is highly uncertain, since it seems to be mostly drivea bingle point
(Alaska). It is also noteworthy that the HC4 estimator setmize largely positively biased (in
the opposite direction of HCO) and that iteration of the loasecting scheme coupled with the
proposed modification yields standard errors more in lind wihat one would expect based
on the remaining estimates; e.g., the standard err8s ixfreduced from 5488.93 to 1598.76.

2.8 Concluding remarks

In this chapter we derived a sequential bias correctionreette the heteroskedasticity-consis-
tent covariance matrix estimator proposed by Qian and W20@1). The corrections are such
that the order of the bias decreases as we move along thereequEhe numerical evidence

showed that the gain in precision can be substantial wherusee the adjusted versions of
the estimator. It has also been shown that the correctediang estimators are typically

less biased than the respective corrected HCO (White) akinsn We have also proposed a
general class of heteroskedasticity-consistent covegiamatrix estimators which generalizes
the Qian—Wang estimator. We have shown that the sequeragsadjustment proposed for the
Qian—Wang estimator can be easily extended to the more @esiass of estimators we have

proposed.



CHAPTER 3

Inference under heteroskedasticity: numerical
evaluation

3.1 Introduction

The linear regression model is commonly used by practit®te model the relationship be-
tween a variable of interest and a set of explanatory or iedéent variables. In particular, the
mean of the response is a linear function of a finite numbezgrfassion parameters, each mul-
tiplying a different covariate. The mean of the dependent variable (Varadlnterest) is thus
affected by other variables. It is commonly assumed, howekat,the conditional variance
of the response is constant. If we view the response as theofantinear predictor (which
involves unknown parameters and covariates) and a zero orezrservable error term, that
amounts to assuming that all errors share the same variahoe) is known as homoskedas-
ticity. In many applications, however, the errors are retkedastic, i.e., their variances are not
constant. The ordinary least squares estimator (OLSE)eo¥dletor of regression parameters
remains unbiased, consistent and asymptotically norm@¢muanequal error variances. Nev-
ertheless, its usual covariance matrix estimator, fronctviwe obtain standard errors for the
regression parameter estimates, is no longer valid. Timelatd practice is to base inference
on standard errors obtained from a heteroskedasticitgistamt covariance matrix estimator
(HCCME) which has the property of being consistent regasitef whether homoskedastic-
ity holds; indeed, the estimator is asymptotically corrgntier heteroskedasticity of unknown
form. The most commonly used HCCME was proposed by Halberité\th an influential
and highly cited paper published nearly 30 years ago (WhRB80). White's estimator, also
known as HCO, can be, however, quite biased in samples afdlypizes; see, e.g., Cribari—
Neto (2004), Cribari—-Neto and Zarkos (1999, 2001), Long Bndn (2000) and MacKinnon
and White (1985). In particular, substantial downward lmias occur for regression designs
containing points of high leverage (Chesher and Jewitt,/198 he use of White's variance
estimator may thus lead one to find spurious relationshipsdsn the variable of interest and
other variables.

A few variants of the White (HCO) estimator were proposedhia literature. They in-
clude the HC1 (Hinkley, 1977), HC2 (Horn, Horn and Duncary3)%and HC3 (Davidson and
MacKinnon, 1993) estimators. The Monte Carlo evidence ind.and Ervin (2000) favors
HC3-based inference. According to the authors (p. 223), $amples less than 250, HC3
should be used.” They “recommend that HC3-based testsdheulised routinely for testing
individual codficients in the linear regression model.”

Four new promissing HCCMEs were recently proposed, nanteg;, andVs estimators

52



3.1 INTRODUCTION 53

of Qian and Wang (2001), the HC4 estimator of Cribari-Net@0@ and the HC5 estimator
of Cribari—Neto et al. (2007). A nice feature of Qian and Wang andV, estimators is that
they are unbiased under homoskedasticity. It is also plesgitshow that, under heteroskedas-
ticity, the bias ofV1 converges to zero faster than that of HCO. Using Monte Camalstions,
Cribari—Neto (2004) showed that hypothesis testing basdd@4 can even outperform infer-
ence obtained from a computationally intensive double stompping scheme. Cribari-Neto
et al. (2007) argue that HC5-based inference should berpedferhen the data contain strong
leverage points.

Standard errors that deliver asymptotically correct iefee even when the errors of the
model do not share the same variance are extremely usefydplications. Davidson and
MacKinnon (2004, p. 199) note that “these heterosked#&gtotinsistent standard errors, which
may also be referred to as heteroskedasticity-robust, ffe@ enormously useful.” Jgey
Wooldridge agrees (Wooldridge, 2000, p. 249): “In the lagt tecades, econometricians have
learned to adjust standard errard; andLM statistics so that they are valid in the presence of
heteroskedasticity of unknown form. This is very convehiggrause it means we can report
new statistics that work, regardless of the kind of hetezdakticity present in the popula-
tion.” We add, nonetheless, that practitioners should befeawhen basing their inferences
on HCCMEs since the associated tests may display unrelegblavior in finite samples. Itis
important to use heteroskedasticity-robust tests thatedigble in samples of typical sizes.

The chief goal of this chapter is to use numerical integratieethods to perform an exact
(not Monte Carlo) evaluation of the finite-sample behaviotests based on the four recently
proposed heteroskedaticity-correct standard erfdrs\(z, HC4 and HC5). HCO- and HC3-
based inferences are included in the analysis as benchmAdditionally, our results shed
light on the choice of constants used in the definitioVefand HC5. They also show that
HC4-based inference can be considerably more reliablelizibased on alternative HCCMESs
since the null distribution of this test statistic is tydlgebetter approximated by the limiting
null distribution (from which we obtain critical values ftire test) than those of the alternative
test statisticd]

The chapter unfolds as follows. Sectlon|3.2 introduces thdehand some heteroskedasti-
city-robust standard errors. In Sectlon]3.3 we show how HESNMan be used in the variance
estimation of a linear combination of the regression patanestimates. Sectidn 3.4 shows that
by assuming that the errors are normally distributed it issgae to write the test statistics as
ratios of quadratic forms in a vector of uncorrelated stathd@rmal variates, which allows us
to use the numerical integration method proposed by ImHa61); see Farebrother (1990) for
details on this algorithm. The first numerical evaluatiopésformed in Section 3.5; here, we
focus on inferences based on HCO, HC3, HC4 ¥ndin Sectior 3.6, we present the HCCME
Vs, write it in matrix form and show how it can be used in the vacia estimation of a linear
combination of regression parameter estimates. We nat#hisastimator is indexed by a real
constanta, and that Qian and Wang (2001) propose usirg2 in order to minimize its mean
squared error. The numerical evaluation in Secfioh 3.7deswnV; andVs; in particular,
it sheds some light on the choice afwhen the interest lies in hypothesis testing inference.

We focus on quasitests. For joint tests on more than one parameter, see Cailayes (2008) and God-
frey (2006).
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In Section 3.B, we turn to the HC5 HCCME proposed by CribaeteNet al. (2007), which
is numerically evaluated against the HC3 and HC4 estimatéfs also address the issue of
selecting the value of a constant that indexes the HC5 HC(hitally, Sectiori 3.9 concludes
the chapter.

3.2 The model and some heteroskedasticity-robust standaretrors

The model of interest is the linear regression model:

y=XB+e,

wherey is ann-vector of responses,is ann-vector of random errors is a full column rank
nx p matrix of regressors (rankj = p < n) andg = (Bo,...,Bp-1)" is a p-vector of unknown
regression cdécients. Each error teray, t=1,...,n, has zero mean and variance &tz < o]
the errors are also assumed to be uncorrelatedEii&ss) = 0 VYt # s. Hence, cow) = Q =
diag{atz}.

The ordinary least squares estimatoBa$ obtained from the minimization of the sum of
squared errors and is available in closed foﬁ&:(X’X)‘1X’y. Itis unbiased and its covariance
matrix can be written as cg8) = ¥ = PQP’, whereP = (X’X)"1X’. Under homoskedasticity,
o2 = 02> 0Vt, and thus¥ = o?(X’ X)L

When all errors share the same variance, the OB&Ethe best linear unbiased estimator
of 8. Under heteroskedasticity, however, it is no longgiceent, but it remains unbiased,
consistent and asymptotically normal.

In order to perform hypothesis testing inference on theaggjon parameters it is necessary
to estimate¥, the covariance matrix gf. When all errors share the same varianean be
easily estimated as

¥ =2(X'X)L,
wherea? = (y— XB)' (y— XB)/(n— p) = €’&/(n— p) is an unbiased estimator of the common error
variance. Here,
e=y-y=(I-H)y= My, (3.2.1)

H = X(X’X)~1X’ being annx n symmetric and idempotent matrix andi = | — H, wherel is
then-dimensional identity matrix.H is known as the ‘hat matrix’ sinddy =¥y.) The diagonal
elements oH (hy,...,h,) assume values in the standard unit interval]@&nd their sum (the
rank of H) equalsp, so thath = n~1 Y he = p/n. Itis noteworthy thaty is frequently used
as a measure of the leverage of ttieobservation and that observations such tipat2p/n or
h; > 3p/n are taken to be leverage points; see, e.g., Davidson and iviagck (1993).

Our interest lies in the estimation ¥fin situations where the error variances are not taken to
be constant, i.e., we wish to estimate the covariance mafthgiven by (X’ X)"1X QX(X’X)~1
in a consistent fashion regardless of whether homoskeittgdtiolds. White (1980) has ob-
served that? can be consistently estimated as longX€X is consistently estimated; that
is, it is not necessary to obtain a consistent estimato©f@vhich hasn unknown elements),
it is only necessary to consistently estimat€X (which hasp(p+1)/2 unknown elements,
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regardless of the sample size). White (1980) then propdsetbtiowing estimator fol:
HCO= ¥o = (X'X)"IX'QX(X' X)L = PQP’ = PE,QF/,

whereQ = diagz?} andEq = I.

White’s estimator (HCO) is consistent under both homosg&ecity and heteroskedasticity
of unknown form: pIim@o‘P‘l) = |p, wherel, denotes thg-dimensional identity matrix and
plim denotes limit in probability. Nonetheless, it can bésantially biased in small samples.
In particular, HCO is typically ‘too optimistic’, i.e., ieinds to underestimate the true variances
in finite samples; thus, the associated tests (i.e., testsevstatistics employ HCO) tend to be
liberal. The problem is more severe when the data includerége points; see, e.g., Chesher
and Jewitt (1987).

A few variants of HCO were proposed in the literature. Thegude finite-sample correc-
tions in the estimation a2 and are given by:

i (Hinkley, 1977) HC1= ¥, = PO, P’ = PE1QP’, whereE; = (n/(n— p))I;
il (Horn, Horn and Duncan, 1975) HC—2@2 = PﬁzP’ = PEzﬁP’, where

E2=diag1/(1-hy)}

iii (Davidson and MacKinnon, 1993) HCB@g = PﬁgP’ = PEgﬁP’, where
Es = diagi1/(1-hy)?);

iv (Cribari-Neto, 2004) HC4 ¥, = PQ4P’ = PE4QP’, where
Es =diag1/(1-h)%}, 6 = min{4,nh/p}.

Additionally, Qian and Wang (2001) proposed an alternaitémator for coy§), which we
shall denote a¥;. It was obtained by bias-correcting HCO and then modifyimg tesulting
estimator so that it becomes unbiased under homoskediadtieiC; = X(X'X)™1x, t=1,...,n,
i.e.,C; denotes théth column ofH (hat matrix); herey; is thetth row of X. Also, let

D; = diagdy} = diad(e2 — by) gt}
where L
Ot = (L+C{KC;—-2h2)"
and _ _
b = C{(Q - 2&¢1)Cy;

here,K = (H)g, i.e.,K = diagh}.
Their estimator is then given ti\}l = PD;P’. We note thaD; can be expressed in matrix
form as _ _
D1 =[Q—-{HQ(H -2I)}4]G,

whereG = {I + HKH — 2KK} 3.
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3.3 Variance estimation of linear combinations of the elentés of 3

Let c be a givenp-vector of constants. We write the variance of a linear coraton of the
elements of8 as . .
® = var(c'p) = c'[cov(B)]c = ¢’ Pc.

We can estimat® using HG, i =0,...,4, to obtain the following estimator f@b:
@ = ¥ic=cPQP'c=cPEQPc, i=0,...4

Let
Vi = (Viv))d, (3.3.1)

wherev; = Eil/zP’c, i=0,...,4. We can then write
O = vi’ﬁvi
and, since = (8¢)q, it is possible to show that
O =V, i=0,...4

It is then clear tha®; can be written as a quadratic form in the vector of residwelsch
have zero mean and are correlated. We shall wWitas a quadratic form in a random vector
of zero mean and unit covariance. Following Cribari—-Netexr&i and Cordeiro (2000), it is
possible to write .

D, =ZGjz

whereE[Z] = 0, covf) = | and
Gi = QY2(1 —H)Vi(1 - H)QY?.

Consider now covariance matrix estimation using the estmproposed by Qian and
Wang (2001)Dqw, = ¢"Pow, € = ¢'ViC. Hence,

Dow, = c'Vic=c'PD;Pc,

where, as beford)1 = [ﬁ— {Hﬁ(H - 21)}4]G.
Let A be annx n diagonal matrix and leM®(A) = {HA(H —21)}4. Therefore,

D1 = QG- MD(Q)G.
Also, letw = G/2P’c andW = (Ww')q. It then follows that
aSle = W’ﬁW— wM (1)(§)W.

Sincew Qw = ¥Wz andw MO@Q)w = & MO(W)z (see Cribari-Neto, Ferrari and Cordeiro,
2000), then _
Dow, =2 [W-MOW)[E=FVow?,
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where
Vow, = W-MDw). (3.3.2)

We shall now writebqw, as a quadratic form in a zero mean and unit covariance random
vector. It can be shown, after some algebra, that

Dow, =ZGow 2,
whereE[Z] = 0, covf) = | and

Gow, = QY2(1 = H)Vow, (1 - H)QY2,

3.4 Approximate inference using quask-tests

We shall now consider quasitest statistics based on standard errors obtained from @e H

CMEs described in Sectidn 3.2. The interest lies in testirgrtull hypothesisHy : /8 =1

against a two-sided alternative hypothesis, widasea givenp-vector and; is a given scalar.
The quasit statistic given by

cB-n
\varcp)

where y/Var(c’B) is a standard error obtained from one of the HCCMEs destiibthis chap-
ter, does not have, under the null hypothesis, a Studdistribution. Nonetheless, it is easy to
show that, undefHy, the limiting distribution oft is A(0,1). As a consequence, the limiting
null distribution oft? is y2.

Note that

t=

B=XX)IXy= (XXX (XB+¢e) =B+ (X X)X e.
Thus, where ~ N(0,Q), _
B=B+X'X)txQl?z
wherez~ N(0, 1), and we can thus writé as a ratio of two quadratic forms in a Gaussian zero
mean and unit covariance random vector. The numeratsrazin be written as

(B-n)? = {CB+(X'X)"XQY2z—ny{cB+c (X X)X QY2z—n}

= {(CB-n)+c (X' X)X QY27 {(c/B-n)+c (X' X)X QY2Z
(CB-n)(CB-n)+2CB-nc (X' X)X QY?z
+ ZOY2X(X'X) e (X X)X QY?2

In Sectiori3.B we wrot® = var(c’B) as a quadratic form in a zero mean and unit covariance
random vector for five HCCMES:

(i) @; =ZGiz, whereG; = QY2(I —H)V;(l - H)QY/2, for estimators HG i =O0,...,4;
(i) Dow, = ZGow,z, WhereGaw, = QY2(I — H)Vow, (I - H)QY?2 for V.
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(Note thatV; andVqw, are given in[(3.3]1) and (3.3.2), respectively.)
Hence,
o_ 2Rz (©—n)(EB-n)+2(Ch-nc (X X)X QY2
B 7G(yz 7G(yz ’
whereR = QY2X(X'X)1ec (X' X)1X'QY2,G(y) = G;, i =0,...,4, for HO, andG( = Gow, for
V1.
Whenc's = n, the second term on the right hand sidelof (3.4.1) vanisheseana result,

(3.4.1)

Pr? <ylc'8 =) = P(ZR7ZGyz< ), (3.4.2)

where Pg denotes ‘probability under the null hypothesis’.

In the next section, we shall use Imhof’s (1961) numeric@gnation algorithm to compute
the exact null distribution function @f. The algorithm allows the evaluation of probabilities of
ratios of quadratic forms in a vector of normal variates. et £nd, we shall add the assumption
that the errors are normally distributed, i.e., we shallass thate; ~ N(0,0'tz),t =1,...,n.
The numerical evaluation will follow from comparing the ekaull distributions of the test
statistics obtained usingftierent heteroskedasticity-robust standard errors andsiragotic
null distribution ﬁ) used in the test.

3.5 Exact numerical evaluation

We shall now use Imhof’s (1961) numerical integration aildpon to evaluate[(3.4]12), i.e., to
compute the exact null distributions offidirent quast-test statistic$? (test statistics that are
based on dferent standard errors). These exact distributions shatiobgpared to the null
limiting distribution ()(f) from which critical values are obtained. All numerical kaions
were carried out using thex matrix programming language (Doornik, 2001). We repomitss
for different values of.

The following regression model was used in the evaluation:

Ye=Po+Bix+e, t=1...n,

whereegt, t = 1,...,n, is normally distributed with mean zero and variamt[%: explX; +
ax?); also,E[etes] = 0Vt # s. We use
A = maxXo?}/minfo?)
as a measure of the heteroskedasticity strength. Whenritrs ere homoskedastic, it follows
thatA = 1; on the other hand, the largeristhe stronger the heteroskedasticity.
The null hypothesis under test%4 : 31 =0, i.e.,Hop : ¢'8 = n with ¢’ = (0,1) andn = 0.
The test statistic is given by _
t? = g2 /var(By),

wherevar(3,) is the (22) element of a given HCCME.
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Figure 3.1 Relative quantile discrepancy plots= 25: balanced and unbalanced regression designs,
homoskedasticityA = 1) and heteroskedasticityl & 100).
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Figure 3.2 Relative quantile discrepancy plots= 50: balanced and unbalanced regression designs,
homoskedasticityA = 1) and heteroskedasticityl & 100).
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Table 3.1 Maximal leverages for the two regression designs.

U@, | t3 threshold
N | hnax | hmax | 2p/n | 3p/n
25| 0.143 | 0.350| 0.16 | 0.24
50| 0.071 | 0.175| 0.08 | 0.12

We set the sample sizemt 25 and then replicate the covariate values to obtain a samhple
50 observations. We consider two regression designs, gafielithout a leverage point (re-
gressors randomly generated frdi#{0, 1)), and (ii) with leverage points (regressors randomly
generated frontz); see Tablé 3]1.

Figured 3.1 and 312 plot the relative quantile discrepangéesus the corresponding asymp-
totic quantiles fon =25 andn =50, respectively. Relative quantile discrepancy is defastthe
difference between exact quantiles and asymptotic quantieediby the latter. The closer to
zero the relative quantile discrepancy, the better theaqimiation of the exact null distribution
of the test statistic by the Iimitin)gi distribution. (All panels include a horizontal referencee!
indicating no relative quantile discrepancy.) We preseastlts for test statistics that use HCO,
HC3, HC4 andV; (QW) standard errors under both homoskedasticity and dmedasticity
and for the two regression designs (balanced and unbalanegdvithout and with leverage
points). When the error variances are not constant, 100 (the largest standard deviation is
approximately 10 times larger than the smallest one).

We note from Figurels 3.1 and 3.2 that the HCO-based test isdh&t performing test in all
situations; its exact null distribution is poorly approxtad by the limiting null distribution,
more so under heteroskedasticity, especially when thessgm design is unbalanced (lever-
age points in the data). In the top two panels (balanced dgstie HC3-based test is the best
performing test, closely followed by HC4. In the bottom plar@nbalanced design, the most
critical situation), the HC4 test clearly outperforms &ter tests; HC3 is the runner up, fol-
lowed byvl and, finally, by HCO. It is noteworthy that, when the sampke 8 small ( = 25)
and the data are leveraged and heteroskedastic (Higuréo®r, right panel), the HCOM;
and HC3) test statistic 0.95 quantile is nearly three (2 aBjitimes larger than the asymptotic
0.95 quantile (3.841). As a consequence, the test can betexi® be quite liberal at the 5%
nominal level.

Table[3.2 presents the computed probabilities?Rr( | ¢’ = ) for the diferent test statis-
tics for values ofy given by the 0.90, 0.95 and 0.99 quantiles of the limiting didtribution
(X%) (n=50). The closer the corresponding probabilities are to,00986 and 0.99, the bet-
ter the approximation at these quantiles. When the datadeaho leverage point, there are no
noticeable dferences among the tests. In the unbalanced regressiondesigever, the dier-
ences in the computed probabilities can be large. For instan the presence of high leverage
observations and under heteroskedasticity, the distoibdtnctions of the HCO-, HC3-, HC4-
andVi-based test statistics evaluated at 3.841 (the 0.95 qeaxﬁj{rﬁ) are 0.855, 0.914, 0.950,
0.896, respectively.

We shall now perform a numerical evaluation using real (mtutated) data. In particular,
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Table 3.2 Pr(t?> <y | ¢/8 = ) for n = 50;y equals the 0.90, 0.95 and 0.99 quantileﬁ)ftest statistics
based on four dierent standard errors.

balanced unbalanced

A Pr || HCO | HC3 | HC4 | Vi HCO | HC3 | HC4 | V4

0.90|| 0.880| 0.898| 0.893| 0.889| 0.859| 0.892| 0.909| 0.874
1 0.95] 0.933| 0.947| 0.943| 0.940| 0.916| 0.940| 0.951| 0.927
0.99 0.982| 0.987| 0.986| 0.984| 0.973| 0.982| 0.986| 0.977
0.90] 0.862| 0.885| 0.880| 0.875| 0.777| 0.852| 0.906| 0.828
~100| 0.95| 0.918| 0.935| 0.932| 0.928| 0.855| 0.914| 0.950| 0.896
0.99 0.973| 0.981| 0.979| 0.978| 0.944| 0.972| 0.986| 0.964

we use the data in Greene (1997, Table 12.1, p. Eéﬂﬂ)e variable of interestyj is the per
capita spending on public schools and the independentblesia andx2, are the per capita
income by state in 1979 in the United States and its squaceme is scaled by 168 The
regression model is

Vi = Bo+Bix +B2xC +&, t=1,...,50.

The errors are uncorrelated, eaghbeing normally distributed with zero mean and variance
o2 = explarx + @2x?). The interest lies in the test dflp : 5> = 0. Whena; = a2 = 0, then

A =1 (homoskedasticity); whea; = 0 anday = 4.6, thend ~ 50 (heteroskedasticity). The
covariate values were replicated twice and three timeseln \@amples of size 100 and 150,
respectively. Note that by replicating the covariate valieeform larger samples we guarantee
that the strength of heteroskedasticity remains unchaagedrows.

Table[3.8 presents the leverage points in the three casesnsider. We work with the
complete data set (case 1), we remove the observation wetharhesh;, Alaska, thus reducing
the sample size to 49 observations (case 2) and, finally, mewve all three leverage points
(case 3). In the latter case, a new (and mild) leverage poietges.

Figure[3.B presents relative quantile discrepancy platghi@e sample sizes, namely=
50,100,150 (case 1). Again, the evaluation was carried out undér&qal and unequal error
variances, and the tests considered are those whoseicsaisiploy standard errors obtained
from HCO, HC3, HC4 and;.

Whenn = 50 and all errors share the same variante (), the exact null distribution of
the HC3-based test statistic is better approximated byithmiéng null distribution ﬁ) than
those of the competing statistics; overall, the HC4 tedtessecond best performing test. We
note that the test based ®h is not uniformly better than that based on HCO; the lattepldigs
superior behavior for asymptotic quantiles in excess gb(@ximately) 4. As the sample size
increases (to 100 and then to 150), the relative quantitzejisncies of all test statistics shrink
toward zero.

2The original source of the data is the U.S. Department of Ceroe
SWisconsin has been dropped from the data set since it haéhgidata, and Washington D.C. was included,
hencen = 50.
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Table 3.3 Leverage measures, thresholds for detecting leveragéspoid ratio betweeln,.x and J/n;
education data.

case| n hy 2p/n | 3p/n | hmax/(3p/n)

1 |50]|0.651 may | 0.12 | 0.18 3.62
0.208
0.200

2 |49 0.562 pmay | 0.122| 0.184 3.05
0.250

3 | 47|0.209 fmay | 0.128| 0.191 1.09

Under heteroskedasticity, the finite-sample behaviorldeats deteriorate, since the exact
distributions of the test statistics become more poorlyraximated by the limiting null distri-
bution, from which critical values are obtained. Overdie HC4 test is the best performing
test, especially at the 3.841 quantile (5% nominal levelle HC3 test comes in second place.
We also note that the exact distributions of the test stedighat use standard errors from HCO
andV; are very poorly approximated b(y'f whenn = 50. Indeed, their exact quantiles can be
over five times larger than the correspondjcrig}uantiles!

Table[3.4 contains the computed probabilitiesP(y | ¢’ = n) for the diferent test statis-
tics at the 0.95 asymptotic quantike £ 3.841) under both homoskedasticity and heteroskedas-
ticity and for cases 1, 2 and 8 £ 50,49,47, respectively). The closer these probabilities are to
0.95, the better the approximation used in the test. In chsesl 2 (leveraged data) and under
equal error variances, the HC3 test outperforms the cotigetbeing followed by HC4. It
is also noteworthy the poor behavior of the HCO afdests. In case 3 (and with= 1), the
probabilities obtained using HC3- and HC4-based tests aite glose to the desired proba-
bility (0.95). Under heteroskedasticity, HC4 is clearlg thest performing test. We note the
dreadful hehavior of the HCO ang tests when the error variances are not constanhanso:
the computed probabilities are around 0.61 and 0.73, réspbt whereas the desired figure
would be 0.95!

Table 3.4 Pr(t? <y | ¢ = ) using data on public spending on educatior; 50,49 and 47 (cases 1,
2, and 3, respectively)y equals the 0.95 quantile Qﬁ; test statistics based on fourfldgirent standard
errors.

A1=1 A1~50

statistic|| N=50 | n=49 | n=47 || n=50 || n=49 | n=47
HCO || 0.8593| 0.8747| 0.9235| 0.6113|] 0.6971| 0.8830
HC3 || 0.9410| 0.9408| 0.9484| 0.8549| 0.8943| 0.9284
HC4 || 0.9789| 0.9744| 0.9497| 0.9528| 0.9593| 0.9465
V1 0.8758| 0.8817| 0.9354| 0.7286| 0.7748| 0.9059
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3.6 An alternative standard error

Qian and Wang (2001) have proposed an additional altemBlfR@CME, which we shall denote
asV,. Itis given byV, = PD,P’, where

D, = diag(dx} = diag@? + 72hy} = Q+72(H)g = Q+72K;

as beforeK = (H)g, i.e.,K is obtained by setting all nondiagonal elementslidthe hat matrix)
equal to zero.

We will show that, like their other estimato¥y), this HCCME is unbiased under equal
error variances. It follows froni (3.2.1) that

E[g] = E[My] = E[M(XB + £)] = E[M¢] =0,

sinceMX = (I - H)X = 0. Given thatQ = diag@?} = (¢), and that

E[eg’] = cov(g)+E[€]E[]
= cov(Meg)
= MQM,
we have _
E[Q] = E[(g€")g] = {(I - H)Q(I = H)}g.
Note that

E[Q] = {(I - H)Q(l —=H)}4 = {HOH = 2HQ + Q}4 = (HQ(H - 21)}4+ Q = MD(Q) + Q,
whereM®(Q) = (HQ(H - 21)}4. Under homoskedasticity,

M®O(21) + o2
= {Ho?l(H=-21)}q+02I
= o?HH-2H}g+0?l

2(—H}q +
2|

E[Q]

= o
= —0?K+o
= (1 -K).

Using the definition oD, it follows that

E[D;] = E[Q]+E[FYK
= o’(I-K)+0°K

= o4l.
Thus, when all errors share the same variance,

V, = PD,P’
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is unbiased fol. We note thal/, is a modified version of HCO; the modification is such that
the estimator becomes unbiased under homoskedasticity.

Based oV, the authors defined a family of HCCMEs indexed byrthectorf = (f1,..., fn)’
by making

dx(f) = figt +74{1- f(1-hy)}, t=1,....n. (3.6.1)
Here, .
Dy (f) = diagida ()} = AQ+7%(1 — AA),
where
A = diag f;) (3.6.2)
and
A=diagl-h}=1-K. (3.6.3)
When the error variances are all equal,

E[AQ +T2(1 - A(l —=K))]
= AE[Q] +E[7(I - A(l —K))
= Ar?(l —-K)+02(l —=A+AK)

= o?l.

E[Da(f)]

Thatis, the family of estimators
Va(f) = PD(f)P’

is unbiased under homoskedasticity for any choicé tifiat depends only on the regressors.
Note that

(i) whenf =(1,...,1Y, we obtainVs;

(i) whenf =(0,...,0), we obtain the OLSE d¥ used under homoskedasticity;

(i) whenf = ((1—’5%/32)/(1—h1 —’5%/52), ...,(1-82/7%)/(1-hy—E2/52))’, we obtain HCH
(iv) whenf =(1/(1—-hy),...,1/(1-hp))’, we obtain HC2.

In order to simplify the notation, we shall hereafter derd$éf) by D> andVax(f) by Vo.
To achieve a reduction in the variability induced by the pree of leverage points in the
data, Qian and Wang (2001) suggested using

fi=1-ah, t=1,...,n, (3.6.4)

in (3.6.1), whera is a real constant. Their suggestion is to ase2 when the goal is to reduce
the mean squared error (MSE), and to use a smaller valae(e¥en zero) when the chief
concern is bias. We shall denote this estimator for a givéuevaf a by V»(a).

“Note that, here (HCO) depends oty through?, and it is not possible to establish the unbiasedness of the
resulting estimator.
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In SECtIOFB:B we have shown that the estimato®pthe variance ot’,B that usesV1 is
given by®ow, =2 [W - MO(W)]E = Vow,s, whereVow, = W - MO(W). By writing Dow,
as a quadratic form in a vector of uncorrelated, zero mearuaitdiariance random variables
we obtainedbow, = ZGow, z, WhereE[Z] = 0, covf) = | and

Gow; = QY2(1 = H)Vow, (1 - H)QY/2,
WhenV, = ‘/I\’QW2 = PD,PF’ is used in the estimation df, we obtain
EQWZ = C,@QWZC = C/PDZ P/C,

whereD, = AQ +72(I — AA); A andA are as defined i (3.8.2) arid (316.3), respectively.
LetL = (n— p)~X(I = AA). Thend

D, =¢"¢cL+ AQ.
Let¢ = LY2pP/c, v = AV2P’candV* = (v'v*')4. Note that
V'OV =V [(E8)g]V = F[(VIV )g]Ee=E V'E

and
')t =€t ll]e.

Therefore,

Dow, = ¢’PDyP'c
= CP[eeL+AQ]P'c
= P[LY2@2)LY2 + AYV2QAY2 P e
= ¢PLY@)LY2P ¢+ PAY2QAY 2P ¢
= ((E8)l+Vv Qv
= F()E+TVF
= (' +Ve
= &Vow?,

whereVow, = 'l +V*.
We then write®qw, as a quadratic form in a vector of uncorrelated, zero meanuaitd
variance random variableg) @s _
Dow, = ZGow,2
where
Gow, = QY2(1 = H)Vow, (I — H)QY2.

SRecall that? = (n— p)~e’=.
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3.7 A numerical evaluation of quasit tests based on/; and Vs

At the outset, we shall use numerical integration to deteertiie optimal value o in (3.6.4)
for hypothesis testing inference. The following regressimdel is used:

Vi =PBo+B1x+e, t=1,....n,

where eacla,t = 1,...,n, is normally distributed with zero mean and variaml?e: expl1X +
azxtz); the errors are uncorrelated, i.&[sie] = 0Vt # s. As in Sectior 35, 25 covariate
values were obtained and replicated once to yetd50, and two regression designs are used:
balanced and unbalanced, as described in Table 3.1. Theshlies in testing{y: 81 =0, i.e.,

Ho : /B =nwith ¢’ =(0,1) andn = 0, using the following test statistic:

t2 ZE%/\ﬁI'(El).

As noted earlier, its limiting null distribution jgf
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Figure 3.4 Pr{2 <y | ¢/ = n) — Pr(y? < y), for n = 50, usingV»(a) for different values of, y being
the 0.95 quantile Oj(% (3.841), balanced and unbalanced regression desigffisredit levels of het-
eroskedasticity.

Figure[3.2 presents plots of thefdirences between B¥< y | ¢/8 = i7), wherey is the 0.95
guantile of)(f, and 0.95, the nominal (asymptotic) probability. We notgth

i The value ofa has great impact on the quality of the approximation usebernest;
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il The optimal value o& depends on the heteroskedasticity strength and also orhertibie
data contain high leverage observations;

iii The diferences of the two probabilities (exact and asymptotichatenonotonic irg,;

iv In balanced regression designs it is best to aise0, whereas under leveraged data one
should use ~ 15.

v In the presence of high leverage observations, the optialakwfa for hypothesis testing
inference is quite dierent from that proposed by Qian and Wang (2(01).

__ Figure[3.5 contains relative quantile discrepancies ftotsest statistics based dh and
Vy(a) fora=0,2,10,15. We note from Figure_ 3.5 that:

i The null distributions of all test statistics are well apgmated by the limiting null distribu-
tion (XE) when all errors share the same variance and the regresssgynds balanced;

i In the absence of leverage points and under heteroskdatiggtie null distributions of the
test statistics based on the following HCCMEs are well apipnated by the limiting null
distribution §3): Vi, V2(0) andV>(2);

iii Under homoskedasticity and leveraged data, the quanfikbe dest statistics based oA,
V2(0) andV2(2) are similar;

iv_Under heteroskedasticity and leveraged data, the bestrperfy test is that based af(a)
with a = 15, which is clearly superior to the alternative tests.

Table[3.5 presents the computed probabilities’Rey | ¢'’8 =n) at the 0.90, 0.95 and 0.99
asymptotic ﬁ) quantiles for test statistics based on HC3, HZdandV,(a) witha=0,2 e 15
whena =1, 1~ 50 andA ~ 100. The figures in this table suggest that:

i Under homoskedasticity and balanced data, all probaluiggrepancies are small, i.e., the
computed exact probabilities are close to their nominalntenparts (0.90, 0.95 and
0.99);

il When the errors have fiierent variances and the regression design is balancedvgradg
point), the following estimators yield exact probabilgtithat are close to the respective
asymptotic probabilities: HC3, HCA/; andV»(a) with a=0 anda = 2 (with slight
advantage to HC3 and HC4);

i When the error variances are constant and the data are deerthe only estimator that
yields exact probabilities that are not close to the asytigpomes isV»(15), the smallest
probability discrepancies being those of HC4;

5Recall that these authors proposed usirg2 for MSE minimization.
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Table 3.5 Pr(t?> <y | ¢8 = 1) for n=50;y equals the 0.90

V,(15).

, 0.95 and 0.99 quantileghftest statistics based on HC3, HGA, V»(0), V»(2) and

balanced

unbalanced

Pr

HC3

HC4

Vi

V2(0)

V2(2)

V2(15)

HC3

HC4

Vi

V2(0)

V2(2)

V2(15)

0.90

0.898

0.893

0.889

0.890

0.891

0.896

0.892

0.909

0.874

0.881

0.887

0.977

0.95

0.947

0.943

0.940

0.941

0.942

0.946

0.940

0.951

0.927

0.933

0.939

0.992

0.99

0.987

0.986

0.984

0.985

0.985

0.987

0.982

0.986

0.977

0.981

0.984

0.999

&

50

0.90

0.885

0.881

0.876

0.869

0.858

0.757

0.853

0.903

0.830

0.792

0.729

0.898

0.95

0.936

0.932

0.929

0.924

0.916

0.835

0.913

0.947

0.895

0.866

0.812

0.947

0.99

0.981

0.980

0.978

0.976

0.973

0.929

0.971

0.984

0.962

0.948

0.917

0.987

X

100

0.90

0.885

0.880

0.875

0.868

0.856

0.742

0.852

0.906

0.828

0.784

0.711

0.893

0.95

0.935

0.932

0.928

0.923

0.914

0.821

0.914

0.950

0.896

0.861

0.798

0.945

0.99

0.981

0.979

0.978

0.975

0.972

0.920

0.972

0.986

0.964

0.947

0.910

0.986
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iv Under heteroskedasticity and leveraged data, the estisid©4 ano\72(15) yield the best
performing tests, i.e., the exact probabilities of the sestistics that use HC4 an$(15)
variance estimates are considerably closer to their ndrocumterparts than those asso-
ciated with the competing test statistics.

We now move to a second numerical evaluation, which usesataeah public spending on
education described earlier. The model used in the nuniesieacise was

Vi = Bo+B1X +B2XC +e, t=1,...,50,

the skedastic function being as described in Se¢tioh 3.5h&Ve used numerical integration
to compute the exact quantiles of the following test stagstHC3, HC4,V1 andVx(a) with
a=0,2,15. The sample sizes were= 50,100 and computations were carried under both
homoskedasticityA = 1) and heteroskedasticity & 50).

We note from Figuré 316, which contains the relevant quaxiigcrepancy plots, that under
equal error variances the smallest relative quantile emcies are those of the test statistics
based orv,(0) andV2(2). Under heteroskedasticity, however, the best periogntests are
V>(15) e HCA4.

3.8 Yet another heteroskedasticity-consistent standardreor: HC5

In Section[ 3.2, we presented four HCCMEs in which ttiesquared residual is divided by
(1—hy)%; & =0 for HCO, 6; = 1 for HC2, 6; = 2 for HC3 ands; = min{4,nh/p} for HCA4.
These adjustments aim at ‘inflating’ the squared residusrding to their respective leverage
measures, which are obtained from the hat matrix.
Cribari-Neto, Souza and Vasconcellos (2007) have proptheeHC5 estimator, which is
given by _ _
HC5= PQsP’ = PESQF,

whereEs = diag{1/ /(1 - h)%} and
5 = min{m,max{4, nkh“ax}},
P P

with hmax= maxh,...,hy}. Here, O< k < 1 is a constant; the authors suggested ukiad.7
based on pilot Monte Carlo simulation results. It is notewpthathyax may now dtect the
discount terms of all squared residuals, and not only of tieesponding squared residual.

We note that HC5 can also be used in the variance estimatiatirgar combination of the
regression parameter estimategirHere,

®5 =¢'Vse,

whereVs = (vsv4)a andvs = Ex/°P'c. It is possible to writebs as a quadratic form in a vector

z of zero mean and unit covarianceds = ZGsz, whereGs = QY2(1 — H)Vs(l — H)QY2.
We shall now use Imhof’s (1961) numerical integration altyon to obtain the exact null
distributions of HC5-based test statistics and evaluaditht order)(f approximation used in
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Figure 3.6 Relative quantile discrepancy plots using data on pubkndmg on educatiom = 50, 100:
homoskedasticityA = 1) and heteroskedasticityl & 50).
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the test. In the evaluation, we shall also consider HC3- afid-Hased tests for benchmarking.
The regression model used is

Yt =Po+P1Xat+PB2Xar+&, t=1,....n

Here, s ~ N(0,0?), whereo? = expixat + a2Xz), t = 1,...,n; also,E[eisg] = 0Vt # s. The
null hypothesis under test iy : ¢’ =n, with ¢’ = (0,0,1) andn = 0, and the test statistic is

t? = 5/ Var (),

wherevar(3,) is a heteroskedasticity-consistent variance estimate. Semple size is = 50;
each covariate value is replicated once wherL00. There are two regression designs, namely:
balanced (covariate values randomly obtained from thedstahuniform distribution) and un-
balanced (covariate values randomly obtained from thedstahlognormal distribution); see
Table[3.6.

Table 3.6 Maximal leverages for the two regression designs.

U00,1) | LN(0,1) | threshold

n Pmax Nmax 2p/n | 3p/n
50 | 0.114 0.648 | 0.12| 0.18
100| 0.057 0.324 | 0.06 | 0.09

Figure[3.7 presents relative quantile discrepancy plotieeuhomoskedaticityA(= 1) and
heteroskedasticityl(~ 50) forn = 50,200. When the regression design is balanced (no lever-
age point), the null distributions of all three test statstare very well approximated by the
limiting null chi-squared distribution. When data conthigh leverage observations, however,
the quality of the approximations deteriorate, and the H&¥ HC5-based tests are clearly
superior to the HC3-based test, especially at the quarititeatn interest (the 0.95 asymptotic
guantile, which is the 5% critical value: 3.841). It is notetiny that under unequal error vari-
ances, unbalaced regression designmrd0, the exact 0.95 quantile of the HC3-based test
statistic is over twice the corresponding asymptotic qileint

Table[3.7 contains the computed probabilitieddx(y | '8 =1), v = 3.841 (0.95 asymptotic
guantile), for HC3-, HC4- and HC5-based test statistics. présent results for homoskedas-
ticity and two diferent levels of heteroskedasticity. The figures in TablésBaw that the
computed probabilities are close to their nominal (asymigtoounterparts when the data are
free from high leverage observations. When the regresseigd is unbalanced, however, the
HC4 and HC5 computed probabilities are closer to the res@adesired levels than those com-
puted using the HC3 HCCME, except under homoskedasticiyatrthe 10% nominal level
(0.90 nominal probability); HC5 very slightly outperforakC4 at the 5% nominal level (0.95
nominal probability).

The next numerical evaluation uses the data on public spgrath education. As before,
the skedastic function is exp{X +a2><f), t=1,...,n. Here,a1 = a2 =0 yieldsa =1 (ho-
moskedasticity) and; = 0,a, = 3.8 yields 1 ~ 25 when all observations are used= 50).
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Figure 3.7 Relative quantile discrepancy plots: balanced and unbathmegression designs, ho-
moskedasticity { = 1) and heteroskedasticityl & 50), using estimators HC3, HC4 and HC5.
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Table 3.7 Pr(t?> <y | ¢8 = ) for n = 50;y equals the 0.90, 0.95 and 0.99 quantileﬁ)ftest statistics
based on HC3, HC4 and HCS5.

balanced unbalanced

A Pr | HC3 | HC4 | HC5 | HC3 | HC4 | HC5
0.90( 0.901| 0.893| 0.883| 0.882| 0.957| 0.950
1 | 0.95| 0.948] 0.943| 0.936| 0.922| 0.973| 0.968
0.99( 0.987| 0.985| 0.983| 0.966| 0.989| 0.986

0.90| 0.896| 0.889| 0.878| 0.823| 0.948| 0.938
251 0.95] 0.945| 0.940| 0.932|| 0.873| 0.965| 0.957
0.99| 0.986| 0.984| 0.981| 0.933| 0.983| 0.979
0.90| 0.895| 0.888| 0.877| 0.820| 0.952| 0.942
~ 50| 0.95]| 0.945| 0.940| 0.932| 0.872| 0.967| 0.960
0.99] 0.986| 0.984| 0.981| 0.932| 0.984| 0.980

&

When the three leverage points are removed from the datad{7), we user; = 0,a2 = 7.3

to obtaind ~ 25. Relative quantile plots are presented in Fidureé 3.8 @fekedasticity and
heteroskedasticityy = 47,50,100). It is clear that under equal error variances and unbeath
design 6 =50), of all computed distributions, the null distributiohtbe HC3-based test statis-
tic is the one best approximated Jﬁ (the approximate distribution used in the test). Under
heteroskedasticity and leveraged data, nonetheless,GdeaHd HCS5 tests display superior fi-
nite sample behavior (HC5 slightly better at the 0.95 nothguantile) relative to HC3. When
the regression design is balanced(47), the three tests display similar behavior, regardléss o
whether the error variances are equal, the null distrilngtiof the HC3 and HC4 test statistics
being slightly better approximated by the limiting null glisution than that of HC5. It is also
noteworthy that the relative quantile discrepancy plosauteveraged data, heteroskedasticity
andn =50 in Figure$ 3]7 afle 3.8 are very similar.

Table[3.8 contains, for the data on public spending on edutahe computed probabilities
Pr(t?> <y | ¢/ =n) for the HC3-, HC4- and HC5-based test statistics, whezgquals the 0.9}5%
guantile (3.841). We present results for cases 1 amd=350 andn = 47, respectively). Under
homoskedasticity and leveraged data 60), the best performing test is that whose test statistic
uses the HC3 standard error. When the regression desigbasamted and the error variances
are not constant, however, the HC4 and HC5 computed pratiedihre considerably closer
to 0.95 than those computed using the HC3-based test &tatisir instance, the computed
probabilities for the HC4- and HC5-based statistics wespeetively equal to 0.956 and 0.947
(0.953 and 0.943) when~ 25 (1 = 50).

Next, we shall use numerical integration to evaluate theachpf the value ok (usually set
atk = 0.7) on the limiting null approximation used in the HC5 teste®valuation is based on a
simple regression model; the errors are uncorrelated,&achhaving zero mean and variance
Gtz = expl1X +a2xt2). The sample size is = 50 and the covariate values are selected as
random draws from the standard lognormal distribution. Bfesader two regressions designs,
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Figure 3.8 Relative quantile discrepancy plots using data on pubknding on education: equal and
unequal error variances, balanced=(47) and unbalancedh & 50) regression designs, using estimators
HC3, HC4 and HC5.
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Table 3.8 Pr(t? <y | ¢ =) using data on public spending on educatiog, 50 and 47 (cases 1 and 3,
respectively);y equals the 0.95 quantile Qﬁ; test statistics based on thredfdient standard errors.

A=1 A~ 25 A1=~50

statistic| Nn=50| n=47 | n=50| n=47 | n=50| n=47
HC3 0.941 | 0.948 || 0.867 | 0.931 || 0.855| 0.928
HC4 0.979 | 0.950 || 0.956 | 0.937 || 0.953 | 0.946
HC5 0.973| 0.937 || 0.947| 0.917 || 0.943| 0.912

Unbalanced Strongly unbalanced
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Figure 3.9 Pr(t> <y|c¢/8=1)-Pr{? <), for n = 50, using HC5 with dterent values ok, y being the
0.95 quantile ojyi (3.841), unbalanced and strongly unbalanced regresskigrae diferent levels of
heteroskedasticity.
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namely: unbalancedfax/(3p/n) = 1.71) and strongly unbalanceb(ax/(3p/n) = 3.58). The
results of the numerical evaluation are graphically diggdbin Figuré 3.9, which contains plots
of the diferences between B¥K< y | ¢/ = n7), wherey is the 0.95 quantile @tf and 0.95, the
nominal (asymptotic) probability. The probability dispescies are plotted agairkstWe note
that in the unbalanced situation the valuekdfas little impact on the quality of the first order
asymptotic approximation used in the test. However, in ttangly unbalanced design, values
of k between 0.6 and 0.8 yield the best approximations. As a qoesee, these results suggest
that 0.7, the value df suggested by Cribari-Neto, Souza and Vasconcellos (2B80ngdeed a
good choice.

In Figure[3.1D we present the same probability discrepardigplayed in Figure_3.9 but
now using the data on public spending on education. Againgegaofk between 0.6 and 0.7
seem to be a good choice for the HC5-based test.

Balanced, n=47 Strongly unbalanced, n=50
o (@}
- 4 - 4
o — A1 o
--- =2
8 ...... A=5 8
S ] - A=20 S
——- A=50
o o
o o @ o :
o o o o J
) Il o Ry
o LT LT oL ST TS TSN nn T o /
W | CooLoT T oooo T w |77 S0 — Ml
S S o T --- =2
? T g e A=5
....... 7] == A=20
= S |___/ ——- =50
o o
] T T T T T ] T T T T T
0.0 0.5 1.0 15 2.0 0.0 0.5 1.0 15 2.0
k k

Figure 3.10 Prt? <y|c¢8=n)-Pr{? <y), using HC5 with diferent values d, y being the 0.95 quan-
tile of,yf (3.841), data on public spending on education, unbalarced4{y) and strongly unbalanced
(n=50) regression designs fifirent levels of heteroskedasticity.

Table[3.9 contains the computed probabilitiesP«(y | ¢'8 = 1), wherey is the 0.95y2
guantile, for HC4- and HC5-based statistics (the latteaivletd using dierent values oK) in a
two-covariate regression model where the covariate vateesbtained as random draws from
the £LN(0,1) distribution withn = 50, under homoskedasticity and strong heteroskedasticity
Also, hmax/(3p/n) ~ 3.60, so there is a strong leverage point in the data. The figarésble
[3.9 show that, overall, the begt approximation for the HC5-based test statistic takes place
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whenk = 0.6,0.7. Using these values &fthe HCS test slightly outperforms the HC4 test.

Table 3.9 Pr(t? <y | ¢8 = n) for n=50; y equals the 0.95 quantile Qﬁ; test statistics based on HC4
and HC5 (diferent values oK) standard errors.

test statistic | A1=1 | 1~ 50
HC5 k=0.5) || 0.942| 0.917
HC5 (k=0.6) || 0.956| 0.943
HC5 (k=0.7) || 0.968| 0.960
HC5 (k=0.8) | 0.976| 0.970
HC5 k=0.9) || 0.981| 0.977
HC5 (k=1.0) || 0.986| 0.983

HC4 0.973| 0.967

We shall now report the results of a 10,000 replication Mdéelo experiment where the
null rejection probabilities of HC4 and HC5 (tBrent values ok) tests are computed. The
model used in the evaluation is

Vi = Bo+B1Xit+BoXet+&, t=1,...,50.

Table 3.10 Null rejection rates of HC4 and HC5 quéadiests; HC5 standard errors are computed using
different values ok; nominal level: 5%.

hmax/(3p/N)

3.60 1.14
test statistic || A=1| A~50| A=1| A~50

HC5k=05)| 542 | 8.47 | 7.20| 8.09
HC5k=0.6)| 4.04| 5.88 || 7.20 | 8.09
HC5k=0.7)| 2.83| 4.25 | 7.20 | 8.09
HC5k=0.8)| 2.17 | 3.23 | 7.20 | 8.09
HC5k=09)| 1.64 | 2.44 || 7.20 | 8.09
HC5k=10)| 1.28| 1.82 | 7.20 | 8.09

HC4 240 | 3.56 || 5.72 | 6.37

The errors are uncorrelated, eaglbeing normally distributed with zero mean and variance
Gtz = expl1X1t + a2X2t). The covariate values were selected as random draws frerstim-
dard lognormal distribution. Simulations were performader both homoskedasticity € 1)
and heteroskedasticityl & 50) and we consider two filerent settings in which the values of
hmax/(3p/n) are 3.60 and 1.14. The interest lies in testhfg: 82 = 0 againstH : B2 # 0. Data
generation was carried out usigg=£1 = 1 andB, = 0. The quast-test statistics considered
employ HC4 and HC5k(= 0.5,0.6,0.7,0.8,0.9, 1.0) standard errors.
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Table[3.10 presents the null empirical rejection rates atntbminal levely = 0.05. All
entries are percentages. When leverage is striapg/(3p/n) ~ 3.60), k = 0.6 overall yields
the best HC5 test. When leverage is weak, however, the HE@5stesitperformed by HC4
regardless the value &f

3.9 Concluding remarks

We have considered the issue of making inference on the péeasithat index the linear re-
gression model under heteroskedasticity of unknown forme HAve numerically evaluated
the first order asymptotic approximation used in quasists. Our evaluation didot rely on
Monte Carlo simulationd. Rather, we assumed normality, wrote the test statisticatassrof
guadratic forms in a vector of uncorrelated standard noxaahtes, and used Imhof’s (1961)
numerical integration algorithm to compute the exact diatron functions of the dierent
test statistics. We have included in the analysis tests$itzdithat use standard errors obtained
from the widely used HCCME proposed by Halbert White (HCOJl &#rom HC3, an often
praised HCCME (e.g., Long and Ervin, 2000). In addition, weluded alternative test statis-
tics based on several recently proposed heteroskedgsttitist standard errors, namely: HC4
(Cribari—Neto, 2004)V; and V5 (Qian and Wang, 2001), and HC5 (Cribari—-Neto, Souza and
Vasconcellos, 2007). We have also made use of numericgratten methods to shed light
on the choice of constants used in the definition¥pfind HC5. Our main findings can be
outlined as follows:

i Under equal error variances and in balanced regressiogrdgghe null distributions of all
test statistics are typically well approximated by the timg null distribution, from which
we obtain critical values for the tests;

il Under homoskedasticity and leveraged data, the best folsr @symptotic approximations
are those for the HC4- and HC5-based tests;

iii Under heteroskedasticity and in balanced regressionmgdige tests based on HC3, HC4,
HC5, V1 andVy(a) with a= 0 anda = 2 appear to be reliable in finite samples;

iv. The best performing tests under heteroskedasticity aretdged data are those whose test
statistics use standard errors from HC4, HC5 ¥pd.5).

Since in practice we have no knowledge of the strength ofrbsitedasticity and leverage
points are often present in the data, we recommend the us€4#flidsed tests or HC5-based
tests withk = 0.6 ork = 0.7 when leverage is very intense.

"We only used Monte Carlo simulation once in our analysis: stineate the null rejection rates offtérent
HC5 tests. All other numerical evaluations were carriedinugxact fashion by using a numerical integration
method.



CHAPTER 4

Conclusions

The object of interest of this doctoral dissertation wadithear regression model. The assump-
tion that all error variances are equal (homoskedastigtgpmmonly violated in regression
analysis that use cross-sectional data. It is thus impbttadevelop and evaluate inference
strategies that are robust to heteroskedasticity. Thisowasain motivation.

At the outset, we have proposedfdrent heteroskedasticity-consistent interval estingator
(HCIESs) for the regression parameters. They are based eanearand covariance estimators
that are asymptotically correct under heteroskedasutipnknown form and also under equal
error variances. We have also considered bootstrap-basadal estimators. Our numerical
evaluation revealed that the HC4 HCIE outperforms all oth&rval estimators, including
those that employ bootstrap resampling.

We then moved to point estimation of variances and covaesnd/e considered a heteros-
kedasticity-consistent covariance matrix estimator (IME]} proposed by L. Qianand S. Wang
in 2001, which is a modified version of the well known Whiteimsitor. We have obtained a
sequence of bias-adjusted estimators in which the biagesvat faster rates as we move along
the sequence. We have also generalized the Qian—Wang &stirmad obtained alternative
sequences of improved estimators. Our numerical reswis staown that the proposed bias-
adjusting schemes can be quitéeetive in small samples.

Finally, we addressed the issue of performing hypothestsginference in the linear re-
gression model under heteroskedasticity of unknown forne HAve added the Gaussianity
assumption and used a numerical integration algorithm tepede the exact distribution func-
tions of diferent quast-test statistics, which were then compared to the respeloneng
null distribution. To that end, we have shown that such stias can be written as ratios of
guadratic forms in standard normal (Gaussian) random x&cite focused on test statistics
that use four recently proposed heteroskedasticity-taditaadard errors. Two of them employ
constants that are chosen inashhocmanner, and our results have shed light on their optimal
values. Overall, our numerical evaluations favored the H@ded test.
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CHAPTER 5

Resumo do Capitulo 1

5.1 Introducao

O modelo de regressao linear € comumente utilizado paralexaelacdo entre uma variavel
de interesse e um conjunto de variaveis explicativas. Qudados de corte transversal séo
usados, a suposicao de que os erros do modelo tém a mesmeieafflomoscedasticidade)

é frequentemente violada. Uma pratica comum é usar o esimaadminimos quadrados or-
dinarios (EMQO) em conjuncdo com um estimador consistemt®ud matriz de covariancias
guando o interesse reside em inferéncias por testes debgsditNesse capitulo, o nosso foco
recai sobre inferéncias através de estimadores inteegaladds propomos e avaliamos nu-
mericamente diferentes estimadores intervalares robaspsesenca de heteroscedasticidade,
inclusive estimadores baseados em esquemas de reamostiadp@otstrap.

5.2 0O modelo e alguns estimadores pontuais

O modelo de interesse € o modelo de regresséo linear

y=XB+e,

ondey é um vetor de observagbes de dimensdwa varidvel dependent& € uma matriz
fixa nx p de regressores (pos¥)= p < n), B = (Bo,....Bp-1) € um p-vetor de parametros
desconhecidose= (¢1,...,&n) € um vetom-dimensional de erros aleatorios. As suposicdes a
seguir sdo comumente feitas:

Al O modeloy = XB + ¢ esté corretamente especificado;
A2 E(g)=0,i=1,...,n;

A3 E(e?) =var() =02 (0<o?<),i=1,...,n;

A3 var(g) =02 i=1,...,n(0< 02 < );

A4 E(gigj)) =0Vi# |;

A5 limp_. N 1(X’X) = Q, ondeQ é uma matrix positiva definida.
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Sob [A1], [A2], [A3] and [A4], a matriz de covariancias de
Q = diago?),

que se reduz & = %I, quandoo? = o2 > 0,i = 1,...,n, i.e.,sob [A3'] (homoscedasticidade),
ondel,, é a matriz identidade de ordem
O EMQO ofp é obtido minimizando a soma de quadrados dos erros, i.emimando

g'e = (y—XB) (y—XpB);
o estimador pode ser escrito em forma fechada como
B=(X'X)"IXy.

Suponha que [A1] € verdadeira. Pode ser mostrado que:

i) Sob [A2], 3 é ndo viesado pag i.e.,E(B) =3 V3 € RP.

i) W5 = varB) = (X’ X)"1X’ QX (X’ X)L,

iii) Sob [A2], [A3], [A5] e também considerando as variarsimiformemente limitadag,
é um estimador consistente pgta.e., plim(3) = 3, onde plim denota limite em probabilidade.

iv) Sob [A2], [A3] e [A4], B é o melhor estimador linear ndo-viesadogleorema de
Gauss—Markov) .

De ii), notamos que sob homoscedasticidad@af(az(X'X)‘l, gue pode ser facilmente
estimado coma@ar(s) = 72(X’'X)"1, ondea? = ¥%/(n— p) e é o vetor de residuos do ajuste
por minimos quadrados:

E=y-XB = {In—X(X' X)X}y = (In— H)y.

A matrizH = X(X’X)~1X’ é chamada de ‘matriz chapéu’, uma vez #e=y. Seus ele-
mentos diagonais assumem valores no intervalb) @ somanp, o posto deX, sendo portanto
sua meédigp/n. Observe-se que os elementos diagonaisides,...,h,) s&o comumente u-
sados como medidas de alavancagem das correspondentesodiss; observacdes tais que
h; > 2p/n ou h; > 3p/n sdo consideradas pontos de alavanca (veja Davidson andiiverk
1993).

Sob heteroscedasticidade, quando conhecemos a rfatrizuma funcéo cedastica que
nos permita estimaf), podemos estimgg utilizando o estimador de minimos quadrados
generalizado (EMQG) ou o estimador de minimos quadradosrgkerado viavel (EMQGV).
Para realizar inferéncias solg@ue sejam validas assintoticamente sob heteroscedastigid
costuma-se utilizar o EMQO ¢ que permanece consistente, ndo-viesado e assintotitamen
normal, conjuntamente com um estimador consistente de atrzme covariancias.

White (1980) derivou um estimador consistente pEga)bservando que nao é necessario
estimar consistentemente (Que temn parametros desconhecidos); é necessario apenas esti-
mar consistentement¢’ QX (que temp(p + 1)/2 elementos distintos independentemente do
tamanho da amostrﬂNecessita-se apenas enconfeaal que pIin"((X’QX)‘l(X’QX)) = Ip.

lpara estimar consistentemente a matriz de covarianctabgseroscedasticidade, também supomos:

A6 limy_.n1(X'QX) =S, ondeS é uma matriz positiva definida.
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O estimador de White, também conhecido como HCO, é obtidstisuindo oi-€simo elemento
diagonal de& na expressao paFEﬁ pelo qguadrado de-ésimo residuo de minimos quadrados,
ie.,

HCO = (X" X)™1X QoX(X'X) 1,
ondeQo = diagg?).

O estimador de White é consistente sob homoscedasticidadb beteroscedasticidade
de forma desconhecida. Entretanto, ele pode ser bastas@da em amostras finitas, como
evidenciado pelos resultados numéricos obtidos por Gridato e Zarkos (1999, 2001). Adi-
cionalmente, a magnitude do viés é inflacionada quando mdesie regresséo contém pontos
de alavanca.

Algumas variantes do HCO foram propostas na literatureafegariantes incluem correcdes
para amostras finitas na estimacadde sao dadas por:

i (Hinkley, 1977) HC1= ¥; = PO, P’ = PD1QP’, ondeD; = (n/(n— p))!;
it (Horn, Horn e Duncan, 1975) HCQ@Z = PﬁzP' = PDzﬁP', onde
D, =diag1/(1-h)};

iii (Davidson e MacKinnon, 1993) HC—;%@g = PﬁgP’ = PDgﬁP’, onde
D3 = diagi1/(1-h)?};

iv (Cribari-Neto, 2004) HC4 ¥, = PQ4P’ = PD4QF’, onde
D, =diag1/(1-h)”}), & = min{4,nh/p}.

5.3 Estimadores intervalares consistentes sob heterosesticidade

Nosso principal interesse consiste em obter intervalo®dBanca para os parametros desco-
nhecidos do modelo de regressao.

Consideramos ‘heteroskedasticity-consistent intersitators’ (HCIEs) baseados €n
(EMQO) e nos ‘heteroskedasticity-consistent covariana&imestimators’ (HCCMEs) HCO,
HC2, HC3 e HC4. Sob homoscedasticidade e quando os erroesaalmente distribuidos, a
guantidade

Bj—B;

NCivi
ondec;jj € o j-ésimo elemento diagonal dX’()~1, tem distribuicad,_p, sendo entéo facil

construir intervalos de confianga exatos p&rg =0,...,p—-1.
Sob heteroscedasticidade, a matriz de covariancias do EEQO

V5= var() = (X’ X)"IX" QX (X’ X)L,
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Os estimadores consistentes apresentados anteriorréergstBnadores do tipo sanduiche para
a matriz de covariancias. A seguir usaremos os estimaddtés = 0,2,3,4. Seja, para
k=0,23,4,

ﬁk = Dkﬁ = Dkdiag{’é?};

para HCODg = Ip;
para HC2D, = diag1/(1—h))};
para HC3 D3 = diag1/(1 - h;)?};
para HC4 D4 = diag1/(1 - hy)%).
Portanto,
@g() = (X' X)X QX(X'X)L, k=0,2,3,4.

Parak =0, 2,3,4, considere a quantidade

—_

Bj—B;

onde@?;) € 0 j-ésimo elemento diagonal d@ék), i.e., a variancia estimada g?ﬁqz obtida do

estimador HR, k=0,2,3,4. Segue-se da normalidade assintéticﬁjoé da consisténcia de
@E'J‘) que a quantidade acima converge em distribuicdo a disgAbunormal padrdo quando
n— oo. Portanto, essa quantidade pode ser usada para constitis Hegja < o < 1/2. Uma
classe de intervalos de confianga com cobertura derf& 100% pargj, j =0,...,p-1, €

7. [
ﬁj +Z1q/2 \I"” s

k=0,2,3,4, ondez;_, /> € o quantil I- /2 da distribuicdo normal padré&o.

5.4 Avaliagdo numérica

A avaliacdo de Monte Carlo usa o seguinte modelo de regréisg@o:
Vi =Bo+p1X +oigi, i=1,...,n,

ondes; ~ (0,1) eE(eiej) = 0Vi # j. Aqui,

O'iz =02 explax}

como? = 1. S&o considerados erros normais bem como erros expoisefotian média um)

e erros obtidos de uma distribuicdo de caudas pesagjasHstimaremos numericamente as
probabilidades de cobertura dos diferentes HCIEs e catlas seus comprimentos médios.
Os valores da covariavel foram selecionados aleatoriatendistribuicad{/(0,1) bem como

da distribuicdds; no segundo caso, o desenho de regressdo contém pontovalecalaOs
tamanhos de amostra s&o= 20,60,100. NOs geramos 20 valores da covariavel quando o
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tamanho da amostraré= 20; para tamanhos maiores esses valores foram replica&os tr
cinco vezesr{ = 60 en = 100, respectivamente) de modo que o nivel de heterososdasi,
medido por

A=maxXo?Z}/minfo?), i=1,...,n,

permanece constante quando o tamanho da amostra aumemsaleéfamos o caso homoscedas-
tico (1 = 1) e dois niveis de heteroscedasticidatle @ e 1 ~ 49). Para gerar os valores ge
utilizamosBp = 81 = 1. O numero de réplicas de Monte Carlo foi 10,000 e todas asagdes
foram realizadas utilizando a linguagem de programagd®oornik, 2001).

A cobertura nominal de todos os intervalos-€d = 0.95. O intervalo de confianca padrédo
(MQO) usou erros padrdo @ (X’ X)~1 e foi calculado como

Bi * t-a/2n-2+/0%Cjj,

ondet;_,/2n-2 € 0 quantil - «/2 da distribui¢éd,_». Os HCIEs foram calculados como

- —K
Bj = Zl—a/Z\/\PEJ'),

k=0,23,4 (HCO, HC2, HC3 e HC4, respectivamente).

Os resultados encontram-se apresentados nas Tabélas3l[2,41e[ 1.6 do Capitulo 1.
Observa-se que os intervalos obtidos com o estimador HC@npa@r bastante ruins quando
o tamanho da amostra ndo é grande. Os resultados favorecgimador intervalar HC4, que
apresenta comportamento mais confiavel do que aqueleeatadss pelos intervalos obtidos
com HCO e HC2 e mesmo com HC3.

5.5 Intervalos bootstrap

Um enfoque alternativo € usar reamostragem dos dados pteriotervalos de confianca;
em particular utilizaremos o método bootstrap propostoBradley Efron (Efron, 1979). O
bootstrap ponderado de Wu (1986) pode ser usado para sesnboteipadréao assintoticamente
corretos sob heteroscedasticidade de forma desconhdd@apropomos utilizar o intervalo
de confianca bootstrap percentil combinado com um esquemead®stragem baseado em
bootstrap ponderado. A construcéo dos intervalospafp=0,..., p— 1) pode ser feita como
se segue.

S1 Para cada, i = 1,...,n, obtenhat" aleatoriamente de uma populagdo com média zero e
variancia unitéria;

S2 Construa uma amostra bootstrgp, K), onde
yf = Xi,E+t;</§i/ Vv1-h;,
sendox; ai-ésima linha deX;

S3 Calcule 0 EMQO dg: 5* = (X’ X) 1X'y*;
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S4 Repita os passos 1 a 3 um grande numero de vezes (por ex@welnes);

S5 Os limites inferior e superior do intervalo com<#) x 100% de confianca pa (O< a <
1/2) séo, respectivamente, os quanti? e 1- «/2 dasB réplicas bootstrap]?.

A quantidadet’, i = 1,...,n, deve ser amostrada aleatoriamente de uma populagdo com
média zero e variancia unitaria.

Comparamos, usando simulacdo Monte Carlo, o comportaneamtamostras finitas dos
HCIEs descritos anteriormente com o estimador intervdlando (percentjfjponderado) des-
crito acima (Tabele 116). Inferéncias séo realizadas smpegdmetrg;, o nUmero de réplicas
Monte Carlo foi 5000 e o numero de replicacdes bootstrapBet 500. Da comparacgéo da
Tabeld 1.6 com as Tabelasl1.2,]1.3] 1.4 & 1.5 do Capitulo tlutoros que os intervalos HC4
apresentam melhor desempenho que os intervalos bootstrap.

Foram utilizados mais trés estimadores bootstrap alieosajue também sdo baseados no
método percentil mas usam diferentes esquemas de reagerstr® primeiro estimador alter-
nativo emprega o bootstrap selvagem de Liu (1988); o segesiiimador, chamado dg, K)
bootstrap, utiliza, em vez de residuos, reamostragem ds fas;),i = 1,...,n; e o Ultimo esti-
mador intervalar bootstrap utilizado combina reamostragenderada com o método percentil
t (ver Efron e Tibshirani, 1993, pp.160-162). As taxas eslasale cobertura e as amplitudes
médias destes intervalos bootstrap estao nas Tdbelas 187 Eritre os intervalos bootstrap,
o melhor desempenho quande- 20 € do intervaloy, X) bootstrap e o melhor desempenho
guando o tamanho da amostra é gramte 100) cabe ao intervalo bootstrap percentMote,
todavia, que os intervalos HC4 tém melhor desempenho doogios bs intervalos bootstrap.

5.6 Regides de confianca

Nesta secdo consideramos a obtencdo de regibes de confisig@tecamente vélidas sob
heteroscedasticidade de forma desconhecida. Escrevemodeado de regressao

y=XB+¢

como
y= X181+ XoB2+¢&, (5.6.1)
ondey, X, 8 e £ séo como descritos na Se¢aad X2ge 3j sdonx p; e pj x 1, respectivamente,

j=1,2, comp=p1+pytal queX =[Xy Xz] e = (8.5)".
O EMQO do vetor dos coeficientes de regressaf em 58 @;.5,)', onde
— 1
B2=(ReRe) Ry,

comRy =M1 XoeMq=1I,— xl(x'lxl)-lxi. Dado québ’} € assintoticamente normal com média
B2 € matriz de covariancias

Voo = (R'sz)_l R'ZQRz(R'sz)_l,
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a forma quadrética
o~ ’ _1 o~
W = (B2-2) Va3 (B2—B2)
e assintoticamenx\ef)z. Este resultado permanece verdadeiro quafige substituido por uma

funcéo dos dado¥, tal que plirT(sz) =Vz2. Em particular, n6s podemos usar 0 seguinte
estimador consistente da matriz de covariancigxde

VY = (RR) IR QURA(RR:) L,

ondeQy, k= 0,2,3,4, é como definido na SecBob.2.
Seja O< @ < 1 e seja3, , tal que

Priya, <X5.) = 1-a;

isto é,x3, € 0 quantil -« da distribuicdg3,. Considere também

WO = (B2o) (Vi) (Bop2).

Entéo, a regido com 100(1— @)% de confianca payg é dada pelo conjunto de valoresgie
tal que )
W <2 . (5.6.2)

Avaliaremos numericamente os desempenhos em amostras fiag diferentes regides de
confianca. O modelo de regresséo usado na simulacéo €

Yi =Bo+pB1X1+B2Xi2+ei, 1=1...,n,

ondegj € um erro distribuido normalmente com média zero.

Os valores das covariaveis foram obtidos como realizagdssttibuicdo uniforme padrao
(desenho balanceado) e da distribuité@esenho ndao-balanceado). O numero de réplicas de
Monte Carlo foi 10,000, os tamanhos amostrais considerfmias n = 20,60,100 e 1- a =
0.95. As simulacdes foram realizadas sob homoscedasticalade heteroscedasticidade. As
coberturas apresentadas correspondem as percentagedglidas nas quaib (5.6.2) se verifica
guando séo realizadas inferéncias conjuntas gabeg,. A fim de comparar os desempenhos
das regides de confianca (‘joint’) e dos intervalos de copéigdpargs; e B> separadamente) as
coberturas individuais sdo também apresentadas na Tafiéla 1

Observamos inicialmente na Tabkela 1.10 que as cobertunjigntas sdo sempre menores
gue as individuais. No geral, observamos que a regido deaogafiHC4 € a que tem melhor
desempenho, especialmente quando os dados sdo nao-bdt@ck regido de confianca HC3
€ competitiva quando o desenho de regressao é balanceado.



CHAPTER 6

Resumo do Capitulo 2

6.1 Introducao

A suposicao de homoscedasticidade, quando sdo usadostdatygrsais nos modelos de re-
gressao, é frequentemente violada. Erros-padrdo comsistpara o estimador de minimos
guadrados ordinarios (EMQO) podem ser obtidos seguindofagee proposto por White
(1980). No entanto, estes erros-padrao sdo bastante egesat amostras pequenas. Qian
e Wang (2001), propuseram um estimador menos viesado quepogto por White. Neste
capitulo, nés definimos uma sequéncia de estimadoresdgjsgtalo viés a partir do estimador
proposto por Qian e Wang, melhorando sua precisdo. Mossramda, que o estimador de
Qian e Wang pode ser generalizado para uma classe mais ame#ithadores consistentes
sob heteroscedasticidade e que os resultados obtidos patenador de Qian e Wang podem
ser facilmente estendidos a esta classe de estimadores.

6.2 O modelo e estimadores da matriz de covariancias

Considere toda a se¢do dois do Capitulo 4 para definicdo delmedlios estimadores HCO,
HC1, HC2, HC3 e HCA4.

Como observamos no Capitulo 4, o estimador HCO é consideramie viesado em amos-
tras de tamanho pequeno a moderado. Cribari-Neto, FenarCardeiro (2000) obtiveram
variantes do estimador HCO usando um mecanismo iterativoitecdo de viés. A cadeia de
estimadores foi obtida corrigindo HCO, em seguida cordgin estimador resultante e assim
por diante.

Seja @)q a matriz diagonal obtida fazendo os elementos nao-diagolaainatriz quadrada
Aiguais a zero. Note gu® = (g£")q4. Entéo,

E(g€)) cov(e) +E(€)E(e)
(I1-H)Q((I —H)

dado que = H)X = 0. Segue-se qUE(Q) = {(I - H)Q(l - H)}q e E(¥) = PE(Q)P’. Portanto,
os vieses d€ e ¥ como estimadores de e ¥ sao

B5(Q) = E(Q) - Q = {HQ(H - 21)}q

B3 (Q) = E(¥) - ¥ = PB5(Q)P,

90
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respectivamente.

Cribari—-Neto, Ferrari and Cordeiro (2000) definem o estinadrrigido pelo viés

oW =Q-B5(Q).
Este estimador pode ser por sua vez corrigido pelo viés:
G0 50 - B, @),
e assim sucessivamente. Apdiseracdes do esquema de correcao obtém-se
R N G
Considere a seguinte funcao recursiva de uma matriz diagoma n:
MEDa) = MOMB(A), k=0,1,...,

ondeM©(A) = A, MO(A) = (HA(H - 21)}4, eH é como definido anteriomente. Podemos ent&o
escreveBs(Q) = MD(Q). Por inducéo, pode ser mostrado que o estimad&réma ordem
corrigido pelo viés e seu respectivo viés podem ser eSQutiom

k
ok — Z(_]_)i MD(Q)
=0

Bsw (Q) = (-1)MED(Q),

parak=1,2,....
Define-se entdo uma sequéncia de estimadores corrigidosigslpara a matriz de cova-
riancias comd¥® k=1,2,...}, onde

¥® = poip’, (6.2.1)
O viés de?® é

By (Q) = (-1)PMED(Q)P,

k=12,....
Mostra-se queBg(Q) = O(n~*+2)), isto &, o viés do estimador corrigidovezes é de
ordemO(n~*+2)), enquanto que o viés do estimador de Whi@(&?2).
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6.3 Uma nova classe de estimadores ajustados pelo viés

Um estimador alternativo foi proposto por Qian e Wang (200Eremos que este estimador
€ uma variante do estimador HCO corrigido pelo viés. 8efa(H)q = diagh;,...,hy}, i.e.,K
€ a matriz diagonal que contém as medidas de alavancageja,@& seX(X’X)‘lxi’ ai-ésima
coluna da matrit, ondex; é ai-ésimalinhadeX,i=1,...,n.

Seguindo Qian and Wang (2001), definimos

D® = diag(d;} = diagi (7 - b7)gii ),
onde L
gi = (1+C/KCi -2h?)"
bi = C/(Q-2521)Ci.
O estimador de Qian—-Wang é definido como
v = ppWpr, (6.3.1)

Mostraremos inicialmente que o estimador ém (6.3.1) é umséuecorrigida pelo viés do
estimador proposto por White a menos de um fator de corrégéte. que

d = (E-b)gi
= (&7 -C/QCi + Z5C{Ci)gi. (6.3.2)
Fazendd = 1 (corregdo de primeira ordem), o estimador corrigido péds em [(6.2.1) pode
ser escrito com&® = PQWP’, onde
a® = a-MO@)
= Q- {HQ(H-2l)}q
= diagig? - C/QC; + 2&2h;). (6.3.3)
Dado quen; = C/G;, € facil ver quel(6.312) e igual aeésimo elemento da diagonal D em
(6.3.3), a menos da multiplicacao . Entéo,
D® = [Q—{HQ(H - 21)}(]G,

ondeG = {I + HKH - 2KK}31.
Qian and Wang (2001) mostraram &) é ndo-viesado pat# sob homoscedasticidade.
Utilizando o esquema de correcao pelo viés descrito antegiote, mostra-se que a forma
geral do estimador de Qian-Wang corrigkivezes é

vk = ppMp, (6.3.4)

com
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k-2
DO = L4e1yx MO@Q) + Ly 2) X Z:(—l)j MO (@)
=

k
+ (M@, (6.3.5)
j=k-1
k=1,2,...,,onde 1) é a funcéo indicadora. Seu vies €
Bow(@) = (-1M@)G-1)
+ (-1)MEDQ)G, (6.3.6)

k=12,....
Definimos entdo a seqiién¢d® k = 1,2, ...} de estimadores pat O viés déV¥ segue

de [6.3.6) e[(6.314):
Byw(©) = P[Bpw ()P (6.3.7)

Mostra-se que a ordem dos vieses Em (6.3.7) é

Bpw (@) = O(n™**Y),
o que leva a
By (Q) = O(n~(+2)),

Portanto, a ordem do viés do estimador de Qian-Wang de okdérm mesma do estimador
de White de mesma ordem como em Cribari—Neto, Ferrari e @or(000); ver Secab 6.2.
(Lembre, entretanto, gue= 1 aqui, indica o estimador de Qian-Wang ndo-modificado, b qua
€ uma correcao de primeira ordem do estimador de White).

6.4 Estimacdo da variancia de combinacdes lineares dos elentos des

Sejac um p-vetor de constantes tal qu&3 é uma combinac&o linear dos elementoside
Definimos . .
® = var(c'B) = c'[cov(B)]c = c'¥c.

O estimador corrigido dk-ésima ordem, dado e (6.8.4), é
vk gk _ K o’
v =y, = PP
e, dessa forma, _ _
oy =P, c=cPDYPC

€ 0 elemento de ordeilnde uma sequéncia de estimadores ajustados pelo viéparade
DM k=1,2,..., é definido na equacao (6.B.5).
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Lembramos que quando= 1 nds obtemos o estimador de Qian—Wang. Usando este esti-

mador, nés obtemos

30 _ g

oW owe="¢ PDWPc,

onde
D@ = 0G - MO@Q)G = GH2QGY2 - c2MO@Q)GY2.
SejaW = (Ww')q, ondew = GY?P’c. Podemos escrever
o8, = CPIGY2QGY2-GY2MM@Q)GYPc
= wWow-wMOQ)w.

Note quew Qw = W [(88")g]w = & [(Ww)4]& = ' WE e que

n
wMO@w= ) aws,
s=1

ondeas € o0 elemento de ordesmda diagonal dé/l(l)(ﬁ) = {Hﬁ(H —2I)}q ews é 0 elemento
de ordems do vetorw. Entéo,

n
) = FWE- ) TWl (6.4.1)
s=1

Mostra-se que a equacdo (6/4.1) pode ser escrita em formiaialatomo
o8, = FWe-F[MOW)E
= FW-MYW)]z.

Mais geralmente, podemos escrever

ofyy = FQ¥s k=12, (6.4.2)

ondeQ® = 1ge1) x TF(-1)MI(B) + Ty 4 (-1 MOW). ~
Cribari—-Neto, Ferrari e Cordeiro (2000) mostraram que onestor da variancia de's
usando HCO é dado por
=K _ Gk
oy = cPMc
7QW¥s k=012...,

K K ina(i
ondeQ(y = 3% ((-1)) MO)(B). N N |
Escrevendo a forma quadratica ém (6.4.2) como uma forma@icalnum vetor de vari-
aveis aleatorias nao-correlacionadas de média zero eggidnitaria, temos

7K _ ~K
CI)QW =a CQWa,
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ondng?N = QY21 - H)QW (I — H)QY2 é uma matriz simétricax n e a é tal queE(a) =0 e

cov(@) = 1. No que se segue escreveren(ﬁg,v simplesmente comGqw para simplificar a
notacdo. Mostra-se que, quando os erros sao independentes,

var@g?,v = d'Ad +2tr(C3). (6.4.3)

onded & um vetor coluna formado pelos elementos diagonaiSglg, tr(Cow) € o trago de
Cow e A = diadyi}, ondeyj = (usi — 3cri4)/o-i4 € 0 excesso de curtose désimo erro. Quando
os erros sdo normalmente distribuidgss 0. EntdoA =0 e (6.4.8) se torna

var@g?,v = var(c’@g?,vc) = 2tr(CHw)-

Para a seqiiéncia de estimadores HCO corrigidos, obtembaii€Neto, Ferrari e Cordeiro,
2000) .
var@) = 2tr(C3,),

ondeCy = Q¥2(1 - H)QX (1 - H)QY/2,

6.5 Resultados numéricos

Utilizaremos as expressdes exatas dos vieses e das vasiatas combinacdes linearesgle
para avaliar numericamente a eficiéncia das correcdes parstras finitas dos estimadores
de White (HCO) e Qian-Wang/(Y). Calcularemos também as raizes quadradas dos erros
guadraticos médios e os vieses maximais dos diferentesaekires.

O modelo usado na avaliagdo numérica é

Vi =Bo+pB1X1+B2Xi2+ei, 1=1...,n,

ondees,...,en S&0 erros nao-correlacionados ca;) = 0 e varg;) = explyx2), i =1,...,n.
Noés usamos diferentes valores ge fim de variar o grau de heteroscedasticidade, medido
através del = max{aiz}/min{aiz}, i =1,...,n. Ostamanhos de amostra considerados foram
n=20,40,60. Paran = 20, os valores das covariaveis e x;3 foram obtidos como realizactes
aleatorias das distribuicdes uniforme padtéd@®, 1) e lognormal padrdo LN(Q); sob o ultimo
desenho os dados contém pontos de alavanca. Os vinte \@dgresvariaveis foram replicados
duas e trés vezes para os tamanhos de amostra 40 e 60, kespente. Isto foi feito para que
0 grau de heteroscedasticidadgfdo mudasse com

As Tabelas 212 le 2.3 apresentam o viés relativo total do adtinda variancia quando usa-
mos os estimadores MQO, HCO e suas quatro corregdes e o @stiteQian-Wang\(\) e
suas correcdes até quarta ordem. O viés relativo total ddtefiomo a soma dos valores ab-
solutos dos vieses relativos individuais; o viés relatieodéferenca entre a variancia estimada
deﬁj e a correspondente variancia verdadeira dividida pela@aweia verdadeiraj = 0,1, 2.
Observa-se que a correcao proposta para o estimador deNgiag-€ bem efetiva quando
n = 20, desenho néo-balanceado e sob heteroscedasticidageerdpando reducéo de até 23
vezes no Viés relativo total quandeo- 49.
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A Tabeld 2.4 contém a raiz quadrada do erro quadratico meétdib tjue é definido como a
soma dos erros quadraticos médios individuais standdaizaelas correspondentes variancias
verdadeiras. Nota-se que os valores correspondentestanadmmes de Qian-Wang corrigi-
dos séo aproximadamente iguais aos equivalentes cosidmestimador HCO, especialmente
guandaon = 40,60.

Determinamos também a combinacgédo linear dos estimadosgsadametros de regressao
cuja variancia estimada apresenta viés maximo. Estessvigarimais sdo dados pelos auto-
valores maximais das matrizes (dos valores absolutos)idseﬂ Os resultados estéo apre-
sentados na Tabedla 2.5. Nota-se que a corre¢ao iterativargpesemos para melhorar o de-
sempenho do estimador de Qian-Qang em amostras pequerasgrdiem efetiva em alguns
casos. Por exemplo, quanda= 20,14 ~ 49 e os valores das covariaveis foram selecionados
da distribui¢cdo uniforme, o viés maximal do estimador denEéWang foi reduzido de 0.285 a
0.012 (aproximadamente 24 vezes) apés quatro iteracoesxjderaa de ajuste pelo viés.

Foi realizado um experimento Monte Carlo com 10000 répliadsn de avaliar o desem-
penho, em amostras finitas, de testes qulsiseados nos estimadores HCO e de Qian-Wang
e suas versoes corrigidas até quarta ordem. Utilizou-se adelm de regressdo com duas
variaveis regressorag = 81 + B2Xi2 + 83Xz + &, i = 1,...,n, erros normais com média zero e
variélnciaai2 = exp@x1). Os valores das covariaveis foram obtidos da distributgdonde
aparecem pontos de alavanca. Rata20, 1 ~ 49 ea = 0.05, as taxas de rejeicdo estimadas
para os testes HCO e suas corre¢fes até quarta ordem fopeuntiesmente 17.46%, 16.20%,
18.31%, 18.71% e 15.97%; os valores correspondentes paeates Qian—Wang e suas cor-
recdes até quarta ordem foram 11.66%, 7.07%, 6.44%, 5.87%d&05 Os testes baseados nos
estimadores corrigidos de Qian—Wang apresentaram tamiahondesempenho que o teste
de Qian—Wang quandd = 1 (15.28% para o teste de Qian—Wang e 8.35%, 7.59%, 7.04% e
6.58% para os testes baseados nos erros-padrao corrigigosihdal ~ 9 ( 12.50% para o
teste de Qian—-Wang e 6.86%, 6.25%, 5.93% e 5.60% para os besteados nos estimadores
corrigidos). Vemos entdo que as correcdes propostas pooleduzr a inferéncias mais pre-
cisas além de estimadores pontuais menos viesados.

Realizamos também simulac¢des utilizando o bootstrapgetwgara obter um valor critico
para testes quasibaseados em HC3. Como sugerido por Flachaire (2005), o msqde
reamostragem foi realizado utilizando a distribuicdo dddrRaacher. O niumero de réplicas de
Monte Carlo foi 5000 e 500 réplicas bootstrap para cadaczplke Monte Carlo. As taxas de
rejeicdo para o nivel nominal 5%,= 20, valores da covariavel obtidos da distribui¢ge
A=1,1~9ed~49 foram 17.62%, 14.76% e 11.34%, respectivamente. Obwes/gue 0
bootstrap selvagem funcionou bem no caso balanceado plrsds tamanhos amostrais. No
caso nao-balanceado, os resultados foram satisfatorermagaran > 60. Observamos que
o bootstrap selvagem teve melhor desempenho quando os plaskisam pontos com nivel
moderado de alavancagem, e.g., quamgg < 4p/n.

1L embramos que s& é uma matriz simétrica, entio maxAc/c’c é igual ao maior autovalor d& veja, e.g.,
Rao (1973, p. 62).
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6.6 llustracbes empiricas

Séo apresentadas duas aplicacdes empiricas utilizands deals que apresentam pontos de
alta alavancagem. Foram calculados os erros-padrao diosmdstes dos parametros dos mo-
delos utilizando os estimadores HC¥@) e suas respectivas versdes corrigidas. Observou-se
gue na presenca de pontos de alta alavancagem o estimadoard®/gng e suas versoes
corrigidas pelo viés apresentam erros-padrdo maioressjobtmos com o estimador HCO e
suas correc¢des. Quando os pontos de alavanca sao remmldes/a-se que 0s erros-padrao
obtidos com as corre¢des de quarta ordem de H&Glesdo semelhantes. Os valores de
hmax para os casos considerados nos dois exemplos podem sernastdabelds 2.8 e 2.9 do
Capitulo 2. Os erros padrdo obtidos para os diversos esinemdstdo nas Tabelas|2[7 e 2.10.

6.7 Uma generalizac&o do estimador de Qian—Wang

Nesta secdo mostraremos que o estimador de Qian—Wang pa#ide corrigindo pelo viés
o estimador HCO e em seguida modificando este estimador parsejp nao-viesado sob ho-
moscedasticidade.

Mostraremos também que este enfoque pode ser aplicadaastearde HCO: HC1, HC2,
HC3 e HC4. Dessa forma, todos os resultados que obtivemesrpser facilmente estendidos
as versdes modificadas das variantes de HCO.
__Inicialmente, note que o estimador de White HCO pode seitesocsmo HCO= Yo =
PQoP’ = PDoQP’, ondeDg = |. As variantes de HCO podem também ser representadas de
forma semelhante:

(i) HC1=¥; = PQ;P’ = PD1QP’, D1 = (n/(n- p))I;

(i) HC2=W, = PQ,P’ = PD,QP’, D, = diag(1/(1- h))};

(i) HC3=W¥3=PQsP’ = PD3sQP’, D3 = diag1/(1- h)?};

(iv) HC4= ¥, = PQ4P’ = PD4sQP’, D4 = diag{1/(1 - h)%} e6; = min{4,nh/p}.

No que se segue denotaremos estes estimadores comoHE1,2,3,4. Foi mostrado
que _
E(Q) = MD(Q) + Q.

Note que . _ _
E(Q) = E(DiQ) = DiE(Q) = DiMM(Q) + DiQ
By (Q) = E(Q) - Q = DiMB(Q) + (D - Q.

Como vimos na Secdo 6.2, podemos escrff&?@r: Pﬁi(l)P’, onde
oo

Qi-B;(Q)
Q-DiMD@).
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Entédg

EQY) = E@Q)-DMOEQ)
= MO©Q)+0-DMDE®) - E©Q) - DIMD(EQ)
= MO(Q)-DEMIQ)]+0-DMIEQ- )
= MB©Q)-DMB(Q)+Q-DiMA(Q).

Quanda® = 2l (homoscedasticidade), segue-se que

EQY) = —0?K+Djo?K + 02l - o?Di{-HKH + 2KK}
= ?[(I -K)+Di{K + HKH - 2KK}]
= O'ZA,

ondeA = (I - K) + Dj{K + HKH - 2KK}4. Portanto, o estimador
0 _ poWVp — poW)a-1pr
‘I’iA _PQiAP _PQi AP
€ nao-viesado:
o (1 (D) A-1p
EFY) = EPQVAP)
= Po?AATP
= Po?IP’
= PQP
= Y.

Notamos entéo que o estimador de Qian-Wang é um caso partdn@i(i) quandoi =0,
i.e., quanddg = |. De fato,

¥ = pPolA~P = pDOP = VO,

onde® = Q- MD(@Q) e A= {I + HKH - 2KK} 43
O viés de‘/f’i(/i) sob heteroscedasticidade é

B@(i)(Q) = P[B’Q(i)(g)] P,

onde

Baw(@) = QAT-1)+(1-DYMB@QAT-DIME(@A™.

Apresentamos entdo uma expressao em forma fechada pasadavitasse de estimadores
gue consideramos nesta se¢cédo. Em particular, ela podessierpsra corrigir estes estimadores.

2Lembramos quE(Q - Q) = MD(Q) e queMO(MD(Q)) = MA(Q).
3Na Segé@]llg) foi denotado com®®).
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E importante notar que todos os resultados obtidos nas §6¢%€ 6.4 podem ser facilmente
estendidas para a classe mais geral que consideramos aqui.

Vamos obter agora uma sequéncia de estimadores ajustdde$gsea partir do estimador
modificado

v — poWp — poMa-1p
Vi = PQYP = PQUATP,

fori=1,...,4. (O casd =0 ja foi contemplado quando corrigimos pelo viés o estimatdor
Qian—-Wang. Fazenddy = |, os resultados abaixo coincidirdo com os obtidos p&H. Seja

G = Ai_l.
O estimador ajustado uma vez pelo viés é
62 - G-
= (Q-DiMD(Q))G; - B5w(Q)
iA

= QG - DIMD@Q)G; - (I - D)MDQ)G; + DIMPQ)G; - Q(Gi - 1)
= Q-MYDQ)G; + DMAQ)G:.

Seu Vviés pode ser expresso como

Bﬁgf\) ® E(ﬁi(i)) -Q

E(Q-MDQ)G; + DIMP(Q)G) - Q

E(Q - Q) -EMD(@Q) - MO(Q)G; - MD(Q)G; +

+ DiE(MP(Q)-MQ)G; + DIMP(Q)G;
~MDQ)(Gi - 1) - (I -D)YMP(Q)G; + DIMB(Q)G;.

Apésk iteracbes do esquema de correcdo pelo viés, obtemos

k-2

L1y X MOQ) + L 2) X Z:(—l)j MO (@)
=1

-1 IMED@Q)G; + (-1 DiMP Q)G

oM
‘Q'iA

+

k=1,2,.... Oviés deste estimador é dado por
Bsw(@) = (-D'MEDQ)Gi-1)
iA
+ (-0 -DMYQG; + (-1 DiME Q)G

k=1,2,...
Podemos agora definir uma seqUér{l‘H&), k=1,2,...} de estimadores ajustados pelo viés
para¥, onde

30 _ po®pr
lI’iA - I:)QiA P
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€ o0 estimador corrigido pelo viés de ord&me ¥ e seu viés é

Bgu(Q) = PlBaw(Q)]IP".

Em seguida obtemos a ordem do viésﬁf? parak = 1,2,.... Mostramos qué5w (€2) e
iA

de ordemO(n*) o que implica em qu&#® = O(n-®*D), i = 1,...,4. Fazendk = 1, vemos
que a ordem dos vieses dos estimadores propostos nestaéseedar que a ordem d/ﬁglA) (o
estimador de Qian-Wang), que mostramos3{@r3). Entdo, mesmo que o estimador de Qian—
Wang seja um caso particular da classe de estimadores qoesproos aqui, os resultados
relativos a ordem dos estimadores, ndo generaliza osadsslbbtidos para o estimador de
Qian—Wang (caso= 0).

Usando os estimadores

7D _ poWp - poWa-1pr -
Yy = PQYVP = PQUATP, 1=0,....4,
para estimar a variancia de= ¢’3, obtemos
var@4)) = var@'Ciaa) = 2tr(C3,

guando os erros sdo independentes e normalmente distrébuid

Finalmente, apresentamos os resultados de uma pequera;@vatumeérica (usando o
mesmo modelo e situa¢des do experimento da Secho 6.5) dodio®s o viés relativo total
das versdes corrigidas pelo viés dos estimadores HCO, HC2, HC3 e HC4 modificados;
a modificacdo consiste em multiplicar estes estimadoresApbde modo a torna-los néo-
viesados sob homoscedasticidade. Os resultados est&emiados na Tabela 2]11. Note que
‘I’glg é o estimador de Qian-Wang? (veja a Tabel& 2]3). Observe que quando os dados s&o
balanceados, os vieses relativos totais dos estimadomificados HC1 até HC4 sdo menores
gue os obtidos com o estimador de Qian—Wang. Quando os dadosie-balanceados, pe-
gueno tamanho de amostra= 20) e heteroscedasticidadex 9 e 1 ~ 49), o estimador HC4
modificado é consideravelmente menos viesado que o estirkid modificado (estimador
de Qian—Wang).



CHAPTER 7

Resumo do Capitulo 3

7.1 Introducao

Neste capitulo avaliaremos o desempenho, em amostras fadteestes sobre os parametros de
modelos de regressdo baseados em varios erros-padrasteotes sob heteroscedasticidade.
Como a presenca de heteroscedasticidade é freqlente gs@mdsados dados transversais
na analise de modelos de regressédo, € importante verificdesesnpenhos de testes quasi-
guando os erros-padrao sao obtidos através de varios HC(MEsoskedasticity-consistent
covariance matrix estimators). Nosso principal objetivatibzar métodos de integracao nu-
mérica para realizar uma avaliacdo exata (ao invés de usalagido de Monte Carlo) do com-
portamento em amostras finitas de testes baseados em quat@a&drdo assintoticamente
corretos sob heteroscedasticidade recentemente preffgStoV(@, HC4 e HC5). Nossos re-
sultados também sugerem escolhas de constantes a serers nasdefinicées d€2 e HC5.

7.2 O modelo e alguns erros-padrdo robustos sob heteroscetiaidade

O modelo de interesse € o modelo de regresséo linear

y=XB+e,

ondey € um vetor de dimens&ode observagdes sobre a varidvel dependehéeyuma matriz
fixa nx p de regressores (pos¥)= p < n), B = (Bo.....Bp-1)" € um p-vetor de parametros
desconhecidos &= (¢1,...,&n)” € um vetom-dimensional de erros aleatorios. Cada efio
t=1,...,n, tem média zero e variancia0o? < co; 0s erros séo ndo-correlacionados de modo
que covg) = Q =diago?,...,03).

O estimador de minimos quadrados ordinario (EMQOp deobtido da minimizacédo da
soma de quadrados dos erros e tem a fogna(X’X)"1X’y. B é ndo-viesado e sua matriz de
covariancias pode ser escrita como @ ¥ = PQP’, ondeP = (X’X)~1X’. Sob homoscedas-
ticidade,o? = 02 > 0 Vt e, entdol¥ = o2(X' X)L,

Quando todos os erros tém a mesma variancia, o EI)E@@ melhor estimador linear néo-
viesado de3. Sob heteroscedasticidade, entretafitdeixa de ser eficiente, mas permanece
nao-viesado, consistente e assintoticamente normal.

A fim de realizar testes de hipéteses sobre os parametrogmdsséo € necessario estimar
¥, a matriz de covariancias g Sob homoscedasticidad®, pode ser faciimente estimado
como

¥ =2(X'X)L,

101
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onded? = (y— XB)' (y - XB)/(n— p) = &&/(n— p) é um estimador n3o-viesado da variancia
comum. Aqui,

e=y-y=(-H)y=My,
H = X(X’X)~1X’ é uma matrizn x n simétrica e idempotente = | —H, ondel é a matriz
identidaden-dimensional.

A matrizH = X(X’X)~1X’ é chamada de ‘matriz chapéu’, uma vez te=y. Seus ele-
mentos diagonais assumem valores no intervalb) @ somanp, o posto deX, sendo portanto
sua médiaigual a/n. Observe-se que os elementos diagonalsd ¢, . .., h,) sdo comumente
usados como medidas de alavancagem das correspondergesQbss; observagdes tais que
h; > 2p/n ou h; > 3p/n s&@o consideradas pontos de alavanca (veja Davidson e Mamfiin
1993).

Nosso interesse reside na estimaca¥ d@iando as variancias dos erros nédo sao constantes,
isto &, desejamos estimar a matriz de covariancias, deda por X’ X)"1X’QX(X’'X)1, de
forma consistente, independentemente do modelo ser ouardosicedastico. White (1980)
mostrou quel pode ser consistentemente estimado através do seguiniacst:

HCO= ¥y = (X'X)"IX'QX(X'X)~ = PQoP’ = PE;QP/,
ondeQ = diag@?} e Eg = I.

O estimador de White (HCO) é consistente sob homoscediesiieie sob heteroscedastici-
dade de forma desconhecida. Entretanto, ele pode ser teagitgado em amostras pequenas.
Em particular, HCO é tipicamente ‘muito otimista’, i.e.ntke a subestimar a verdadeira vari-
ancia em amostras finitas; os testes associados (i.es tegées estatisticas empregam HCO)
tendem assim a ser liberais. O problema é mais severo quandados incluem pontos de
alavanca; veja, Chesher e Jewitt (1987).

Algumas variantes do estimador HCO foram propostas nafitea. Elas incluem corre¢ces
para amostras finitas na estimacadde sao dadas por:

i (Hinkley, 1977) HC1= V1 = PQ;P’ = PE1QP’, ondeE; = (n/(n— p))!;
il (Horn, Horn e Duncan, 1975) HCQ@Z = PﬁgP’ = PEgﬁP’, onde
E>=diag1/(1-hy)};
iii (Davidson e MacKinnon, 1993) HC—;%‘T% = PﬁgP’ = PEgﬁP’, onde
Es = diag1/(1-h)?);
iv (Cribari-Neto, 2004) HC4 ¥, = PQ4P’ = PEAQP’, onde
Es =diag1/(1-h)%}, 6 = min{4,nh/p}.
Adicionalmente, Qian e Wang (2001) propuseram um estimalttemativo para COW),

gue denotaremos comq. Ele foi obtido corrigindo HCO pelo viés e modificando o estitar
resultante de modo a torna-lo ndo-viesado sob homoscedasie.
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SejaCi = X(X'X)7Ix, t=1,...,n, i.e.,C; at-ésima coluna dél (matriz chapéu); aqui; &
at-ésima linha deX. Seja também
D, = diagdy} = diag (8% - br)gu),

onde 9
gt = (1+C{KC; - 2h?)

by = C{(Q-2Z821)C;;

aqui,K = (H)q, i.e.,K = diagh}.
O estimador de Qian e Wang\& = PD;P’. Observamos quB; pode ser expresso em
forma matricial como _ _
D1 =[Q-{HQ(H -21)}4]G,

ondeG = {I + HKH - 2KK} 3.

7.3 Estimacdo da variancia de combinacdes lineares dos elentos des

Sejac um dadop-vetor de constantes. Escrevemos a variancia de uma cogabifinear dos
elementos dg como
® = var(c'B) = c'[cov(B)]c = c'Pc.

Podemos estimd¥ usando HG i =0, ...,4, obtendo assim o seguinte estimadofde
@ = ¢¥ic=CcPQiPc=cPEQPc, i=0,...,4

Seja
Vi = (viv))a. (7.3.1)

ondev; = Eil/zP’c, i=0,...,4.
Seguindo Cribari—Neto, Ferrari e Cordeiro (2000), podeesasever

O =7Giz

ondeE[z] =0, cov@) =1 e
Gi = QY%(1 - H)Vi (I - H)QY2.

Considere agora a estimagao da matriz de covarianciasiadgmaestimador proposto por
Qian e Wang (2001)Pqw; = ¢'¥qow,C = ¢'V;c. Portanto,

Ele = C’Vlc = C/PD1P'C,

onde, como ja definimo§); = [Q - {HQ(H - 21)}4]G.
SejaA uma matriz diagonal de ordemx n e sejaM(A) = {HA(H - 21)}4. Portanto,

D1 = QG- MY(Q)G.
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Sejam tambémw = GY2P’c e W = (ww)g. Segue-se que
Dow, =Waw-w MOQ)w.

Mostra-se que

Dow, =& [W-MODW)E=FVowE,
onde
Vow, = W—MOw). (7.3.2)

Escrevendaqy, como uma forma quadratica num vetor aleatério de média zeratez
de covariancias unitaria obtemos

Dow, = ZGow;Z
ondeE[Z] =0, cov@) =1 e

Gaw, = QY21 = H)Vaw, (1 - H)QY2.

7.4 Inferéncia usando testes quadi-

Consideraremos agora testes qudmseados nos erros-padréo obtidos dos HCCMESs descritos
na Secab 712. Desejamos testar a hipoteseHylac’3 =  contra a alternativa bilateral, onde
¢ é um dadg-vetor en € um dado escalar.

A estatistica quadidada por

cB-n
\varcp)

onde /Var(c’B) é um erro padréo obtido de um dos HCCMEs descritos na $egamao

tem, sob a hipotese nula, distribuigide Student. Entretanto, € facil mostrar que, $6 a

distribuic&o limite de é A(0,1). Como consequéncia, a distribuicéo limitetfisob 7, é)(f.
Note que

t=

B=XX)IXy= (XXX (XB+¢e) =B+ (XX)Xe.
Entéo, quande ~ N(0,Q), .
B =p+(XX)xal?,
ondez~ N(0,1), e podemos entdo escrevércomo quociente de duas formas quadraticas num

vetor aleatério normal de média zero e covariancia unit@riaumerador d& pode ser escrito
como

(CB+C (X' X)X QY?z—py {B+ (X' X)X QY?z—n)
(©B=-m)+c (X X)X QY2 {(CB-n) + ¢ (X' X)IX'QY2Z)
(CB-n) (CB-m)+2(Cp-mc (X X)X'QY/?%z

+ ZQYAX(X'X) e (X' X)X QY22

(©B-n)?
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Na Secad 713 escrevemds= Var(c’8) como uma forma quadratica num vetor aleatério de
média zero e covariancia unitaria para seis HCCMEs:

(i) @ =ZGiz ondeG; = QY2(1 —H)Vi(I — H)Q2, para os estimadores KC=0,...,4;
(i) ale = ZGqw,; Z, ondeGow, = Ql2(] - H)Vow, (I - H)Q/? paraVl.

Note queV; e Vow, séo definidos eni (7.3.1) [e (7.B.2), respectivamente.
Portanto,

2 ZRz N (©B-n)([CB-n)+2(cB-nc (X X)X Q%
7G(yz 7G()z

, (7.4.1)

ondeR = QY2X(X'X)~lec (X' X)"1X'QY2, Gy = G, i =0.,...,4, para HG, e G() = Gow, para
Vi.
Quandoc’B = 1, 0 segundo termo do lado direito de (714.1) desaparece & msultado,

Prt? <ylc'8 =) = Pr(ZR7ZG(yz< ), (7.4.2)

onde Pg denota ‘probabilidade sob a hipotese nula’.

Na proxima sec¢do, usaremos o algoritmo de integracao ncanée Imhof (1961) para cal-
cular a funcao de distribuicdo exata, s, det2. O algoritmo permite o célculo de proba-
bilidades de quocientes de formas quadraticas em um veteartie/eis normais. Portanto,
adicionaremos a suposicdo de que os erros sao normalmstribuddos, i.e., assumiremos
queeg; ~ N (O, 0't2),t =1,...,n. Na avaliacdo comparamos as distribui¢cdes exatas, sold&bip
nula, de estatisticas de teste que usam diferentes emlo&epabustos sob heteroscedastici-
dade com a distribuicdo nula assintéti)sg%)(usada no teste.

7.5 Avaliacdo numérica exata

Os calculos numéricos realizados para olbter (I7.4.2) usaatyritmo de Imhof (1961) foram
feitos utilizando a linguagem de programagédo matriesalDoornik, 2001). Os resultados
serdo apresentados para diferentes valores de

O seguinte modelo de regressao foi usado na avaliagéo:

Vi =PBo+B1x+e, t=1,....n,

ondeegt, t=1,...,n, € normalmente distribuido com média zero e variangia expx +
azx?); adicionalmenteE[eieg] = 0Vt # s. Usamos

A= maxog}/min{o)

como medida do nivel de heteroscedasticidade. Quandoas o homoscedasticoss 1;
por outro lado, quanto maior o valor demaior a intensidade da heteroscedasticidade.



7.5 AVALIACAO NUMERICA EXATA 106

A hipétese nula a ser testadd® : 31 =0, i.e.,Hp: c/B=ncomc =(0,1) en=0. A
estatistica de teste € dada por .
t? = 32 /var(By),

ondevar(3;) é o elemento (2) de um HCCME.

Inicialmente usamos = 25 e entéo replicamos os valores da covariavel para obter uma
amostra de 50 observacfes. Consideramos dois desenhogrelesé®: (i) sem pontos de
alavanca (regressores gerados aleatoriamente da digiolids(0,1)), e (i) com pontos de
alavanca (regressores gerados aleatoriamente da dinlis); veja Tabela 3]1.

Nas Figuras 3]1[e 3.2 sédo apresentados graficamente ossvddareiscrepancias quantili-
cas relativas versus o correspondente quantil assintédian = 25 en = 50. A discrepancia
guantilica relativa € definida como a diferenca entre o guex#to (estimado por simulacéo) e
o quantil assintético dividido pelo quantil assintéticaidpto mais préximo de zero estiverem
os valores, melhor a aproximacao da distribuicdo nula eXatestatistica de teste pela dis-
tribuicao Iimite)(f. (Em todas as figuras incluimos uma linha de referénciatwtatindicando
discrepancia nula). Apresentamos resultados para ¢stige teste que usam erros-padréao
HCO, HC3, HC4 &/; (QW) sob homoscedasticidade e heteroscedasticidade epemis de-
senhos de regressdo. Observamos nas Figurad 3.1l e 3.2 @stessbiaseados no estimador
HCO apresentam o pior desempenho e que os testes baseadds4eapigsentam o melhor
desempenho (seguido dos testes HZG3, finalmente, HCO) no caso mais critico de desenho
nao-balanceado e forte nivel de heteroscedasticidadeb@ad.2 apresenta (pama= 50) as

probabilidades Ptf <y | ¢'8 = ) para diferentes testes estatisticos e valoresasos pelos
qguantis 0.90, 0.95 e 0.99 da distribuicédo nula assintgiyﬁc@uanto mais proximos dos valores
0.90, 0.95 e 0.99 estiverem as probabilidades calculadebomsera a aproximacao baseada
na distribuicdo limite.

Fizemos também uma avaliagdo numérica usando dados remesotle Greene (1997,
Tabela 12.1, p. 541) e que apresentam pontos de alta algeanca variavel de interessg)(
é 0 gasto per capita em escolas publicas e as variaveis imdlpesx e x2, sdo a renda per
capita por estado em 1979 nos Estados Unidos e seu quadradodé€do de regressdo usado
foi

Ve = Bo+B1x +Baxe +&, t=1,...,50.

Os erros sao nao-correlacionados, cadsendo normalmente distribuido com média zero e
varianciar? = exp1x +a2x?). Trabalhamos sob homoscedasticidatie 1) e sob heterosce-
dasticidade{ ~ 50). Os valores das covariaveis foram replicados duas gdres fornecendo
amostras de tamanhos 100 e 150, respectivamente.

A Tabela[ 3.8 apresenta os pontos de alavanca para os tré&seasiadados que variaram
de acordo com a incluséo ou ndo dos pontos de alavanca daamégireplicada. A Figura
[3.3 apresenta as discrepancias quantilicas relativa®pam@s tamanhos de amostras (50, 100,
150) considerando a situacéo em que as variancias dos &or@gisis e quando sao diferentes,
empregando erros-padrao obtidos dos estimadores HCO,HHTBeV; .

Quandon =50 e = 1, a distribuicdo exata da estatistica HC3 é melhor apralanpela
distribuicao assintética(@ gue as das estatisticas baseadas nos demais estimaddrbsies
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roscedasticidade, os comportamentos de todos os testeaen, sendo que o teste HC4 tem
o melhor desempenho, especialmente no quantil 3.841 (gunantinal 95%). O teste HC3
vem em segundo lugar enquanto que os testes HZDapresentam desempenhos bastante
fracos.

A Tabela[3.4 contém as probabilidadestPry | ¢/ = i) para diferentes estatisticas de
teste no quantil assintético 0.9p € 3.841).

7.6 Um erro-padrao alternativo

Qian e Wang (2001) propuseram um HCCME alternativo, que tdegimos pol,, definido
comoV, = PD,P’, onde

D, = diag{dx} = diag@® + 72hy} = Q+72(H)q = Q+2K.

Pode ser mostrado que, como o outro estimador de Qian e Wa)@éte HCCME é néo-
viesado quando as variancias dos erros sao iguais. Notamd% & uma versao modificada
de HCO; a modificacédo é tal que o estimador torna-se ndoedeszb homoscedasticidade.

Baseados env, os autores definiram uma familia de HCCMEs indexada pelor veto
dimensionalf = (fy,..., fy)’ fazendo

dx(f) = figt +74{1—- f(1-hy)}, t=1,....n. (7.6.1)
Aqui, _
Da(ft) = diag{dx(fy)} = AQ+T(1 - AA),
onde
A = diag f;} (7.6.2)
e
A =diagl—h}=1-K. (7.6.3)

Mostra-se também que, sob homoscedasticidade, estadalmidistimadores € ndo-viesada
para qualquer escolha deque dependa apenas dos regressores.
__ Afim de simplificar a notagao, denotaremos de agora em dis(tl) por D, e V() por
Vo.
Para reduzir a variabilidade induzida pela presenca deopatd alavanca, Qian e Wang
sugerem usar
fi=1-ah, t=1,...,n, (7.6.4)

em (7.6.1), onda é uma constante real. Sua sugestédo é utibzar2 quando o objetivo é
reduzir o erro quadratico médio (EQM) e utilizar um valor medea (mesmo zero) quando
se deseja reduzir o viés. Denotaremos este estimador patadovalor de por V().

Como foi feito na Sec¢do 7.3, podemos obter um estimador dineéa de uma combinagao
linear des usanddv,. Temos

6QW2 = C'@QWZC = C/PDZ P/C,
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ondeD, = AQ +5%(I — AA); A e A sdo como definidas el (7.6.2Y e (716.3), respectivamente.
Sejal = (n- p)~1(1 - AA). Entad]

D2 =gl + AQA
Sejam¢ = LY2P’c, v¢ = AY2P’c andV* = (v'v*')q. Podemos escrever

Dow, = &Vowse,

ondeVow, = '€l + V™.
Escrevendabqy, como uma forma quadratica num vetor de variaveis aleat{@jasio-
correlacionadas, com média zero e variancia unitarianoxe

Dow, = ZGausZ

onde
Gow, = QY2(1 = H)Vow, (1 — H)QY2,

7.7 Avaliacdo numérica de testes quasibaseada enVy eV,

Inicialmente usaremos integracdo numérica para determivaor 6timo dea em (7.6.4) para
testar hipoteses. Foi usado o modelo

Vi =Bo+B1x+e, t=1...,n

Usando a estatistidé (equacao(7.411)) testarempfy : 81 = 0. A Figura(3.4 apresenta as
diferencas entre R{(< y | ¢/8 = 1), ondey é o quantil 0.95 dgi, e 0.95, a probabilidade nomi-
nal assintética. Notamos, entre outras coisas, que quaddsemho de regresséo € balanceado
€ melhor usaa = 0, e se 0 desenho tem pontos fortes de alavanca é melhoandikzl5.

A Figura[3.5 apresenta graficamente as discrepancias hieesitielativas de estatisticas
de teste baseadas &f e V»(a) paraa = 0,2,10,15. Observamos que, ha auséncia de 2 pontos
de alavanca e sob heteroscedasticidade, as distribuigfeesdas estatisticas baseadasem
V>(0) e V2(2) sdo bem aproximadas pela distribuicdo Iirm'fe No entanto, quando os dados
sdo nao-balanceados e sob heteroscedasticidade o medeonmEnho € do teste baseado em
Vs(a) coma = 15.

A Tabeld 3.5 contém as probabilidadetPr(y | ¢'8 = n) calculadas nos quantis assintéticos
0.90, 0.95 e 0.99 para estatisticas de teste baseadas enHB&3/; e V,(a) coma=0,2 e
15 quandol = 1,1~ 50 ed ~ 100. Sob heteroscedasticidade e dados ndo-balanceatibseno
que os estimadores HCA&(15) conduzem aos testes com melhor desempenho.

Utilizamos novamente os dados de Greene como na §eg¢éo Tebndkoda Figuria 3.6, que
contém as discrepancias quantilicas relativas, que selsigariancias dos erros, as menores
discrepancias sdo aquelas das estatisticas de testedrase®e(0) eV»(2). Sob heteroscedas-
ticidade, entretanto, os testes com melhor desempenhé&Hs) e HCA4.

10bserve que? = (n- p)~tg’e
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7.8 Um outro erro-padrao consistente sob heteroscedastizide: HC5S

Cribari-Neto, Souza e Vasconcellos (2007) propuserammagor HC5, que € dado por
HC5 = PQsP’ = PEsQP’,
ondeEs = diag1/ v(1-h)%} e
5t = min{%,max{& nkf;nax}},

comhmax = maxhy,...,hy}. Aqui, 0< k<1 € uma constante; os autores sugerem kiszd.7
baseados em resultados de simulagdo de Monte Carlo. .

Podemos também usar HC5 na estimagé&o da variancia de caiédiameares de Aqui,
seguindo o procedimento da Se¢agd 7.3, temos

®5 =€ Vse,

ondeVs = (VsVg)g eVs = Eé/zP'c. Escrevend@5 como uma forma quadréatica num verarom
média zero e matriz de covariancias unitaria obteﬁips ZGsz, ondeGs = QY2(1 - H)V5(1 -
H)Q1/2,

Usaremos o algoritmo de Imhof (1961) para obter a distrémuigula exata das estatisticas
de teste baseadas em HC5 e assim avaliar a aproximagao Martimiemyi usada no teste.
Utilizaremos também resultados relativos aos testes HC@4 ¢dmo referéncia. O modelo
de regressao usado &

Yt =Bo+P1Xat+BXar+&, t=1,....n

Aqui, s; ~ N(0,0?), ondeo? = explar Xt + azXz), t = 1,...,n; além dissoE[eieg] = 0Vt # s.
A hipétese nula &y : ¢’/ =n, comc’ =(0,0,1) en =0, e a estatistica de teste é

t? = 5/ Var (),

ondevar(3;) é um estimador consistente da variancia. O tamanho da emést 50; cada
valor da covariavel foi replicado uma vez para oliter 100. Ha dois desenhos de regressao:
balanceado (valores da covariavel obtidos aleatoriandaistribuicdo uniforme padrao) e
nao-balanceado (valores da covariavel obtidos aleatensata distribuicdo lognormal padréo).
Veja Tabela 316.

A Figural3.T apresenta as discrepancias quantilicasuvadatiQuando os dados contém
pontos de alavanca e sob heteroscedasticidade, obsergamos testes HC4 e HC5 s&o no-
tadamente superiores ao teste HC3, especialmente no @mtorquantil de maior interesse
(quantil 0.95 da distribuicéo assintotica).

A Tabela3.¥ contém os valores das probabilidade Rrf | ¢/3 = 1), y = 3.841 (quantil
assintético 0.95), para estatisticas de teste baseadastimmadores HC3, HC4 e HC5, sob
homoscedasticidade e dois diferentes niveis de hetemstegdade. Os valores na Tabkela 3.7
mostram que as probabilidades calculadas assumem valdramps aos valores nominais
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(assintoticos) quando os dados sao balanceados. Quandemhded nao-balanceado, entre-
tanto, as probabilidades calculadas usando HC4 e HC5 est@opndximas dos respectivos
niveis desejados que as probabilidades calculadas usazglo H

A proxima avaliacdo numérica usa os dados de educacaoifdes@a Secdb 7.5 =1¢€
A~ 25, para os casas= 50 en = 47. Os graficos das discrepancias quantilicas relativaa-sao
presentados na Figura B.8. Observamos que sob homosceltiaktie desenho ndo-balanceado
a distribuicdo nula da estatistica de teste baseada em HEBi€ & melhor aproximada pela
distribuigéo)(f. Sob heteroscedasticidade e na presenca de pontos decalagatretanto, 0os
testes HC4 e HC5 apresentam comportamento superior cogaoedaHC3.

Para os dados de educacéo, a Tabela 3.8 apresenta os vappesluabilidades RA(< y |
c'8=n) para as estatisticas baseadas nos estimadores HC3, HG! ertdiéy é o quantil 0.95
da distribuicag?.

Usaremos agora integracdo numeérica para avaliar o impastgalores dé (usualmente
tomado como 0.7) sobre a qualidade da aproximacao oriundiatdi@uicdo nula limite quando
usamos testes HC5. A avaliacdo é baseada num modelo desggEmples, erros nao-
correlacionados com média zero e variérmi’a: expl1X +a2xt2). O tamanho da amostra
én =50 e as covaridveis sdo selecionadas como realizacoedraeata distribui¢cdo lognor-
mal padréo. Consideraremos dois desenhos de regressdoalaéiceadohhax/(3p/n) = 1.71)

e fortemente ndo-balanceadw§x/(3p/n) = 3.58).

Os resultados desta avaliacdo numérica sédo graficamertseamdos na Figura B.9, que
contém valores das diferencas entré®x(y | ¢8 = ), ondey é o quantil 0.95 da distribuicio
Xf, 0.95 sendo a probabilidade nominal assintética. As digereias entre as probabilidades
sao representadas graficamente cokitr&dlotamos que no caso nado-balanceado o valdt de
tem impacto pequeno sobre a qualidade da aproximacdao.t&rteno desenho fortemente
nao-balanceado, valores Kentre 0.6 e 0.8 conduzem a melhores aproximag¢des. Como con-
sequéncia, estes resultados sugerem que 0.7, o vakosutgerido por Cribari-Neto, Souza e
Vasconcellos (2007), é de fato uma boa escolha.

Na Figurd 3.1D apresentamos as mesmas discrepanciasentobabilidades apresentadas
na Figurd 3.0 usando agora os dados de gastos publicos caacédu Novamente os valores
dek entre 0.6 e 0.7 parecem ser uma boa escolha para os testes HC5.

A Tabeld 3.9 contém as probabilidadestPx(y | ¢'8 = i), ondey € o quantil 0.95 da dis-
tribuicao X%' para testes baseados em HC4 e HC5 (neste caso usandotdgferalores de
k) usando um modelo de regressdo com duas covariaveis cues/ado obtidos da dis-
tribuicdo LN(0,1), comn = 50, sob homoscedasticidade e forte heteroscedasticidaye,
hmax/(3p/N) ~ 3.60, de modo que ha forte alavancagem nestes dados. Os valirdss
mostram que obtemos as melhores aproximacdes com relagidlzuctdo assintética usando
testes baseados em HC5, quakdo0.6,0.7.

Apresentaremos agora os resultados de 10,000 réplicas d&e Marlo onde foram cal-
culadas as probabilidades de rejeicdo de testes HC4 e HE&bdperentes valores dg. O
modelo usado foi

Vi = Bo+B1Xit+BoXer+&, t=1,...,50.
Os erros sao nao-correlacionados, cadsendo normalmente distribuido com média zero e
variélncia(rt2 = expl1X1t + a2X2t). Os valores das covariaveis foram selecionados como rea-
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lizacBes aleatdrias da distribuicéo lognormal padrédo.mdsal = 1 e 2 ~ 50 e consideramos
duas situacdes diferentes nas quais os valords,g¢(3p/n) séo 3.60 e 1.14. O interesse
reside em testaky : B2 = 0 contraHy : B2 # 0. As estatisticas de teste consideradas empregam
erros-padrdo HC4 e HCk € 0.5,0.6,0.7,0.8,0.9,1.0).

A Tabeld 3.10 apresenta as taxas de rejeicdo empiricashgoftese nula, ao nivel nominal
a = 0.05. Quando o nivel de alavancagem é fohtg.(/(3p/n) ~ 3.60),k = 0.6 conduz ao teste
HC5 com melhor desempenho. Quando a alavancagem é fracstedH@5 é superado pelo
HC4 independentemente do valoride



CHAPTER 8

Conclusdes

O objeto de interesse desta tese foi 0 modelo de regress&w. liA suposicédo de que todos

0s erros tém variancias iguais (homoscedasticidade) € memte violada em analises de re-

gressao que utilizam dados de corte transversal. Dessa tommportante desenvolver e avaliar

estratégias de inferéncia que sejam robustas a presenetetdedtedasticidade. Esta foi nossa
principal motivacéo.

Inicialmente propusemos diferentes estimadores int@malconsistentes sob heteroscedas-
ticidade (HCIES) para os parametros do modelo de regreissiw.| Eles sdo baseados em esti-
madores da matriz de covariancias que sédo assintoticacmmnétos sob heteroscedasticidade
de forma desconhecida e também quando os erros tém a mesamcigarNos consideramos
também estimadores intervalares baseados em esquemstsdmpdtiossas avaliagdes numéri-
cas revelaram que os HCIE baseados no estimador HC4 amneseninelhor desempenho,
superando inclusive os estimadores intervalares que gampresquemas de reamostragem
bootstrap.

Em seguida, transferimos o foco para a obtencéo de estiemgontuais para variancias
e covariancias. NoOs consideramos um estimador consistebtdeteroscedasticidade para
a matriz de covariancias (HCCME) proposto por L. Qian e S. $am 2001, que é uma
versdo modificada do conhecido estimador de White (HCO). dbdsemos uma seqiién-
cia de estimadores ajustados por viés na qual os vieses tiloadsres diminuem a medida
gue avancamos na sequéncia. Adicionalmente, generakizarastimador de Qian e Wang e
obtivemos sequéncias alternativas de estimadores mdiiraNossos resultados numéricos
mostraram que o0 esquema de ajuste por viés pode ser badteatecen amostras pequenas.

Por fim, utilizamos testes de hipoteses para realizar iné&é no modelo de regressao li-
near sob heteroscedasticidade de forma desconhecidaordaticos ao modelo a suposicéo de
normalidade dos erros e usamos um algoritmo de integragéénaa para calcular as funcdes
de distribuicdo nulas exatas de diferentes estatisticasiqjuque foram entdo comparadas a
distribuicao limite sob a hip6tese nula. Para isto, mostsaque tais estatisticas de teste po-
dem ser escritas como quocientes de formas quadréaticasteras/aleatdrios com distribuicdo
normal padrdo. Demos énfase a estatisticas de teste quequsdrm erros-padrdo recente-
mente propostos. Dois deles empregam constantes que sibigass de formaad hog e
nossos resultados sugeriram valores 6timos para estdactass Nossas avaliagdes numéricas
favoreceram os testes baseados em erros-padrao HC4.
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APPENDIX A

O algoritmo de Imhof

A.1 Algoritmo de Imhof

SejaQ = V' Av, em queA é uma matriz simétricax n dada ev é um vetomx 1 de variaveis
aleatdrias normalmente distribuidas com média(us,...,un) € varianciaQ. O problema a
ser resolvido € calcular a probabilidade

Pr@Q < x), (A.1.1)

ondex é um escalar.
SeQ é ndo-singular, através de uma transformacéao linear mgoHsr (Sché&é (1957) p.
418) podemos express@rna forma

Q=D Ax?(h; D). (A.1.2)
r=1

OsAr, r=1,...,m, sdo os valores proprios distintosA@, comh, representando suas res-
pectivas ordens de multiplicidadE{ , hr = n), 6; séo certas combinagdes lineares das compo-
nentes do vetqr e y?(hy; %) sdo variaveig? independentes com graus liberdade e parametro
de ndo-centralidads?.

A funcao caracteristica d@ é

. . O 1,62
— —_ 7 ——hr H rYr
¢(t)_g(1 2itA;) "2 exp[ur; T 2it/1r]’ (A.1.3)

Em Imhof (1961) vemos que a funcao de distribuicdo acumtdrlpde Q pode ser obtida
pela integracdo numérica de uma férmula de inversao. Talftar foi derivada explicitamente
por Gil-Pelaez (1951)

F(X) = % 1 f B 1Im{exp(—itx)¢(t)}dt,
T Jo t

onde Imq} representa a parte imaginariagle = v/(-1) e ¢(t) € a fungdo caracteristica e
dada em[{A.1]3). Usando algumas relagdes relativas a ndroenaplexos (ver Imhof (1961))
e fazendo a transformacéb-2u, obtém-se
1 1 [si

f sinf(u) q

Pr(Q<x):§—; . o u,

(A.1.4)
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onde o
1 a1
o(u) = 5 > [ tan () + 622, u(L+ 2202) ] - Sxu
24 2
m 1 1/23M . (6r Aru)?
u) = 1+ 222" ex r=1 .
p(u) 1‘!( 2u?) p{ T

A.2 Caso particular

Consideraremos o caso particular em gue0 e Q = |,. Diagonalizaremos a matrix uti-
lizando sua forma@andnica sob similaridade ortogonaldenotemos potx e ux, k=1,...,n,
respectivamente, os autovalores e autovetords @ntao,

Auc= A, k=1,...,n. (A.2.1)

ChamanddJ = (uy uz ... up) a matriz dos autovetores e sendd = diag{11,...,4n} @
matriz diagonal formada a partir dos autovalores, podeeqm®sentar o conjunto de equacdes

(A.2.1) por
AU =UD.

Como a matrizA é simétrica, a matri) é ndo-singular, de modo qie= UAU, i.e., a
matriz A é diagonalizavel e a matriz diagonal obtida é formada pelt®valores deA. Adi-
cionalmente, sabemos que 0s autovetores de uma matrizisarggto ortogonais entre si. Nor-
malizando esses vetores obterkbsomo uma matriz ortogonal de modo qu&’ =1, eD =
U’AU, i.e., A= UDU’. Dessa maneira, podemos reescrever a equacaol(A.1.1) eaofdo
vetorw = U’v, que é normalmente distribuido com méH[a] = U’y =0 e coviy) = U’U =1,
obtendo

Pr(VAv < x) Pr(VUDU’v < X)

= PriwDw< x)

= Pr(Z AW < x)

= Pr(> dd <x) (A.2.2)
= Pr(Q<x).

Dessa forma, eni_(A.2.2) obtemos a expressao (A.1.1) parsooera que a variaveltem
meédia zero e matriz de covariancias iguaj.a

A.3 Funcao ProbImhof

A funcdoProbImhof(x,A,B,m,S), apresentada a seguir e escrita na linguagem de progra-
macéo Ox (Doornik (2001)) por Peter Boswijk (University ofmaterdam), avalia numerica-
mente a probabilidade do quociente de formas quadraztas ((zZ B2 de variaveis normais
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ser menor ou igual do que um escakar 0, sendoA e B matrizes quadradas de orderymm
sendo o vetor de médias da variavel normelS sendo sua matriz de covariancias. e 0,
entdo a distribuicdo d8Azé calculada.

Na funcdoQuanImhof(p,A,B,m,S), p é a probabilidade para a qual o quantil correspon-

dente é calculado.
Utilizamos a funcd®robImhof para avaliar a probabilidade

, ZRz
Pr? <ylcg=1n) = ﬁof(z,G()Z < 7),

onde a variavek tem média zero e matriz de covarianclas A funcdoProbImhof faz a
seguinte transformacéao:

z
P <vy|=PrZRz-ZG 0)=PrZ(R-yG 0).
Pr{ <) = PriZRe- 602y <0)= P (R-16 )2 <O
No cédigo abaixo, a funcéimhof_mgf(u) calcula a expressédo do integrando ém (A.1.4)
€QAGI(imhof_mgf, 0, 1, &result, &abserr) calcula aintegral eni (A.1.4).

// The function ProbImhof(x,A,B,m,S) calculates the cumulative
//distribution function, evaluated at x, of the ratio of quadratic
//forms, (z’Az)/(z’Bz), in a normal random vector z with mean vector
// m and variance matrix S.

//If B=0, then the distribution of z’Az is computed.

//

//ProbImhof(x,A,B,S)

// X 1in: scalar, x-value at which distribution is evaluated;

// A in: nxn matrix (is transformed into symmetric (A+A’)/2);

// B in: nxn matrix (is transformed into symmetric (B+B’)/2 or 0;
// m in: nxl mean vector;

// S in: nxn positive definite variance matrix (pd is not checked).

//

//Return value

// Returns the probability P[(z’Az)<=x] if B==0 and
// P[(z’Az)/(z’Bz)<=x] if B<>0
//with z~N[m,S].

//

//QuanImhof(p,A,B,m,S)
// p 1in: scalar, probability at which quantile is evaluated;
// returns Xx;

#include <oxstd.h>
#include <oxfloat.h>
#include <quadpack.h>
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static decl s_1, s_d, s_c;
const decl QUANT_MAXIT =200;
const decl QUANT_EPS =le-8;

static imhof_mgf(const u)

{

decl eps=0.5*(sumc(atan(s_l1*u)+(s_d .22) .*s_l1*u ./(1+((s_1*u).A2)))
-s_c*u);

decl gam=prodc(((1+((s_1*u).22)).40.25).%exp(0.5*((s_d .*s_1*u).~2)
/(14 (s_1%u) . 42)));

return (sin(eps)/(u*gam));

}

ProbImhof(const x, const A, const B, const m, const S)
{

decl Q, V, result, abserr;

decl P=choleski(S);

if(B==0)

{

Q = P’ ((A+A’)/2)*P;
eigensym(Q,&s_1,&V);

S_C=X;

}

else

{

Q= A - B*x;

Q=(P’ ((Q+Q’)/2)*P);
eigensym(Q,&s_1,&V);

s_c=0;

}

s_d=V’solvelu(P, 0, 0, unit(rows(P))) *m;
s_1=s_1’;

s_d=selectifr(s_d,s_1);
s_l=selectifr(s_1,s_1);
QAGI(imhof_mgf,0,1,&result,&abserr);
return(0.5 - result/M_PI);

h

QuanImhof(const p, const A, const B, const m, const S)

{
decl i, pa, pb, xa, xb, w, diff, pn, xn;

if (p<=0)
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return 0;
//find an initial bracket

pb=xb=0.0;
do
{
pa=pb;xa=xb;
Xb=(xb+1)*2;
pb=ProbImhof(xb, A, B, m, S);
}while(pb<p);

for (i=0; ;++i)
{
diff=pb-pa;
w=diff > 0.01 ? 0.5 : (pb-p) /diff;
xn=xa*w+xb*(1-w) ;
pn=ProbImhof(xn, A, B, m, S);
1f(pn<p)
Xa=xn,pa=pn;
else
xb=xn, pb=pn;
if(pb - p <QUANT_EPS)
return xb;
else if(p - pa < QUANT-EPS )
return xa;
if(i>=QUANT-MAXIT)
return .NaN;
}
}

PROBIMHOF
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